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Abstract

The Restricted Planar Circular 3-Body Problem models the motion of a body of
negligible mass under the gravitational influence of two massive bodies, called the
primaries, which perform circular orbits coplanar with that of the massless body. In
rotating coordinates, it can be modelled by a two degrees of freedom Hamiltonian
system, which has five critical points called the Lagrange points. Among them, the
point L3 is a saddle-center which is collinear with the primaries and beyond the
largest of the two. The papers [BG(G22, BGG23] provide an asymptotic formula for
the distance between the one dimensional stable and unstable manifolds of L3 in a
transverse section for small values of the mass ratio 0 < p < 1. This distance is
exponentially small with respect to p and its first order depends on what is usually
called a Stokes constant. The non-vanishing of this constant implies that the distance
between the invariant manifolds at the section is not zero. In this paper, we prove
that the Stokes constant is non-zero. The proof is computer assisted.
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1 Introduction and main result

The Restricted Circular 3-Body Problem models the motion of a body of negligible mass
under the gravitational influence of two massive bodies, called the primaries, which
perform a circular motion. If one also assumes that the massless body moves on the
same plane as the primaries one has the Restricted Planar Circular 3-Body Problem
(RPC3BP).

Let us name the two primaries S (star) and P (planet) and normalize their masses
so that mg = 1 — 4 and mp = pu, with p € (O, %] In a rotating coordinate system,
the positions of the primaries can be fixed at g¢ = (1,0) and gp = (@ — 1,0). Then,
the position and momenta of the third body, (¢,p) € R? x R?, are governed by the

Hamiltonian system associated to the autonomous Hamiltonian

oy eIl 0 1 (1—p) p
e G R e

For p > 0, it is a well known fact that (1.1) has five critical points, usually called
Lagrange points (see Figure 1). The three collinear Lagrange points, L1, Lo and Lg,
are of center-saddle type whereas, for small p, the triangular ones, Ly and Ls, are of
center-center type (see, for instance, | D-




Ls
R
Ly | Iy I,
%ﬁ@%} S <
T
Ly

Figure 1: Projection onto the g-plane of the Lagrange equilibrium points for the RPC3BP on
rotating coordinates.

The invariant manifolds of the (unstable) Lagrange points are of fundamental im-
portance for understanding the dynamics of the RPC3BP. In particular, those of the
point L3 (more precisely its center-stable and center-unstable invariant manifolds) act as
boundaries of effective stability of the stability domains around L4 and Lj (see | ,

]). They also allow to create transfer orbits from the small primary to Lg in the
RPC3BP (see | , ]) or between primaries in the Bicircular 4-Body Problem
(see [1N20, IN21]).

In understanding how the invariant manifolds of L3 structure the global dynamics,
it is fundamental to know whether they coincide or not. The purpose of the papers
[ , | and the present one is to prove that these invariant manifolds do not
coincide the first time they hit a suitable transverse section. This is the content of the
Theorems 1.1 and 1.2 below.

The manifolds W"(L3) and W?*(Ls) lie in the so called 1 : 1 mean motion resonance
and have two branches each. One pair, which we denote by W™ (L3) and W™ (L3),
circumvents Ls whereas the other circumvents Ly and it is denoted as W™~ (Ls) and
W~ (Ls), see Figure 2. These branches are symmetric with respect to

\Il(q’p) = (QL —q2, _p17p2)-

Thus, to compute the distance between the manifolds, one can restrict the study to
the first ones, W"*(L3) and W™t (L3). We measure this distance in symplectic polar
coordinates, defined as

B (cos0> _R<COSQ> _G< sin 6 )
1= " \sinp) p= sin 0 r \—cos8)’

where R is the radial linear momentum and G is the angular momentum.
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Figure 2: Projection onto the g-plane of the unstable (red) and stable (green) manifolds of L,
for 4 = 0.0028.

