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The Euclidean scalar product

Definition

The Euclidean scalar product (or dot product) < u,v > of two
X1 Y1

vectors u = 5 SV = : cR"is
Xn Yn

< u,v >:= utv = X1y1 + Xo¥2 + ...+ XnVn.

Properties:



LScalar product
: :

The Euclidean scalar product

Definition

The Euclidean scalar product (or dot product) < u,v > of two
X1 Y1

vectors u = 5 SV = : cR"is
Xn Yn

<u,v>i=utv=xy1 + X + ...+ XpYn

Properties:
1. <u,u>>0Vuand < u,u>=0<« u=0 (positive definite)



LScalar product
: :

The Euclidean scalar product

Definition

The Euclidean scalar product (or dot product) < u,v > of two
X1 Y1

vectors u = 5 SV = : cR"is
Xn Yn

<u,v>i=utv=xy1 + X + ...+ XpYn

Properties:
1. <u,u>>0Vuand < u,u>=0<« u=0 (positive definite)
2. < u,v>=<v,u> (symmetric).



LScalar product

The Euclidean scalar product

Definition
The Euclidean scalar product (or dot product) < u,v > of two
X1 Y1
vectors u = 5 SV = : cR"is
Xn Yn
<u,v>i=utv=xy1 + X + ...+ XpYn
Properties:

1. <wu,u>>0Vuand < u,u >=0<« u=0 (positive definite)
2. < u,v>=<v,u> (symmetric).
3. bilineal:
P < ajup+ aup,v>=a; < up,v>Htay < uy,v>;
> <uaivit+avw >=a; < u,vi>H4a < u v >,
Any function R” x R" — R that satisfies these properties is
called a scalar product.
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Bilinear forms

Let E be an R-e.v. A bilinear form on E is a map
p:EXxE— Rsuchthat,Vuv,we Eand AeR:

(@) wlutv,w)=p(u,w)+e(v,w) p(Au, w) = Ap(u, w),
(b) o(w,u+v)=p(w,u)+ p(w,v) p(w, Au) = Ap(w, u).



LScalar product

Bilinear forms

Let E be an R-e.v. A bilinear form on E is a map
p:EXxE— Rsuchthat,Vuv,we Eand AeR:

(@) (vt v,w) = p(u,w) + o(v,w) p(Au, w) = Ap(u, w),
(b) o(w,u+v) =p(w,u) + @(w, v) p(w, Au) = Ap(w, u).

If u={u1,...,up} is a basis of E, then the matrix of ¢ in the
basis u is defined as

QO(Ul, ul) T 90('-’1? u,,)

/V’u(SD) = : :
‘p(umul) QO(Un,Un)
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Matrix of a bilinear form

Properties:
X1 1
1. vau:< : ),wu:( ; >:>
X v
y1
o(v,w) = (x1...x))Mu(¢) [ = | and My(y) is the unique

matrix that satisfies this.
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Matrix of a bilinear form

Properties:
X1 Y1
1. vau:< : ),wu:( ; >:>
X v
y1
o(v,w) = (x1...x))Mu(¢) [ = | and My(y) is the unique

matrix that satisfies this.

2. If v is another basis, then

My(p) = A\t:—m Mu(¢)Av—u
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Matrix of a bilinear form

Properties:
X1 Y1
1. vau:< : ),wu:( ; ) =
X v
y1
o(v,w) = (x1...x))Mu(¢) [ = | and My(y) is the unique

matrix that satisfies this.

2. If v is another basis, then

MV(SO) = A5—>u MU(QD)Av—m

A bilinear form ¢ is symmetric if o(u, v) = ¢(v, u) for all u,v.
A bilinear form is symmetric < My(p) is a symmetric matrix for
any basis u.
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: :

Scalar products

Let E be an R-e.v. and ¢ a bilinear form on E. One says that ¢ is
positive definite if p(u, u) > 0 with equality only when u = 0.
Definition

A scalar product on E is a symmetric, positive definite bilinear
form <,>: E x E — R. An R-e.v together with a scalar product
is called a Euclidean vector space.

Examples:
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: :

Scalar products

Let E be an R-e.v. and ¢ a bilinear form on E. One says that ¢ is
positive definite if p(u, u) > 0 with equality only when u = 0.
Definition

A scalar product on E is a symmetric, positive definite bilinear

form <,>: E x E — R. An R-e.v together with a scalar product
is called a Euclidean vector space.

Examples:
» The Euclidean scalar product

» E = F([a, b],R) = { continuous real functions defined on
[a, b]}, then the following defines a scalar product on E:

b
<f,g >:=/a f(x)g(x)dx.
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Norm and distance

Let E be an R-e.v. with scalar product <,>. The norm of v € E
is [lull = y< @ as.

If <,> is the Euclidean product, the norm is called the standard,
Euclidean, or 2-norm and is also denoted as ||u|l>.

Properties: for any u,v € E and c € R

1. Ju| >0Vuand ||u| =0« u=0;
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Norm and distance

Let E be an R-e.v. with scalar product <,>. The norm of v € E
is |uf = y< 00>
If <,> is the Euclidean product, the norm is called the standard,
Euclidean, or 2-norm and is also denoted as ||u|l>.
Properties: for any u,v € E and c € R

1. ||ju]] > 0Vuand ||u]| =0< u=0;

2. |leull = felllull ¢ € R;
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Norm and distance

Let E be an R-e.v. with scalar product <,>. The norm of v € E

s |luf| = <605,
If <,> is the Euclidean product, the norm is called the standard,
Euclidean, or 2-norm and is also denoted as ||ul|2.

Properties: for any u,v € E and c € R

1. ||ju]] > 0Vuand ||u]| =0< u=0;

2. |[eul = lelljull c € R;

3. | <uyv>| < | u|l|lvll (Cauchy-Schwarz inequality)
4. |lu+v| < |u|l + ||v|| (triangular inequality);

Any function f : E — R that satisfies properties 1,2,4 is called a
norm (and is not necessarily defined through a scalar product).
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Other norms

If x=(x1,...,xn) € R", one defines:

1. The 1-norm (also called taxicab or Manhattan norm):

[Ix[[e = Pal + -+ |xa|-
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Other norms

If x=(x1,...,xn) € R", one defines:

1. The 1-norm (also called taxicab or Manhattan norm):
[Ix[le = bal + - + |xal.
2. The maximum norm (also called infinite norm):

[|X]|oo = max(|x1], ..., |xn|)-
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Distances and Angles

Let £ be an R-e.v. with scalar product <, >.

» A vector u is called a unit vector if ||u]| = 1. Given a vector
v # 0, we can always find a unit vector in its direction: v/||v/||
(we say that we have normalized v).

10
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» A vector u is called a unit vector if ||u]| = 1. Given a vector
v # 0, we can always find a unit vector in its direction: v/||v/||
(we say that we have normalized v).
» The distance between two vectors u, v € E, is
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is the unique « € [0, 7] such that cos(a) = m (the sign

of uv depends on the orientation we choose).
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Distances and Angles

Let £ be an R-e.v. with scalar product <, >.

» A vector u is called a unit vector if ||u]| = 1. Given a vector
v # 0, we can always find a unit vector in its direction: v/||v/||
(we say that we have normalized v).

» The distance between two vectors u, v € E, is
d(u,v) = [ju—v|.

» The (unoriented) angle between two vectors u # 0,v #0 € E
is the unique a € [0, 7] such that cos(a) = m (the sign

of uv depends on the orientation we choose).

» Two vectors u, v are orthogonal (also denoted ulv) if
<u,v>=0.
» Two orthogonal vectors have uv = +7.

» If ulvand u,v #0 = u,v are l.i.

