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Abstract. In recent years, algebraic tools have been proven useful in phylogenetic reconstruc-
tion and model selection through the study of phylogenetic invariants. However, up to now, the
models studied from an algebraic viewpoint are either too general or too restrictive (as group-based
models with a uniform stationary distribution) to be used in practice. In this paper we provide a
new framework to study time-reversible models, which are the most widely used by biologists. In our
approach we consider algebraic time-reversible models on phylogenetic trees (as defined by Allman
and Rhodes) and introduce a new inner product to make all transition matrices of the process diago-
nalizable through the same orthogonal eigenbasis. This framework generalizes the Fourier transform
widely used to work with group-based models and recovers some of the well-known results. As il-
lustration, we combine our technique with algebraic geometry tools to provide relevant phylogenetic
invariants for trees evolving under the Tamura—Nei model of nucleotide substitution.
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1. Introduction. Phylogenetics aims at recovering the evolutionary history of a
given set of biological species from certain molecular information. This evolutionary
process is represented on a phylogenetic tree or network whose leaves correspond to
living species and whose interior nodes represent their common ancestors. One of
the most common ways of approaching phylogenetic reconstruction is by modeling
the substitution of molecular units (usually nucleotides or amino acids) via a Markov
process on a phylogenetic tree.

During the last twenty years, algebraic methods have been developed with the
aim of helping biologists address phylogenetic reconstruction. The key is that Markov
processes on phylogenetic trees parametrize algebraic varieties, and tools from alge-
braic geometry turn out to be relevant, as suggested by Felsenstein, Cavender, and
Lake in the late eighties; see [9], [25]. They introduced the use of phylogenetic invari-
ants, which are polynomial constraints satisfied by any distribution that arises as a
hidden Markov process on a phylogenetic tree. These tools avoid parameter inference,
which might be a tedious task, and incorporate the geometry of the algebraic varieties
to detect the tree that best fits the given data, in a certain measure. Methods based
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on algebraic tools such as SVDquartets [11] or Erik 4+ 2 [16] have been implemented
successfully in the phylogenetic software PAUP* [35]. These methods consider the
most general Markov model of nucleotide substitution (GM, for short). Other models
that have been studied by algebraists are G-equivariant models (see [12], [6], [4]),
which are friendly models from a mathematical approach but only used by biologists
in very special cases.

Markov processes on phylogenetic trees mostly used by biologists have the prop-
erty of being stationary. The GM model on a phylogenetic tree is not a stationary
process and, among G-equivariant models, those that are stationary are too simple as
their stationary distribution is uniform. Another property that is commonly assumed
by biologists is time-reversibility. Roughly speaking, a stationary Markov process is
time-reversible if, at equilibrium, the rate at which transitions from state i to state j
occur is the same as the rate at which transitions from j to ¢ occur. Thus, there is a
need to provide algebraic methods for time-reversible processes on phylogenetic trees
for any stationary distribution. This can be especially relevant in the case of amino
acid substitution models, where the GM model is too large to be of biological utility.

The time-reversibility property has been studied from an algebraic point of view
in [2]. Allman and Rhodes tailor time-reversibility from an algebraic approach and
define the class of algebraic time-reversible (ATR) models. This class contains all time-
reversible models that biologists use in their everyday work such as GTR [38], TN93
[37], or HKY85 [18]. In an ATR model on a tree, all transition matrices must commute.
This is a natural requirement since it is satisfied by all time-homogeneous continuous-
time processes, which are the most widely used in phylogenetic reconstruction.

We build upon this definition of ATR models and develop a new framework that
simplifies the study of these models. This can be thought of as a generalization of
the well-studied Hadamard or Fourier transform for group-based models exploited in
a large list of publications: [14], [36], [19], and [32], among others. First of all, if
data has reached equilibrium, the stationary distribution 7 can be inferred from the
data and we can consider it as input data (this approach was already considered by
the first author and M. Steel in the study of the Equal-Input model [7]). Then, for a
fixed stationary distribution 7 of an ATR model on a phylogenetic tree, we introduce
a new inner product (,), and prove that all transition matrices diagonalize under
an orthogonal eigenbasis with respect to (,),. By fixing this orthogonal eigenbasis,
we are able to do a change of coordinates that simplifies the parametrization of our
model. For example, we are able to recover the celebrated result of Evans and Speed
[14]. With these new coordinates we can provide phylogenetic invariants for these
Markov processes on trees and describe the corresponding algebraic varieties. We
illustrate these tools with a deep study of the TN93 model and give phylogenetic
invariants that can be used for topology reconstruction or model selection. We focus
this study on quartets (i.e., trees with four leaves) because they can be used as a
building block in phylogenetic reconstruction by means of quartet-based methods; see
[29], for instance.

The structure of the paper is as follows. In section 2 we introduce the preliminaries
on Markov processes on phylogenetic trees. In section 3 we develop the framework that
allows us to disentangle ATR models on trees: we introduce the inner product (),
prove that ATR models on trees deal with transition matrices that simultaneously
diagonalize in a basis that is orthogonal for this inner product, and define algebraic
varieties associated to these models. In section 4 we explore the change of coordinates
to this eigenbasis and prove the main technique that permits the study of these models
on phylogenetic trees from the study on smaller trees (Theorem 4.6). In section 5
we delve into the study of the TN93 model: we give phylogenetic invariants for trees
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evolving under this model with any number of leaves and, for quartet trees, we specify
a collection of phylogenetic invariants that (locally) cut out the algebraic variety
associated to this model. In other words, we give a collection of constraints that suffice
to describe distributions evolving under a quartet tree under the TN93 model; see
Theorem 5.14. All computations are available in the institutional CORA repository
https://dataverse.csuc.cat /dataset.xhtml?persistentld=doi: 10.34810/datal1128

2. Preliminaries. In this section we give a brief introduction to Markov pro-
cesses on phylogenetic trees and set up some notation needed throughout the paper.
These concepts can be found in [30, Chapters 1 and 8].

Let L ={l,...,l,} be a finite set of cardinality n (in our setting these elements
represent biological entities, such as homologous genes of different species). A phylo-
genetic tree T on L is a tree (connected acyclic graph) with leaf set L (that is, the
leaf nodes of the graph are in bijection with L). We use E(T), N(T), Int(T) to denote
the set of edges, nodes, and interior nodes of T', respectively. We say that T is a
rooted phylogenetic tree if we specify an interior node r of T" and direct all edges away
from it. If e=wu — v is an edge on a rooted tree, we say that u is the parent node
of e (denoted by p(e)), and v is the child node of e (denoted by c(e)). The set of all
phylogenetic trees on L will be denoted by 7,.

Molecular sequences can be thought of as ordered sequences of a finite set of
characters or states. We call X this finite set of x states and assume that different
positions on the sequence are independent and identically distributed, so that we only
model the evolution on one site. For example, we use ¥ ={A,G,C, T} if we consider
nucleotide sequences or xk = 20 if we consider amino acid sequences. We denote the
elements of ¥ by {1,...,x} for convenience.

We recall how to describe a Markov process on a phylogenetic tree T' to model the
evolution of molecular sequences along T'. At each node v of a rooted phylogenetic
tree T' we assign a random variable X, taking values in ¥. We introduce a Markov
process on 1T by defining a parametric statistical model which assumes that each
random variable is conditionally independent of its nondescendants given its parent
variable [40, section 3]. The parameters of these models are the distribution 7" at the
root node r and a Markov or transition matrix M€ for each edge e =u — v € E(T).
The entry 4,j of the Markov matrix M€ stands for the conditional probability of
observing state j € 3 at X, given the observation of state i € ¥ at X,.

By definition, the entries of a Markov matrix are conditional probabilities. How-
ever, in this work we extend this term to allow for negative entries. That is, by a K X k
Markov matrix we mean a real square matrix whose rows sum to one. We denote by
M4 the set of k x k Markov matrices (k will be understood from the context and 1
denotes that the sum of rows is equal to one) and M is defined analogously.

A character © on N(T) is an assignment of states at the nodes of T, that is,
i = (iv)ven(T), tv € X. If all Markov matrices M€ are nonnegative, the probability of
observing a character ¢ at the nodes of T is

T __ 7 e
(2.1) pi=nl T M.
e€E(T)

and this expression can be extended to matrices in M§ or in M.