We consider as well the 3-dimensional section

E:{(r,G,R,G)G]RxTx]R2 : r>1,0:g}
and denote by (r}, 5, R}, G}) and (13, §, R;, G3) the first crossing of the invariant man-
ifolds with this section (see Figure 2). The next theorem, proven in [BGG22, BGG23],
measures the distance between these points for 0 < p < 1.

Theorem 1.1. There exists g > 0 such that, for p € (0, uo),

A
I3, B2, @) — (5, 2, @) = Vb |l 40 ()
|log ]

where

o The constant A > 0 is given by the real-valued integral

S

X
A= dz ~ 0.177744. 1.2
/0 1—x\/3(x+1)(1—4:1:—4x2) v (12)

e The constant © € C is the Stokes constant associated to the inner equation analyzed
in [BGG22, Theorem 2.7] (see also Theorem 2.2).

Theorem 1.1 provides a first order for the distance between the invariant manifolds
of Lg, at the first crossing with X, provided the Stokes constant © is not zero. The main
result of the present paper is the following.



Theorem 1.2. The constant © € C introduced in Theorem 1.1 satisfies
O # 0.

The proof of this theorem relies on recent techniques developed by some of the authors
in [ |. Note however, that the models considered in that paper are rather simple
unfoldings of the Hopf-zero singularity whereas here we deal with a Celestial Mechanics
model, which makes the analysis considerably more delicate.

The paper is organized as follows. In Section 2 we summarize the main steps to prove
Theorem 1.1, performed in the previous works | , |, we present the inner
equation, which is independent on the small parameter p, and, finally, we describe the
relation between the Stokes constant © and suitable solutions, Z™*° of the inner equation.
The (short) Section 3 is devoted to explain the strategy to prove Theorem 1.2 which
consists in two main steps: characterization of the complex domains where Z"5 are
defined (Theorem 3.1) and analysis of its difference (Theorem 3.2). Then, in Section 4,
relying on the approach developed in | ], we prove Theorem 3.1. In Section 5 we
give the proof of Theorem 3.2, which in part is computer assisted!.
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2 The invariant manifolds of L3 and the inner equation

Theorem 1.1 falls into what is usually called exponentially small splitting of separatrices.
That is, on the perturbative analysis of the distance between the stable and unstable

The code for the computer assisted part of the proof is available on the personal web page of MJC.



manifold of an invariant object when it is exponentially small. Its proof follows the
original approach proposed by Lazutkin in his seminal work on the Standard Map | ,

|. Note that the papers | , | are the first ones where such approach
has been implemented in a Celestial Mechanics model. We refer to | | for a detailed
list of references on the exponentially small splitting of separatrices phenomenon.

Let us summarize the main steps of this proof and explain where the Stokes constant
arises.

Note first that, in the limit problem H in (1.1) with g = 0, the five Lagrange
point and the associated invariant manifolds “collapse” into the circle of (degenerate)
critical points [|¢|| = 1 and p = (p1,p2) = (—¢2,q1). Therefore, to analyze the invariant
manifolds, it is convenient to perform a singular change of coordinates to obtain a “new
first order” Hamiltonian which has a saddle-center equilibrium point with stable and
unstable manifolds that coincide along a separatrix. This change of coordinates boils
down to a suitable (singular with respect to p) scaling of the classical Poincaré planar
elements (see [ ]). These coordinates are explained in full detail in | ].

In these coordinates, the proof of Theorem 1.1 relies on the following steps.

A. We perform the aformentioned change of coordinates which captures the slow-fast
dynamics of the system. The new Hamiltonian becomes a (fast) oscillator weakly
coupled to a 1-degree of freedom Hamiltonian with a saddle point and a separatrix
associated to it.

B. We analyze the analytical continuation of a time-parametrization of the separatrix.
In particular, we obtain its maximal strip of analyticity, which is given by [Im¢| < A
where A is the constant introduced in (1.2). We also describe the character and
location of the complex singularities at the boundaries of this region.

