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Abstract

The study of the possible valences for edge-magic labelings of graphs has motivated
us to introduce the concept of perfect edge-magic graphs. Intuitively speaking, an edge-
magic graph is perfect edge-magic if all possible theoretical valences occur. In particular,
we prove that for each integer m > 0, that is the power of an odd prime, and for each
natural number n, the crown product C,, ® K, is perfect edge-magic. Related results
are also provided concerning other families of unicyclic graphs. Furthermore, several open
questions that suggest interesting lines for future research are also proposed.
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1 Introduction

For the graph theory terminology and notation not defined in this paper we refer the reader
to either one of the following sources [2, 3, 8, 18]. Kotzig and Rosa [12] introduced in 1970
the concepts of edge-magic graphs and edge-magic labelings as follows: a (p,q)-graph G is
called edge-magic if there is a bijective function f: V(G) U E(G) — {i}?*7 such that the sum
fu) + f(uv) + f(v) =k for any wv € E(G). Such a function is called an edge-magic labeling of
G and k is called the valence or the magic sum of the labeling f. The purpose of this paper is to
characterize the set of numbers that are valences for the edge-magic labelings of some families
of unicyclic graphs.
Let G = (V, E) be a (p, q)-graph, and define the set

T — {Zuev deg(ﬂ)g(qw + 2 een9le)

: g:VUE = {i}’1 is a bijective function} )

If [minTg] < |maxTg| then the magic interval of G, denoted by Jg, is defined to be the set
Jo = [[minT¢], [maxT¢ ||NN and the magic set of G, denoted by 7¢, is the set 7¢ = {n € Jg :
n is the valence of some edge-magic labeling of G}. It is clear that 7¢ C Jg. In this paper, we
call G a perfect edge-magic graph if ¢ = Jg.
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A (p,q)-graph G is super edge-magic if there is an edge-magic labeling of G, namely f :
V(G) U E(G) — {i}?*? with the extra property that f(V(G)) = {i}’_,. The function f
is called a super edge-magic labeling of G. These concepts were introduced independently by
Acharya and Hegde [1] and by Enomoto et al. in [4]. Figueroa-Centento et al. stated in [5] the
following characterization for super edge-magic labelings.

Lemma 1.1. Let G be a (p,q)-graph. Then G is super edge-magic if and only if there is a
bijective function g : V(G) — {i}¥_, such that the set S = {g(u) + g(v) : uwv € E(G)} is a set
of q consecutive integers. In this case, g can be extended to a super edge-magic labeling f with
valence p 4+ g + min S.

Let f:V(G)UE(G) — {i}**{ be an edge-magic labeling of a (p, ¢)-graph G. The comple-
mentary labeling of f, denoted by f, is the labeling defined by the rule: f(x) = p+q+1— f(z),
for all x € V(G) U E(G). Notice that, if f is an edge-magic labeling of G with valence k,
we have that f is also an edge-magic labeling of G with valence k = 3(p + ¢ + 1) — k. Let
f: V(G UEG) — {z}f;rlq be a super edge-magic labeling of a (p,q)-graph G, with p = q.
The odd labeling and the even labeling obtained from f, denoted respectively by o(f) and
e(f), are the labelings o(f),e(f) : V(G) U E(G) — {i}’*? defined as follows: (i) on the
vertices: o(f)(x) = 2f(z) — 1 and e(f)(z) = 2f(x), for all z € V(G), (ii) on the edges:
o(f)(zy) = 2val(f)—2p—2—o0(f)(x)—o(f)(y) and e(f)(zy) = 2val(f) —2p—1—e(f)(z)—e(f) (),
for all zy € E(G).

Lemma 1.2. Let G be a (p,q)-graph with p = q and let f : V(G) U E(G) — {i}’Z7 be a super
edge-magic labeling of G. Then, the odd labeling o(f) and the even labeling e(f) obtained from
f are edge-magic labelings of G with valences val(o(f)) = 2val(f) — 2p — 2 and val(e(f)) =
2val(f) —2p— 1.