10
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Orthonormal basis

Definition
A basis {vi,...,vg} of a subspace F C E is an orthonormal basis
(b.o.n) if its vectors are

11
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Definition
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Definition
A basis {vi,...,vg} of a subspace F C E is an orthonormal basis
(b.o.n) if its vectors are

>
>
>
>
>

pairwise orthogonal: < v;,v; >=01if i #
and normalized: ||vj|| =1fori=1,2,...,d.

called orthogonal if pairwise orthogonal but not normalized.
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Orthonormal basis

Definition
A basis {vi,...,vg} of a subspace F C E is an orthonormal basis
(b.o.n) if its vectors are

>
>
>
>
>

pairwise orthogonal: < v;,v; >=01if i #
and normalized: ||vj|| =1fori=1,2,...,d.

called orthogonal if pairwise orthogonal but not normalized.
Ex: the standard basis is a b.o.n of R” for Euclidean product.
If v={vi,...,vp} is b.o.n. of E = the coordinates of v in
basis v are
(< vyvy >, < v, v, >).
If v is b.o.n. of E and u basis of E then,
uis b.on < Aﬂ_WAu_W =1

For any basis u of E, 3 scalar product such that u is b.o.n for

It.
11
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Orthogonal matrices

An n x n matrix that satisfies AY’A = [ is called an orthogonal

matrix.
> If we call the columns uy, ..., up, A= (u1...up), then,
A is orthogonal < {uy,...,up} is a b.o.n. for Euclidean scalar

product.

12
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An n x n matrix that satisfies AY’A = [ is called an orthogonal

matrix.
> If we call the columns uy, ..., up, A= (u1...up), then,
A is orthogonal < {uy,...,up} is a b.o.n. for Euclidean scalar

product.
> A is orthogonal & A™1 = At
> A is orthogonal & AA! = |.
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Orthogonal matrices

An n x n matrix that satisfies AY’A = [ is called an orthogonal

matrix.
> If we call the columns uy, ..., up, A= (u1...up), then,
A is orthogonal < {uy,...,up} is a b.o.n. for Euclidean scalar

product.
> A is orthogonal & A™1 = At
> A is orthogonal & AA! = |.
> A is orthogonal = det A = £1.

> If A is orthogonal, then the corresponding endomorphism
preserves the Euclidean scalar product:

< Au,Av >=< u,v > for all u,v

12



LScalar product

Orthogonal matrices

An n x n matrix that satisfies AY’A = [ is called an orthogonal

matrix.
> If we call the columns uy, ..., up, A= (u1...up), then,
A is orthogonal < {uy,...,up} is a b.o.n. for Euclidean scalar

product.
> A is orthogonal & A™1 = At
> A is orthogonal & AA! = |.
> A is orthogonal = det A = £1.
>

If A is orthogonal, then the corresponding endomorphism
preserves the Euclidean scalar product:

< Au,Av >=< u,v > for all u,v

» In particular, A preserves norms, angles = does not deform
objects.

12
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Examples of 2 x 2 orthogonal matrices

The following maps f : R? — R? are linear and preserve norms:
> f= symmetry with respect to a line / passing through the
origin, I = [v]. E.g. f(x,y) = (x,—y).

13



LScalar product

Examples of 2 x 2 orthogonal matrices

The following maps f : R? — R? are linear and preserve norms:
> f= symmetry with respect to a line / passing through the
origin, I = [v]. E.g. f(x,y) = (x,—y).
> f=rotation counterclockwise of angle v with respect to the

origin; then
cosa —sinwo
Mo(F) = .
o(f) (sma cosa)

13
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Gram-Schmidt algorithm
Given a subspace F of a euclidean space E, the following algorithm
produces a b.o.n. of F:
1. Take any basis of F: uy,...,uy and define:

14
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Gram-Schmidt algorithm
Given a subspace F of a euclidean space E, the following algorithm
produces a b.o.n. of F:
1. Take any basis of F: uy,...,uy and define:
2. vii=1u
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Gram-Schmidt algorithm
Given a subspace F of a euclidean space E, the following algorithm
produces a b.o.n. of F:
1. Take any basis of F: uy,...,uy and define:
2. vii=1u

3. vwi=up — %vl (= [v1, vo] = [u1, u2]).

14
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:

Gram-Schmidt algorithm

Given a subspace F of a euclidean space E, the following algorithm
produces a b.o.n. of F:

1. Take any basis of F: uy,..., uy and define:
y 9 b d
2. vii=1u
N <vi,up> _
3. v i=up — Wvl (:> [V1, V2] = [u1, Ug]).
N _ Svi,uz> 0 <vp,U3>
4. V3 = U3 <vi,vi> 1 <Vvo,vo> V2

(= [v1, v2, v3] = [u1, ug, U3D.

14
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:

Gram-Schmidt algorithm

Given a subspace F of a euclidean space E, the following algorithm
produces a b.o.n. of F:

1. Take any basis of F: uy,...,uy and define:

2. vii=1u
— <vi,up> _

3. v i=up — Wvl (:> [V1, V2] = [ul, Ug]).
A _ <vi,uz> _ <wp,uz>

4. v3i=us3 <vi,vi> Vi <Vo,Vp> V2

(= [v1, v2, v3] = [u1, ug, U3D.

<vi,ug> X <Vd_1,Ud>

5. Vg = Ud = ST T T S Vd- T
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Gram-Schmidt algorithm

Given a subspace F of a euclidean space E, the following algorithm
produces a b.o.n. of F:

1. Take any basis of F: uy,..., uy and define:
b b d
2. vii=1u
. <vi,up> _
3. Vo = Uy — Wvl (:> [V1, V2] = [ul, Uz]).
A _ <vi,uz> _ <wp,uz>
4. v3i=us3 <vi,vi> Vi <Vo,Vp> V2

(= [v1, v2, v3] = [u1, ug, U3D.

o _ Lwviug> o <Vg-1,Ud>
5. V4 1= Ug <vvi> V1 Va-1,va1> V-1
6. Then v, ..., vy are orthogonal vectors and

[v1,...,vd]:[u1,...,ud].

14



LScalar product

Gram-Schmidt algorithm
Given a subspace F of a euclidean space E, the following algorithm
produces a b.o.n. of F:

1. Take any basis of F: uy,...,uy and define:
2. vii=1u
. <vi,up> _
3. Vo = Uy — Wvl (:> [V1, V2] = [ul, Uz]).
4 V3 1= Uz — <vi,u3> vy — <vo,u3> Vo

<vi,vi> <vo,vo>
(= [v1, v2, va] = [u1, o, u3]):

o _ <vi,uq4> . <Vg—1,Ud>
5. V4 1= Ug <vvi> V1 Va-1,va1> V-1

6. Then v, ..., vy are orthogonal vectors and
[V1,...,Vd] = [ul,...,ud].
7. We normalize to obtain the desired b.o.n. wy, ..., wy:

w1 = vi/|vill, wa = vo/||val], ..., wg = vg/lval-
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Gram-Schmidt algorithm

Given a subspace F of a euclidean space E, the following algorithm
produces a b.o.n. of F:

1. Take any basis of F: uy,...,uy and define:
2. vii=1u
. <vi,up> _
3. Vo = Uy — Wvl (:> [V1, V2] = [ul, Uz]).
4 V3 1= Uz — <vi,u3> vy — <Vvo,u3> Vo

<vi,vi> <vo,vo>
(= [v1, v2, va] = [u1, o, u3]):

5. vy =g — TSV - - R v
6. Then v, ..., vy are orthogonal vectors and
[V1,...,Vd] = [ul,...,ud].
7. We normalize to obtain the desired b.o.n. wy, ..., wy:
wi = vi/|[vi]l, wo = vo/|lvall, ..., wa = va/| vdll-

Warning: Roundoff errors make vectors not orthogonal! — modified Gram-Schmidt algorithm solves this issue
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Symmetric matrices
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LSymmetric matrices
:

Spectral theorem

Theorem (Spectral Theorem)

Let A be a symmetric n x n matrix. Then A has real eigenvalues,

diagonalizes, and there exists an orthonormal basis {v1,...,v,} of
eigenvectors (in the Euclidean product); if V has columns
Vi,...,Vn, and D is the diagonal matrix of eigenvalues (in the

corresponding order) then A decomposes as

A= VDV'.

16
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diagonalizes, and there exists an orthonormal basis {v1,...,v,} of
eigenvectors (in the Euclidean product); if V' has columns
Vi,...,Vn, and D is the diagonal matrix of eigenvalues (in the

corresponding order) then A decomposes as
A= VDV"

The orthonormal basis of eigenvectors is not difficult to find:

» If u, v are eigenvectors of A of eigenvalues A\ # u, then u 1 v.
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Spectral theorem

Theorem (Spectral Theorem)

Let A be a symmetric n x n matrix. Then A has real eigenvalues,

diagonalizes, and there exists an orthonormal basis {v1,...,v,} of
eigenvectors (in the Euclidean product); if V' has columns
Vi,...,Vn, and D is the diagonal matrix of eigenvalues (in the

corresponding order) then A decomposes as
A= VDV"
The orthonormal basis of eigenvectors is not difficult to find:

» If u, v are eigenvectors of A of eigenvalues A\ # u, then u 1 v.