C. We derive the inner equation, which gives the first order of the original system
close to the singularities of the separatrix described in Step B. This equation is
independent of the perturbative parameter pu.

D. We study two special solutions of the inner equation which are approximations
of the perturbed invariant manifolds near the singularities. Moreover, we provide
an asymptotic formula for the difference between these two solutions of the inner
equation. This difference is given in terms of the Stokes constant © introduced in
Theorem 1.1.

E. We prove the existence of the analytic continuation of suitable parametrizations of
Wt (Ls) and WS*(L3) in appropriate complex domains (and as graphs). These
domains contain a segment of the real line and intersect a neighborhood sufficiently
close to the singularities of the separatrix.

F. By using complex matching techniques, we compare the solutions of the inner
equation with the graph parametrizations of the perturbed invariant manifolds.



G. Finally, we prove that the dominant term of the difference between manifolds
is given by the term obtained from the difference of the solutions of the inner

equation.
Steps A, B, C and D are performed in | | whereas the Steps E, F and G are
performed in | |. In particular, | | showed that the constant © € C exists

but no proof of its non-vanishing is provided.

To prove that the Stokes constant © is not zero, we have to perform a deeper analysis
of the two special solutions of the inner equation mentioned in Step D. To this end, we
first introduce the so-called inner Hamiltonian, the computation of which (Step C) is

explained in full detail in | |, given by
HU,W,X,Y) =W + XY + KU, W,X,Y), (2.1)
with
K(U,W,X,Y) = Sy L ( ! - 1) (2.2)
4 3Us \/1+J(U,W,X,Y)
and

j(UaW7X7Y) =

4aW?  16W 16 4X+Y) 2
2 4 + 2 + W —

oUs 27Us SlU o

Li(X-Y) X*+Y? N 10XY
3U3 3U3 93

)

and the symplectic form
Q=dU NdW +idX NdY.

Let us now summarize the main features of the analysis of the inner equation per-
formed previously in [ | (see Theorem 2.2 below). Following the approach pre-
sented in [ | (see also | 1), we look for two suitable solutions of the Hamiltonian
system associated to H, analyzing their orbits as graphs over U. That is, we do not
analyze the trajectories of H directly. To this end, we introduce Z = (W, X,Y’) and the
matrix

00 O
A=10 ¢ 0
0 0 —1

With this notation, the equation associated to the Hamiltonian H can be written as

{ U=1+g(U,Z),

2= AZ+ f(U.2), (24)

where f = (—0yK,idy K, —i@XIC)T and g = 0w K. Therefore, to look for solutions of
this equation parametrized as graphs with respect to U, we search functions

Z°(U) = (Wo(U), X°(U),Y°(U))",  foro=nu,s,

7
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Figure 3: The inner domain, DY, for the unstable case (see (2.8)).

satisfying the invariance condition given by (2.4), that is

OuZ°® = AZ° 4+ R[Z°], for o = u,s, (2.5)
where (U, 0) (U, o) A
) — g\l p)Ap
Rlp|(U) = 2.6
) = F= P (26)
The special solutions Z¢ we are interested in, satisfy the asymptotic conditions

li A = li A =0.

Re Ulglfoo (U) 0, Re UlglJroo (U) 0 (27)

In fact, for a fixed v € (0, g), we look for functions Z" and Z® satisfying (2.5), (2.7) and
defined in the domains

D) = {U €C: |ImU| > tanyReU + %, ReU < O} , D =-Dj, (2.8)

respectively, for some £ > 0 big enough (see Figure 3).
As a consequence, the difference AZ = Z" — Z® can be analyzed in the overlapping
domain

E={U€C : ImU < —p(k,v), ReU =0},

where p
) = ) 2.9
) = (29)
Remark 2.1. The domains used in | | are bigger than the ones consider in the

present work and they have an open overlapping domain. We have chosen these smaller
domains, Dy and Dy,. The resason is that, on the one hand, we will see that it is enough
to analyze the difference Z"—Z° on &, = DiNDE (contained in the imaginary axis) and,
on the other, to restrict the analysis to smaller domains, makes the explicit computation
of all the constants that appear in our analysis easier.