Proof: Note that, since f is super edge-magic, the set S, = {o(f)(x)+o(f)(y) : zy € E(G)} =
{2(f(x) + f(y)) — 2 : zy € E(G)} is an arithmetic progression of difference 2, starting at
2(val(f) — 2p) — 2. Thus, by assigning the even labels to the edges, we obtain an edge-magic
labeling with valence val(o(f)) = 2val(f) — 2p — 2. The proof for e(f) is similar. O

When we say that a digraph has a labeling we mean that its underlying graph has such
labeling, see [7].

The paper is organized as follows: in section 2 we prove that each element in the family
C,, ® K,,, where m is a power of an odd prime and K,, denotes the complementary graph of
the complete graph K,, (n € N), is a perfect edge-magic graph. In section 3, we prove that the
magic set of irregular crowns is big by showing a general construction of edge-magic labelings,
and that a subfamily of them is perfect edge-magic. In section 4, we establish a new relation
among super edge-magic and even harmonius labelings. Finally, we end by a short section of
conclusions and remarks.

2 A family of perfect edge-magic graphs

We begin our calculation of the magic interval J, 7%, for all m,n € N. Let C},, © K, =

(V, E), where V = {v;}%) U (U2, {0/ }7_)) and E = {vvi41 77" U {vivm } U (U {v0] }2)).
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For any bijective function g : VU E — {i}?;nl("ﬂ), the corresponding element in Tg is

(T4+n) > 9(vi) + X wevur 9(w) /(mn 4+ m). Thus, the minimum possible valence occurs
when the labels {1,2,...,m} are assigned to the vertices of the cycle. Therefore,

(L+n)>p i+ ™™ 345m

+ 2mn.
mn+m 2

min TCm oy o
On the other hand, the maximum possible valence occurs when the labels {2m(n + 1) —m +
L,2m(n+1) —m+2,...,2m(n + 1)} are assigned to the vertices of the cycle. Hence, using
similar calculations, we obtain that max T, .7~ = (3+7m)/2 + 4mn.

Lépez et al. have shown in [15] that for each r € N, with 1 < r < mn + 1, there exists a

super edge-magic labeling f, with valence

3+5m

val(fr)=r—1+4 +2mn (1)

of C,,, ® K,,, when m is a power of a prime greater than 2. Taking the complementary labelings
of these labelings, we get that all the natural numbers from 3mn + (3 + 7m)/2 up to 4mn +
(3 + 7m)/2 also appear as valences of edge-magic labelings of C,, ® K,,. Therefore, in order
to prove that C,, ® K, is perfect edge-magic, we only need to show that for each k € N, with
3mn + (34 5m)/2 < k < 3mn + (3 + 7Tm)/2, there exists an edge-magic labeling with valence
k. We do this using the odd and the even labelings of the labelings f, introduced in [15].

Lemma 2.1. Let m be a power of a prime greater than 2 and let n be any positive integer.
Then, for each k with 2mn + 3m +1 < k < 4dmn + 3m + 2 there exists an edge-magic labeling
of Con © K, with valence k.

Proof: Notice that, by (1) the set {val(f,): 1 <r <mn+ 1} is a set of consecutive integers.
Thus, Lemma 1.2 implies that the set {val(o(f.)): 1 <r <mn+1}U{val(e(f.)): 1 <r <
mn + 1} contains all integers from val(o(f1)) up to val(e(fmn+1)). That is, all integers from
2mn + 3m + 1 up to 4dmn + 3m + 2. O

Since 2mn+3m+1 < 3mn+ (3+5m)/2 and 3mn+ (34+7m)/2 < dmn+3m+2, for n > 1,
we obtain the next theorem.

Theorem 2.1. Let m = p* where p is an odd prime and k € N. Then the graph C,, © K,, is
perfect edge-magic for alln € N, n > 1.