> If the eigenvalues are all distinct, then normalizing the
eigenvectors we obtain an orthonormal basis of eigenvectors.

16
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: :

Spectral theorem

Theorem (Spectral Theorem)

Let A be a symmetric n x n matrix. Then A has real eigenvalues,

diagonalizes, and there exists an orthonormal basis {v1,...,v,} of
eigenvectors (in the Euclidean product); if V has columns
Vi,...,Vn, and D is the diagonal matrix of eigenvalues (in the

corresponding order) then A decomposes as
A= VDV"

The orthonormal basis of eigenvectors is not difficult to find:
» If u, v are eigenvectors of A of eigenvalues A\ # u, then u 1 v.

> If the eigenvalues are all distinct, then normalizing the
eigenvectors we obtain an orthonormal basis of eigenvectors.

> If the eigenvalues are not all distinct, we have to use
Gram-Schmidt algorithm on each subspace of eigenvectors.

16



LSymmetric matrices

Characterization of scalar products

Let A be a symmetric matrix.

> A is the matrix of a scalar product if and only if all
eigenvalues of A are positive.

17



LSymmetric matrices

Characterization of scalar products

Let A be a symmetric matrix.

> A is the matrix of a scalar product if and only if all
eigenvalues of A are positive.

» Sylvester criterion: if 61, d2,..., &, are the principal minors of
A, A'is the matrix of a scalar product if and only if §; > 0 Vi.

17
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Outline

Cross-product
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L Cross-product
: :

Cross-product in R3

The cross-product between two vectors u = (uy, up, u3),
v = (v1, v2,3) of R3 is the following vector (in standard basis)

- - —

! J
(ug, 0, u3) X (vi,vo,v3) = |y wy w3
Vi V2 V3

= (u2v3 — uzvp, U3vy — U1V3, U1Vo — UoVy).

Main properties:
> bilineal
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Main properties:
> bilineal
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> (uxv,w)=det(u,v,w)
>

lu > vl = [full - vl - [sin(@v)]
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The cross-product between two vectors u = (uy, up, u3),
v = (v1, v2,3) of R3 is the following vector (in standard basis)
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i j  k
(ug, 0, u3) X (vi,vo,v3) = |y wy w3
Vi V2 V3

= (u2v3 — uzvp, U3vy — U1V3, U1Vo — UoVy).

Main properties:

> bilineal
v X u= —u x v (anti-commutative)
u x v is orthogonal to both u and v
(ux v,w) =det(u, v, w)
lux vl = ull - IV] - | sin(@)|

vVvyVvyYyVvyy

ux v =0<%« u,v linearly dependent
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L Cross-product

Cross-product in R3

The cross-product between two vectors u = (uy, up, u3),
v = (v1, v2,3) of R3 is the following vector (in standard basis)

- - —

! J
(ug, 0, u3) X (vi,vo,v3) = |y wy w3
Vi V2 V3

= (u2v3 — uzvp, U3vy — U1V3, U1Vo — UoVy).

Main properties:

| 2

vVvyVvyVvyVyVvyy

bilineal

v X u= —u x v (anti-commutative)
u x v is orthogonal to both u and v
(ux v,w) =det(u, v, w)

Jux vl = llul - [v]| - | sin(@)|

ux v =0<%« u,v linearly dependent

If u,v are orthogonal and normalized = u,v,u X v is b.o.n.
19
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LOrththonaI complement

Orthogonal complement

The orthogonal complement to a given subspace F of a
Euclidean space E is the subspace

FLt={uecE|ulvforallveF}.

Properties when E has finite dimension:

<uwvy>=0

> If F=[vi,...,vy] = F- =S ucE :
<u,vg>=0
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LOrththonaI complement

Orthogonal complement

The orthogonal complement to a given subspace F of a
Euclidean space E is the subspace

FLt={uecE|ulvforallveF}.

Properties when E has finite dimension:

<uwvy>=0
> If F=[vi,...,vy] = F- =S ucE :
<u,vg>=0
> (Fh)y-=F, FCGe GHCFH
> (F+G)t=FtnGH, (FNG): =F-+ G-

> FnFt=/{0}.
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LOrththcmaI complement
; ;

In R™ with the Euclidean scalar product,

> If F is defined by generators = the equations of F* are easy
to get: their coefficients are the generators coordinates.
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> If F is defined by generators = the equations of F* are easy
to get: their coefficients are the generators coordinates.

» If F is given by equations = the generators of F are easy to
get: their coordinates are the coefficients of the equations.
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LOrththcmaI complement

In R™ with the Euclidean scalar product,

> If F is defined by generators = the equations of F* are easy
to get: their coefficients are the generators coordinates.

» If F is given by equations = the generators of F are easy to
get: their coordinates are the coefficients of the equations.

F T
[(1,3,2),(=2,1,8)] { x+3y+2z=0

—2x4+y+8z=0
3x — by + %z= 0 [(3,—5,%)]
> If Ais a real matrix, then

Nuc(A)® = Im(A?).

29
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LOrththcmaI projection

Orthogonal projection

Let E be a Euclidean space of dimension n.

Theorem (Orthogonal Decomposition)

E = F @ F* for any subspace F. This is, any v € E can be
written in a unique way as v =w +w’ wherew € F and w' € F*.
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;

Orthogonal projection

Let E be a Euclidean space of dimension n.

Theorem (Orthogonal Decomposition)
E = F @ F* for any subspace F. This is, any v € E can be
written in a unique way as v = w + w’ where w € F and w' € F*.

» w is called the orthogonal projection of v on F and is denoted
as projr(v),
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Theorem (Orthogonal Decomposition)

E = F ® F* for any subspace F. This is, any v € E can be
written in a unique way as v = w + w’ where w € F and w' € F*.

» w is called the orthogonal projection of v on F and is denoted
as proje(v),

» w' is called the orthogonal projection of v on F* and is
denoted as projri(v).

» Thus, v = projg(v) + projei (v) and projr(v) is the unique
vector of F such that v — projr(v) belongs to F*.
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LOrththcmaI projection

Orthogonal projection

Let E be a Euclidean space of dimension n.

Theorem (Orthogonal Decomposition)

E = F ® F* for any subspace F. This is, any v € E can be
written in a unique way as v = w + w’ where w € F and w' € F*.

» w is called the orthogonal projection of v on F and is denoted
as proje(v),

» w' is called the orthogonal projection of v on F* and is
denoted as projri(v).

» Thus, v = projg(v) + projei (v) and projr(v) is the unique
vector of F such that v — projr(v) belongs to F*.

» If F C E has dimension d = F1 has dimension n — d.
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LOrththonaI projection
; ;

Geometric interpretation

Proposition
The orthogonal projection of v on F is the vector of F that is
closest to v, this is,

v = proji(v)l| = min{|v — wi}

(and this equals ||projr(v)||). The orthogonal projection projg(v)
is the best approximation to v in F.

25



LOrththcmaI projection
; ;

Computation of the orthogonal projection

Proposition

proje(v) is the unique vector w that satisfies w € F and
v—w € FL. If F has basis uy,. .., uq, then projr(v) is the unique
vector w such that

<up,w>=<u,v >
w=cu+...cqug € F and :
< ug,w >=< Uyg,V >

Thus, proje(v) is the vector cius + - - - + cqug such that ci,...,¢cq
are solution to the system

<up,ur > ... <u,ug > Cc1 < up,Vv >

< ug,ur > ... <ug,uq > Cd < ug,v >

26



LOrthogonaI projection
: :

Orthogonal projection with orthogonal basis
Corollary

IfdimF =1, F = [u], then proje(v) = S4=

27



LOrththcmaI projection
;

Orthogonal projection with orthogonal basis

Corollary
IfdimF =1, F = [u], then projr(v) = S/4=
Proposition
If uq,...,uq is an orthogonal basis of F and v € R", then
. <v,up > <Vv,ug >
pro;,:(v):—1 + 4 d

u —Uy.
< up,u; > < Uqg, Uq >

27



LOrththonaI projection
; ;

Orthogonal projection with orthogonal basis

Corollary
H _ _ . _ <v,u>
IfdimF =1, F = [u], then proje(v) = 25 u
Proposition
If uy,...,uy is an orthogonal basis of F and v € R", then
. <v,up > <Vv,ug >
ro V)= ———u + N - u4.
pJF() <u1,u1>:l <ud,ud>d
Proposition
Ifur,...,uq is an b.o.n. of F and v € R", then
proje(v) =< v,us > u1 + -+ < v,ug > uqg.
That is, the coordinates of proje(v) in the basis u1, ..., uy are

<v,up >,...,< V,Ug >.
97



LOrththonaI projection
; ;

Determinants and volumes
From orthogonal projection and properties of cross product we can
prove:

» In R?, the parallelogram determined by two vectors u, v has
area equal to | det(u, v)|.