If A is a subset of the set of nodes and j4 = (jy)vea, jo € X, is a collection of
states at the nodes of A, we say that a character ¢ = (i,,) on N(T') extends j 4 if i, = j,,
for all v € A. The set of all characters on N(T) that extend j 4 is denoted by ext(F 4)-
One defines
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T T
(22) P,= > n
icext(F 4)

as the marginalization over N(T')\ A. When A = L(T), we denote p}, by p}, ; and
in this case expression (2.2) can be rewritten as

T o r e
Piyin = Z T H Mi, e
velnt(T) e€B(T)
)

If I is a field (either R or C), we call W the F-vector space of dimension x and
call e!, ..., e" its standard basis. This induces a standard basis in the tensor product
RQW,1>1: e ®--- @ e, i; € X. We often identify a tensor in ®'W with the
column vector formed by its coordinates in the standard basis. In this way, a joint
distribution (p1..1,...,Px..x) can be identified with a n-~way tensor in "*W.

If we call P the set of free parameters of the Markov process, the (hidden) Markov
process on T is the map

PO QW

", (Me)eeE(T) = pT = Zil,...,in pz;mine“ ®---Qe',
which assigns the joint distribution at the leaves of the tree to each set of Markov
matrices and each 7”. If no further restrictions on the Markov matrices or on the
distribution at the root are assumed, then this is called a general Markov process on T
We omit the superscript 7" in p? when it is understood from the context, and even if
we could distinguish whether F' =R or F' = C, we talk about the same map ¢r.

One of the main constructions for studying the general Markov model from an
algebraic viewpoint is the flattening of a tensor. We recall the definition below.

(2.3)

DEFINITION 2.1. Let A|B be a bipartition of the set of leaves L. Assume that
leaves are ordered so that A = {1,...,m}, B={m+1,...,n}. If p € "W, the
flattening of p according to the bipartition A|B is the x4l x k!Bl matriz Flat 45(p)
whose (i1 ...%m, lm41 ---9n) eNtry is p;, ., . For any other order of the set of leaves,
Flat 41 g(p) is defined analogously.

The following theorem is one of the main tools in algebraic phylogenetics.

THEOREM 2.2 (see [3]). Let T € T, and let p € Im(¢r). Then, if A|B is a
bipartition induced by removing an edge of T, rank (FlatA|B(p)) s bounded above by
k. On the contrary, if A|B cannot be induced by removing any edge of T, the rank
of Flat o\g(p) is larger than  if the parameters that gave rise to p were sufficiently
general.

3. Time-reversible evolutionary models. Let A*~! be the standard simplex
in R, fix a distribution 7 € A®~! with nonzero entries, and call D, the diagonal
matrix diag(m). Any positive Markov matrix has a unique stationary distribution
(a left-eigenvector of eigenvalue 1), and we say that a k x k Markov matrix M is
w-stationary if M = 7t

A Markov matrix M is w-time-reversible if DM = M"'D,, that is, m;M; ; =7 M; ;
for any i,j. Note that if M is w-time-reversible, then M is m-stationary. In terms of
probabilities, the time-reversibility condition means that the probability of observing
state ¢ at the parent node and j at the child node of the process governed by M is
the same as observing i at the child node and j at the parent node. We introduce an
inner product that gives another way of expressing time-reversibility.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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DEFINITION 3.1. The m-inner product of u,v € W is

1
(U, V) = Z —wuv; =u' D o,

— T

K3
where u; and v;, fori=1,... K, are the coordinates of u,v in the standard basis.

Then M is m-time-reversible if and only if M! is a self-adjoint matrix with respect
to this inner product (that is, (M'u,v), = (u, M*v), for any w,v). In particular,
thanks to the Spectral Theorem, all eigenvalues of M are real and there exists a basis
of eigenvectors of M* which is orthogonal with respect to (, )r. An orthogonal basis
with respect to (, ), will be called a 7-orthogonal basis.

Remark 3.2. Be aware that in [26, section 12] a similar inner product ( , )’ is
defined but using D, instead of D_!. We have that M? is self-adjoint with respect
to (,)r if and only if M is self-adjoint with respect to (, ). We defined the inner
product this way because we are interested in eigenvectors of M instead of M (as
Markov matrices act to the right of row vectors).

A Markov process on a phylogenetic tree is m-time-reversible if all its transition
matrices are m-time-reversible and  is the distribution at the root. In [2], all transition
matrices of the process are assumed to commute with each other to say that the
process is algebraic time-reversible (ATR). This extra assumption is equivalent to
saying that all matrices simultaneously diagonalize (if they are diagonalizable), and it
is an implicit assumption when one considers continuous time-reversible models that
are homogeneous over time (that is, for any edge e, M°¢ =exp(t.Q) for a certain rate
matrix (). As these are the most widely used processes in phylogenetic software, in
this paper we consider ATR processes on trees.

If we have an ATR process with stationary distribution m, then there exists a
m-orthogonal basis

B={u',...,u"},

which diagonalizes all transpose matrices (M¢)!, e € E(T). As 7 is a left-eigenvector
with eigenvalue 1 for each m-time-reversible Markov matrix M€, we can assume u! = 7.

In particular, (u',u'); =1 and (u',e’); =1 for any i =1,..., k.

DEFINITION 3.3. Let m € A"~ be a fized distribution with nonzero entries, and
let B = {u' = mu?,...,u"} be a mw-orthogonal basis in R". A phylogenetic tree T
evolves under a B-time-reversible model if all Markov matrices M€, e € E(T), on the
Markov process on T have B as a left eigenbasis and " = .

The following lemma guarantees that a B-time-reversible model on a phylogenetic
tree is an ATR process. Before proving it, we introduce some notation. Throughout
this paper we denote by 1 the vector 377, ¢’ and let A be the change of basis
matrix from B to the standard basis el,...,e", that is, A = (ul u”‘). As B is
m-orthogonal we have

(3.1) A'D;'A=8,
where S is the diagonal matrix diag((u!,ul),,..., (u* u"),).

LEMMA 3.4. Let 7 € A*™! be a distribution with positive entries, B = {u' =
T, ..., u} a w-orthogonal basis in R, and M a k X k matriz for which B is a left
eigenbasis.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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Then DM = M!D,. and M has constant row sum; moreover, the first eigenvalue
A1 is equal to one if and only if M is a w-time-reversible Markov matriz (and in this
case 7 is a stationary distribution for M ).

Proof. If B is a left cigenbasis for M, we have M = A7*AA? for some diagonal
matrix A. Thus, DM = D, A7*AA!, which equals AS~tAA? by (3.1). As S~! and
A commute, applying (3.1) again we have D, M = ANA='D,, which is M*'D,., as we
wanted to prove.

Note that as (u!,u’), = 0 for any i # 1, u’ has sum of coordinates equal to 0.
Thus, the first column of A adds to 1 and the other columns add to 0. In particular,
if A=diag(A1,...,\s), we have

M1=A"'AAT =A"'Aet =\ A~te! = A\ D7 Ae! = A\ D7 tul = A1

Thus, M has constant row sum. Requiring sum of rows equal 1 on a square matrix
is equivalent to saying that 1 is an eigenvector of eigenvalue 1, so the last claim also
follows easily. 0

Ezample 3.5 (Tamura—Nei model, TN93). Tamura and Nei presented in [37] a
continuous-time model based on the observed changes in human mitochondrial DNA.
They proposed an arbitrary stationary distribution © and observed that probabili-
ties of transitions (changes within purines or within pyrimidines) and transversions
(changes between purines and pyrimidines) depend on the frequencies of the obtained
nucleotide and on a single parameter for transversions and two for transitions. This
is a time-reversible model whose transition matrices have the form

%y moc w3b mub

me  x9 w3b  mab
(3:2) M= mb mab %3 md |’

mb mwob w3d x4

where *; is chosen so that each row sums to 1. Here we identified ¥ with the set of
nucleotides {A, G, C, T}, in this order. The matrix M has the following m-orthogonal
basis B of eigenvectors:

Uyt 1734 0 T2

2 T2T034 1 1 —TT2
B=<{ut= Ju?= cud=— | Omgmy |, ut=— ,

T3 —M3T12 T34\ _por Tio 0

4 —TM4T12 0

where 719 = 71 + 7o and w34 = w3+ 74. If the columns of A are the vectors of B, then

M 0 0 0
. olo a0 0 Ly
(3.3) AL P
0 0 0 M\

where )\1 = 1, )\2 = )\1 — b, )\3 = )\1 — 7T12b — 7'('34d7 )\4 = )\1 — 7T34b — Tr12C are the
eigenvalues of M. The entries of M can be written in terms of the eigenvalues using
that

b= — Ay, = T12A1 + T34 A2 —/\47 d 7341 + T12 A2 _,\37

12 T34

1 2 Up) 1
*1 = — | TiaA1 + g do + — Ay |, *o0=—— | T2 A1 + T34Ao + — N4 |,
12 T 12 o

T3 T4 T4 3
*3 = —— (7734)\1 + T2 + >\2) , k= — <7T34>\1 + Ti2A2 + )\3> .
T34 T2 T34 T4
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A matrix M satisfying (3.3) is an algebraic TN93 matrix (and we do not neces-
sarily assume A\; = 1). If we impose ¢ =d, then we have an HKY85 matrix [18], and if
we impose b= ¢ = d, we obtain the Equal-Input model (EI) [15], [7]. If we adopt the
extra assumption that the stationary distribution is uniform, = =(1/4,1/4,1/4,1/4),
we recover the RY3.3¢c model of [39]. Hence, TN93 is a B-time-reversible model and
so are its submodels HKY85, EI, and RY3.3c.

Note that

(whuhe =1, (W u?)y=moms, @ ud),= 7r37r47 (ut, ut) ;= nrz.
T34 12

The following table gives the m-inner product among the vectors in the standard basis
and the basis B:

() | ut WP u? ut
61 1 T34 0 7T2/7T12
(34) 62 1 T34 0 —7T1/7T12 .
63 1 —T12 7T4/7T34 0
64 1 —T12 771'3/71'34 0

For any B-time-reversible model, as the standard basis is also a m-orthogonal basis,
we have that (u’,e’), is the jth coordinate of u® (in the standard basis) divided by
m; (because (e, el), =1/m;).

Remark 3.6. Note that there are B-time-reversible models that are not multiplica-
tively closed. This important property has been argued to be needed for consistency
of phylogenetic inference; see [34]. For instance, regarding the models in the previous
example, while TN93 is multiplicatively closed, its submodel HKY85 is not (the prod-
uct of two HKY85 matrices with the same stationary distribution 7 is not necessarily
an HKY85 matrix).

Ezample 3.7. The well-known Kimura models with 2 or 3 parameters [23], [24]
and the Jukes—Cantor model [21] are also instances of ATR models. All these models
have uniform stationary distribution 7 and are B-time-reversible models with

1 1 1 1
111 111 1] -1 1]-1
_ )1t 2_ 1 3_ 1 4_ 1
(3.5) B=<u vl BN Rl I A B Rl
1 -1 -1 1

Working with coordinates in this basis simplifies the parametrization map, as
already noted by [14]. For these models this technique is also known as a discrete
Fourier transform or Hadamard transform; see [19], for instance.

3.1. Phylogenetic algebraic varieties. As above, let m be a fixed positive
stationary distribution and let B = {u! =,...,u"} be a m-orthogonal eigenbasis. We

call A the matrix of change of basis from B to the standard basis e, ..., e".

Remark 3.8 (rerooting). If we have a B-time-reversible model on a phylogenetic
tree T', one can chose any node of T to play the role of the root and use the same
transition matrices to describe the Markov process on T'. Indeed, let us prove that we
can change the root from node r to an adjacent node s without changing transition
matrices. Let eg be the edge from r to s. Expression (2.1) can be written as

. — €o e
bi = WZTMiTsis H Mip(c)tic(e).
e€E(T),e#eq
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As M® is m-time-reversible, m; M;°, =m; M;°, , so expression (2.1) is still valid if
we root the tree at s.

From now on we do not specify the placement of a root (we conveniently place
a root at any node if necessary). However, the distribution 7 at the root node r
in expression (2.1) is necessary: we cannot incorporate this distribution into one of
the transition matrices on the edges adjacent to r (as is usually done in the general
Markov model or for G-equivariant models) because by doing so we would get a new
matrix not belonging to the ATR model.

As we are considering a B-time-reversible model, we have 7" = 7 and the entries
of " are not free parameters anymore in the expression (2.3). Thus, by extending to
the complex numbers field, the map ¢ is defined on the parameter set

PC = {(Me)eEE(T) ‘ Me e M(%:, (Me)t — ADeA—l}7
where each D¢ is a diagonal matrix whose first entry is 1, and the map ¢r is

PC 2T Q"W

(M) eepry = 2 Py, €@ e,
Tl yeneyin

where W = (e!,...,e")¢ is a C-vector space.

DEFINITION 3.9. The phylogenetic variety of a tree T evolving under a B-time-
reversible model is the Zariski closure Vp of Im ¢ in the tensor space @"W. We
denote by Ir CCp1..1,...,Px..x] the ideal of this algebraic variety. Its elements are
called phylogenetic invariants.

The main goal of this work is to give phylogenetic invariants for ATR models.
As ATR models are submodels of the general Markov model, phylogenetic invariants
for the general Markov model are also in Zp. Thus, Theorem 2.2 holds and the
(k+1) x (k+ 1) minors of those flattening matrices are phylogenetic invariants.

Remark 3.10 (degree two nodes). Assume that T has a degree two node s and let
M*®* and M*®? be transition matrices at the edges incident to it. Then the image by
¢r of these parameters coincides with the one obtained by deleting node s, joining ey
and es in a new edge ey, and considering the matrix M = M M2 at eg. Therefore,
adding or removing degree two nodes in a tree will not affect the map ¢ (when we
add a degree two node on an edge and split it into two edges, we can trivially put the
identity matrix at one of these edges).

The map ¢ parametrizes a dense subset of Vy. According to the result of [10]
and its generalization in [1], if 7" has no nodes of degree two, the fibers of ¢r are
finite. Therefore the dimension of Vr coincides with the dimension of the space of
parameters, which is (k — 1)|E(T)]| in this case.

A special point in Im¢r is the image of identity transition matrices. This is
called the no-evolution point in [6] and is denoted by p° = ¢ ({Id}ccp(r)). This point
has a special relevance: in biological applications, transition matrices should not be
far from identity (because it is difficult to obtain reliable data evolving on a tree
with transition matrices far from the identity), so the points in Vr of most interest
(biologically speaking) are those close to p°.

In terms of probabilities it is easy to see that the image of ¢ lies in the hyperplane

(3.6) H={pe®”W|Zpi=1},

so we also have Vr C H. Thus, ), p; — 1 is a (trivial) phylogenetic invariant.
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We make the previous map homogeneous by extending it to square matrices that
diagonalize through A, without imposing Ay = 1. Let C'Vr be the cone over Vr; then
CVr is the Zariski closure of the following homogeneous map:

75((: E) ®’nW
(Me)eeE(T) — > pg;winen R ®en,

i17~--7in

where PC = {(M®)eepr) | (M€)! = AD°A~'} and p! ;s defined by the same
expression as (2.2). Actually, Vr = CVr N H (see also [3], [5]). Indeed, if the
row sum of a matrix M® is A§ (see Lemma 3.4), then M€ is the product of A§
by a Markov matrix M¢ ‘whose rows sum to one. Hence in (2.1) we have pl =
(HeeE(j) AT, [Leemm Mg > and if s o= [eerr) AL, we have ¢p({M°}) =
sor({M°}). We extend the definition of a B-time-reversible model on a phylogenetic
tree (Definition 3.3) in order to allow all matrices M€ to be in PC.

We could do a change of coordinates in the parameter space PC: instead of dealing
with the entries of M® we could deal directly with its eigenvalues Af,...,A%. Thus,
we could also express pZIZn in terms of the eigenvalues of M®’s. This change in the
parameter space and the analogous change of coordinates in the target space will be
studied in the next section.