3 Super edge-magic toroidal labelings

The purpose of this section is to introduce another family of perfect edge-magic graphs. This
is a subfamily of the family of irregular crowns that we introduce in the next lines.

Let C(n;j1,92,---,Jn) = (V,E), where n € N\ {1,2} and j; € NU {0} for all i €
{1,2,...,n} be the irregular crown defined as follows: V = {v;}; UV; U V5--- UV, where
Vi = {vi,vi,...,vi’“}, if jp # 0 and V, = 0 if jp = 0, for each & € {1,2,...,n} and
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E = {vwia )15 U {vio,} U (UZ:l,jkqé(){UkUi:}{il)' Choose an orientation either clockwise
or counterclockwise of the unique cycle in C(n;j1,J2,...,jn), Obtaining the oriented cycle
C_’,z. In what follows, we denote by C(n;ji,j2,...,jn) the oriented digraph obtained from
C(n;j1,525---,7Jn) by considering the strong orientation C,, and in such a way that all ver-
tices have indegree equal to 1. The orientation chosen allows us to arrange the vertices of
C(n;j1,J2,---,Jn) into n ordered levels. For each k, with 1 < k < n, we consider the or-
dered vertices v,ﬁ,v,%,...,vi’“,vkﬂ, if jp # 0 and w41 if jr = 0. For k = n, we consider
vl vZ o vin vy, if G, # 0 and vy if 4, = 0.

At this point, assume that n is odd and choose a vertex v € V. We define the labeling
Ao V= {1,2,...,n4+ 37" | ji} recursively, as follows when n is odd. The vertex v receives the
label 1. Next, we consider the next vertex in the level of v, that receives the label 2. If the level
of v only contains v, then the label 2 is assigned to the first vertex of the level that contains
all vertices at distance 2 from v in the digraph. In general, if a vertex receives the label i, for
1 < i < |V], the next vertex in the level receives the label ¢ + 1. If the vertex that receives the
label 7 is the biggest one in the level, then the label ¢ + 1 is assigned to the first vertex of the
level that contains all vertices at distance 2 from the vertex labeled with 4 in the digraph. We
keep labeling the vertices in this way until all vertices have been labeled, and our labeling A,
is completed. Two examples are showed in Figure 1.

5 6 2 9 1011 8 9 5 1 2 3

Figure 1: Two super edge-magic labelings of an oriented irregular crown.

Let v € V and p = |V|. Then, for any two vertices v’ and w € V, we have that A\, (w) €
{1,2,...,p} and
Ao (w) = Ay (w) +1 = Xy (V') (mod p). (2)

Remark 3.1. Letz € V and denote by N, (z) = {\,(y) : zy € E}. Notice that, by construction,
if |Ny(z) N {1,p}| < 2 then N,(z) is a set of consecutive integers. In case, |N,(x) N{1,p}| =2
then N,(x) admits a partition, namely N, (z) = N} (x)UNZ2(x) such that, 1 € N}(z), p € N2(x)
and Ni(x) is a set of consecutive integers, fori=1,2.

The next lemma shows that any labeling A, is super edge-magic for any v € V.

Lemma 3.1. Let n be an odd integer and let ji,jo,...,5n € N U {0}. Then, the labeling

Ay of 8(n;j1,j2, ..y Jn) can be extended to a super edge-magic labeling g, for each v € V.
Moreover, the valence of g, is 1 + A, (u) + 2p, where w is the (only) vertex such that (u,v) €

