SUPPLEMENTARY MATERIALS: A NOVEL ALGEBRAIC
APPROACH TO TIME-REVERSIBLE EVOLUTIONARY MODELS*
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SM1. Gluing parameters.
Proof of Lemma 4.5. By rooting the tree 77 at s we have
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and the claim follows. O

SM2. Computations.

SM2.1. Computations for the tripod. The list of 9 quadric binomials, 29
cubic binomials, and 3 quintic binomials generating I for a tripod T" mentioned in
Proposition 5.3 is:

Generators of degree 2

(1) P222Paar — "2 Pa21Pasz (5) D14aP2z2 — 42 P1oaPoas
(2) P3s2Paa1 + T2 P331D442 (6) D3s2P221 — 77,2 P331D222
(3) PazoPars — " Po1oPazy (7) Praap2ss + T2 D133P244
o > o T~ -
(4) P323Para + T2D313P4a24 (8) Pi22p233 — 7,15 P133P222
oD, M2 s =
(9) P323p212 — 5,15 D313P222
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Generators of degree 3

(10) PraaPazaPaaz — (2055 P122Dias
(11) PoaaParaPaaz — (2085 P212Dias

172734

(12) p244PazaPaar — WP221P444

(13) Pp144aParaPaar — %Pnl%u
(14) Pr22Pa1aPaar — 72P111Pa2aDasz
(15) D144aP212P4a1 — TMP111P244P442
(16) Pr22P212Pa41— 75, 25— P111P222D442

(17) Pi33D212Daa1 + D111D233P442
(18) P122P313Pa41 + P111DP323D4a42
(19) Pi122P313D441 + D111D323P442
(20) P144P221Pa14 — ap111p244p424
(21) Pr22Pa21Para— 2o

(22) pi133D221P414 + P111D233P424
(23) Di122D331Da14 + D111D332D424

P111P222D424

= e o +
(37) D244PazaPaaz — %pzzzl@m
(38) P332P323P233 — (m_ﬁza)g?:%j
_ - 2
(39) P3szPai2 — (miz=ma)(ms—ma)” ::33;1(7:;32 ma)
Generators of degree 5
T (w3 —7a)?

72 —
_W§4)p333p222

D313D332D233

(24) praaD212P221— D111P222D244

T34 — 7T12
(25) p122P212P221 — ﬁpuﬂ?zzz
(26) P133P212D221— 57, o
(27) P144P313P221 + P111P323D244

(28) D122P313P221—

D111P233DP222

T P111D323P222

(29) D331P323P233 — (ot Ka PissDazt
(30) P111P323P233 — o2 P133P313P221

T34

(31) p144P331D212 + P111D332P244
(32) Pr22Pss3iP212— 77, s
(83) P133D331P212 — 224 P111P332D233

T12

(34) Pr22P3as — (71'3371'471'41)2 D133P332P323

(35) Di22P313D331 — =22 P111P3320323

™12

P111P332D222

T3TM4T34

(36) D133P313P331 — (o 3 P111D5ss

(40) P1aapissParapaaz + T iz P133D313D332P 444

myima(ms—7a)>

(41) P1a4PissPazaPaar + mp133p331p3231?444

mma(ms—ma)? -

(42) PiszPraaParaPaar + T s P313D3310233P 444

SM2.2. Computations for quartets. In the following lemma we compute the
coordinates in B,, for any point in evolving on T' = 12|34 under the TN93 model.
The coordinates for points on the variety of T' = 13|24 or 14|23 can be obtained by
correspondingly permuting the subindices of the coordinates. This result is used in

Proposition 5.11.