4. New coordinates for phylogenetic varieties of ATR models. From
now on, the m-inner product will be simply denoted by (, ). This inner product was
introduced on W = R"™ but can be extended naturally to any tensor power Q"W =
Wg---@W as

(W @+ @ Wp, v @+ @ vp) = (w1,v1) (W, v2) ... (Wy,vp).

Actually, it can also be extended to the complex number field by taking the
conjugate of the second component in the inner product. However, we do not introduce
this notation because in all inner products we will use, the second component will be
a vector with real coordinates. Thus, we can think of (w,v) with the definition we
have already introduced and take w in ®”C" and v € "R".

Let B={u!'=m,...,u"} be a m-orthogonal eigenbasis. Then the basis

B,={u"@u?® - -@u'"|ijeX}
is a m-orthogonal basis of ®”W. To simplify notation we call
W=u"® - @u" and ef=e" @ Qe

if ¢ = (i1,...,i,) € &™. Let A be the k x k matrix of change of basis from B to the
standard basis as in the previous section.

If pe ®"W and p;, . ,, are its coordinates in the standard basis, then its coordi-
nates in the basis B,, shall be denoted by p and are obtained as p= (A7'®---@ A1) p,
where ® denotes the Kronecker product of matrices. That is, for ¢ = (i1,...,i,), the
i-coordinate of the tensor p in the basis B, p;, i, , is the i; ...4, entry of the vector
p. Since B, is a m-orthogonal basis, this coordinate p;,  ;, can also be computed as
(p, u*)

( ) pl n <ul,u1’>
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Reparametrization. Let T be a tree evolving under a B-time-reversible model.
If we change coordinates on the parameter space PC so that (transposes of) transition
matrices are diagonalized (and hence written in the basis B) and use coordinates p in
the target space of 1, we have a much simpler parametrization of CVp:

K L
[legennC° — Q"W ‘ ‘
(Aeemrm + 4 Z pho Ut @ @uin,
115e-+5tn

where A® =diag(\§,...,\%) is the diagonal matrix formed by the eigenvalues of M€,
e € E(T). We denote the Zariski closure of the image of ¢ by CVr.

DEFINITION 4.1. We denote by It the ideal of CVr in C[py. 1,...,Pk..x]- A
polynomial that belongs to all It for T € T, is called a model invariant (as it holds
for any tree evolving under the B-time-reversible model). A polynomial that belongs
to some Iy for T € T, but that does not belong to It for some T' € T, is called a
topology invariant; see [30, Chapter §].

From the computational point of view, if we want to work with any 7, we can
work with polynomials with coefficients in the field of fractions C(my,...,m;). Our
computations in Macaulay?2 [17] follow this approach.

Using these new coordinates p in the basis B,, the following result relating
marginalization and new coordinates will be useful.

LEMMA 4.2 (marginalization). For any p € Q"W define the marginalization
pt €@ W of p over the last component as

(42) p;t..‘in,l :Zpi1-~~in—1j'
JjEX

Then, for a mw-orthogonal basis B, as above, we have
(43) ﬁil---i7l—11 :Fil...in,fl'

Furthermore, if T,, is an n-leaf tree and T, _1 is the tree obtained from T,, by deleting
the pendant edge leading to leaf n, then for any p € Im(¢r, ) we have that pT €

Im(qSTnfl )
Proof. Note that the (i, j)-entry of A~! is the ith coordinate of e/ in the basis B,

which is éi“:i As (u',ut) =1 and (e’,u') =1 for any i = 1,...,x, the first row of

A~lis 1. Thus, if p € "W, the slice of p with last component indexed by 1 is

(A l@nrloA~ @1 p,

which is equal to (A~'® "7 ®A~Y)p*. Thus, p;,..4, 1 =pT;, ;. _,. The last claim
is well known and follows directly from [40, Proposition 5.52]. 0

Markov action. The following action of GL,(C)™ on tensors in "W,
(Nl,,Nn) pZ(Nl ®®Nn)p,

is called the Markov action. We can restrict this action to diagonal matrices so that we
have an action of an nk-dimensional torus T = (C*)%x -"- x(C*)*. The torus T acts on
tensors with coordinates p as follows: if (D!,..., D")isin T and D! = diag(dt,...,d.),
then (D',...,D")- p has coordinates dj, ...d} p;,. ., -
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Ifﬁ = @T((AC)EGE(T)% then (Dl, PN 7~Dn) ]5 = WT((Ae)eGE(T))a where Aei = DiAei’
if e; is the pendant edge to leaf [;, and A® = A°¢ otherwise. Hence we have that the
Zariski closure of T - C'Vrp is again C'Vp, that is, C'Vp is invariant by the action of T.

Remark 4.3. Let p=pr({A¢}.). If § € Imepr has the same parameters as p except
the matrices A° on the pendant edges are replaced by identity matrices, then

(44) p= (Ael,. .. ,Aen) - q, i.e., ﬁil...in = )\fll .. ')‘fsqhmin'

Throughout the paper ¢ will denote the image by @7 of a set of parameters with
identity matrices at the pendant edges.

4.1. Star trees evolving under ATR models. In the following lemma we
prove that if T is a star tree, then C'V7 is a toric variety.

LEMMA 4.4. Let T be the star tree with n leaves and let it evolve under a B-
time-reversible model. Then CVr is a toric variety (not necessarily normal), o1 is
a monomial parametrization, and It C C[p;,. 4, | i; € X] is generated by binomials.
Moreover the no-evolution point p° is a nonsingular point of CVr and Vr.

Proof. By Remark 4.3, we know that CVr is the closure of the orbit of p° =
er({Id}) under the action of T. This implies that CVy (and hence CVr) is a toric
variety and pY is a nonsingular point of CVr and Vr. Again from Remark 4.3 we
have that the parametrization 7 is monomial on the eigenvalues of A%, given that
the coordinates of p® in the basis B,, are expressions in terms of 7 only. From this,
we obtain that the ideal It can be generated by binomials (see [13]). |

For G-equivariant models it was already known that no-evolution points are non-
singular points of star trees [6, Corollary 3.9]. The proof of [6, Theorem 5.4] shows
that p® is a nonsingular point on any tree evolving under a G-equivariant model.

4.2. Gluing trees. We recall here a procedure to glue trees and substitution
parameters that was introduced in [3].

Gluing trees. Let 77 and Ty be two phylogenetic trees with leaf sets {l1,...,
Im,s1} and {s2,lmy1,...,1,}, respectively. We call T' the tree with leaf set {l1,...,l,}
obtained by identifying s; and s in a node s. We then call T'= T3 *T5 the tree obtained
by deleting this node s and replacing the two edges e1,es incident to it by a single
edge eq; see Figure 1. We call a={ly,...,l,n,} and 5= {ls11,...,In}, so that T has
leaf set L=a U p.

Gluing parameters. If 77 and T, evolve under the B-time-reversible model
with matrices (M€)cep(r)uE(Ty), then we define transition matrices at the edges of
T =T, % T, as follows: if e # eg, then e € E(T;) for some ¢ = 1,2 and we assign to e
the transition matrix as in 7T5; if e = e, we let M€= M1 Me2,

According to Remark 3.10, we can indistinguishably use the tree T'= T T with
the set of parameters just described, or the tree 7" with the degree two node s and

parameters (M€).c p(1,)uB(Ty)-

h l3 Is Iy Iy ls

Fic. 1. Gluing of a tripod and a quartet. The result is a tree with 5 leaves. In this case
m=2,n=5a={l1,la}, and B={l3,l4,l5}.
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The following lemma is obvious if we think about distributions, but for the sake
of completeness we prove it in section SM1 of the supplementary material for any set
of parameters.

LEMMA 4.5. Let T be obtained by gluing two trees Ty and Ty as above, let pi €
Imer,, i=1,2, and let p* be the tensor obtained by gluing parameters on Ty and Ts.
Let i = (iq,%8) be a collection of states at the leaves of T. Then for any state k € X
at node s = sy ~ sy we have

1
T _ Lt n
Pig kisg = ﬂkpimkpk,ig-

The following theorem expresses a tensor evolving on T' =T} *T5 under a B-time-
reversible model in terms of tensors evolving on T;. Here Flat(p) is as in Definition 2.1
exchanging coordinates in the standard basis by coordinates in B,,.