E(C (1,52, 1dn)) andp=n-+j1 +ja+ ...+ jn.
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Proof: Let S; = {M(v;)) + 7 : j € Ny(v)}, for ¢ = 1,2,...,n. The orientation cho-
sen in C(n;j1,52,.-.,Jn) guarantees the existence of k € {1,2,...,n} such that (vg,v) €
E(C(n;j1,42,---,Jn))- By Remark 3.1, S; is a set of consecutive integers, for each i # k,
and for i = k, we have the partition S, = S{ U S? given by S¢ = {A,(vx) +j : j €
N (vg)}, where SP is also a set of consecutive integers, for o« = 1,2. Then, the sequence
S’,L Skt1se--ySn,51,52, ..., Sk—1, S,g verifies: (i) every element of the sequence is a set of con-
secutive integers and, (ii) the maximum in each element of the sequence is the minimum of the
next element of the sequence. Therefore, by Lemma 1.1, the labeling A\, can be extended to a
super edge-magic labeling g, of C(n;j1,J2, ..., jn), for each v € V. Moreover, the valence of g,
is given by 1+ A\, (vk) + 2p. O

In what follows, we identify A, with the super edge-magic labeling g,, for each v € V.

Proposition 3.1. Let n be an odd integer and let j1,ja,...,5n € NU{0}. Then the set
{wal(\y) : v € V(a(n; J1,J2,---,dn))} is a set of consecutive integers.

Proof: Let D = B(n;jl,jg, veoyjn)and p =n+j1+j2+. ..+ jn. By Lemma 3.1, the valence of
the super edge-magic labeling \,, is given by 14+, (u)+2p, where (u,v) € E(D). Thus, we should
prove that the set {\,(u') : v/ € V(D) and (u/,v") € E(D)} is a set of consecutive integers,
which by (2), it is equivalent to prove that Dif,, := {(A\,(v/) — A, (v))* : (v/,v") € E(D)} is a
set of consecutive integers, where a* denotes the least nonnegative residue of a (mod p).

Let us see first that the set Dif,, does not depend on the vertex v. For any x € V (D), using
(2), we get:

Az(u) =2 (v) = (W) +1 =2 (2) — (AN (@) + 1= Xy(2)) (mod p)
= \(u) — X (v') (mod p).

Let Dif, (v;) = {(Ap(v:) — Ap(w))* 1 (vs,w) € E(D)}. As before, the set Dif, (v;) does not
depend on the vertex v. Clearly, the following equality holds

Dif, = Dif, (v1) U Dif, (v3) U - - - U Dif, (v,,). (3)

By Remark 3.1, Dif,(v;) is a set of consecutive integers for each ¢ with 1 < i < n. Let
a; = min Dif,(v;) and b; = max Dif,(v;). We will prove by induction on the number of leaves,
J1+J2+ ...+ jn, that

ay Sbg, as §b5,...,an_2 Sbn, anSbg, ag §b4,...,an_1 Sbl (4)

Assume first that j; +js+. ..+ j, = 0, that is, D does not contain leaves. In this case, we have
|Dif,| = 1 and there is nothing to prove. Assume now that the result is true for each digraph D,
with j1 +j2+...+Jjn = [ and consider a digraph D’ with j; +j5+...+j, = l+1. Let (u,z) and
(u, v) be two arcs of D', where v and v are two vertices of the cycle. Let D = D'\ {z}. We denote
by A/ the labeling introduced before, when instead of D we consider the digraph D’. Thus, we
have X, (w) = Ay (w), for each w € V(D) and X, (x) = n+ 1+ 1. Similarly, we consider the sets
Dif) (v;) = {(\,(v;) — N,(w))* : vw € E(G)} and a = min Dif) (v;) and b} = max Dif, (v;),
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for i = 1,2,...,n. Without loss of restriction, we can assume that v = v;. Notice that, by
construction a), = an, ab;_; = a2;—1 + 1, ah; = ag;, by, = by;, for i = 1,2,...,(n —1)/2 and
by, 1 =boi—1+ 1, fori=1,2,...,(n+ 1)/2. Therefore, the induction hypothesis and an easy
check show that a} < b}, af <bL,...,al,_o <bl, a, <bhy, ay <by,...,al,_; <b.

