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Abstract

In this paper, we study the dynamical properties of a class of ergodic linear skew-
products which includes the linear skew-products defined by quasi-periodic
Schrodinger operators and their duals, in Aubry sense, when the potential is
a trigonometric polynomial. Notably, these linear skew-products preserve an
adapted complex-symplectic structure. We prove a Thouless formula relating
the sum of the positive Lyapunov exponents and the logarithmic potential
associated with the density of states of the corresponding operator. In particular,
for quasi-periodic Schrodinger operators and their duals, we prove an identity
for the upper Lyapunov exponent of the skew-product and the sum of the positive
Lyapunov exponents of their dual, which generalizes the well-known formula
for the Almost Mathieu. We illustrate these identities with some numerical
illustrations.

Mathematics Subject Classification: 34140, 37H15, 39A70, 47B36, 70K43

(Some figures may appear in colour only in the online journal)

1. Introduction, setting and main results

In recent years there have been significant advances in the theory of Schrodinger operators with
quasi-periodic coefficients and their associated eigenvalue equations. These display rich and
interesting properties and are ubiquitous in many situations, both in dynamical systems and
mathematical physics. Two of the main approaches in their study are the possible extension of
Floquet reducibility of the associated linear skew-products (after the work of Eliasson [Eli92])
and that of exponential localization (with the nonperturbative results of Jitomirskaya [Jit99] and

0951-7715/13/051163+25$33.00 © 2013 IOP Publishing Ltd & London Mathematical Society Printed in the UK & the USA 1163


http://dx.doi.org/10.1088/0951-7715/26/5/1163
mailto: alex@maia.ub.es
mailto: joaquim.puig@upc.edu
http://stacks.iop.org/no/26/1163

1164 A Haro and J Puig

Bourgain and Goldstein [BGOO]). In the case of the Almost Mathieu model, the two approaches
are intimately related by means of Aubry duality (invariance through Fourier transform) because
the potential has a single harmonic. This connection has led to quite definitive answers to some
long-standing problems [AJ09, AK06, Pui04].

In this paper, we will be interested in extending this duality to other trigonometric potentials
and to see which are the consequences for the Lyapunov exponents. Although our setting is
more general, let us introduce our main focus of interest now in order to formulate the results.
We will consider (discrete) quasi-periodic Schrodinger operators on ¢2(Z) of the form

(hx)n = Xp4l T Xp—1 t+ W(On)xn’ ne Z, (11)

where 6, = 0y + nw € T = R/Z, for an irrational frequency @ € R, is a quasi-periodic orbit
and W : T — R s the potential. When

&
W(e) — Z WkeanOi
k=—d'
is a trigonometric polynomial, the Aubry dual of the operator above [AA80], which will be
reviewed in section 1.5.1, is the following difference operator of order 2d:
&
(W'x), = Z WieXnsr + 2 COS(270,) X, ner. (1.2)
k=—d'
For any value of the energy «, the eigenvalue equation of (1.1), hx = ax, gives rise to a
quasi-periodic Schrodinger skew-product on R?

Xn+1 — o — W(en) -1 Xn , 9n+1 — en +w (13)
Xn 1 0 Xn—1

while for its dual, h’'x = ax, the corresponding linear skew-product is 2-dimensional. The
main application of this paper is a relation between the upper Lyapunov exponent of quasi-
periodic Schrodinger skew-products with trigonometric potentials and the sum of the positive
Lyapunov exponents of the linear skew-product associated with their dual. Although this result
will be presented in corollary 1.3, we now anticipate the main application of our paper:

Main Application. Let W : T — R be a trigonometric polynomial and w an irrational
frequency. Let us denote by y" () the upper Lyapunov exponent of (1.1) for a given energy
o € C and y" () the sum of the positive Lyapunov exponents of the linear skew-product
generated by the eigenvalue equation of its dual operator (1.2). Then,

y'(@) = y" (@) +log |Wal. (1.4)
The Almost Mathieu case, when W(6) = B cos(276), is the only potential when (1.1)
and (1.2) are the same, which leads to the above formula, referred to sometimes as the duality

of the Lyapunov exponents. Of course, this does not happen for other potentials, even simple
trigonometric ones, as we see in the following example.

Main example. As an illustration of the main application, let us consider the following
Schrodinger operator with a potential with two harmonics:

(hx)y = Xp41 + Xn—1 + 26 (cos 276,) + cos (476,)) x,, 60, =60y+wn, nez, (1.5
being B # 0 a coupling constant. Its dual is a difference operator of order 4:

(Wx)p = B (Xpao + Xpa1 + Xp_1 + Xu_2) +2c0s(270,) Xy, nez. (1.6)
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For any «a, the eigenvalue equation of the dual operator (1.2), h'x = ax, generates a linear
skew-product on R*,

a 2
Xp42 -1 ,E — E cos(2mb,) —1 -1 X+l
et f 0 0 0 ol Opst = O + 0.
Xn O 1 O O Xn—1
Xn—1 0 0 1 0 Xn—2

As we will see, forany a € Cand 8 # 0, this linear skew-product has two Lyapunov exponents
which are non-negative out of four Lyapunov exponents, which we denote by y,(«, f) and
va(a, B). Then, formula (1.4) above reads as

Y@, B) = i (@, B) + i (@, B) +log|Bl, (1.7)

where y"(a, B) is the upper Lyapunov exponent of the Schréodinger skew-product (1.3) with
W(@) = 2B(cos(2mh) + cos(4mB)). One can see a numerical illustration of this identity in

figure 1.

Although our initial motivation was to consider applications like above, we have proven
most of the results in a more general setting. In the rest of the introduction, which we now
briefly outline, we shall present the setting and the results. In section 1.1, we introduce the
general framework of the ergodic self-adjoint operators of our interest, using Schrodinger
operators and their duals as motivating examples. The corresponding dynamical systems are
introduced in section 1.2, again referencing to Schrodinger operators. The main result for
these general operators is given in section 1.3 and the consequences for Schrodinger operators,
which were our motivating application, in section 1.5. We conclude this introduction with
some numerical illustrations in section 1.6.

1.1. Setting

Although our motivation comes from Schrodinger operators with quasi-periodic potentials
and their duals, in this paper we will consider the spectral properties of the following class of
ergodic long-range operators in £2 spaces of sequences. These are defined from the following
ingredients:

(HL1) A dynamical system (®, t, u) given by a homeomorphism 7 : ® — © on a compact
metric space O, the base, and preserving an ergodic measure w that is topological (i.e.
positive on open sets);

(HL2) A dense base orbit (6,, = t"(00))nez C © with initial phase 9y € ©;

(HL3) A trigonometric polynomial V : T = R/Z — R, with Fourier representation

d
V(e) — Z Vke2ﬂik0

k=—d

with average Vo =0, V_ = Vi fork =1, ..., d and V; # 0. We will refer to it as the
symbol,

(HL4) A continuous function W : ® — R, called the potential.

The existence of dense orbits, i.e. that t is topologically transitive, assumed in (HL2),

comes from the fact that 7 is regionally recurrent (all the points are nonwandering) because
(HL1) holds.
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W=20c0s(2n-) +20c0s(4n -), V=2c0s(27-), =0.25

W=2000s(2n -} +20cos(4r -, V=2c08(27-), =0.5

W=20cos(2n-) +20cas(4n -), V=2c0s(27-), §=0.75 W=28cos(2m - +20cos(4m -, V=2c0s(27-), §=1.0

Figure 1. Numerical computation of the Lyapunov exponents and their sums for (1.6) and (1.5)
as a function of « for selected values of 8 and @ = (+/5 — 1)/2. In each cell the upper plot
displays the Lyapunov exponents for the dual (1.6), ylhl(oz, B) and yzh/(oz, B), in blue, and the sum
ylh/(a, B) + yzh/(a, B) + log|B| in red. The lower plot of each cell displays, in red, the upper
Lyapunov exponent, y" («, 8), of the original Schrodinger model (1.5). Formula (1.7) implies that
the two curves in red agree in each cell. We used 10* iterations of the skew-products with 10
values on the a-axis.