0= (0,0)

» In R3, the parallelepiped determined by three vectors u, v, w
has volume equal to |det(u, v, w)].

ﬁ+ 7+ 0
@ T+
(0,0,0)=0

28
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LSingular value decomposition
; ;

Singular value decomposition (SVD)

Theorem (Singular value decomposition)

Let A be a real m x n matrix. There there exists a decomposition
A=U-D-V' where Uis mxm, Vis nxn, U,V are
orthogonal and D is the following m X n matrix

o1 0 --- 0
D— 0 or
0 0 0
0 0

with oy > 02> ... > o, > 0 and r = rank A.
o1,...,0, are called singular values of A and are uniquely
determined by A.

20



LSingular value decomposition

Geometric interpretation of the SVD
If Ais the standard matrix of a linear map f : R” — R™, and we

call ug,...,um, v1,...,Vvp, the columns of U and V respectively,
then D the matrix associated to f in orthonormal basis vy, ..., v,
and ug, ..., Uny:

A=M(f)=_U x D * V!
Aue Mv’u(f) Aesy

(note that VI =Vl =A..)).

[T. Hern, C. Long]
21



LSingular value decomposition

How to get the SVD?

The singular values are determined by the matrix A:
A= UDV'= A'A = VD'U'UDV"' = VD'DV*

but U and V are not (almost determined in most cases). How do
we compute the SVD?

(1) Diagonalize the symmetric matrix S = A" - A
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always has non-negative eigenvalues).
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LSingular value decomposition

How to get the SVD?
The singular values are determined by the matrix A:
A= UDV'= A'A= VD'U'UDV' = VD'DV*
but U and V are not (almost determined in most cases). How do
we compute the SVD?

(1) Diagonalize the symmetric matrix S = A" - A

(2) If Ay > --- > A, are the non-zero eigenvalues of S = the
singular values are 01 = \/A1,...0, = VA, (fact: A'A
always has non-negative eigenvalues).

(3) The columns of V are an orthonormal basis vy, ..., v, of
eigenvectors of S.

(4) = UllAvl, e Uy = %Avr are orthonormal vectors in R™
(which can be completed to an orthonormal basis of R™ if
necessary) and they form the columns of U.

9



LSingular value decomposition

The fundamental theorem of linear algebra
Let f : R” — R™ be a linear map and let A be its standard
matrix. Then R” = Nuc(A) & Im(A?) (Im(A*)=row space of A),
R™ = Im(A) @& Nuc(A?"), these decompositions give orthogonal
complements and there exist b.o.n.’s vq, ..., v, (of R") and
Ui, ..., Uy (of R™) such that
1. Im(A) = [v1, ..., u]
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LSingular value decomposition
; ;

The fundamental theorem of linear algebra

Let f : R” — R™ be a linear map and let A be its standard
matrix. Then R” = Nuc(A) & Im(A?) (Im(A*)=row space of A),
R™ = Im(A) @& Nuc(A?"), these decompositions give orthogonal
complements and there exist b.o.n.’s vq, ..., v, (of R") and
Ui, ..., Uy (of R™) such that

1. Im(A) = [v1, ..., u]

2. Nuc(A) = [Vit1,-- -, Vil

3. Im(AY) = [vi, ..., v]

4. Nuc(A?) = [Ur41,- -, Um]
Moreover, the restriction of the map f to the row space Im(A")
and onto Im(A) in the bases vi,..., v, u1,...,u, (left and right,
respectively) is the diagonal matrix of singular vaules,

o1 0
D =

kX



LSingular value decomposition
;

2-norm of a matrix

To "measure” a linear map we measure how big the image of the
unit sphere is under this map:

Definition
The 2-norm of an m x n matrix A is

1Allz = max [l Ax]
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The 2-norm of an m x n matrix A is

1Allz = max [l Ax]

» This is a matrix norm: ||Al2 >0, ||Al2=0< A=0,
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> [ Allz = maxzo I
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To "measure” a linear map we measure how big the image of the
unit sphere is under this map:

Definition
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1Allz = max [l Ax]

» This is a matrix norm: ||Al2 >0, ||Al2=0< A=0,
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1Allz = max [l Ax]

» This is a matrix norm: ||Al2 >0, ||Al2=0< A=0,
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; ;

2-norm of a matrix
To "measure” a linear map we measure how big the image of the
unit sphere is under this map:
Definition
The 2-norm of an m x n matrix A is

1Allz = max [l Ax]

» This is a matrix norm: ||Al2 >0, ||Al2=0< A=0,
[cAll2 = [ell[All2 |A+ Bll2 < [[All2 + [|B]l2

> [[All2 = maxyzo Il

> ]| < [|All]lv]| ¥.

> ||AX||2 = ||Al|2 if X is an orthogonal matrix.

> |[YA||2 = ||All2 if Y is an orthogonal matrix.
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LSingular value decomposition
; ;

2-norm of a matrix
To "measure” a linear map we measure how big the image of the
unit sphere is under this map:
Definition
The 2-norm of an m x n matrix A is

1Allz = max [l Ax]

» This is a matrix norm: ||Al2 >0, ||Al2=0< A=0,
[cAll2 = [ell[All2 |A+ Bll2 < [[All2 + [|B]l2
[ Ax|

Il

[Av]] < [IA]l2][v]] Wv.
|IAX]|2 = ||Al|2 if X is an orthogonal matrix.

[All2 = maxo

| YA||2 = ||Al|2 if Y is an orthogonal matrix.
|AB|l2 < [|All2[|Bl[2.

vvyvyVvyy
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Geometric consequence of the SVD:
Proposition

> [[All2 = o1
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Lsi

gular value decomposition

Geometric consequence of the SVD:
Proposition
> [|All2 = 01

> The maximum is attained at £v1: max||y|=1 [|Ax| = [[Awv]|.

25K



LSingular value decomposition

Geometric consequence of the SVD:
Proposition
> [|All2 = 01
> The maximum is attained at £v1: max||y|=1 [|Ax| = [[Awv]|.
> minHXH:l HAXH =
on if A has rank n, and is attained at + v,
0 if A has rank <n
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LSingular value decomposition
; ;

Geometric consequence of the SVD:
Proposition
> [|All2 = 01
> The maximum is attained at £v1: max||y|=1 [|Ax| = [[Awv]|.
> minHXH:l HAXH =
on if A has rank n, and is attained at + v,
0 if A has rank <n

> If A is invertible, || A"z = L.

25K
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L Isometries
;

Orientation of R?

A basis u1, us of R? has

» direct/positive orientation if the shortest rotation from u; to
us is counter-clockwise.

» inverse/negative if the shortest rotation from u; to u is
clockwise.

Uy
uz
Bases directes Bases inversa

7



L Isometries

Orientations

In R™ we say that the standard basis has direct/positive
orientation. For the other bases:

Definition
A basis ug, ..., u, of R" has direct/positive orientation, if

det(ug, up,...,up) >0

(computed in standard coordinates); otherwise, the basis is said to
have inverse/negative orientation.

28



L Isometries

Geometric intuition in R3
In R3, to see if a basis uy, up, uz has direct orientation we use the
right-hand rule: put your thumb pointing to u3 and if the sense of
closing your hand is the same as the shortest from u; and w», then
it has direct orientation.

Uz = Uy X U2

El producte vectorial

base directa base inversa déna bases directes

» If u,v € R3are li. = u,v,u x v is a direct basis,

det(u,v,u x v) > 0.

20



L Isometries

[sometries

Definition
An endomorphism f € End(E) is an isometry if it preserves the

scalar product,

(f(u), f(v)) = (u,v) Vu,v.

. . f . .
Ex: If Ais an orthogonal matrix, then x — Ax is an isometry.