Now, we are ready to prove that Dif, is a set of consecutive integers. Assume to the contrary
that there exists x ¢ Dif, such that min; a; < x < max; b;. Without loss of restriction assume
that min; a; = a1. The condition « ¢ Dif, and (3) imply that « > b; and thus, using (4) that
x > ap—1. Again, the condition z ¢ Dif, and (3) imply that = > b,,_1. Repeating this reasoning
recursively, we obtain that = > b;, for all 4, which contradicts the fact that x < max; b;. This
proves the result. O

3.1 Irregular crowns that are perfect edge-magic

Let C,, be the cycle of odd order m, with V(C,,) = {v;}12, and E(C,,) = {vvie1 } 7 U{v1o,, )
We denote by C) the graph obtained from C, by attachmg n leaves to each vertex wvo;_1, for
i=1,2,...,(m+1)/2. That is, we have the identity C = C(m;j1,J2,---,Jm), where jo,_1 = n,
for each ¢ with 1 < ¢ < (m +1)/2, and jg; = 0, for each 4, 1 < ¢ < (m —1)/2. Let us first
calculate the magic interval of C}},.

Lemma 3.2. The magic interval of C},, is Jcn = [a,b], where a = 1+ (m+1)n+42m+ [(m +
3+ (2m(m 71))/((m+1)n+2m))/4] andb*1+2(m+1)n+2m+L(7m+17(2m(mf
1)/ ((m + 1)n +2m))/4].

Proof: Let C} = (V,E), where V = {v;}*, U (U mH)/Q{le 1}3=1) and B = {vivi YU

{v1v,} U (U m+1)/2{ %¢—1}?=1)- For any bijective function g : VU E — {z}(mﬂ)nﬁm7 the
corresponding element in T is

(m+1)/2 (m—1)/2

2
= | - |
(m + 1)71 +2m ( + TL) Z; g(UQz 1) + ; 9(021) 4 Z g(u)
= 1= wEVUE
Thus, the minimum possible valence occurs when the labels {1,2, ..., (m+1)/2} are assigned

to the vertices of degree 2+ n and the labels {(m +3)/2,(m+5)/2,...,m} are assigned to the
remaining vertices of the cycle. Hence, the minimum possible valence is:

(m+1)/2 m (m+1)n+2m

2 . . .
(m+1)n+2m (1+n) Z " Z l+ Z !

i=1 i=(m+3)/2 i=1

min Jon

2m(m — 1)

—_— 1 1 2m.
m+1)n+2m)—‘+ + (m+1)n+2m

Il
—|
-
VRS
3
+
w
+

On the other hand, the maximum possible valence occurs when the labels {(m + 1)n +
2m, (m+1)n+2m—1,...,(m+1)n+2m—(m—1)/2} are assigned to the vertices of degree 24+n
and the labels {(m+1)n+2m—(m+1)/2, (m+1)n+2m—(m+3)/2,...,(m+1)n+2m—(m—1)}
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are assigned to the remaining vertices of the cycle. Hence, the maximum possible valence is:
max Jon = [(Tm +1— (2m(m —1))/((m + 1)n +2m)) /4] + 14 2(m + 1)n + 2m. a

Lemma 3.3. Let m be an odd integer. Then, for any pair of integers n and k, with (5m +
3)/24+ (m+1)n <k < (5m+3)/2+3(m + 1)n/2 there exists a super edge-magic labeling of
C?. with valence k.

Proof: An easy check shows that the labelings \,, and A,1 have valences (5m+3)/2+(m+1)n
and (bm + 3)/2 + 3(m + 1)n/2, respectively. By Lemma 3.1, the set {val(\,) : v € V(CI)}
is a set of consecutive integers. Therefore, for each k with (5m + 3)/2 + (m + )n < k <
(5m +3)/2 4+ 3(m + 1)n/2 there exists v € V(C,) such that the valence of A, is equal to k. O

Corollary 3.1. Let m be an odd integer. Then, for any pair of integers n and k with 3m+ 1+
(m4+1)n <k <3m+ 2+ 2(m+ 1)n there exists an edge-magic labeling of C7, with valence k.