Assuming (HL1-HL4), we define the long-range operator (of range d) on ¢*(Z, C),
h = hV,W.Qo as

d
(hx)y = Y Vixwx+ WOIx,  nel,
k=—d

where x = (x,), € ¢*(Z,C). Our main examples of quasi-periodic Schrodinger operators
(1.1) and their duals (1.2) are included in this setting when the dynamical system (®, 7, )
is the quasi-periodic rotation on the base T = R/Z with frequency w, 7(6) = 6 + w. For
the Schrodinger operator with potential W we take V' = 2cos27- while for the duals, we
exchange V and W when the latter is a trigonometric polynomial.

1.2. From spectrum to dynamics

The long-range operator is self-adjoint and the spectrum Spec(, £2(Z, C)) is a compact subset
of the real line which consists of approximate eigenvalues. It turns out that the spectrum of
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the long-range operator can be characterized by dynamical and spectral properties of some
associated linear skew-products, their Lyapunov exponents and the density of states, which we
now introduce.

1.2.1. Long-range linear skew-products.  Since the symbol V is a trigonometric polynomial,
one can express the eigenvalue equation of 7 as

d
> Vidiar + W(B,)x, = ax,, nez, (1.8)

k=—d

for & € C, as the following recursion of order 2d:
d—1
Vi 1

Xpvd = —k;d e 3 @ = W) . nel.
As usual, instead of considering the previous finite difference equation of order 2d, we consider a linear
system of dimension 2d,

Xntd Vi =Vi a=W@,) | =V_1--- =V_gu =V Xp+d—1
Va
Xn+2 . Xn+l
Xn+1 _ i Vd Xn
X, V, Vi Xn—1
Vi
Xn—d+2 T Xn—d+1
Xn—d+1 Vd Xn—d
~——— ———
U1 Al 0n) un
971+1 = T(gn)a (19)

defining a long-range linear skew-product (A", 7) : C** x ® — C* x ©. As we will see, the dynamical
properties of these linear skew-product systems are intimately related to the spectral properties of the
corresponding long-range operator.

1.2.2. Lyapunov exponents and entropy. In general, for a linear skew-product (A, 7) in C™ over T,
generated by a continuous map A : ® — GL(m, C), a fundamental matrix is given by the composition

AE™H0)) -+ A©), n=l,
A, 0) =11 n=0, (1.10)
AE"O) - AGTNO)TT n< 1.

An important tool when studying the dynamics of linear skew-products are the Lyapunov exponents,
which measure the rates of growth of orbits. As a consequence of Oseledec’s theory [Ose68, BP02],
there exist m real numbers (the Lyapunov exponents ) y; > ... > v, such thatforany j =1,...,m

yi+--+y; = lim l/ log ||/\-fA(n; 9)” du,
n—oon Jg
and, for u-a.e. 0 € O,
lim l1og [N A@m; 0| =i+ +y;.
n—-oo n

To measure the total expansion rate of a linear skew-product one can introduce the (fibred) entropy as
the sum of the positive Lyapunov exponents, y" (a).
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For a long-range linear skew-product of dimension 2d, (A", t), we will see that this entropy is

precisely the sum
Y@ =y + o+ (@),

where ylh (@), ..., yj‘ () are the first d Lyapunov exponents of (AZ, 7). Indeed, when « is not real we
will see in section 2.4 that long-range linear skew-products are uniformly hyperbolic and the dimensions
of the unstable and stable subbundles agree, so that there are exactly d positive and d negative Lyapunov
exponents. For « real, the skew-products are complex symplectic and the Lyapunov exponents come
into positive-negative pairs, even if these can vanish, see section 2.3. For convenience, for long-range
skew-products, we introduce the normalized (fibred) entropy as

7)) = y" (@) +log | V,].

In the Schrodinger case, the entropy and the normalized entropy agree and are equal to the upper Lyapunov
exponent of the corresponding Schrodinger skew-product.

1.2.3. The integrated density of states. An essential ingredient for the description of the spectrum
of these long-range operators is the integrated density of states, IDS for short, which we now consider
shortly. For any long-range operator / satisfying (HL1-HL4) and any integer N > 0, consider 27"V,
its restriction to the interval [N, N] with zero boundary conditions. Since 6, generates a dense orbit in
0, the quantity

k}[l_N‘N](a) = # {eigenvalues < aof h[’N’N]} .

1
2N +1
converges to a continuous, non-decreasing, function a +— kj(a), which is independent of the chosen
dense orbit, and is called the integrated density of states of the operator . The IDS k;, is constant exactly
at the open intervals in the resolvent set of the spectrum of % and it is the distribution function of a Borel
measure kj, called the density of states measure of the operator [AS83, GJILS97, BJ02a, Pui06].

1.3. Thouless formula for long-range operators

The fundamental result of this paper is that the normalized entropy of a long-range linear skew-product
is the logarithmic potential [Tho95] associated with the density of states measure of the corresponding
long-range operator:

Theorem 1.1 (Thouless formula). Let (®, 7, 1), 6y € ©, V and W satisfy (HL1-HL4) above, and let
h be the associated long-range operator. Then, the following integral formula holds:

/logla—aldxh(a)=77"(a), (1.11)
R
where Ky is the density of states of the long-range operator h, and y"(a) = y"(a) + log(V,) is the
normalized entropy.

This result is analogous to the case of Schrodinger operators on a strip, which was already considered
by Craig and Simon [CS83a], and Kotani and Simon [KS88]. Nevertheless, our methods are closer to
the dynamical and geometrical approach of Johnson [Joh87].

1.4. Application to log-Hélder continuity of the IDS

As a first application of theorem 1.11 we borrow some arguments from [CS83a] to prove the log-Holder
continuity of the IDS.

Theorem 1.2 (Log-Holder continuity of the IDS). Lez (O, 7, ), 6y € ©, V and W satisfy (HL1-HL4)

above, and let h be the associated long-range operator. Let py, be its spectral radius and «y, be its IDS.

Then, for ay, a; € Rwith |, — | < 1,

log (1Val ™" (li| + pn))
log (Jaz — a1|7")

|kn(02) — k()| < (1.12)
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Proof. Let us assume «; < a,. From Thouless formula (1.11), and since the entropy is non-negative,
log | Vy < y"(a1) +log |Vy| = / log |a; — a| dkp(a).
R

We split the domain of the integral, R, in three subdomains

Ry = [, as],
={aeR|la—o| <l,a<ajora >},
=faeR||la—o|=1}.
Then, since
/ log o) — al diy(a) < log(an — o) (kp (o) — k(@) ,
Ry
/ log |y — a|dky(a) <0
Ry
and
/ log|ay — ald;(a) < log (o] + pn)
R3
we obtain the bound (1.12). O

1.5. Applications to quasi-periodic operators

We are now ready to state in general the main application of this paper, which is the relationship between
the Lyapunov exponents of ‘dual’ quasi-periodic models through Aubry duality that we outlined in the
introduction. Assuming that V and W are two real-analytic potentials and that the dynamics of the base
® = T is given by an irrational rotation of frequency w we will consider both the long-range operators

(hax), = (hv.wayx), = Y Vixuwk + W (00 + no)x,, nez, (1.13)
kel
and their Aubry duals
(R x), = (hwv 6,%), = Y Wikei + V(=61 — now)x,, neZ. (1.14)
kel

Aubry duality comes from the observation that if a is a point eigenvalue of &g, whose eigenfunction
(x.)n decays sufficiently fast (e.g. exponentially), then the eigenvalue equation h'yy — al = 0 has a
quasi-periodic Bloch wave solution (y,),, with y, = e* "% (6, + nw) where ¥ (9) = Y, _, xe*"*%.

Since we are considering a class of quasi-periodic operators larger than Schrodinger operators (where
the symbol V is simply 2 cos 277 ), we can also consider other transformations of the operator, like taking
mirror symbols:

(hgpx), = (hv_wax), =Y Voiusk + W (0 + noo)x,, n ez (1.15)
keZ

We will devote some time to discuss these operators in section 1.5.1 before stating the applications of
Thouless formula in section 1.5.2.