THEOREM 4.6. Let T} and Ty be two trees evolving under a B-time-reversible
model, and let T = Ty * Ty be the tree obtained by gluing Ty and T> as above. Let
pli € Imapr,, i = 1,2, and let pT be the tensor obtained by gluing parameters on T}
and Ty. Then, in coordinates in the basis B,,, we have

_ i g\ =T _T:
(4.5) Diy..iyy = Z<U]au]>pill.“imjpjz'2m+1,,,i”
jES
foranyiy,... i, € X. If B is a w-orthonormal eigenbasis, then the expression becomes
_ T _T.
(46) Piy.in = Z pill...imjpjfm+1-<<ivz
JjeX

and we have Flat|  ,|m41..n(D) = Flatlmm|sl(ﬁTl)FlatSQ‘m_s_l,__n(ﬁT?).

As an immediate consequence of the last statement we recover Theorem 2.2 for
ATR models. We proceed to prove the theorem.

Proof. Let © = (i1,...,9n) = (24,%3) be a collection of states at the leaves of T
We start by expressing (p,u*) in terms of scalar products of the corresponding tensors
on the subtrees T7 and T5. We have

<p,ui>=< 5 pjej,ui>:zpja,jﬁ<eja7uia><ejﬂ,uiﬂ>.
J=Gasdg) Jardp

By (2.2), Pj. s =2 j.e5 Pinrjeris» Where s =81~ sz, and by Lemma 4.5 we get

Tl Tl
L Pj, .is 1, _ pja,js(s_ Ty
Piada= D . Picis > o CirdsPylgg0
jsex e jrijs€Z 0

where 9; ; is the Kronecker delta. Hence,

T
(p,u’) = Z Lol (el qta) Zajsyjr Zp;;zjﬁ (ed5 ut)
jomjs 7T]3 jr jﬂ
Now we observe that
1 oy . (ed,uk) i (b, uF) (uF,ed)
0, = Eﬂi(el)tej = (me’,e’) = <mel’ Z <uk,, uk>u - Z : {uk,uw |
kex kex
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Therefore, using this expression we obtain

T

. p; 7. (el uP) (uF, edr) ;
(p,u’) = E Tdads eaa ule E E Js E p . 633’u1ﬁ>
T uk uk) Jr;.?[a
Jards s Jr k€T
_ -7a7.7~ j 7735 G\ (oG5 208
(CERTES! - k P2 (uF i) (ede ute)
T U U jraJﬁ
Jards : keX Jrdg

The last sum in the previous expression is (p”2, u* ® u**) so we get
) 1 " S - .
') =3 iy 2 i, (e )t @ ).
kex ’ Jards
The proof finishes by observing that (p’t,u’s @ uk) = Zj e p? e (edo uta)(eds uk)
and dividing (p,u?) by (u?,u?):

= _ (put)y _ k ok utegut)  (p"2uteu’s
pi= @iﬁm =2 Ut >(u<£~,uz};)(ug,u>k> <uf7uk;t<ui:7 i) =Y pex(uf,u >p7, kpmg

The last claim in the statement of the theorem is straightforward. |

The above theorem is also valid when one of the two subtrees, say T5, is a tree with
two leaves and a single edge. In this case this operation is equivalent to multiplying
71 by a diagonal matrix and so it is equivalent to the Markov action on one leaf.

Remark 4.7. In general, the gluing procedure is not equivalent to a toric fiber
product as described in [33]. Indeed, as we will see in section 5.3 for the TN93
model, the parametrization for quartets obtained by gluing two tripods (which have
a monomial parametrization) is not monomial, and hence the corresponding ideal is
not the toric fiber product of both toric ideals. However, for the toric models Kimura
3-parameter and its submodels studied in [32], the gluing procedure is equivalent to
a toric fiber product if we use Fourier coordinates.

Thus, with Theorem 4.6 we recover a well-known result of Evans and Speed [14].

COROLLARY 4.8 (see [14, 32]). On a tree evolving under the Kimura 3-parameter
model or one of its submodels (Kimura 2-parameter and Jukes—Cantor), the Fourier
coordinates of a tensor p € Im i have a monomial expression in terms of the eigenval-
ues of the transition matrices. Moreover, the ideal of the corresponding phylogenetic
variety Vp is generated by binomials.

Proof. For the Kimura 3-parameter model and its submodels, 7 is the uniform
distribution. The Fourier basis in (3.5) is a m-orthonormal basis that diagonalizes
all transition matrices in these models. If we biject the set ¥ = {1,2,3,4} with the
additive group G = Zs X Zs by identifying 1 = (0,0),2 = (0,1),3 = (1,0),4 = (1, 1),
and denote by H the sum in G, then it is easy to see that for a tripod tree we have
(see also [32])

117127 13

AN i My Bis=0
Piriais 0 otherwise.

Then the corollary follows easily by Theorem 4.6 and induction. Indeed, if T is an
n-leaf tree, we consider a cherry on it and view T as T =T} * Ty, where T5 is a tripod
tree. The induction hypothesis is that for any m <n, p;,..4,, =0if i1 H---Hi,, #0
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and p;, .. 4, has a monomial expression in the eigenvalues if ¢; B--- B4, = 0. By
Theorem 4.6 we have

= =T T2
Diy.in = Z Diy.iin_0jPiin_vin
JjEX

so that, by the induction hypothesis, the only (possibly) nonzero summand is for
j =1ip—1 Bi,, which implies 4; H---H4, =0 and gives a monomial expression. 0

Theorem 4.6 gives an inductive procedure to build the parametrization map of
a phylogenetic tree evolving under a B-time-reversible model. Although this gluing
procedure mimics the one described in [3] and [12], it is not obvious that this leads to
the expression of the ideal of these phylogenetic varieties in terms of subtrees as was
done in these two papers. We pose the following question.

QUESTION 4.9. Can the ideal of the phylogenetic variety evolving on a B-time-
reversible model be described in terms of the ideals of flattenings at its interior nodes
and edges as in [3], [12]7

We do not deal with this general question in this paper, but for the TN93 model on
quartets we construct from tripods and edge flattenings a local complete intersection
that describes the variety on an open set (see section 5).

5. Invariants for trees evolving under the TIN93 model. In this section we
showcase how the framework developed previously can be used to find phylogenetic
invariants for the Tamura—Nei model TN93 introduced in Example 3.5. The stationary
distribution = is fixed (and we will assume it to be generic when convenient) and the
m-orthogonal basis B is specified in Example 3.5. We start by computing phylogenetic
invariants for trees with three leaves, then we use the marginalization and tree gluing
to find phylogenetic invariants for quartets and n-leaf trees.

5.1. Invariants for tripods. Let T be a star tree with three leaves l1,[5,l3 and
three edges e1,eq,e3 (we call it the tripod). The joint probability tensor for the point
of no-evolution p® = ¢ (Id, Id, Id) has the following coordinates in the standard basis:

0 o _ T, lel :igiigiir'
(51) pilizig - z:z TriTIdir;ilIdir7i2ldir7i3 - { 0 Otherwise. ’
€

LEMMA 5.1. Consider the evolutionary model TN93 on the tripod T'. The coor-
dinates p° in the basis B, for the no-evolution point p° are

2 2 2 2
po -1 ;50 _ T34 — T2 ﬁo _ M4 — T3 ]50 _ T T
111 — & 222 — 2 92 ’ 333 — 2 92 444 — 2 2
T12T34 T3y T
1 T
-0 -0 -0 -0 -0 -0 34
Pio2 =P212 =P221 = — > P133 =P313 =DP331 = — >
12734 T34
™ -1
0 0 0 12 —0 0 =0
Disa =Pi1a =Pas1 = — P233 = P323 = P332 =
144 414 441 pp— 233 323 332 p——
1
0 _ -0 _ -0 _ =0 _ ;
Doya = Dioa = Dias = — and Diyinis =0 otherwise.
172

Remark 5.2. For a distribution 7 such that w19 # 734, m1 # w2, and w3 # 74, there
are exactly 45 entries of ﬁ?l iniy that vanish: when {i1,%2,13} contains either a unique 3
or a unique 4 or when i; =2 for some j and ¢, =1 for k # j. These are the genericity
conditions we will consider for the distribution 7 from now on.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/02/24 to 141.5.26.35 by Angelica Torres (atorres@crm.cat). Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

ALGEBRAIC TIME-REVERSIBLE MODELS 1859
Proof of Lemma 5.1. From (4.1) and (5.1) we have the expression
. 1 o
Pirinis = (al, u) Z:71'j<€],u“}(ej,ulz><ej,ul3>7
’ €S

which is invariant after reordering i1,i2,43. First we prove that ﬁ?lim = 0 for the
cases mentioned in the previous remark.