40



L Isometries
; ;

[sometries

Definition
An endomorphism f € End(E) is an isometry if it preserves the
scalar product,

(f(u), f(v)) = (u,v) Vu,v.

Ex: If Ais an orthogonal matrix, then x Hs Ax is an isometry.
Proposition
If f : R" — R" is a linear map, the following are equivalent
> f is an isometry
» f maps the standard basis to a b.o.n

» Mec(f) (or in any b.o.n) is an orthogonal matrix

40



L Isometries

Direct/inverse isometries

Properties: if f is an isometry, then
> ||f(u)]] = ||ul|, for all u € E.
> d(f(x),f(y)) =d(x,y) forall x,y.
» angle between f(u) and f(v) = angle between u and v

Remark: if f is an isometry of R"” = det(f) = £1 and if A is an
eigenvalue of f, then |[\| = 1.
» If detf = +1 we say that it is a direct isometry (preserves
orientation).

» If detf = 41 we say that it is an inverse isometry (changes
orientation).

a1



L Isometries

Examples of isometries in R?
The following maps f : R? — R? are isometries:
» f= reflection/symmetry with along a line / passing through
the origin, / = [v].Then

2
f(x)=2wv—x, Me(f) = ————w' — Id,
<v,v> <v,v>

and taking v in [v] this can be written as:

2
ut.

Melf) =1 = — s

492



L Isometries
; ;

Examples of isometries in R?
The following maps f : R? — R? are isometries:
» f= reflection/symmetry with along a line / passing through
the origin, / = [v].Then

Sy, X >

f(x)=2 — X, Me(f) = #vvt —Id,

——v
<v,v> <v,v>
and taking v in [v] this can be written as:
2 t
M(f) =1ld — ————u - u".
<uu>

» f=rotation counterclockwise of angle a with respect to the
origin; then
cosa —sina
M(f) =1 .
e(f) (sma cos « )’

f is a direct isometry.
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L Isometries
: :

Classification of isometries in R?

Theorem
If f is an isometry of R?, then either
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L Isometries
; ;

Classification of isometries in R?

Theorem
If f is an isometry of R?, then either

» detf =1 and f is a counterclockwise rotation of angle o« with
respect to (0,0) and in any direct b.o.n u,

i (20 2o,

sine  cosa

or
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L Isometries
; ;

Classification of isometries in R?

Theorem
If f is an isometry of R?, then either

» detf =1 and f is a counterclockwise rotation of angle o« with
respect to (0,0) and in any direct b.o.n u,

cosa —sina
My(f) =1 ".
u(f) <sma cos )’
or
» detf = —1 and f is a reflection/symmetry along a line

[v] 2 (0,0); ifu e [v]t =

2 . 1 0
Me(f)—ld—<u,—u>U'U My,u(f)— (O _1>
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L Isometries

Example of isometry classification
Tell if the map f(x,y) = (#, @) is an isomtry and

describe it.
» The standard matrix of f is M = (\}:—52 _1//‘3’2/2) .

44



L Isometries

Example of isometry classification
Tell if the map f(x,y) = (#, @) is an isomtry and

describe it.
» The standard matrix of f is M = (%?2 _1//”3’2/2) .

> M is orthogonal = f is an isometry
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L Isometries

Example of isometry classification
Tell if the map f(x,y) = (#, @) is an isomtry and

describe it.
» The standard matrix of f is M = (%?2 _1//”3’2/2> .

> M is orthogonal = f is an isometry
» det(M) =1 = f is a rotation (by Theorem of Classification).
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L Isometries
; ;

Example of isometry classification
Tell if the map f(x,y) = (#, @) is an isomtry and

describe it.
» The standard matrix of f is M = (%?2 _1//?’2/2) .

> M is orthogonal = f is an isometry
» det(M) =1 = f is a rotation (by Theorem of Classification).

» To find angle «a: according to the Theorem M must be of the
form

cosa —sino
sina  cos«

) = cosa=1/2,sina=3/2 = a=7/3.
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L Isometries
; ;

Example of isometry classification
Tell if the map f(x,y) = (#, @) is an isomtry and

describe it.
» The standard matrix of f is M = (%?2 _1//§’2/2) )

> M is orthogonal = f is an isometry
» det(M) =1 = f is a rotation (by Theorem of Classification).

» To find angle «a: according to the Theorem M must be of the
form

sina  cos«

(cosa —S'“a) = cosa = 1/2,sina = v3/2 = a = /3.

» Oralso: a = m) Vv = take any v € R?, compute
cosa = W&‘?\SIH and if det(v, f(v)) > 0 (resp.
det(v, f(v)) < 0) take a € [0, ] (resp. « € [, 27]).

44



L Isometries
; ;

Examples of isometries in R3

f = rotation of a certain angle with respect to a line
r> 0 =(0,0,0) ( ris called rotation axis).

» To distinguish between angle § and —6 (= 27 — 6) need to
orient r.
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L Isometries
;

Examples of isometries in R3

f = rotation of a certain angle with respect to a line
r> 0 =(0,0,0) ( ris called rotation axis).

» To distinguish between angle § and —6 (= 27 — 6) need to
orient r.

» Choose a vector u of r, orient r = [u] by u using the right
hand rule: pointing your thumb in the sense of u, positive
rotation is in the sense of cloing hand (looking from the arrow
of u, counterclockwise rotation on the plane r*). Then @ is in
[0, 7] or [m,27] according to: for any v ¢ r

det(v,f(v),u) >0 < 6¢€][0,7] 1
det(v. F(v),u) <0 < 0€ [r2n] (1)
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L Isometries
;

Examples of isometries in R3

f = rotation of a certain angle with respect to a line
r> 0 =(0,0,0) ( ris called rotation axis).

» To distinguish between angle § and —6 (= 27 — 6) need to
orient r.

» Choose a vector u of r, orient r = [u] by u using the right
hand rule: pointing your thumb in the sense of u, positive
rotation is in the sense of cloing hand (looking from the arrow
of u, counterclockwise rotation on the plane r*). Then @ is in
[0, 7] or [m,27] according to: for any v ¢ r

det(v,f(v),u) >0 < 6¢€][0,7] 1
det(v. F(v),u) <0 < 0€ [r2n] (1)

P> Preserves orientation of bases, so it's a direct isometry

(det(f) =1).
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L Isometries

Example of rotation:

f = rotation with r = [e3], oriented by e3, and angle /3. Then

x 1/2 —V3/2 0\ [x
f (y) = <\/§/2 1/2 o) (y) .
z 0 0 1 z

46



L Isometries
: ,

Matrix of a rotation

f = rotation with respect to r = [u] (oriented by u) and angle 6.
Take a positive b.o.n. u = uy, up, uz with uz = ﬁ (“adapted
b.o.n."), then

cosf —sinf O

My(f)=| sinf cosf 0
0 0 1

a7



L Isometries
; ;

Example: Axial symmetry

f = axial symmetry with respect to a line r 3 O.
» f = rotation of angle 7 with axis r (so det(f) = 1).
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L Isometries
; ;

Example: Axial symmetry

f = axial symmetry with respect to a line r 3 O.
» f = rotation of angle 7 with axis r (so det(f) = 1).

» As m = —m, orientation not needed.

48



L Isometries

Example: Axial symmetry

f = axial symmetry with respect to a line r 3 O.
» f = rotation of angle m with axis r (so det(f) = 1).
» As m = —m, orientation not needed.
» Ex: find Mc(f) for f = axial symmetry respect to z axis.

48



L Isometries
; ;

Example: Specular reflection

f = specular reflexion/symmetry along a plane H > O.

» It changes basis orientation = det(f) = —1.
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L Isometries

Example: Specular reflection

f = specular reflexion/symmetry along a plane H 5 O.
» It changes basis orientation = det(f) = —1.
» Example: if H= {z = 0}, then f(x,y,z) = (x,y, —2)
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L Isometries
; ;

Example: Specular reflection

f = specular reflexion/symmetry along a plane H 5 O.
» It changes basis orientation = det(f) = —1.
» Example: if H= {z = 0}, then f(x,y,z) = (x,y, —2)
> If ue HL, then
2
ut.