1.5.1. Aubry duality and dihedrality. 1n order to establish relationships between the operators &, /'
and h~ on £?(Z, C) above, it is convenient to consider their actions on the Hilbert space L? (T x Z, C),
which consists of functions ¥ = W (6, n) satisfying

Z/l\l!(@ m* do < oo.

nez
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These actions are given by their direct integrals [GJLS97, BJ02a], which are, respectively, the operators

(iz\y) 0, n) = ZZ: VoW (6, n+k) + WO +nw)V (6, n),

(ﬁ’w) ©.n) = ;(EZZ WoW (6. n+k) + V(=0 — nw)W (@, n)

and

(ﬁ—\p) @) =S VWO, n+k) + WO +nw) ¥, n).

keZ
In this setting, Aubry duality corresponds to the unitary equivalence
hu=Ul,
where U is the unitary operator
(UW)©@,n) =¥ @ +no,n),
and W the Fourier transform. At a formal level, this operator is given by

(Uw)@,n) = Z/ (g, £)e~2ine+o) g, e=2mith
ez, T

and its inverse by
(U71W) (9’ l’l) — Z/ \l’((p, Z)eZNin((pHZw) d(ﬂ eZﬂiZG'
tez VT

A computation shows that U* = I.
In addition to Aubry duality, what might be called mirror duality corresponds to the anti-unitary
equivalence

hR=Rh",
where R is the anti-unitary operator
(RY) (0,n) =V (6,n),

which is involutive, R? = I. Morever, U is reversible with R as reversion, since UR = RU ™.
The combination of the operators U, R generates a group of order 8, namely

Dih, = {I,U,U* U* R,UR = RU? U?R = RU* U*R = RU},

which is the dihedral group of order 8, i.e. the group of symmetries of the square. Applying each of these
elements to a quasi-periodic long-range operator Ay w g, we obtain the following eight quasi-periodic
long-range operators

hv,w,eo, hw,v,,eo, hv,_w,ﬁo, hw,,v,f)o (1.16)
and
hv_ w6y hw_v_.6» hv,w_.60s hw.,v.6- (1.17)

Following the arguments of [GJLS97,BJ02a, Pui06] the IDS of these operators, and in particular the
spectra, agree. See figure 2 for an illustration of the elements of this group.
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W_, V. vV W

Figure 2. Dihedrality of the action of U (red) and R (blue) on long-range operators.

1.5.2. Duality and Dihedrality of Lyapunov exponents. 1In view of the equality between the IDS
of the operators i = hy wg, and h’ = hy y_ 4, (the Aubry duals), as well as any of the operators obtained
by the dihedrality in (1.16) and (1.17), the Thouless formula in theorem 1.1 implies that their entropies
are related as well whenever V and W are trigonometric polynomials. This is the content of the following
result:

Theorem 1.3 (Duality for trigonometric polynomials). For any real trigonometric polynomials V and
W of degrees d and d', respectively, and an irrational frequency w, let y" (a) and y* () be the entropy
of the operator (1.13), h = hy wq,, and its Aubry dual (1.14), h' = hw v_ g, for an energy o € C. Then
the entropies (sum of the positive Lyapunov exponents) are related by the formula

Y (@) +log|Vyl = y" (@) +log |Wy|. (1.18)

Remark 1.4. As a consequence of the dihedrality of section 1.5.1, the same relation holds for any of the
operators in (1.16) and (1.17).

Since the entropy is always positive (it is the sum of the positive Lyapunov exponents of a skew-
product), the above result yields a lower bound on the sum of the positive Lyapunov exponents of the
skew-products, which is finer than the one that would be obtained by applying Herman’s subharmonicity
trick [Her83] to the dth iteration of the linear skew-products (see section 2.1 for more details):

Corollary 1.5 (Lower bounds for the entropy). For any real trigonometric polynomials V and W of
degrees d and d’ respectively and an irrational frequency w, let y" () the entropy (i.e. the sum of positive
Lyapunov exponents) of the operator (1.13), h = hy w g, for an energy a € C. Then the lower bound

W
v @) >log(' ”") (1.19)
[Val
holds for any o € C. In particular, one has the bound on the upper Lyapunov exponent:
1 [War|
M) > =1 — .
W =g Og( Vil )

There are several situations when theorem 1.3 can be refined. The first one is for our motivating
example of Schrodinger operators where V (0) = 2 cos 27r6. Indeed, for operators of the form (1.1) and
their duals (1.2), the entropy of the former is simply the upper Lyapunov exponent and so that one has:
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Corollary 1.6 (Duality for Schrodinger operators). For any real trigonometric polynomial W of
degree d' and an irrational frequency w, the Lyapunov exponent of the Schrédinger operator (1.1),
yh (), satisfies the equality

v"(@) = y" (@) +log W, aeC
where y"' is the entropy of the dual operator (1.2).

The second interesting situation is what we will call self-dual models, among which the Almost
Mathieu is the most prominent example (see section 1.6.1 for a numerical illustration), which correspond
to trigonometric functions V and W related by a coupling constant W = gV:

Corollary 1.7 (Self-dual models). Let V be a trigonometric polynomial of degree d and an irrational
frequency w. For any nonzero coupling constant § € R, let h = hy gy g, be a self-dual operator and
y"(a, B) its entropy. Then the following formula holds

Y@ p) =" (9, 3) +log|B
B B
forany a, B # 0. In particular y" (a, ) > log |B].

Proof. It suffices to note that W = 8V and

n h a 1
Y (@ p) =y (7, 7>
B B
as a consequence of the eigenvalue equation. g

Note that the only example of a self-dual Schrodinger operator is the Almost Mathieu operator
(where the entropy equals the upper Lyapunov exponent). In this case, the above corollary implies that
the upper Lyapunov exponent of

(hZ(:osZﬂ-‘ZﬁcosZn-,()ox)n = Xp+1 T Xp—1 + Zﬁ cos (27{90 + a)n)x,, = Xy, nez
equals that of
(h§0052n~.cos271-,00x)" = B (Xps1 + Xp_1) +2cos 2mOy + wn) x, = ax,, new

plus the term log |8|. This leads to the well-known formula for the upper Lyapunov exponent, taking
b = 2 as the new coupling parameter.

To end this section, we state a result for Schrodinger operators with analytic potentials. Note that
when W is a real-analytic potential with infinitely many harmonics, the dual does not give rise to a
finite-dimensional skew-product. Nevertheless, one can use the continuity in the potential for the upper
Lyapunov exponent for quasi-periodic Schrodinger operators with one frequency (as is the case), which
was proved by Bourgain and Jitomirskaya [BJO2b], to obtain the following approximation result (see
section 1.6.3 for a numerical illustration):

Corollary 1.8 (An approximation result for Schrodinger operators). Ler W : T — R a real-
analytic function and Wy, a sequence of trigonometric polynomials of degree d, with d;, — 00, converging
to W in some complex strip of T. Then the upper Lyapunov exponent of the Schrodinger operator (1.1),
yh(a), is the limit

y"(@) = lim 7" (),
k—00

where " is the normalized entropy of the dual operator (1.2) with symbol Wy.

1.6. Numerical illustrations

In order to illustrate the results on the duality (and dihedrality) of Lyapunov exponents, we selected
few models in which we computed numerically the Lyapunov exponents and the entropy in the same
way that we presented the main example in the introduction. In all the examples we approximated the
Lyapunov exponents computing the products (1.10) for a certain number of iterates, after a transient, and
computing their eigenvalues. See [BS98,PS11b, PS11a] for more detailed numerical computations on
similar quasi-periodic Schrodinger operators.
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W—9208cos(2r-) +208cos{dr -), V—2c0s(2m -} +2cos(dr-), S—C.25 W—9208cos(27 ) +28cos(dr -), V—2cos(2m ) +2cos(dn-), B—0.5

W—28cas(2r-) +20cas(dn -), V—2cas(2r -] +2cas(dn-), 8—C.75 W—20cas(2n -) +20cas(dn -}, V—2cas(2m-) +2cas(dn-), §—1.0

Figure 3. Numerical computation of the Lyapunov exponents of (1.21) and (1.20) as a function of
« for selected values of 8. In each cell the upper plot displays the Lyapunov exponents for the dual
(1.21), ylh/ and yzh, in blue, as well as the value of its normalized entropy (in red). The lower plot
of each cell displays the same for ylh and yzh. We used 10* iterations of the skew-products with
103 values on the a-axis.

