Intuitive review of Vector Calculus:

gradient, divergence, curl and laplacian

e Frequently, x is a scalar and x is a vector. A column vector,
mostly: X = (x,...,Xxy)T,orx = (x,y,2z)" when n=3.

e The nabla operator of Hamilton V = (dx, 9y, 0,) is a vector
operator. If u(x) is a scalar function, then

Vu = (9xu,dyu,d,u)" = grad u

to mean its gradient vector field.

e Taylor’s formula: u(xg + h) = u(Xo) + Vu(xo) - h + O(||h]|?).
e For a given ||h||, the maximal increase in u(xg + h) — u(xo)
happens when h is collinear with Vu(xp) (|/h|| small).

e Vu(Xp) points in the direction of steepest ascent of u near Xo.
e ||Vu(xp)|| is larger if u is steeper near xq (closer level
surfaces or lines). Also, Vu(xg) is orthogonal to the surface

u(x) = u(xp).
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Problem 1.1: It is sometimes said that if u(x, y) represents the
height of a mountain (say), then the vector field —Vu(x) would
be a vector field collinear with the velocities of a water drop
falling downhill. That velocity would even be larger at the points
where the gradient is larger. Is there any justification for that? A
solid ball rolling down would do the same?

Problem 1.2: Suppose that Ais an n x n symmetric
positive-definite matrix, and define u(x) = 1x” Ax. Check that
Vu(x) = Ax. Prove the following: if x(t) is the solution of

x' = —Vu(x) with x(0) = xo, then x(t) is the unique absolute
minimum of

T /1 1 _ 1
= [ (Y07 A0+ Y OTAY) ds (TR
among all curves y : [0, T] — R” such that y(0) = xq. Prove

also a similar result when u(x) is a more general function such
that D?u > 0.
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The steepest descent method of minimization
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Divergence

If we have a vector field v = (v¥, v/, v?)T, its divergence is the
scalar field
div v(Xxo) = V - v(Xp) = dxv*(Xo) + 9y V¥ (Xo) + 92V*(Xo)

Ox vX vX
- ay N Vy - (a)(7 8}/, 82) N Vy
0z vZ vZ

X X X
Vi vV )

div v(xo) = Trace Dv(xo) = Trace | vy Vvj V3
Vi vy vy

Also,

The Divergence Theorem says that

/V~vdV:/ v-ndsS
Q o0
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Problem 1.3: Using the Divergence Theorem, prove the
following vector identity: [,, —pn dS = [, —Vp dV and deduce
from it Archimedes Principle, when p is the hydrostatic
pressure p = pgh.

Deduce also the following classical (and nice) form of the
divergence theorem for a scalar funtion v and a direction i:

/a,-u dV:/ un; ds,
Q oQ

where n; is the i-th direction cosine of n. Deduce also the
integration by parts version of the previous formula, for two
scalar functions v and v:

/(8,-u)v dy = —/ u(o;v) dv+/ uvn; dS
Q Q

o
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Suppose v(Xx, t) is a velocity. Particles moving with this velocity
field will describe trajectories solution of

{x’(t) = v(x(1), 1)
X(fo) = Xo

that we represent with the (flow) map xo — X(t) = T, +(Xo),
which can be seen as a map from R3 to R3 (when t, and t are
f|Xed) NOte that TthtO = Id and TS,t o) Tr’s = Tth.

Given a set Q ¢ R3 we ask ourselves about the volume of
Ts,:(Q) or, more precisely, about Z[vol Ty, ¢(Q)]i=s,-
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vol Tto,t(Q) :/

T

dy = / JTi, (X)) dV.
() Q

Tiotyre(X) = X+ eV(X, o) + O(?),
DTy, ty4(X) = [ + eDV(X, tp) + O(£?)
det DTy, 1,+-(X) = 1+ eTrace Dv(x) + O(£?),

vol Ty o(Q) = / [ + Trace Dv(x) + O(<2)] dV,
Q

gt[V0| Tto,t(Q)]t:to = /Q(V . V) av.

So, V - v(Xg, lp) is the rate of variation with respect to time of
the volume of a set near (X, fp) that moves with velocity v.

Problem 1.4: Show that if /, is the n x nidentity matrix and A is
any n x n matrix, then det (I, +cA) = 1 + cTrace A+ O(£?).
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But we could also compute the changes in volume of Q just by
looking at the changes at the boundary.

AT —4
M A?m/é
e Pam {
sl

This is the statement of the Divergence Theorem,

/V-vdV: v-ndS
Q o0
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A new view of Divergence and a look to Curl

(dimension 3)

d

g% = VX, £) = V(Xo, 1)+t (Xo, fo)(t—to)+DV(Xo, fo) (X—Xo)+- -
We write t' =t — fp and X’ = X — Xq, we drop the primes and
consider

d
—X = Vo + V1 t+ M x
constant velocity ~ constant acceleration nxn matrix

<=M —(M+MT)x+ 5 (M-~ M7 x

symmetric anti-symmetric

We are going to look at the three effects separately.
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$(M + MT) diagonalizes along 3 orthogonal axes xi, X2 and x
with real eigenvalues.

d
X1 = A1Xq
d
giXe = AaXa
d
GiX3 = A3X3

which is a very simple deformation. The volume of a deformed
orthogonal box would be given in a first approximation by

(1+AIA)(1+AI)(T+ALEA3) =~ 1+AH A1 +A2+A3) = 1+AL V-v.