LEMMA SM2.1. Consider the tree T =
model M = TN93. In the basis By, any tensor p = @ (AL, ...,

12|34 evolving under the evolutionary

A®) has monomial co-

ordinates except for piii; and piij; fori,j € {2,3,4}. These coordinates can be obtained
by (4.4) from the following expressions of the coordinates of ¢ = or(Id,Id,Id,Id, ),
where A = diag(A1, A2, A3, A\y) (non listed coordinates are zero):

(1) quur =M

(2) Qri22 = Qo211 = —

12734

At

(3) Q133 = Q3311 = =)\

T34
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(4) 61144 = 64411 = %

(5) Q1212 = q1221 = Qo112 = Q2121 = 7r1217'r34 Ao

(6) 1222 = 2122 = (2212 = (2221 = %)\
34712

(7) Q1233 = G2133 = 3312 = (3321 = —,Tslm A2

(8) Q1244 = (2144 = Qua12 = Guaz1 = 7o

(9) G313 = Q1331 = (3113 = 3131 = 7.5 A3

(10) 1323 = G1332 = Q2313 = 2331 = G3123 = {3132 = 3213 = {3231 = —W;M A3

(11) G333 = 3133 = G3313 = (3331 = %)\3
374

q =q = q, — _ 7
(12) G414 = G1441 = Q4114 = Qa141 = ?17?2>\4

(13) Gra24 = qra42 = Q2414 = Q2441 = Ga124 = Ga142 = (4214 = Qa241 = mlm Ad

(14) qra44a = Qa144 = Qaa14 = Qa441 = M)\

(15) G222 = m/\ 1+ (771227@4)/\

(16) daasa = Gaze = b b+ SN
(A7) G2244 = Quaz2 = 7r17r1‘7r34 A+ ST
(18) 2323 = (2332 = (3223 = (3232 = m,\?

v . pd =~ T3 — T,
(19) G2333 = G233 = Q3323 = 3332 = 172" A3

N |
(20) 2424 = Qo442 = Gaz2a = Qaza2 = 77,7, M
(21) G2a4a = Qa2aa = Guaza = Quaaz = 5t M

(22) g3333 = W34 )\ + ”1”34)\ + md:g;im) A3

12734 )\ —_ 12734
T1T2T37T4 T1T2T3T4

(23) (3344 = Quaz3z =

(24) Gaaas = 2 2/\ + 7T127734/\ 4 7r12(7r1,,r2) "

Proof. Let T} be the tripod with leaves ll, lo,ls and T5 be the tripod with leaves

ls, 13,14 so that T is the gluing T} * Ty. Define tensors ¢7* = ¢r (Id, Id,A) and
p'2 = 1, (Id, Id, Id) evolving on Ty and T, respectively; hence ¢ = q1 * go.
By Theorem 4.6 the coordinates of ¢ in the basis B, can be obtained by the
matrix product

14
41
24
42
34
43

1 2 3 4
11 * 0 0 0
22 * * 0 0
33 * * * 0
44 s * 0 *
12 0 * 0 0
21 0 * 0 0 ‘ 11 22 33 44 12 21 13 31 23 32 14 41 24 42 34 43
13 0 0 * 0 1 * * * * 0 0 0 0 0 0 0 0 0 0 0 0
31 0 0 * 0 2 0 * * * * * 0 0 0 0 0 0 0 0 0 0
23 0 0 * 0 3 0 0 * 0 0 0 * * * * 0 0 0 0 0 0
32 0 0 * 0 4 0 0 0 * 0 0 0 0 0 0 * * * * 0 0
0 0 0 *
0 0 0 *
0 0 0 *
0 0 0 *
0 0 0 0
0 0 0 0




SM4 MARTA CASANELLAS, ROSER HOMS, AND ANGELICA TORRES

in the sense that g;,;,i4i, i the product of row (i1,42) of the first matrix and column
(i3,14) of the second matrix up to multiplication by a scalar product. As x entries are
monomials in (actually they are linear entries in some Ay, in the first matrix and scalar
entries in the second), non-monomial entries only appear when multiplying rows and
columns with indices (2,2), (3,3), (4,4). From this matrix product we get the entries
that appear in the list. O

SM3. Flattening matrices.
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