1.6.1. A self-dual model. To illustrate corollary 1.7, let us consider a self-dual model, probably the
simplest one after the Almost Mathieu. This is given by

(hx)p = Xpyo + Xyt + X1 + X0 + BV (6 + wn)x,, new, (1.20)

when V() = 2cos(2m6) + 2cos(4n0), W) = BV(0), v = 3 — 1)/2 and B is a nonzero real
coupling constant. Its Aubry dual is the operator

(W x)n = B (Xpa2 + Xna1 + X1 + Xy2) + V(6p + wn)x,, nez. (1.21)

For both 4 and its dual /’, and for any o € C, the entropy is always the sum of two Lyapunov exponents
which satisty

Y, B) +vi(e, B) = v (. B) + 2" (. B) +log |BI.

A numerical illustration for selected values of 8 can be seen in figure 3. A very special case occurs when
B = 1 and the two operators are the same, thus having equal Lyapunov exponents as well.

1.6.2. Dihedrality of the Lyapunov exponents. Inorder toillustrate the dihedrality of the normalized
entropy of the eight operators (1.16) and (1.17), we selected a model with symbol

V(@) =2cos(2m0) + 3sin(2r0) + cos(4mO) + sin(4m6)
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V=2cos(2n ) + 3sin(2n ) +cos(4n -) +sin(4x ),
W —cos(2m-) +sin(2m ) +cos(4m -) + 3sin(4r )

3 \ 1
2f -
— (VW)
1F 1] — WV.)
- (V—ﬂW—)
& ol | - (W,.,V)
£ — (.
— w..v)
-1} {1 — W)
— (WY
_27 . +
R ~10 —.5 0.0 . 1.0 1.5

SRR TRL TR

Figure 4. Lyapunov exponents for the operators (1.16) and (1.17) for non-even functions V and W
(horizontal axis) and complex values of « (vertical axis) with real part equal to one. In continuous
lines, we plot all the Lyapunov exponents, whereas the dashed line, which is the same for all eight
combinations, is the normalized entropy. We used 10* iterations of the skew-products with 200
values of the imaginary part of a equally spaced in [—3, 3].

and potential
W(6) = cos(2m0) + sin(20) + cos(476) + 3 sin(4nH).

We computed the Lyapunov exponents for complex energies « in a segment with real part equal to one
and imaginary part in [—3, 3], see figure 4.

1.6.3. An analytic example. 'We conclude this section on numerical illustrations with an example of
a Schrodinger operator (thus V = 2 cos(276)) with an analytic potential which is not a trigonometric
polynomial. We took

1 10cos 276 — 1
WE) =3 — cos 21j0) = — T T 1 1.22
)= 107 < ) = 10T 20 cos 28 (1.22)

jz1
and the sequence of approximating trigonometric polynomials
|
Wi (0) = ; o7 008 (27j6). (1.23)
We approximated numerically the Lyapunov exponent of the Schrodinger operator iy g, for o = 1
and the entropy of the dual operators Ay, v g, for increasing values of k. Each of these operators defines

2k-dimensional skew-products which have k non-negative Lyapunov exponents. Results are summarized
in figure 5, where a convergence to the original Lyapunov exponent is observed.

1.7. Organization of the paper

The rest of the paper is devoted to the proof of theorem 1.1, although an important part of this proof
is the discussion of relationship between spectral properties of long-range operators and the dynamical
properties of the associated skew-products, which is done in section 2. Finally, in section 3, the Thouless
formula of theorem 1.1 is proven.
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Figure 5. Plot of the differences between the normalized entropies of the dual model of the
Schrodinger operator with analytic potential (1.22) for an increasing number of harmonics (1.23)
and the original operator, whose value, with 108 iterations, is 0.403 738 759209. The results
correspond to o = 1.

2. Spectrum of generalized Schrodinger skew-products

This section contains the main tools which are used to prove theorem 1.1 and to understand the dynamics
of the long-range skew-products. It is convenient to consider a more general class of operators, which
is done in section 2.1 and the class defined in 2.2. Similarly to Schrodinger operators, a key idea
is the combination of the spectral properties with the dynamics of the linear skew-products that their
eigenvalue equations define. The dynamics of these skew-products, whose complex-symplectic structure
is considered in section 2.3, is uniformly hyperbolic in the resolvent set, as is proven in theorem 2.8 of
section 2.4.

2.1. From long-range operators to generalized Schrodinger operators

Given a long-range operator i = hy 4., instead of writing the eigenvalue equation hx = ax in £*(Z, C)
for « € C as a 2dth order 1-dimensional difference equation (1.9), we can write it as a second-order
d-dimensional difference equation by introducing the auxiliary variables

Xi = (Xakra—1 -+ Xast xdk)T
for k € Z. Hence, it is easy to check that (X ), satisfies
CXpn1 + BOy) X+ C* Xy = a Xy 2.1)
where
Vv, -V
C=|og . 1| (2.2)
0o 0 V
C* is its adjoint (the conjugate transpose) and B(6) is the Hermitian matrix
W(O-1) Vo e V_asi
soy=| " o a 2.3)
: W) V.

Vi e Vi W (6)
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where 0; = /(6p). Note that equation (2.1) is an eigenvalue equation of the following generalized
Schodinger operator

(He .oy X)k = CXpy + BO) X + C* Xy,

acting on £2(Z, C?), over the orbit @, = t9* (%) where ¥y = 6.
To obtain a first-order system and the corresponding linear skew-product we use the fact that C is
invertible (since V, # 0 because the degree of V is exactly d) and write

<Xk+1> _ (C_l (al — B(¥)) —C_IC*> < X )
Xy ) Iy 04 Xi—

—— ———
Uk+1 AH O Uk

(Pen) =10,

where ¥y = 6y. Here, and in the following, I, and O, are the d-dimensional identity and zero matrices,
respectively.

Note that the matrices of the skew-products associated with the eigenvalue equations (1.8) and (2.1)
are related by

Al =@y o

or, equivalently, A# () = Al (d; ¥).

2.2. Spectrum of generalized Schrodinger operators and their transfer operators
In the following, we will generalize the setting of the previous section with the following ingredients:

(HS1) A base dynamical system (©, v, i) given by a homeomorphism v : ® — © on a compact metric
space ©, and preserving an ergodic measure p that is topological (i.e. positive on open sets);

(HS2) A dense base orbit (9, = v¥(%))rez C © with initial phase ¥y € ©;
(HS3) An invertible complex matrix C € M,;(C);

(HS4) A continuous matrix valued map B : ® — M, (C) such that for each ¢ € ®, B(¥%) is Hermitian
(i.e. B(®)* = B(®)).

We consider the following (generalized) Schrodinger operator acting on £2(Z, C?)
(HX); = CXp + B@) X + C* Xy, (2.4)

where X = (X)) € £2(Z, C%). In the setting of the previous section, v, which is simply 7%, and C and
B, given by (2.2) and (2.3), respectively, satisfy the above hypotheses.
Hence, the associate eigenvalue problems are of the form

HX =aX,

for « € C. As in the previous section, the (generalized) Schrodinger skew-product arising from this
eigenvalue equation is (Ay, v) : C* x ® — C? x ® where

C~' (I — B(®)) —c—lc*)

A, (D) = < 3 0,

As it happens with many families of SL(2, R) linear skew-products [Joh86], it turns out that the
spectrum of H is linked to the uniform hyperbolicity of the linear skew-products (A, V).

Let us recall that a linear skew-product (A, v) in C" x O is uniformly hyperbolic, or it has an
exponential dichotomy, if and only if there exist positive constants p < 1 and C > 0 and an invariant
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Whitney splitting C" x ® = E* @ E* characterized by the following rates of growth:

o V' € EX(¥) & ||A(k; 9)v°|| < Cp¥||vf|| forall k > 0;

o V' € E'(®) & ||A(k; 9)v*|| < Cp~*||v*|| for all and k < O.
Here, and in the following, by E*(#) and E“(¢}) we mean the fibres of the continuous bundles E* and
E", respectively, at the point 9.