Mo(f)=1Id — ———u-
e() <u,u>u
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L Isometries
; ;

Example: Rotation followed by specular reflection

g = rotation R with axis r = [u] and angle 6 followed by a
specular reflection along the orthogonal plane to r, [u]*.
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L Isometries

Classification of isometries in R3

Theorem
If f : R® — R3 is an isometry, then either:

Any isometry in R® can be written as one of these 2 (case 1 if det f = 1, case 2
if det f = —1). Important: in case 2, the plane of reflection is orthogonal to
rotation axis.
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L Isometries
;

Classification of isometries in R3

Theorem

If f : R® — R3 is an isometry, then either:

> Case 1.
axis r =

det f = +1| (direct isometry): f is a rotation with

u] = VEPs of VAP 1.

Any isometry in R® can be written as one of these 2 (case 1 if det f = 1, case 2
if det f = —1). Important: in case 2, the plane of reflection is orthogonal to

rotation axis.
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L Isometries
;

Classification of isometries in R3

Theorem

If f : R® — R3 is an isometry, then either:

> Case 1.
axis r =

det f = +1| (direct isometry): f is a rotation with

u] = VEPs of VAP 1.

> Case 2. (indirect isometry): f = rotation R of
angle 6 and axis r = [u] (=VEPs of VAP -1), followed by a
specular reflection S along plane [u]*, f = So R.

Any isometry in R® can be written as one of these 2 (case 1 if det f = 1, case 2
if det f = —1). Important: in case 2, the plane of reflection is orthogonal to

rotation axis.
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L Isometries
; ;

Case 1: detf = +1, f = rotation of axis r = [u].
Orient the axis by u and let 6 be the angle of rotation. Take u of
norm 1. Then if u = {u1, u2, u3 = u} is a direct b.o.n (called basis
adapted to f),

cosf —sind 0O
My(f) = sinf cosf 0O
0 0 1

The matrix of f in any other basis can be obtained by change of basis.

» [u] = VEPs of VAP 1 = vectors fixed by f.

59



L Isometries
; ;

Case 1: detf = +1, f = rotation of axis r = [u].
Orient the axis by u and let 6 be the angle of rotation. Take u of
norm 1. Then if u = {u1, u2, u3 = u} is a direct b.o.n (called basis
adapted to f),

cosf —sind 0O
My(f) = sinf cosf 0O
0 0 1

The matrix of f in any other basis can be obtained by change of basis.

» [u] = VEPs of VAP 1 = vectors fixed by f.

—

» 0 =v,f(v)if v is orthogonal to axis [u].
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L Isometries
;

Case 1: detf = +1, f = rotation of axis r = [u].
Orient the axis by u and let 6 be the angle of rotation. Take u of
norm 1. Then if u = {u1, u2, u3 = u} is a direct b.o.n (called basis
adapted to f),

cosf —sind 0O
My(f) = sinf cosf 0O
0 0 1

The matrix of f in any other basis can be obtained by change of basis.

» [u] = VEPs of VAP 1 = vectors fixed by f.

—

» 0 =v,f(v)if v is orthogonal to axis [u].
> cos(f) = Lz)_l and @ is in [0, 7] or [m, 27| according to (for
any v ¢ [u]):

det(v,f(v),u) >0 < 60€[0,7] 5
det(v,f(v),u) <0 & 6 € |[r,27] (2)



L Isometries
; ;

Case 2: detf = -1, f =SoR

f =S o R, R= rotation angle # of axis r = [u] > O (oriented by
u), S specular reflection with respect to plane H = [u]*.

» Case 2.a § =0, f =S = specular reflection along a plane
H = [u]*. We have:
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L Isometries
; ;

Case 2: detf = -1, f =SoR

f =S o R, R= rotation angle # of axis r = [u] > O (oriented by
u), S specular reflection with respect to plane H = [u]*.

» Case 2.a § =0, f =S = specular reflection along a plane
H = [u]*. We have:
> [u]: VEPs of VAP -1
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L Isometries
; ;

Case 2: detf = -1, f =SoR

f =S o R, R= rotation angle # of axis r = [u] > O (oriented by
u), S specular reflection with respect to plane H = [u]*.
» Case 2.a § =0, f =S = specular reflection along a plane
H = [u]*. We have:
> [u]: VEPs of VAP -1
> Image of a vector v:

S(v)=v-— 2<"’V§ u

(u,u
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L Isometries
; ;

Case 2: detf = -1, f =SoR

f =S o R, R= rotation angle # of axis r = [u] > O (oriented by
u), S specular reflection with respect to plane H = [u]*.
» Case 2.a § =0, f =S = specular reflection along a plane
H = [u]*. We have:
> [u]: VEPs of VAP -1
> Image of a vector v:

» Matrix of f:
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L Isometries
; ;

Case 2: detf = -1, f =SoR

f =S o R, R= rotation angle # of axis r = [u] > O (oriented by
u), S specular reflection with respect to plane H = [u]*.
» Case 2.a § =0, f =S = specular reflection along a plane
H = [u]*. We have:
> [u]: VEPs of VAP -1
> Image of a vector v:

» Matrix of f:

» H: vectors fixed by f, plane of VEPs of VAP 1.

513



L Isometries
; ;

Case 2: detf = -1, f =SoR

f =S o R, R= rotation angle # of axis r = [u] > O (oriented by
u), S specular reflection with respect to plane H = [u]*.
» Case 2.a § =0, f =S = specular reflection along a plane
H = [u]*. We have:
> [u]: VEPs of VAP -1
> Image of a vector v:

> Matrix of f: 5
— t
M(S) =Id— EUU
» H: vectors fixed by f, plane of VEPs of VAP 1.
> H=[v—f(v)]* forany v ¢ H.
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L Isometries

» Case 2.b: 8 #0, f = SoR. Orient rotation axis by u. Then if
u={u,u,u= ﬁ} is a direct b.o.n (basis adapted to f),

cosf§ —sinf O
My(f)=| sinf cosf 0O
0 0 -1

The matrix of f in any other basis can be obtained by change of basis.

B4



L Isometries

» Case 2.b: 8 #0, f = SoR. Orient rotation axis by u. Then if
u={u,u,u= ﬁ} is a direct b.o.n (basis adapted to f),

cosf§ —sinf O
My(f)=| sinf cosf 0O
0 0 -1

The matrix of f in any other basis can be obtained by change of basis.

> [u] = VEPs of VAP -1.
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L Isometries

» Case 2.b: 8 #0, f = SoR. Orient rotation axis by u. Then if
u={u,u,u= ﬁ} is a direct b.o.n (basis adapted to f),

cosf§ —sinf O
My(f)=| sinf cosf 0O
0 0 -1

The matrix of f in any other basis can be obtained by change of basis.

» [u] = VEPs of VAP -1.
» H invariant subspace of dimension 2.
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L Isometries

» Case 2.b: 8 #0, f = SoR. Orient rotation axis by u. Then if
u={u,u,u= ﬁ} is a direct b.o.n (basis adapted to f),

cosf§ —sinf O
My(f)=| sinf cosf 0O
0 0 -1

The matrix of f in any other basis can be obtained by change of basis.

» [u] = VEPs of VAP -1.
» H invariant subspace of dimension 2.

—

» 0 =v,f(v) if v orthogonal to axis [u].

B4



L Isometries
; ;

» Case 2.b: 8 #0, f = SoR. Orient rotation axis by u. Then if
u={u,u,u= ﬁ} is a direct b.o.n (basis adapted to f),

cosf§ —sinf O
My(f)=| sinf cosf 0O
0 0 -1

The matrix of f in any other basis can be obtained by change of basis.

» [u] = VEPs of VAP -1.
» H invariant subspace of dimension 2.

> 0= v,/f_(\v) if v orthogonal to axis [u].
> cos(f) = ﬂgﬁ

B4



L Isometries

» Case 2.b: 8 #0, f = SoR. Orient rotation axis by u. Then if
u={u,u,u= ”u”} is a direct b.o.n (basis adapted to f),

cosf§ —sinf O
My(f)=| sinf cosf 0O
0 0 -1

The matrix of f in any other basis can be obtained by change of basis.

» [u] = VEPs of VAP -1.
H invariant subspace of dimension 2.

cos(f) = ﬂgﬁ

>

> 0= v,/f_(\v) if v orthogonal to axis [u].