Case I: {i1,i2,i3} contains only one 3. Without loss of generality assume that
i1 =3 and 9,13 # 3. From (3.4) we have

~ 1 o o o
pgizis = 7<ui ’u,i> Zﬂ'j <e]7u3><eﬂ,ulz><ej7u13>
T jes

1 , 4 , .
= o) (m5(e®, u?) (e, u)(e®, u®) + ma(e?, u?) (!, u) (e, u'®))
ul7ul
1 T3T4 /3 ig\/.3 i3 T34 ) 4 o\ 4 . ig )
=—— e’ u?)(e’,u'?) — e, u?) (e, u =0,
et () ) - T ) )

where the last equality holds because the last two rows of (3.4) for u’ # u3 are equal.
Case II: {i1,i2,i3} contains only one 4. The proof is analogous to the previous
case by noting that the first two rows of (3.4) are equal for u’ # u?.
Case I1I: ¢; = 2 for some j and iy, =1 for k # j: Assume, without loss of generality,
that i1 =i =1 and 73 = 2. We have

1 , . . 1
15(1)12:WZﬂj<€jaul><€]’ul><€JaU2>: i (T12734 — T12734) = 0.
’ €S

(ul, ut)

The remaining 64 — 45 =19 coordinates pj ; ;. are nonzero for generic m and can
be easily computed in a similar fashion. ]

By (4.4), for any point p € Impr the coordinates p;,;,i, with i1,i2, and i3 satisfy-
ing any of the cases of Remark 5.2 vanish. Thus, C'Vp is contained in a linear space
L3 C @3W of dimension 19 defined by the 45 linear equations, and V is contained in
the linear space £3 N H of dimension 18, where H is the space defined in (3.6).

We now provide a set of generators for I and a set of polynomials defining a
complete intersection that cuts out C'Vpr C L3 in an open set.

PROPOSITION 5.3. Let T be a tripod that evolves under the TN93 model. For
generic w, Ir is a binomial ideal minimally generated by 45 linear monomials, 9
quadratic binomials, 29 cubic binomials, and 3 quintic binomials. If we consider
CVrp C L3, then the variety X1 defined by the 9 polynomials

_ T34 —T12 _ _ _ T34 —T12 _ _
P222P441 — ————P221P442, P222P414 — — ——P212P424,
T34 T34
_ T34 —T12 _ _ _ T2 _
P222P144 — — ———P122P244, D332D441 + ——P331P442,
T34 T34
_ T2 _ _ T2 _
P323P414 + ——DP313P424, P233P144 + —DP133P244,
T34 T34
_ T1T2T12 _ 9 _ T3T4T34 _ 9o
P144P414P441 — 5 P111P4445 P133P313P331 — 7 5 P111P333;
(m1 — 72) (73 — T4)
2
T3T4T 12 _ 9
D222P333

D332D323D233 —
(mg — m4)? (12 — T34)

1s a complete intersection that cuts out C'Vp in the open set pi;; 0 fori=1,2,3,4.
Furthermore, CVp is an irreducible component of Xr.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/02/24 to 141.5.26.35 by Angelica Torres (atorres@crm.cat). Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

1860 MARTA CASANELLAS, ROSER HOMS, AND ANGELICA TORRES

Proof. From Lemma 4.4 it follows that ¢ is a monomial map and I is generated
by binomials. Lemma 5.1 and (4.4) guarantee that the 45 linear polynomials p;, .4,
are in I for the indices {i1,142,13} satisfying the conditions of Remark 5.2. Macaulay?2
computations provide the remaining generators and guarantee that they are a minimal
set of generators. The comprehensive list is included in section SM2.

To study CVr, we use tools from toric geometry. We refer the reader to [31,
Chapter 4] for an introduction to toric ideals. Consider a rescaling p of p such that
it is a monic monomial parametrization. The vanishing ideal of V7 is the toric ideal
generated by the columns of the matrix C' in (5.2),

100 0j1 0 0|12 0 01 0 O[O0 O 0|0 O O
01000110 0 0j0 0 O0Ol1 0 0|1 0O

0 o010/00O0O0O01 100001 1|0 0O
000100000 O0(01 1/0 0 0j0 11

100 0(01 0{0 1 0j0 1 00 O 0|0 0 O

(5.2) C= 010041 01{0 0 0(0 0 00 1 0|0 1 O
' 0o010/00O0O1O01}j00O0l1 0 1|0 00
000100 0(0O0 01 0 1/0O0O0|1 01

100 0(0 0 1{0 O 1]0 0 1({0 O 0|0 0O O
010011 0{0O0 0(0O0O0/0O0T1|0 01
0o010/00©O01 10j00O0l1 1 O0|0O0O0

000 1/0 0 0O{O O O0O}1 1 0|0 0 0|1 1 O

The columns of the matrix D in (5.3) are generators of ker(C'), and hence the 9
polynomials defined in the statement are the generators of the lattice basis ideal J of
C when considering the aforementioned parametrization p.

0 0 0]0 0 0|-1 -1 0
1 1 1]/0 0 0[]0 0 -1
0 0 0|0 0 0|0 -2 —2
0 0 0|0 0 0|-2 0 0
0 0 —-1]0 0 0|0 0 0
0 -1 0|0 0 0|0 0 0
-1 0 0]0 0 0|0 0 0
0 0 0[]0 0 —-1]0 1 0
0 0 0|0 -1 0|0 1 0
(5.3) p=| 0 0 0|-1 0 0[]0 1 0
0 0 1]0 0 1|1 0 0
0 1 0|0 1 0|1 0 0
1 0 o1 0 01 0 0
0 0 0]0 0 1]0 o0 1
0o 0 o0 1 0|0 0 1
0o 0 0|1 0o 0|0 0 1
0 0 —-1]0 0 —-1]0 0 0
0 -1 0|0 -1 0|0 0 0
-1 0 0|-1 0 0[O0 0 0

Theorem 2.1 in [8] (see also Theorem 2.7 in [27]) guarantees that this lattice basis
ideal is a complete intersection if every mixed submatrix of D has at least as many
columns as rows. Recall that a matrix is mixed if in every column there is at least
one positive and one negative entry. From the structure of D it is intuitive to see
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that every mixed submatrix is either a square matrix or has more rows than columns;
however, we provide a code that verifies that every submatrix of D with fewer rows
than columns is not mixed. The code is included in the CORA repository. By [13,
Corollary 2.5] Ir = J : ([];;;. Pije)>, where J : (], ;5 Pijr)> denotes the saturation of
J by the ideal generated by the product of all variables, and by [20, Corollary 2.1],
I7 is a minimal prime of J, hence CVr is an irreducible component of X. 0

Remark 5.4. For a nongeneric distribution 7, there might be more invariants
arising from the vanishing of pY;;, with i € {2,3,4}. For instance, when 75 = 734,
m = 7o, and w3 = my4, then Ip is minimally generated by 9 quadrics, 24 cubics, 3
quintics, and the additional linear invariants pogss = P333 = paaq = 0.