The key result that links the spectral theory of Schrodinger operators and the dynamics of the
corresponding linear skew-products is the following.

Theorem 2.1. Let H be a generalized Schrodinger operator of the form (2.4) satisfying (HS1-4) above.
Then, the spectrum of H acting in £*(Z, C%) is the seta € C forwhich (A4, v) is not uniformly hyperbolic:

Spec(H, £*(Z, C")) = {a € C | (A, v) is not uniformly hyperbolic}.

In particular, the spectrum of H does not depend on the dense base orbit chosen.

Proof. In the present proof, we use several results relating dynamical properties of linear skew-products
and spectral properties of associated transfer operators, a point of view that was initiated in [Mat68],
and that has been fruitfully explored by many authors, i.e. [CL99, HPS77, d1L93, Maii78, Swa81]. Some
results in [HdILO7] are also used.

The linear skew-product (A, v) defines a transfer operator acting on sections U : ® — C?? of the
trivial bundle C* x ©, by

AU@) = A, () U™ (9)). (2.5)

Note that, in principle, the spectrum of the operator depends on the space of sections it is acting on.
However, it is well known that the spectra of the transfer operator acting on the space of bounded
sections, B(®, C??), and on the space of continuous sections, C 0(®, C2?), are the same:

Spec((Aq, v), B(®, C*)) = Spec((Aq, v), CU(O, C*)).

An ingredient of the proof is that the spectral subbundles produced by the spectral gaps in
Spec((Aq, i), B(®, C??)) are continuous. Moreover, one has the following characterization of uniform
hyperbolicity (see also [HPS77]):

(A, v) is uniformly hyperbolic < (A, v) is a hyperbolic operator in B(®, C*).

In general, a bounded linear operator is hyperbolic if its spectrum does not intersect the unit circle of
the complex plane. Using again Mather’s approach [Mat68], and the fact that there is a dense orbit, one
can see that the Weyl spectrum (also known as approximate point spectrum) is rotationally invariant, and
hence the full spectrum is rotationally invariant. That is, Spec((A,, v), B(®, C*%)) consists of finitely
many annuli of the complex plane centred at 0, and, hence,

(A, v) is not uniformly hyperbolic < 1 € Spec((A4, v), B(®, C*)).

A crucial fact is that, since the base dynamics is regionally recurrent (and hence chain recurrent), then
the whole spectrum is Weyl spectrum:

Spec((Ay, v), B(®, C*")) = Specy, (A4, v), B(©, C*)).

Here, one uses fundamental results of Sacker and Sell [SS76], and Selgrade [Sel75], see [Swa81, HAILO7].
One can also consider (A,, v) as a transfer operator acting on sequences of vectors U = (Uy)rez
supported on the dense orbit (%, = V¥ (%)), by

(AU = Ay (Di—1) Up—1.

We consider its action on the space of bounded sequences, b(Z, C?>?), and on the space of £> sequences,
02(Z, C%). Using localization arguments, in [HdILO7] it is proved that the corresponding Weyl spectra
are equal:

Specyy ((Aqg, V), b(Z, C**)) = Specy, ((Aq, v), £2(Z, C*)).
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Moreover, since the orbit (%, = v* (%)), is dense, the spectra of the transfer operator acting on bounded
sections and on bounded sequences are the same, and the spectra are in fact Weyl spectra:

Spec((Aq. 1), B(®, C*)) = Spec((Aq. v). b(Z,C*)),
I

Specyy ((Aq, 1), B(®, C*)) = Specy, ((Aq, v), b(Z, C*).
In order to complete the proof, first note that
o € Specy, (Hy,, €2(Z, C")) < 1 € Specyy (Aq, £3(Z, C*)) = Spec(Aq4, B(®, C*)).
Then, since Hy, is self-adjoint in £2(Z, C*), Weyl criterium applies and

Spec(Hy,, £*(Z, C%)) = Specy, (Hy,, £*(Z, C)).
With this spectral identity we are done with the proof of theorem 2.1. g

2.3. Geometry of Schrodinger skew-products

An important ingredient for our results is the complex-symplectic structure
0o -c*
Q= , 2.6
& %) 6)

which satisfies Q* = —Q, and the fact that the our Schrodinger skew-products (A, v), are complex
symplectic for real o, as we will now see. Following lemma, which is a straigthforward computation,
summarizes the main complex-symplectic geometrical properties of our Schrodinger skew-products.

Lemma 2.2. A, () = Ag(D) + al” where:

(SP1) Ao(¥) is complex symplectic with respect to Q2: Ag(0)*QA () = Q;
(SP2) T is constant and zero-symplectic: I'*QI' = 0;

(SP3) G = Ao(9)*QT" is constant, Hermitian and positive-semidefinite;
with

—C7'B(y) —-C-'c* c!' oy
Ao(l?)—( I, o, )’ I'= 0, 0,) G

I;  O4
Ou Oq)
An immediate consequence is the following:
Lemma 2.3. Foro;,a, € C,
AZIQAO,2 =Q+ (ay —a))G.
In particular, fora € C, ALQA, = Q+2Im a Gi. Hence, ifa € R, then A, is complex symplectic.

2.4. Dynamics of Schrédinger skew-products

In view of theorem 2.1, the Schrodinger skew-product (A, v) is uniformly hyperbolic if « is non-real
or sufficiently big, since the spectrum of the Schrodinger operator Hy, is a compact set in the real line.
In this section, we review this statement, proving at the same time that the stable and unstable bundles
of (A, v) are trivial, and constructing the so-called M-matrices (see [Joh87]) to parametrize them.

The following Atkinson’s condition is a key property for a direct proof of uniform hyperbolicity of
the Schrodinger skew-products (A,, v) for ¢ € C \ R, which we will see later in lemma 2.5.

Lemma 2.4. The Schriodinger skew-products (Ay, v) satisfy:
(SP4) for any orbit (U, Vi)rez of (Ag, V),

Y UiU < c ) UiGU,,

kel keZ
with ¢ = 2.
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Lemma 2.5. For any o € C\ R, the Schrodinger skew-product (A, v) is uniformly hyperbolic, and its
stable and unstable bundles are d-dimensional and trivial. That is, the bundles E,, E% are parametrized
by global frames V., V! : @ — M>4,4(C) of the form

spgy _ [ Ma(®) weoy _ [ Ta
co=(0). =)

where M, M} : © — M,(C) are the so-called M-matrices, in such a way that
ES = {(VSO)W', 9) | v e C), 9 € B}, E' = {(V*OW", ®) | v € C!, 9 € B}

Moreover, M (¥) and M, () are invertible matrices for any ¥ € ©.

Proof. Since base dynamics is chain recurrent, in order to prove the uniform hyperbolicity of the
Schrodinger skew-product (A, v) it suffices to prove that the only bounded orbits are the zero orbits
[SS76, Sel75]. Hence, let (Uy, 9¢)rez be a bounded orbit. Using (SP1-SP3) above, for any couple of
indices m < n,

n—1

UrQU, — UyQU, =2Ima Y UiGU;i. 2.7

n
k=m

The left-hand side of (2.7) is uniformly bounded in both m, n and, since Im o # 0,

o0
©>c Y UiGU > Y UiU,
k=—00 k=—00
where in the second inequality we apply (SP4). Since the last infinite sum of non-negative numbers is

convergent, then limy_, 1, U Uy = 0, and lim;_, 1o Uy = 0. Taking limits m — —oo and n — +00 in
(2.7), we reach

oo o0
O=c Y UiGUi> Y UiUs,
k=—00 k=—00

and hence U, = 0 for all k € Z. That is, the only bounded orbit is the trivial one, and the Schrodinger
skew-product (A, v) is uniformly hyperbolic.