>

> We have 6 in [0, 7] or [m, 27] according to (for any v ¢ [u]):

{det(v,f() 320 & 0elo,n 3)

det(v, f(v) & 0 em2n]
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; ;

Example

2/3  2/3 1/3
Mo (f) = (2/3 1/3 2/3)
1/3 —2/3 2/3

» det(f) =1 = f = rotation of axis [u] and angle 6.
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Example

2/3  2/3 1/3
Mo (f) = (2/3 1/3 2/3)
1/3 —2/3 2/3

» det(f) =1 = f = rotation of axis [u] and angle 6.
» Axis: VEPs of eigenvalue 1, r = [u = (1,0,1)].
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L Isometries
; ;

Example

2/3  2/3 1/3
Mo (f) = (2/3 1/3 2/3)
1/3 —2/3 2/3

» det(f) =1 = f = rotation of axis [u] and angle 6.
» Axis: VEPs of eigenvalue 1, r = [u = (1,0,1)].
» Angle: 1+2cosf = tr(f) =5/3 = cosf =1/3

5K



L Isometries
; ;

Example

2/3  2/3 1/3
Mo (f) = (2/3 1/3 2/3)
1/3 —2/3 2/3

» det(f) =1 = f = rotation of axis [u] and angle 6.
» Axis: VEPs of eigenvalue 1, r = [u = (1,0,1)].
» Angle: 1+2cosf = tr(f) =5/3 = cosf =1/3
» Orient r by u, take v =(1,0,0) ¢ r ,
det(v,f(v),u) = -2/3<0= 0 € [r,2n], 0 =27 — 1.23.

5K



LAplicaticms of SVD and orthogonal projection

Outline

Aplications of SVD and orthogonal projection
Rank approximation
Linear least squares
Principal component analysis
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Aplications of SVD and orthogonal projection
Rank approximation
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LAplit:aticms of SVD and orthogonal projection

SVD and rank approximation

Theorem (Eckhart-Young)
Let A be any matrix. If A= UDV' and the singular values of A are

01,...,0, then for any k <'r,
o1 0 --- 0
0 0 0
0 -+ v -0

is the matrix of rank k closest to A (in the sense that ||A — M|| is
minimal among matrices M of rank k). Note that

|A = Mll2 = o)1

This is used in image compression, for example. Note that
A=oiuvi+oouwmvi+... . +ou vt
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LApIicatiuns of SVD and orthogonal projection

Outline

Aplications of SVD and orthogonal projection

Linear least squares

50



LAplit:aticms of SVD and orthogonal projection
:

Linear least squares approximation

Problem: Ax = b might be incompatible due to measure errors in
b, but we would still like to have an approximated solution:

Incompatible
Ax=0b & b ¢ Im(A)

system
Want: X such that AX is as close to b as possible.
Definition
A least squares solution of Ax = b is a vector X that minimizes
||Ax — b|, that is

|AX — b|| < ||Ax — b|| for all x
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LAplit:aticms of SVD and orthogonal projection
: :

Solution to the least squares problem

Solution given by Gauss (1801)

» Change b by the vector of Im(A) that is closest to b: the
orthogonal projection of b in Im(A), projima(b).
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LAplit:aticms of SVD and orthogonal projection
: :

Solution to the least squares problem

Solution given by Gauss (1801)
» Change b by the vector of Im(A) that is closest to b: the
orthogonal projection of b in Im(A), projima(b).
» Then X is a least squares solution < X is a solution of
Ax = projlm(A)(b)'
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LAplit:aticms of SVD and orthogonal projection
: :

Solution to the least squares problem

Solution given by Gauss (1801)
» Change b by the vector of Im(A) that is closest to b: the
orthogonal projection of b in Im(A), projima(b).
» Then X is a least squares solution < X is a solution of
Ax = projim(ay(b).
> If x is a least squares solution then it does not satisfy
Ax — b =0, but minimizes the norm ||Ax — b||
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LAplit:aticms of SVD and orthogonal projection
:

Solution to the least squares problem

Solution given by Gauss (1801)
» Change b by the vector of Im(A) that is closest to b: the
orthogonal projection of b in Im(A), projima(b).
» Then X is a least squares solution < X is a solution of
Ax = projima)(b).
> If x is a least squares solution then it does not satisfy
Ax — b =0, but minimizes the norm ||Ax — b||

» The residual measures how far X is from a solution to the
system:

residual = A% — b (which is = projim(a)(b) — b).

norm of the residual: ||AX — b||
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LAplit:aticms of SVD and orthogonal projection

Solution to the least squares problem

Solution given by Gauss (1801)

| 4

>

>

Change b by the vector of Im(A) that is closest to b: the
orthogonal projection of b in Im(A), projima(b).

Then X is a least squares solution < X is a solution of
Ax = projlm(A)(b)'

If x is a least squares solution then it does not satisfy
Ax — b =0, but minimizes the norm ||Ax — b||

The residual measures how far X is from a solution to the
system:

residual = A% — b (which is = projim(a)(b) — b).
norm of the residual: ||AX — b||

Important point: we do not need to compute projima)(b) (see
next slide).
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I—Aplicaticms of SVD and orthogonal projection

Theorem
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LAplicaticms of SVD and orthogonal projection

Theorem

» X is a least squares solution of Ax = b if and only if it is a
solution of the normal equations:

AfAx = Atb.
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LAplit:aticms of SVD and orthogonal projection

Theorem

» X is a least squares solution of Ax = b if and only if it is a
solution of the normal equations:

AtAx = Afb.

» If the rank of A equals the number of columns, then AtA is
invertible and the least squares solution is unique and given by

X = (A*A)"LAh

(although computing the inverse is not efficient)
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LAplit:aticms of SVD and orthogonal projection

Theorem

» X is a least squares solution of Ax = b if and only if it is a
solution of the normal equations:

AtAx = Afb.

» If the rank of A equals the number of columns, then AtA is
invertible and the least squares solution is unique and given by

X = (A*A)"LAh

(although computing the inverse is not efficient)

» [f the original system is compatible, X is a solution to the
original system as well.
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LApIicatiuns of SVD and orthogonal projection

Outline

Aplications of SVD and orthogonal projection

Principal component analysis
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LAplit:aticms of SVD and orthogonal projection
:

Principal component analysis
Goal: Given N data pointsin R3, p; = (x;,yi,z), i=1,..., N
highly correlated, one wants to find vi = (a, b, ¢) of norm 1 such
that the set {t; = ax; + by; + cz;}; has maximum variance:

PC, component

a b c

> Note that proji,,j(pi) = tiva

64



LAplit:aticms of SVD and orthogonal projection
:

Principal component analysis
Goal: Given N data pointsin R3, p; = (x;,yi,z), i=1,..., N
highly correlated, one wants to find vi = (a, b, ¢) of norm 1 such
that the set {t; = ax; + by; + cz;}; has maximum variance:

PC, component

a b c

> Note that proji,,j(pi) = tiva
» v; = (a, b,c) is called the first principal component.
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LAplit:aticms of SVD and orthogonal projection
:

Principal component analysis
Goal: Given N data pointsin R3, p; = (x;,yi,z), i=1,..., N
highly correlated, one wants to find vi = (a, b, ¢) of norm 1 such
that the set {t; = ax; + by; + cz;}; has maximum variance:

PC, component

PC, component

a b c

> Note that proji,,j(pi) = tiva

» v; = (a, b,c) is called the first principal component.

» Then one can look for v» € [v1]* (2nd principal component)
maximizing variance of projp,,j. (pi)-
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LAplit:aticms of SVD and orthogonal projection
:

Principal component analysis
Goal: Given N data pointsin R3, p; = (x;,yi,z), i=1,..., N
highly correlated, one wants to find vi = (a, b, ¢) of norm 1 such
that the set {t; = ax; + by; + cz;}; has maximum variance:

\' i
N ,/ : z
i '\,V' . §
. &
4
PC, component
a b c

> Note that proji,,j(pi) = tiva

vi = (a, b, ¢) is called the first principal component.