Proof. Notice that, by Lemma 3.3, for any pair of integers n and k, with (5m +3)/2+ (m +
n <k < (5m+3)/2+3(m+1)n/2 there exists a super edge-magic labeling of C7?, with valence
k. Let g, be a super edge-magic labeling of C' with valence (5m + 3)/2 + (m + 1)n +r — 1,
forr=1,2,...,(m+1)n/2+ 1. Thus, Lemma 1.2 implies that the set {val(o(g,)): 1 <r <
(m+1n/2+1}U{val(e(g,)): 1 <r < (m+1)n/2+ 1} contains all integers from val(o(g1)) up
to val(e(g(m+1)n/2+1)). That is, all integers from (m 4+ 1)n+3m +1 up to 2(m +1)n 4 3m + 2.
O

Corollary 3.2. Let m be an odd integer. Then, for any pair of integers n and k with n > 1
and (bm +3)/2+ (m+ 1)n <k < (Tm + 3)/2 + 2(m + 1)n there exists an edge-magic labeling
of CT with valence k.

Proof: Let g, be a super edge-magic labeling of C7*, with valence (5m+3)/24+ (m+1)n+r—1,
forr=1,2,...,(m+1)n/2+ 1. Such labelings exist by Lemma 3.3. Taking the complementary
labelings of these labelings, we get that all the natural numbers from (7m+3)/2+3(m+1)n/2
up to (7m + 3)/2 + 2(m + 1)n also appear as valences of edge-magic labelings of C7,. Since by
Corollary 3.1, for any pair of integers n and k with 3m+1+ (m+1)n <k <3m+2+2(m+1)n
there exists an edge-magic labeling of C} with valence k, in order to complete the proof we only
need to check that 3m+14+(m+1)n < (5m+3)/2+3(m+1)n/2 and (Tm+3)/2+3(m+1)n/2 <
3m+2+2(m+ 1)n. But, this is clear since the two inequalities are equivalent to the inequality
m — 1 < (m+ 1)n, which trivially holds for n > 1. a

Proposition 3.2. The graph C¥ is perfect edge-magic, for alln € N\ {1}.

Proof: By Lemma 3.2, the magic interval of C§" is Jeop = [4n +9,8n + 12]. Since by Corollary
3.2, the magic set Tcp contains the interval [4n + 9,8n + 12], we get the result. O
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Theorem 3.2. The graph C¥ is perfect edge-magic for all n € N\ {1}.

Proof: By Lemma 3.2, the magic interval of C¥ is Jo» = [6n+14,12n+19]. Since by Corollary
3.2, the magic set 7¢p contains the interval [6n + 14,12n + 19], we get the result. O

Using Lemma 3.2 and Corollary 3.2, a computer check shows other families of perfect edge-
magic graphs.

Theorem 3.3. The graph CI, is perfect edge-magic when (i) m =7 and 1 <n <3, (i) m=9
andn =1, and (i1i) m =11 and n = 1.

4 Even harmonious labelings from super edge-magic labelings

A (p,q)-graph G with p < ¢ is called harmonious [10] if it is possible to label its vertices with
distinct integers (mod ¢) in such a way that the edge sums are also distinct (mod ¢). When
G is a tree, exactly one label may be used on two vertices. Variations of this concept have
appeared recently in the literature. A (p, ¢)-graph G is said to be odd harmonious [13] if there
exists an injection f : V(G) — {i}>%;" such that the induced mapping f*(uv) = (f(u) + f(v))
is a bijection from F(G) onto the set {1,3,5,...,2¢ — 1}. Then f is called an odd harmonious
labeling of G. Similarly, Sarasija and Binthiya introduced in [17] what they called an even
harmonious graph. Let G be a (p, ¢)-graph. An injective function f : V(G) — {i}?io such that
the induced function f* : E(G) — {0,2,4,...,2(q— 1)} defined by f*(uv) = (f(u)+ f(v)) mod
(2¢) is bijective. Then f is called an even harmonious labeling of G and G is called an even
harmonious graph.