In order to prove that the stable bundle E; can be parametrized by a global frame we proceed as
follows. First, for any 9 € ® and Uy = (Xo, X_1) € E*(P) \ {0}, consider the corresponding orbit
(Ug, U1)rez- Then, taking m = 0 and lim,,_, o, in (2.7), we obtain

o0
—U;QUy =2Ima Y U;GU, i

k=0

and, using the definitions of Q2 and G,

o0
Im (X;C*X_)) = Z XX Im a.

k=0

Hence, Xy # 0 # X_;, because otherwise Z,fio X;X; = 0, that implies U; = O for all j > 1 and,
hence, U; = Oforall j € Z, in contradiction with the fact that Uy # 0. As a consequence, for any ¢ € ®
andforany X_, € C4, there exists an unique X € C?suchthat Uy = (X, X_1) € E; (V). This defines a
¥-depending invertible linear mapping M3 (¥) : C¢ — C¢ such that Uy = (M*(9)X_1, X_1) € ES(D).
The dependence of ¢ is continuous because the bundle E* is continuous.

Similar arguments lead to finding a parametrization of the unstable bundle E}, as stated in the
lemma. O

In the following lemma, we consider the uniform hyperbolicity of (A,, v) when the modulus of «
is sufficiently large.
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Lemma 2.6. There exists p > 0 such that, for any a € C with |a| > p, the Schrodinger skew-product
(Aq, v) is uniformly hyperbolic, and its stable and unstable bundles are d-dimensional and trivial. That
is, the bundles E,, E! can be parametrized by global frames V., V! : @ — M>4,4(C) of the form

o (M) wor (L
Vm(zﬂ—( B ) va(ﬁ)—(Ms(ﬁ))
where M, My : ® — M;(C) are the so-called M-matrices, in such a way that
EX = {(VE@)',9) | v eC!, ¥ € @), E' = {(V*@)W",9) | v e C!, ¥ € B).

Moreover, M (%) and M (¥) are invertible matrices for any ¥ € ©.

Proof. We write the invariance equations of the stable and unstable bundles as
AcV(@) =V w@)NA'@), (2.83)
A, @)V (@) =V ((@)A D)., (2.9)

where the unknowns are the M-matrices M*, M* : ® — M;,.,(C), and the corresponding dynamics
given by the A-matrices A*, A" : © — My, 4(C).
Let us start by analysing (2.8). This is equivalent to solving the Ricatti equation

Cla—B@)M @) — C7'C* = M*(v(®))M*(9), (2.10)
and taking A*(¢) = M* () or, equivalently, the fixed point equation
M (¥) = é(C* + B()M* () + CM*(v(0))M*(9)). (2.11)

Note that a solution M* () of the Ricatti equation is invertible for all ¥ € ©, since C is invertible. We
consider the operator I'* : C%(®, M,,4(C)) — C%(®, My,4(C)) defined by the right-hand side of (2.11)
in the Banach space C%(®, My, ;(C)) endowed with the sup-norm ||-||. Letusdefinea, = |C*|, b, = || B,

= |C|. Then, for any closed ball of radius R in C*(®, M,,4(C)), and for any M?, M; e B(0, R), then

- 1
||FAMH| < 7(as+bsR+csR2)

ot
and
1
[II"M; — M7 < m(bs +2¢R)||M; — MY
Hence, for Rf > 2= % and |a| > by + 2¢,R;, the operator I'* is contracting in B(0, R,), with

contraction rate K; = ‘;—l(bs + 2¢,R;). Hence, there is an unique M, € B(0, Ry) solving (2.11), and
M;,, A* = M° solve (2.8). Moreover, taking M;(¥}) = 0, then

1 1 1
M| < 'm; — M;|| = —ay
M1 < T T MG = M| = e
As aresult, if |@| > a, + by + 2¢, Ry, then ||Al || = [|[M;]| < 1 and the forward dynamics on the bundle

parametrized by V;; is uniformly contracting.
The analysis of (2.9) is analogous. The Ricatti equation is

M"(w(@®)C (@ — B(®)) — M*"(v())C~'C*M" () = I, 2.12)

and, then A" () = C~'(a — B(®})) — C~'C*M*(9). Note that, a posteriori, both A*(¥) and M" (v(3))

are invertible, and A“ (%) = (M*(v()))~'. The Ricatti equation is equivalent to the fixed point equation
1

M“(9) = f(c + M ()CT'BOTI()C + M ()C'C*M (v (9))C). (2.13)

We consider the operator I'* : C%(®, ded((C)) — C%®, My,4(C)) defined by the right- hand side of

(2.13). Let us define a, = |C|, b, = ||C™'BC]||, ¢, = |C~'C*| |C|. Hence, for R? > ",‘: == 1c*\ and

la| > by, + 2c,R,, the operator I'* is contracting in B(O, R,), and there is an unique M’ € B(0, R,)
solving (2.13), and M}, Al = (M} o v)~! solve (2.9). If, moreover, || > a, + b, + 2¢,R,, then
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I(A)7' = [M"|| < 1, and the backward dynamics on the bundle parametrized by V* is uniformly
contracting.

In summary, if |«| is sufficiently large, the skew-product (A, v) is hyperbolic, and the stable and
unstable bundles are d-dimensional. O

Remark 2.7. Since the linear skew-product (A,,v) is hyperbolic for any « in the resolvent set
C \ Spec(H, £*(Z, C?)), the corresponding stable and unstable bundles are d-dimensional, since they
depend analytically on « in the resolvent set. In fact, for @ € R\ Spec(H, ¢(Z, C?)) the stable and
unstable bundles are Lagrangian (and hence d-dimensional), since the linear skew-product is complex
symplectic.

Lemmas 2.5 and 2.6 are statements about the existence of a conjugacy (P,,id) between the
Schrodinger skew-product (A,, v) and a block-diagonal skew-product (A, v), for @ € C\ R or
sufficiently large ||, respectively. In the following theorem, we restate these results, for future reference.

Theorem 2.8. There exists p > 0 such that, for any a € C\ [—p, p], there exist an invertible linear
skew-product (P, id), of the form

M: (9 1
P.(®) = ( A M3(9)>
and a block-diagonal skew-product (A, id), of the form
AL (O 0
Au®) = ( ) Az(m)
such that:
(1) (Py,id) conjugates (A, v) with (A, id), that is:
A P(®) = Pu (@) Ay 0); 2.14)

(2) the stable and unstable bundles of the uniformly hyperbolic linear skew-product (A, v) are
ES = {(VI@)', 9) | v* € C!, 0 € O],
E! = {(VX(@)v",9) | v € C!, 0 € O},

M (¥ I
wo-(50). wo-(f)

(3) For any v € O, the d x d matrices M}(9), My (9), A} (D), AL(P) are invertible, and A} (V) =
M(9), AL@) = (MEv@))
(4) Forany ¥ €, the d x d matrices I — M, (0)M% (V) and I — M4 (9)M; () are invertible and

—My (@) 1 I—M; ()M () 0 !
1 —Mg(é‘)) ( 0 I—Mg(z?)M;(zS*))

where

P9y = ( 2.15)

Proof. Statements (1), (2) and (3) of the theorem follow from lemmas 2.5 and 2.6, for « € C \ R and
|| > p, respectively.

We have to prove now that matrices / — M ()M (¢) and I — M} () M, (¥) are invertible, and then
the formula for P, ()" follows immediately. Suppose that I — M3 () M (&) is not invertible. Hence,
there exists v € C? \ {0} such that M; ()M, (¥)v = v. Note that (v, My (})v) € Ey(P) \ {0}, and
w = M*(®)v € C\{0}. Now, (M:(3)w, w) € EL()\{0}. But, then, (M: (3w, w) = (v, M*(¥)v) €
E%(¥) \ {0}, which is incompatible. The proof that I — M2 ()M () is invertible is similar. O

As a consequence of the previous result we can derive, foro € C\[—p, p], a formula for the entropy
of the uniformly hyperbolic linear skew-product (A,, v), given by the sum of the d positive Lyapunov
exponents.
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Corollary 2.9. Fora € C\ [—p, pl, and for p-a.e. ¥ € O,
1
klim % log |det Ay (k; 9, a)| = y (),
where

Ag(k; ) = (A“(k; b,a)  Apk;, a))

A (k; D, ) Ap(k; 9, )
and
y(@) =yi(0)+...+yi(@)

is the sum of the d positive Lyapunov exponents of the uniformly hyperbolic linear skew-product (A, V).