5.2. Invariants for n-leaf trees arising from tripods. In this section we
focus on phylogenetic invariants of trees with n leaves evolving under TN93 that can
be obtained from invariants of the tripod either by gluing or by marginalization. Let
T be a tree with n leaves, n > 3, and consider a tensor p = @7 ({A°}ccp(r)). We can
always obtain p by gluing a tensor p”* on a tripod T} to a tensor p’2 on an (n—1)-leaf
tree T5. Indeed, let I; and s be two leaves in T forming a cherry and consider the
interior edge ey adjacent to the cherry; then we split this edge into two edges e; and
eo as in Figure 1 and call T the tripod tree formed by the cherry and e; and 75 the
tree T\ T;. Theorem 4.6 ensures that p = p’t x p’2, where pT* = ¢, ({AYecr())
and p’® = o7, ({A®}eep(my)), with A% = A A2 = [d, where eg,e1, ey are the edges
involved in the gluing as denoted in Figure 1, and the remaining matrices A€ for
e € E(T;) coincide with A® for the corresponding e € E(T).

PROPOSITION 5.5. The linear equations of the form p;,. .., = 0 hold for any
phylogenetic n-leaf tree T' evolving under a TN93 model when

(i) exactly one iy, is equal to 3 or 4, or

(ii) ezactly one iy is equal to 2 and the rest are equal to 1.

Proof. Case n = 3 is proven by Lemma 5.1. If T is a tree with n leaves and
n > 3, we use as induction hypothesis that the equations hold for trees with fewer
than n leaves. Since n > 3, T has a cherry that does not contain the distinguished
element. Let T} be the tripod formed from this cherry and consider the decomposition
T =Ty Ty, where Ty is an (n — 1)-leaf tree. Since there will be a single distinguished
element in T5, we can assume without loss of generality that it is leaf [,, and that the
cherry considered in 77 has leaves [; and ls (reordering indices if necessary).

In case (i), consider | € {3,4} and iy # [ for 1 < k <n — 1. By the induction
hypothesis, ;5;23___2."71[ =0 for j #1 and ﬁiTllin =0. Therefore,

Diy.ip_1l = Z<u]’u]>ﬁz;1i2jp§;23,,.i",1l = (u', Vo7 P i1 =00
jEX

In case (ii) note that pff‘_l ;=0 for any j # 1 by the induction hypothesis and case
(i). Hence, we get p1..12 = Zjez<uf,u9>ﬁfijpffml2 =0. O
We pose the following question.

QUESTION 5.6. Do the equations in Proposition 5.5 determine a system of gen-
erators for the set of linear model invariants for n-leaf trees?

In the case of quartets, this is proven in Proposition 5.11. This problem is related
to the space of phylogenetic mixtures and model selection (see [5]), and we expect to
address it for n-leaf trees in a forthcoming paper.
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By decomposing a tree into a tripod and the remaining subtree as in the proof of
Proposition 5.5, we can obtain other linear invariants for n > 4 based on certain leaf
configurations of the tree.

LEMMA 5.7. Let T be a tree evolving under a TN9I3 model. If nodes l; and I
form a cherry, coordinates p;, ..., , where {i;,1,} ={3,4}, vanish for any p € Impr.

Proof. Without loss of generality we can assume that /; and Il form a cherry as
above (such that i, =3 and i3 =4), and we can view T as gluing a tripod tree 77 and
an (n — 1)-leaf tree T». Then

Doy o— J o\ ml1 511
P3dis...i, = E (u >p34jpji3...in7
JEX

which is zero by Remark 5.2. ]

When both 3 and 4 appear exactly once, p;, ..., ,34 is @ model invariant, as proved
in Proposition 5.5. As we will see in Proposition 5.11, if both 3 and 4 appear twice,
Di,..i, yield topology invariants for quartets. A natural question that remains to be
addressed for larger trees is the following.

QUESTION 5.8. Are equations p;, ..., = 0 topology invariants for n-leaf trees if
both 3 and 4 appear at least twice?

Next we go beyond linear invariants. Any phylogenetic invariant of the tripod
can easily be extended to a model invariant for trees with n leaves.

LEMMA 5.9. Let f({Dijr}) be a phylogenetic invariant of the tripod. Then, for
trees with n > 3 leaves evolving under TNI3, f({Pijr1..1}) is a model invariant.

Proof. Let f € C[pi;x | 4,7,k € X] be a phylogenetic invariant for the tripod and
let f € Clpiji..1 |1, J,k € X] be the extension of f via p;jx + Dijk1..1. The fact that
f is a model invariant for n-leaf trees follows directly from Lemma 4.2. Indeed, let p
be a tensor in Imwr for any tree T. By marginalizing p € @™ W over the last n — 3
components, we have a tensor p™ € Im7, on the tripod T3. In coordinates in the
basis B,, we obtain f({Bijr1. 1}) = f({Fijk}) and it vanishes because f is a model
invariant for tripods. ]

Ezample 5.10. The tripod invariants in Proposition 5.3 can be extended to model
invariants for quartets as follows:

_ _ T34 — T12 _ _ _ _ T34 — T12 _ _
P2221P4411 — — —P2211P4421, P2221P4141 — — —P2121P4241,
T34 T34
_ _ T34 — T12 _ _ _ _ T12 _ _
D2221P1441 — ————DP1221P2441, P3321P4411 + —P3311P4421,
T34 T34

_ _ 12 _ _ _ _ T2 _ _
DP3231D4141 + T P3131P4241, D2331P1441 + - P1331P2441,
34 34

TT2T12 .

2 _ _ _ T3T4T34  _ _
)2101111174441, P1331P3131P331 — (

_ _ _ 2
P1441P4141P441 — ( )2 P1111P3331>

T — T2 T3 — T4
2
7737T47T12

3 — 7T4)2(7T12 - 7734)

D3321D3231P2331 — ( D2221D3331 -

5.3. Invariants for quartets. We now turn our attention to quartets. We call
lilj|lklm the trivalent tree with four leaves l;,1;,1;,l,, whose interior edge separates
leaves I;,1; from Iy, 1., (that is, l;,l; and lg,l,, are cherries in this tree). We will
focus on the tree l1l3]l3l4, but all the results in this section are analogous for the two
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other tree topologies, I113]l2l4 and l1l4]l2l3. By @7 (AL, ..., A% A) we mean that A’ is
assigned to the edge incident to leaf [; for i =1,...,4, and A is assigned to the interior
edge.

PROPOSITION 5.11. The following 172 linear equations hold for any quartet T
evolving under the evolutionary model M =TN93:

(1) Piyigigis =0 if exactly one iy is equal to 3 or 4 for ke {1,2,3,4},

(ii) Pr112 = Pr121 = P1211 = P2111 =0,
and these equations generate all linear model invariants. Moreover, if T = l1ls|lsly,
then P3as4, P3443,Pa334, and Dasasz are linear topology invariants of T.

Proof. As a particular case of Proposition 5.5 we obtain the list of model invariants
in (1) and (11) On the other hand, from Lemma 5.7 we get that ]33434,]73443,]_)43347
and Py343 vanish when p evolves on T = ljls|lsly. It can be easily checked that
D3434, P3443, Dassa, and Py3q3 are generically nonzero for either tree lyl3|laly or 1114|153,
and hence they are topology invariants for T. For example, if T = lyl3|lzly, let
q=r(Id,Id,1d,Id,\) for a diagonal matrix A; then
(5.4) (3434 = (4343 = w(h —A2)

T1T2T3T4
(see Lemma SM2.1 in subsection SM2.2), which is nonzero if A; # Ao.

Let £4 be the linear space defined by the 172 equations in (i) and (ii). As these are
linearly independent equations (they involve different coordinates), £4 has dimension
256—172 = 84. In what follows we prove that there is a subset of points in C'V,, U
C‘/'lll3‘12[4 U CW114|1213 that Spans ,C4. ]

For each j € ¥ = {1,2,3,4}, set D; = diag(e’). Consider the 84 4-tuples not
appearing as a subindex in the equations of £4 and let i = (41,...,i4) be any of these
4-tuples.

If i is different from (3,4,3,4),(4,3,4,3),(3,4,4,3),(4,3,3,4), take T = l1ls|l3l4
and a diagonal matrix A, and define the point

|lsly

p'=¢r(Di,,Di,, Diy, Di,, ).