Super edge-magic labelings are known to be a powerful link among different types of la-
belings. In [5] many relations among labelings were established in a direct way. Later on, in
[7] the digraph product ®, was introduced, and this product together with super edge-magic
labelings, has been used in order to establish further relations among labelings, see for instance
[7, 11, 14, 16]. In this section we establish a new relationship among super edge-magic labelings
and even harmonious labelings.

Lemma 4.1. Let G be a (p,q)-graph with ¢ > p— 1. If G is super edge-magic then G is even
harmonious.

Proof: Let f be any super edge-magic labeling of a (p, ¢)-graph G, with ¢ > p — 1. Consider
the labeling e*(f) : V(G) — {i}?4, defined by the rule e*(f)(u) = 2f(u) — 2, for all u € V(G).
Then, using a similar proof as in Lemma 1.2, it is clear that e*(f) is an even harmonious
labeling of G. o

From this result we get that all super edge-magic graphs are even harmonious. In particular,
we can obtain some of the results introduced in [17].

Corollary 4.1. [17] The following graphs are even harmonious: (i) the path P,, with n > 2,
(i1) the star Ki ,, with n > 1, and (i) the cycle of odd order Cy,, with n > 3.
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5 Conclusions and remarks

In this paper we have proved that the family C,, ® K,,, where m is a power of a prime greater
than 2, is perfect edge-magic for all n € N\ {1}. In fact, it is the first non-trivial infinite family
known to be perfect edge-magic. We also have proved that C% and C}' are perfect edge-magic
and that the magic set of the family C}, contains a big interval. The problem of finding families
of graphs that are perfect edge-magic seems to be a hard one, and we want to encourage other
researches to continue this line of research. Next we want to introduce some open problems in
this direction.

Open question 5.1. Characterize the set 3, defined by
Ym = {m € N: Oy11 ® K,, is perfect edge-magic for all n € N}.

About open question 5.1, we have made some progress, continuing a work started in [15].
However, nothing is known about the next question.

Open question 5.2. Characterize the set T, defined by Tp, = {m € N\ {1} : Cay, ©
K, is perfect edge-magic for all n € N}.

It is well known that stars are not perfect edge-magic. In fact the set 7x, , contains only 3
elements for every n € N\ {1} (see [6, 18]). This fact motivates the following two questions.

Open question 5.3. Find examples of infinite families of graphs which are edge-magic but not
perfect edge-magic.

Open question 5.4. Characterize the set of caterpillars which are not perfect edge-magic. In
particular, characterize the set of paths which are perfect edge-magic and characterize the set
of caterpillars with the same number of leaves attached at each vertex of the spine which are
perfect edge-magic.

The concept of perfect edge-magic graphs was motivated by the concept of perfect super
edge-magic graphs introduced in [15]. Furthermore, the concept of perfect super edge-magic
graphs was motivated by the following conjecture introduced in [9] by Godbold and Slater, that
“as far as we know” remains unsolved up to the present.

Conjecture 5.1. [9]. Forn =2t+1> 7 and 5t+4 < j < 7t+5 there is an edge-magic labeling
of Cy, with valence k = j. Forn =2t > 4 and 5t + 2 < j < 7t + 1 there is an edge-magic
labeling of C,,, with valence k = j.

In this paper we want to renew the interest for this question, and encourage researches to
work towards a final solution of the question. For any reader interested in it, the book of Wallis
[18] constitutes an excellent source of information about this question. For related problems on
graph labelings we direct the reader to [2] and [8].
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