This tells us again that the divergence is the local rate of
volume change.
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0 a b X ay + bz —C X
-a 0 ¢ y | =| —ax+cz | = b |x| vy
-b —c O z —bx —cy —a z

So, let us study %x = h x x. Its solution is a rotation around the
axis h with angular speed |h| in the positive sense.
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vi-vi vi-vf 0

So, the anti-symmetric part of Dv means a rotation given by

0 vi—v) vi-VZ
1 Ty _ 1 y Yo
2(Dv(Dv))2(vxva 0 V-

z _ Y
1~V 1 1
h=5| v—-vj | =5Vxv=_Curlv (1)
2 v}{—vjf 2 2

Problem 1.5: Check the statements we did: the
constant-coefficients system of odes

d 1 T

EX—g (Dv—(Dv) )x
can be written as (d/dt)x = h x x where h = } Curl v and its
solution consists on a rotation around the axis h with angular
speed |h| in the positive sense. (Hint: for the second part,

suppose h = (w,0,0)" and solve explicitly.)
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Stokes Formula:

/(va)-ndS: v dl
pN ox
Relations:

V x (Vu) =0,

V- (Vxv)=0,

n
V-(Vu)=VPu=Au=>» 05,.u
i=

Integration by parts formula:
V- (fX)=Vf-X+fV-X

SO

/ fX-ndS:/Vf-XdV—k/fV'XdV.
89 Q Q
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In dimension 3 we have that

[scalar fields] v, [3D vector fields] —

VX, [3D vector fields] v, [scalar fields]

and (Vx)o(V)=0and (V:)o(Vx)=0.

Poincaré’s lemma says that if Q c R3 is an open set that is the
image by an homeomorphism of the open unit ball, then

V xu = 0in Q implies the existence of a scalar field f such that
u=Vf,and also V - w = 0 implies the existence of a vector
field v such that V. x w = v.

This is more often stated in terms of differential forms.

JS-M 01. Intuitive review of Vector Calculus



If v(x, t) is a vector field in R3 defined on a domain Q, then v is
determined by its divergence, its curl and its values on 952.
There are formulas for that (Helmholtz decomposition,
sometimes called the Fundamental Theorem of Veector
Analysis). When Q = R3 and v vanishes at infinity faster than
1/|x|, these formulas are v=—-V® + V x A with
1 Vv (x') .,
d(x) = — —d

(x) 41 Jps X —X| v,
1 V' xv(x)
C4r Jgs X —X|
Problem 1.6: Show something weaker, also in this direction: if
two vector fields v(x) and v/(x) in R3 share the same
divergence and the same curl, and both tend to zero at infinity,
then they must be equal.

A(x) av’.
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Interpretation of the Laplacian: The laplacian of a function
measures the difference between the average of this function
on a small sphere and the value of the function at the center of

the sphere.

Claim:
! (Wﬁmn P u(Xo +h) dSh) —u(X) 4 utxo)
I"I)r;[)‘]Jr r2 — % U( 0

Proof: u(xo +h) = a+ > [L bihi + 3],y cjhih; + ... Then
r'="1S,_ 1| Jiinjj=r @ = u(Xo), [ bih; = 0, because of the
symmetry h; <+ —h;, [ cyhih; = 0 when i # j, because of the
same reason. Then, obviously,

I 9
|[hj|=r lhy=r
/ h? =n" / r2=n1r2r"S, 4.
[[h|=r [|hl|=r
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Problem 1.7: Make similar calculations to interpret the
Laplacian as a measure of the difference between the average
of the function on a small ball (instead of a sphere) and the
value of the function at the center of the ball.
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The transport of a density

u(x, t) is an (unknown) density that is convected by a fluid with
velocity v(x, t). We want to derive the equation of its time
evolution.

Q is an arbitrary domain. The mass flux that crosses 99 (units
of mass per units of time, from inside to outside) is
Jaquv-nds.

Balance of mass + divergence theorem:

d/udV:—/ uv-ndS:—/V-(uv)dV,
dt Q o0 Q

L(;’Jrv-(uv)) dv =0

ou ou
a+v-(uv)f0 (E——VU-V—UV'V)
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e In 1-D, with v = ¢ (constant): u; + cuxy =0
e Transport + reaction

ur+ V- (uv) = f(u, x, t)

that comes from

d/udV:—/ uv-nd5+/fdv
at /o o0 Q
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Example of transport + reaction: 1-D persistent motion with
random orientation in animal search strategies
(V. Méndez et al., Stochastic Foundations in Movement Ecology, Sect. 6.1.2)

pi +cpy =Ap~ —p")

pr —Cpx = —Ap~ —p")
for 0 < x < L, and boundary conditions p*(0, t) = 0,
p— (L, t)=0.
pT(x, t) (resp., p~(x, t)) is the pdf for a predator to be at position
x at time t while walking to the right (resp. left) with speed c.
Two prays are supposed to be located at x = 0 and x = L.
A > 0 is the switching rate: the probability of switching
orientation between t and t + At is AAt.
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