By (4.4), the unique possibly nonzero coordinate of p* in the basis By is i ...i4. Using
the expressions given in subsection SM2.2, we see that this coordinate is nonzero if A
has nonzero generic elements in the diagonal. Therefore, we have exactly 80 linearly
independent points in this set.

Ifi=(3,4,3,4) or (4,3,4,3), consider T = l113|l5l4 and the point p* = o7 (D;,, Di,,
D,,,D;,,\), where A = diag(A1,A2,A3, 1) has A2 # A;. Note that these are two
linearly independent points whose B, coordinates are all zero except those indexed
by 3434, 4343, respectively, which coincide with expression (5.4).

Ifi=(3,4,4,3) or (4,3,3,4), an analogous argument applies by considering points
plin the variety of T'=1[114|lal3.

The 80 linearly independent points above together with the four points p
p&3:43) 5 3:443) " and p334) form a set of 84 linearly independent points in
L4 because all have a single nonzero coordinate and all of them are in different
positions. 0

(3,4,3,4)
b

Remark 5.12. From the previous result we get that the 84-dimensional space L4
defined as the set of tensors where the 172 equations in (i) and (ii) vanish coincides
with the linear span of CVj, 151,10, UCVi 151150, UC Vi 14101, - If we add equations p3azs =
0,P3443 = 0, Ppa33a = 0, and py343 = 0. then the zero set L ;,);,1, of dimension 80 is the
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linear span of C'V}

1l2|l3ls-

The table below displays which equations hold for each of

the three possible quartet topologies, thus providing their topology invariants.

I

| P3344 =0 [ Paaz3 =0 | p3a3a =0 | Pazaz =0 [ P3aa3 =0 | Pasza =0 |

l1la|lsly No No Yes Yes Yes Yes
l1l3)laly Yes Yes No No Yes Yes
l1l4)lals Yes Yes Yes Yes No No

LEMMA 5.13. Let T = l1ls|l3ly be a quartet and consider the flattening matrix
Flat;, i, 1,1, (D). Then, for anyi,j € X, column (i, j) is a linear combination of columns
(1,1),(1,2),(1,3), and (1,4). Moreover, for generic 7, there is an open set U C CVrp
containing the no-evolution point p° such that, for any p €U, rank (Flatlll2|lgl4 (ﬁ)) =4
and

(i) the submatriz formed by columns (1,7),(4,1),(2,4),(4,2) has rank 1 for j €

(3.4,

(i) the submatriz formed by columns (1,2),(2,1) has rank 1,

(iii) the submatriz formed by columns (1,1),(1,2),(2,2) has rank 2,

(iv) the submatriz formed by columns (1,1),(1,2),(1,5),(j,4) has rank 3 for j €

{3,4}.

The submatrices described in the statement are displayed in Tables SM2 to SM5
in section SM3. Note that the generic rank 4 claimed here was already known by a
more detailed proof of Theorem 2.2 given in [28].

Proof. Given p=pr(Al,...,A* A), consider ¢= o7 (Id,...,Id,A) so that

Diyigigis = )‘111 )‘gz /\5)3 /\;{1 iyinigia
for any ¢; € . In standard coordinates g is ¢ =¥ (Id,...,Id, A"*AA"), which can be
written as the gluing ¢”* * ¢”2, where ¢”* evolves on the tripod T} with the identity
matrix at leaves 1, 2 and matrix A~*AA? at the third leaf, and ¢”2 is the no—evolution
point on the tripod T>. Note that g™ coincides with the marginalization gt of g over
leaf I3. By Lemma 4.2, we have mek q* i isk = Qiyin1k- Therefore using Theorem 4.6
we have

- _ ko k\=Tn =To _ ko k\-T> =
Qivizij = E (u®,u >qi1i2qui]’* E (u®,u >qkijQi1i21k

kex kex

for any iy,4,4,7 € ¥. In particular, column (4, j) of Flat;,;,|;,;,(q) is a linear combina-
tion of columns (1,k) for k € ¥. In Table SM1 we display Flat;,,;,1,(7) to visualize
the submatrices in the statement.

Now we have

(5'5> ﬁi1i2zj )\’}1)\32>\Z )\]qll'LZZJ Z< >)\3)\4 ]%]Azll)\lqullélk
kex
=) (@ ) AN (NN T P sk
kex

where the last equality holds if A§ # 0 and A* is invertible. Thus, on an open set of Vp
(and hence on the whole variety), column (¢, j) of Flat;, i, ;,;, (P) is a linear combination
of columns (1,1), (1,2), (1,3), and (1,4). Moreover, the rank of Flaty,,;,, (p) is
exactly 4 in an open set containing the no-evolution point, since the 4-minor formed
by rows and columns (1, k) does not vanish at pV.
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The nonvanishing coordinates of the no-evolution point ¢’ in Lemma 5.1 deter-
mine how many nonvanishing summands there are in (5.5), and hence yield the rank
of submatrices (i)—(iv). d

For the TN93 process on the quartet T = l115]l3l4 we have 5 transition matrices
with 3 free parameters each, hence dim Vr = 15 and dim C'V = 16 (see subsection 3.1).
By Remark 5.12, CVr lies in the linear space L£;,,);,;, of dimension 80. Next we
provide codim(CVr) = 64 elements in the ideal of CVp that define the variety locally
at the no-evolution point.
Inspired by the results in [6, Theorem 5.4] that provide local equations for equi-
variant models, we consider invariants arising from
(a) extending the tripod equations in Proposition 5.3 by adding 1 in the first
and third positions, respectively (which are phylogenetic invariants for T' by
Lemma 5.9), and

(b) rank constraints on Flaty,,);,;, (P) as in Lemma 5.13; more precisely, for each
of the submatrices of rank r, » = 1,2,3, in Lemma 5.13, consider a nonvan-
ishing r-minor (namely, one containing only rows and columns of type (1,7)
for j € ¥), and consider all (r+ 1)-minors containing it (check Tables SM2 to
SM5 in section SM3 for the precise description of these minors).

This gives the 64 phylogenetic invariants listed in the statement below.

THEOREM 5.14. Consider the tree T =11ls | l3ly and let it evolve under the TN93
model. Then there exist 64 equations that cut out the variety CVp on an open set
containing the no-evolution point p°, arising from

o the extension of the 6 quadrics and 3 cubics in Proposition 5.3 with 1 in the

first leaf,
o the extension of the 6 quadrics and 3 cubics in Proposition 5.3 with 1 in the

third leaf,
e 2-minors of columns (1,7),(4,1),(2,75),(4,75) of Flaty i, i1, (p) for each j €
{3,4} (12 quadrics),

o 2-minors of columns (1,2),(2,1) of Flaty,;,1,1,(P) (4 quadrics),
e 3-minors of columns (1,1),(1,2),(2,2) of Flaty,1,)1,1,(p) (4 cubics),
e 4-minors of columns (1,1),(1,2),(1,7),(4,7) of Flaty i, i, (p) for each j €

{3,4} (7 quartics).

Proof. Macaulay2 computations show that the Jacobian of these polynomials at
p? is indeed 64. Thus, on a Zariski open subset containing p°, these polynomials
define a complete intersection of dimension 16 that coincides with C'Vr. 0

6. Discussion. We have introduced a new approach to working with algebraic
time-reversible models that have a given stationary distribution 7. We assume that
this 7 can be inferred from data, that is, the given data has reached the equilibrium
distribution. We also assumed that this stationary distribution was the same as the
one that initiated the process (as it is usual to assume on a time-reversible process).
This is an important assumption for our methods to work: if the distribution at the
root " was supposed to be different from m, the statements of our main results would
not hold. It would be interesting to explore a new model that would allow 7" to be
parameters as well.

We have illustrated our methods with an insight into the TN93 model. Far from
providing an extensive work on this model, we have mainly worked on tripods and
quartet trees. We are aware that the tools presented here can allow the extension of
this work to trees on any number of leaves, and we aim to develop such work in a
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forthcoming project. Another project is exploring the tools we have developed with a
view towards model selection by using linear model invariants of different ATR models
and studying the space of phylogenetic mixtures (in the sense of [22] and [5]).

Acknowledgment. We would like to thank Jesus Fernandez-Sanchez for useful
discussions on this topic that led to improvements in the paper.
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