» Then one can look for v» € [v1]* (2nd principal component)
maximizing variance of projp,,j. (pi)-

> Keep going or project down to the first components in order
to reduce the dimension of the problem.

v
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LAplit:aticms of SVD and orthogonal projection

Procedure

Assume that set {p;} is centered at the origin. Let
X1 N a
M= : : t | sothat ) ., xi=>;,yi=>,;z=0.
XN YN ZN
» Want v; = (a, b, ¢) of norm 1 such that
it =3 (axi + byi + czi)? = |[Mvi]| is maximum.
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LAplit:aticms of SVD and orthogonal projection

Procedure

Assume that set {p;} is centered at the origin. Let
X1 N a
M=1: = :[|sothat) ;x;=>,yi=>,;z =0.
XN YN ZN
» Want v; = (a, b, ¢) of norm 1 such that
it =3 (axi + byi + czi)? = |[Mvi]| is maximum.
» v; is the first column vector of V in the SVD: M = UDV'.
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LAplit:aticms of SVD and orthogonal projection

Procedure

Assume that set {p;} is centered at the origin. Let
X1 N a
M= : : t | sothat ) ., xi=>;,yi=>,;z=0.
XN YN ZN
» Want v; = (a, b, ¢) of norm 1 such that
it =3 (axi + byi + czi)? = |[Mvi]| is maximum.

» v; is the first column vector of V in the SVD: M = UDV'.

> Then the matrix My = M — Mviv{ has proji,,.(p;) in its
rows.
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Procedure

Assume that set {p;} is centered at the origin. Let
X1y oa
M= : : t | sothat ) ., xi=>;,yi=>,;z=0.
XN YN ZN
» Want v; = (a, b, ¢) of norm 1 such that
it =3 (axi + byi + czi)? = |[Mvi]| is maximum.

» v; is the first column vector of V in the SVD: M = UDV'.

> Then the matrix My = M — Mviv{ has proji,,.(p;) in its
rows.

> My = oourvh + ...+ orupv).
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LAplit:aticms of SVD and orthogonal projection
: :

Procedure

Assume that set {p;} is centered at the origin. Let
X1y oa
M=1: = :[|sothat) ;x;=>,yi=>,;z =0.
XN YN ZN
» Want v; = (a, b, ¢) of norm 1 such that
it =3 (axi + byi + czi)? = |[Mvi]| is maximum.
» v; is the first column vector of V in the SVD: M = UDV'.

> Then the matrix My = M — Mviv{ has proji,,.(p;) in its
rows.

> My = oourvh + ...+ orupv).

» The direction which maximizes the variance is v» (2nd vector
in V).
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LAplit:aticms of SVD and orthogonal projection
: :

Procedure

Assume that set {p;} is centered at the origin. Let
X1y oa
M= : : t | sothat ) ., xi=>;,yi=>,;z=0.
XN YN ZN
» Want v; = (a, b, ¢) of norm 1 such that
it =3 (axi + byi + czi)? = |[Mvi]| is maximum.
» v; is the first column vector of V in the SVD: M = UDV'.
> Then the matrix My = M — Mviv{ has proji,,.(p;) in its
rows.
> My = oourvh + ...+ orupv).
» The direction which maximizes the variance is v» (2nd vector
in V).
> Keep going.
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LAplit:aticms of SVD and orthogonal projection

Remarks:

> If the set {p;} is not centered at the origin we center it: let
(x,7,Z) = >_;(xi,yi,zi)/N, and consider

X1—X y1—y z1—2

M — : . .
XN—X YN—Y ZIn—Z

Proceed as before with this M and then sum (x, ¥, Z) to the

final result.
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> If the set {p;} is not centered at the origin we center it: let
(x,7,Z) = >_;(xi,yi,zi)/N, and consider

X1—X y1—y z1—2

M — : : :
XN—X YN—Y ZIn—Z

Proceed as before with this M and then sum (x, ¥, Z) to the

final result.

» The matrix M*M is the empirical covariance matrix and the

principal component v; is the dominant eigenvector of this
matrix.
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LAplit:aticms of SVD and orthogonal projection

Remarks:

> If the set {p;} is not centered at the origin we center it: let
(x,7,Z) = >_;(xi,yi,zi)/N, and consider

xX1—X y1—y znn—2
M — . . .

XN—X YN—Y ZIn—Z
Proceed as before with this M and then sum (x, ¥, Z) to the

final result.

» The matrix M*M is the empirical covariance matrix and the
principal component v; is the dominant eigenvector of this
matrix.

» The same can be done for clouds of points in R”.
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Outline

Scalar product in C
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LScalar product in C

Scalar product in C”

Definition

In C" the analogous to the dot product is the standard hermitian
X1 n

product < u,v > of two vectors u = : ,V = : eC”

) Xn Yn

is

<u,v>:= utV:xl)Tl+x2)Tg—|—...+x,,)T,,.
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Scalar product in C”

Definition

In C" the analogous to the dot product is the standard hermitian
X1 n

product < u,v > of two vectors u = : ,V = : eC”

) Xn Yn

is

<u,v>:= utV:xl)Tl+x2)Tg—|—...+x,,)T,,.
Example:

—i

u:< i )v:(g> :><u,v>:(1i1—2i)(t3>>:3—7i.

1—-2i
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Properties:

1. < u,u>>0VYu (positive)
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LScalar product in C

Properties:

< u,u>> 0 Vu (positive)

< u,u>= 0« u =0 (non-degenerate).
< u,v>=<v,u> ("hermitian”).
"sesquilineal” :

> < ajup 4 axp, v >=a; < U, v > tax < Uy, Vv >;
> <uaivitaw>=ar< u,vy > +a; < u, v >.

W o
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LScalar product in C
: :

Properties:

1. < u,u>>0VYu (positive)

2. <u,u>=0<% u=0 (non-degenerate).
3. <wu,v>=<v,u> ("hermitian”).

4. "sesquilineal”:

> < ajup 4 axp, v >=a; < U, v > tax < Uy, Vv >;
> <uaivitaw>=ar< u,vy > +a; < u, v >.

5. In this case, the norm of a vector u € C" is

|ull = Vutu = \/|u1|2 + ...+ |upl? e R.
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LScalar product in C

Properties:

1. < u,u>>0VYu (positive)

2. <u,u>=0<% u=0 (non-degenerate).
3.

4. "sesquilineal”:

< u,v>=<v,u> ("hermitian”).

> < ajup 4 axp, v >=a; < U, v > tax < Uy, Vv >;
> <uaivitaw>=ar< u,vy > +a; < u, v >.

In this case, the norm of a vector u € C" is

|ul| = Vuta = Ve + .o+ un? € R

Orthonormal basis for this scalar product: same definition as
before.
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LScalar product in C

Properties:

1. < u,u>>0VYu (positive)

2. <u,u>=0<% u=0 (non-degenerate).
3.

4. "sesquilineal”:

< u,v>=<v,u> ("hermitian”).

> < ajup 4 axp, v >=a; < U, v > tax < Uy, Vv >;
> <uaivitaw>=ar< u,vy > +a; < u, v >.

In this case, the norm of a vector u € C" is

|ul| = Vuta = Ve + .o+ un? € R

Orthonormal basis for this scalar product: same definition as
before.

If we write the columns of a matrix A= (v;...vy) then,

A'A = Id if and ony if {vi,..., vy} is an orthonormal basis.
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LScalar product in C
: :

Unitary matrices

: e =t . . :
An n x n matrix that satisfies A°A = Id is called a unitary matrix.

» If we call the columns vq,...,v,, A= (v1...v,), then,

A'A=Id if and ony if {v1,...,Vvn} is an orthonormal basis.
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: e =t . . :
An n x n matrix that satisfies A°A = Id is called a unitary matrix.

» If we call the columns vq,...,v,, A= (v1...v,), then,
A'A=Id if and ony if {v1,...,Vvn} is an orthonormal basis.

» A is unitary if and only if A=l = AL
> Ais unitary = |det A| = 1.
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» If we call the columns vq,...,v,, A= (v1...v,), then,

A'A=Id if and ony if {vi,...,vn} is an orthonormal basis.

» A is unitary if and only if A=l = AL
> Ais unitary = |det A| = 1.

» If A is unitary, then the corresponding endomorphism
preserves norms (preserves the measure of vectors):

| Ax|| = ||x]| for all x
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LScalar product in C
: :

Unitary matrices
An n x n matrix that satisfies A'A = Id is called a unitary matrix.
» If we call the columns vq,...,v,, A= (v1...v,), then,

A'A=Id if and ony if {vi,...,vn} is an orthonormal basis.

» A is unitary if and only if A=l = AL

> Ais unitary = |det A| = 1.

» If A is unitary, then the corresponding endomorphism
preserves norms (preserves the measure of vectors):

| Ax|| = ||x]| for all x

» A also preserves dot products and angles (and hence preserves
orthogonality) and so it is a transformation that does not
deform objects.
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