Proof. By iterating the conjugacy identity A, (¢) P, (¢) = P, (v(9))A,(0), we obtain
Ag(k; 9) = Pa(V (9)) Aa(k; 9) ()",
from where
Anlh; 9, 0) = (I — A5 (k+ 1, )AL (—(k + 1), vE(0)) Alk; 0)(I — A1, 9)AL(—1,9)) 7"

Hence, since both forward dynamics of (AZ, v) and backward dynamics of (A}, v) are contracting,
.1 o1
lim — log |det Ay (k; 9, )| = lim — log|det A% (k; ¥ .
k—o0 k k—oo k “«

Oseledec’s theorem [Ose68, BP02] applies to the linear skew-product (A%, v), so that its Lyapunov
exponents, y;(«) = - -- = y4(«), which are defined p-almost everywhere and are positive, satisty

1
Jim %mg |det AL(k; 9)| = yi(@) + ... + ya(e).

The proof of the corollary is finished by noting that these Lyapunov exponents are in fact the first d
Lyapunov exponents of (A, v). g

3. Proof of Thouless formula

To prove theorem 1.1 we will proceed as in [KS88] and [CS83b] but replacing the Schrodinger skew-
product on a strip by the generalized Schrodinger skew-products. We must show that

7' (@) = y" (@) +log | V| Z/logla—aldkh(a), 3.1
R

where the integration is in terms of the density of states for the long-range operator

d
(hx), = Y Vixuas + W(0)x,,

k=—d

and y"(a) = y/'(a) +--- + ¥/ () is the entropy of the long-range skew-product (A”, r). Recall that
the relation between the long-range skew-product (A", 7) and the generalized Schrodinger skew-product
(A, ) is given by the composition formula (A#, 79) = (A", t)9. Hence, the corresponding entropies
satisfy the identity

Y () =dy"(@) =d (7" (@) —log|V,l). (3.2)
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3.1. Subharmonicity of the entropy

A key point in the proof of a Thouless formula is that the two sides of (3.1) are subharmonic functions
of o in C (see [CS83a, CS83b, Joh87,KS88]). Indeed, the right-hand side is clearly a subharmonic
function [CS83b] and, as we will see in lemma 3.1, one can use a classical argument to prove that the
left-hand side is subharmonic as well. Since two subharmonic functions which agree on a full-measure
set of C (as, for example, C \ R), must agree on all the complex plane, it suffices to prove the formula
(3.1) for non-real .

Lemma 3.1. The map a € C +— y"(«) is subharmonic.

Proof. For any 6 € T the map
o AP A n; 0)

is analytic in C so
1
oy () = ;/ log H/\dAZ(n; 9)” du
o

is subharmonic for n > 0. Since, for any @ € C, the sequence (y""(a)), is subadditive, then
lim,_ o ¥"" (@) = inf,-y"" (). Moreover, the subsequence ("2 (a)); is decreasing. Since the
pointwise limit of a decreasing family of subharmonic functions is subharmonic, then the map

. h.ok
amy'@) = lim y"* (@)

is subharmonic. O

3.2. Spectral properties of the restriction of the long-range operator

A connection between the dynamics and the spectral problem for finite sequences is given by the following
relationship. This will be useful later on, since we will pass to the limit.

Lemma 3.2. Let (A, T) be the long-range skew-product of the long-range operator hgy = hy w g,
Denote

A (s 6g) = (A’fl(n; 6o, o) A’fz(n;«%,a)>

Al (360, 0)  Aly(n; 0y, @)
Fork > 1:
det A}fl (kd; 6o, @) = Vd_kd det (alkd - hleg,kd[) ,

where h([;;‘"[ is the restriction of the operator hy, to [0, n[ with zero boundary conditions.

Proof. From the definition of A" (n; 6y)

Xn+d—1 Xd—1
Xn h X0
= A, (n; )
Xn—1 X-1
Xn—d X_a

In addition, the restriction of the operator e — hg, to [0, n[ with zero boundary conditions, i.e.

Xppd—1 ==X, =0 and Xy =---=x_gq=0,
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is given by the n-dimensional self-adjoint matrix a1, — hg;’"[ where

Wy Vi |43
Voo wes
[0.n[ __ . .
h90 - V., VvV . . 79

. Vi
V_ 2 V_ 1 wo

where w; = W(t/ (6p)).
Therefore, a vector

x=(x,l,1 .. X )TG(C"

is a nonzero solution of the eigenvalue equation hg;’"[x = ox if and only if the vector of the last d

components, X 4q; = (X4-1, - - . , Xo), is nonzero and moreover
0 Xd—1
0 X
h,. 0
=A,(n;0)
Xn—1 0
Xn—d 0

In terms of the block decomposition of A, this condition reads as
h (.
0= A“ (ﬂ, 9, Ol))C[(),d[.

This implies that the determinant of Aﬁ’l(n; 6o, o) vanishes if and only if the determinant of
(al, — hég’"[) vanishes. As functions of « both are polynomials and the latter is monic of degree n
and divides det A’l’ 1(n; 6y, ). Indeed, since h([,?)‘"l is self-adjoint, it diagonalizes and the geometric and
algebraic multiplicities of its eigenvalues agree. Moreover, dim ker (7, —hg;‘"[) < dim ker A’,1 (15 6, ).
We will show now that the degree of A", (n; 6y, &) is also n and therefore, the two polynomials differ
in a multiplicative constant. We will prove that this multiplicative constant is V,;", for n multiple of d
(although this is true for any n).

The 11 block of the fundamental matrix of the linear skew-product (A7, 1), given by A% (k; 6) =
AZ(kd ; 0y), satisfies the recurrence

CAR(k+1; 600, @) + B (00) AT (k; 0y, @) + C* AT (k — 1; 6y, ) = ¢ AT (k; 6y, @),

with AT (0; 6y, o) = I and AR (1; 6y, &) = C~' (o — Bo(6)). Here Bi(6p) = B(z%(6p)). By induction,
AH (k; 0y, @) is of the form
k-1

Al (ks 09, 0) = C™*a* + ) Do (0ot

=0
where Dy o(6y), ..., Dy x—1(6p) are matrices that can be computed recursively (in particular D,y =
—C7'By(6))). Hence, det A" (kd; 0y, ) = det A (k; 6y, @) is a polynomial of degree kd in «, whose
main coefficient is V. O

3.3. Proof of Thouless formula for Im o« # 0

With the preliminaries of the previous section, the proof is now as for Schrodinger operators on a strip.
First of all we show the following:
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Proposition 3.3. Let o € C\ R. Then

1
lim —log ‘det (ozl,, — hg{’)-nl)‘ = / log la — a| dky(a),
n R

n—o0

where Ky, is the density of states of the long-range operator h.

Proof. Let Af") s ooy A the eigenvalues of hg;’"[ (which are real) counted with multiplicities. That is
det (l = h™) = (@ = A{") -+ (@ = 20,

Since Im « # 0, we can write

1
—log ‘det (al — hg;’”[)’
n

1 n
— E log )zx -
n

k=1

/ log |a — a| d/c,[lo‘"[(a),
R

where
1 n
0,
K,[, "= E 8,
n k
k=1

is the spectral measure of hg;’"[, which is a discrete uniform probability measure supported on the

eigenvalues A\"”, ..., A", Since the density of states is the weak limit of the measures i) """

n—o0

lim [ log|a —a| dK,[ZO’"[(a) = / log |a — a| dky(a),
R R

because log |o — a| is continuous for («,a) € (C\ R) x R (note that the support of the measures is
contained in R). O

Corollary 3.4. Leta € C\ R. Then
/ log o — al dicy(@) = " (@) + log | V],
R

where y"(a) = yl'(a) + - - + Yl () is the sum of the d positive Lyapunov exponents of the long-range
linear skew-product (Az, 7).

Proof. The result is a consequence of lemma 3.2 and corollary 2.9, since

1
lim — log )det (alkd — hg;‘kd[)’

/Rlog |l — al dkj,(a) Jim -~

= lim ilog}vkd det AY, (kd; 6y, )|
k—o0 kd d 1 ’ ’
1
= Jim -~ log |det AT, (kd; 6, &)| +log |V,]

1 .1
v kILrEO 3 log |det Af} (k; 0, )| +log | V|

1 H
=77 () +log | V4]
= y" (@) +log | Vyl. O

With the proof of this corollary we end the proof of theorem 1.1.



1186 A Haro and J Puig

Acknowledgments

We would like to thank Henk Broer, Rafael de 1a Llave, Hakan Eliasson and Russell Johnson for interesting
discussions. AH was funded by the Spanish grant MTM2009-09723 and the Catalan grant 2009-SGR-
67. JP was funded by the Spanish grant MTM2009-06973 and MTM2012-31714, and the Catalan Grant
SGR2009-859.

References

[AA80]  Aubry S and André G 1980 Analyticity Breaking and Anderson Localization in Incommensurate Lattices
in Group Theoretical Methods in Physics (Proc. 8th Int. Colloquium, Kiryat Anavim, Israel, 1979) Ann.
Israel Phys. Soc. (Bristol: Hilger) pp 133-64

[AJ09] Avila A and Jitomirskaya S 2009 The ten martini problem Ann. Math. 170 303-42

[AKO06]  Avila A and Krikorian R 2006 Reducibility or non-uniform hyperbolicity for quasiperiodic Schrodinger
cocycles Ann. Math. 164 249-94

[AS83]  Avron J and Simon B 1983 Almost periodic Schrodinger operators: II. The integrated density of states
Duke Math. J. 50 369-91

[BGOO]  BourgainJ and Goldstein M 2000 On nonperturbative localization with quasi-periodic potential Ann. Math.
(2) 152 835-79

[BJO2a] Bourgain J and Jitomirskaya S 2002 Absolutely continuous spectrum for 1d quasiperiodic operators
Inventiones Math. 148 453-63

[BJO2b]  Bourgain J and Jitomirskaya S 2002 Continuity of the Lyapunov exponent for quasiperiodic operators
with analytic potential J. Statist. Phys. 108 1203—18 (Dedicated to David Ruelle and Yasha Sinai on
the occasion of their 65th birthdays)

[BP02]  Barreira L and Pesin Y B 2002 Lyapunov Exponents and Smooth Ergodic Theory (University Lecture
Series vol 23) (Providence, RI: American Mathematical Society)

[BS98]  Broer H W and Simé C 1998 Hill’s equation with quasi-periodic forcing: resonance tongues, instability
pockets and global phenomena Bol. Soc. Brasil. Mat. (N.S.) 29 253-93

[CL99]  Chicone C and Latushkin Y 1999 Evolution Semigroups in Dynamical Systems and Differential Equations
(Providence, RI: American Mathematical Society)

[CS83a] Craig W and Simon B 1983 Log-holder continuity of the integrated density of states for stochastic jacobi
matrices Commun. Math. Phys. 90 207-18

[CS83b] Craig W and Simon B 1983 Subharmonicity of the Lyaponov index Duke Math. J. 50 551-60

[dIL93]  delaLlave R 1993 Hyperbolic dynamical systems and generation of magnetic fields by perfectly conducting
fluids Geophys. Astrophys. Fluid Dynam. 73 123-31

[Eli92] Eliasson L H 1992 Floquet solutions for the one-dimensional quasi-periodic Schrodinger equation
Commun. Math. Phys. 146 447-82

[GILS97] Gordon A'Y, Jitomirskaya S, Last Y and Simon B 1997 Duality and singular continuous spectrum in the
almost mathieu equation Acta Math. 178 169-83

[HdILO7] Haro A and de la Llave R 2007 Spectral theory and dynamical systems

[Her83] Herman M R 1983 Une méthode pour minorer les exposants de lyapounov et quelques exemples montrant
le caractere local d’un théoreme d’arnold et de moser sur le tore de dimension 2 Commentarii Math.
Helv. 58 453-502

[HPS77] Hirsch M W, Pugh C C and Shub M 1977 Invariant Manifolds (Lecture Notes in Mathematics vol 583)
(Berlin: Springer)

[Jit99] Jitomirskaya S 1999 Metal-insulator transition for the almost Mathieu operator Ann. Math. (2)
150 1159-75

[Joh86]  Johnson R A 1986 Exponential dichotomy, rotation number, and linear differential operators with bounded
coefficients J. Diff. Eqns 61 54-78

[Joh87]  Johnson R A 1987 m-functions and Floquet exponents for linear differential systems Ann. Mat. Pura Appl.,
1V. Ser. 147 211-48

[KS88]  Kotani S and Simon B 1988 Stochastic Schrodinger operators and Jacobi matrices on the strip Commun.
Math. Phys. 119 403-29

[Maii78] Maiié R 1978 Persistent manifolds are normally hyperbolic Trans. Am. Math. Soc. 246 261-83

[Mat68] Mather J N 1968 Characterization of Anosov diffeomorphisms Nederl. Akad. Wetensch. Proc. Ser. A
71 = Indag. Math. 30 479-83

[Ose68] Oseledec V I 1968 A multiplicative ergodic theorem. Characteristic Ljapunov, exponents of dynamical
systems Trudy Moskov. Mat. Obs¢. 19 179-210


http://dx.doi.org/10.4007/annals.2009.170.303
http://dx.doi.org/10.1215/S0012-7094-83-05016-0
http://dx.doi.org/10.2307/2661356
http://dx.doi.org/10.1023/A:1019751801035
http://dx.doi.org/10.1007/BF01237651
http://dx.doi.org/10.1007/BF01205503
http://dx.doi.org/10.1215/S0012-7094-83-05025-1
http://dx.doi.org/10.1080/03091929308203624
http://dx.doi.org/10.1007/BF02392693
http://dx.doi.org/10.1007/BF02564647
http://dx.doi.org/10.2307/121066
http://dx.doi.org/10.1016/0022-0396(86)90125-7
http://dx.doi.org/10.1007/BF01762419
http://dx.doi.org/10.1007/BF01218080

Thouless formula and Aubry duality 1187

[PS1l1a]
[PS11b]
[PuiO4]
[PuiO6]
[Sel75]
[SS76]
[Swa81]

[Tho95]

Puig J and Sim6 C 2011 Resonance tongues and spectral gaps in quasi-periodic Schrodinger operators
with one or more frequencies. A numerical exploration. J. Dyn. Diff. Eqns 23 649—69

Puig J and Sim6 C 2011 Resonance tongues in the quasi-periodic Hill-Schrodinger equation with three
frequencies Regul. Chaotic Dyn. 16 61-78

Puig J 2004 Cantor spectrum for the Almost Mathieu operator Commun. Math. Phys. 244 297-309

Puig J 2006 A nonperturbative eliasson’s reducibility theorem Nonlinearity 19 355

Selgrade J F 1975 Isolated invariant sets for flows on vector bundles Trans. Am. Math. Soc. 203 359-90

Sacker R J and Sell G R 1976 Existence of dichotomies and invariant splittings for linear differential
systems: II. J. Diff. Eqns 22 478-96

Swanson R C 1981 The spectrum of vector bundle flows with invariant subbundles Proc. Am. Math. Soc.
83 141-5

Thomas R 1995 Potential Theory in the Complex Plane (London Mathematical Society Student Texts
vol 28) (Cambridge: Cambridge University Press)


http://dx.doi.org/10.1007/s10884-010-9199-5
http://dx.doi.org/10.1134/S1560354710520047
http://dx.doi.org/10.1007/s00220-003-0977-3
http://dx.doi.org/10.1088/0951-7715/19/2/007
http://dx.doi.org/10.1090/S0002-9947-1975-0368080-X
http://dx.doi.org/10.1016/0022-0396(76)90042-5
http://dx.doi.org/10.1090/S0002-9939-1981-0620000-4