The following result is proven in [ .

Theorem 2.2. There exist kg, b1,by > 0 such that for any k > kKo, equation (2.5) has
analytic solutions Z°(U) = (W°(U), X°(U),Y°(U)T, for U € DS, o = u,s, satisfying

USWo(U)| <bi,  |USXO(U) <by,  |USYO(U)] < bo.

In addition, there exist © € C and b3 > 0 independent of k, and a function x =
(x1, X2, x3)T such that

AZ(U) = 2(U) = 2°(U) = 8™V (0,0, )T + (1)) (2.10)
and, for U € &,
USxi(U)| <bs,  [UPxa(U)| <bs,  [Uxs(U)| < bs.

Moreover, © # 0 if and only if AZ # 0.

Remark 2.3. In the paper [ |, the authors compute numerically the constant ©
which is approximately © ~ 1.63. To compute it, it suffices to take into account that
O = limm oo AY (U)eV'. Then, we consider

O, = [AY (—ip)|€”,

which, for p big enough, satisfies ©, ~ |O)|.
Notice that, as we already claimed in Remark 2.1, we only need to analyze the dif-
ference on &, contained in the imaginary axis.

Theorem 2.2 is proven in [ | in two steps. First, for ¢ = u,s, one proves the
existence of the functions Z° in domains D{ with x large enough. This is achieved
through a fixed point argument of Perron type. Once the existence of the two functions
in a common domain is proved, one looks for an equation for its difference that is used
to derive the asymptotic formula (2.10).

Next section specify the concrete steps for proving Theorem 1.2.

3 Strategy to prove the main result

To prove Theorem 1.2, we follow the strategy developed in [ | to prove that the
Stokes constant associated to unfoldings of the Hopf-zero singularity does not vanish.
However, note that in | | the strategy is tested on rather “simple” unfoldings of
the singularity. On the contrary, in the present paper we deal with a given model of
Celestial Mechanics, which requires more accurate estimates.

The first step to prove Theorem 1.2 is to provide a more quantitative version of
Theorem 2.2. It provides a larger domain of definition of the functions Z¢ given by
Theorem 2.2 and relies on carrying out a more detailed analysis of the two solutions Z¢
for ¢ = u,s.



Theorem 3.1. The functions Z°(U) = (W°(U), X°(U),Y°(U))L, o = u,s, introduced
in Theorem 2.2 are defined in DS. with (see (2.9))

*

1
K*=6.24, ~= 3 and  p* = p(k*,y) = < po = T.12. (3.1)

CoS 7y
The proof of this theorem is deferred to Section 4. It follows the approach developed
in [ | for the inner equation associated to the Hopf-zero singularity.
The second step we perform to prove Theorem 1.2 is to analyze the difference AZ
(see (2.10)). This is provided by the next theorem, whose proof is computer assisted
and is deferred to Section 5.

Theorem 3.2. The function AZ(U) = Z*(U) — Z3(U) introduced in (2.10) satisfies
AZ(=ip) £0, (3.2)
for a p > po, where py is the constant introduced in (3.1).

By Theorem 2.2, AZ(—ip) # 0 implies that
O#0

and this completes the proof of Theorem 1.2.

4 The domain of the solutions of the inner equation

The proof of Theorem 3.1 relies on a fixed point argument, and follows the same lines as
the proof of the first part of Theorem 2.2 in | ]. The main difference between the
two proofs is that now we need explicit estimates for the fixed point argument. Moreover,
they have to be rather accurate so that we obtain the x* given by Theorem 3.1. Note
that a larger k* would lead to a larger p* and pg (see (3.1)), which would make harder
to prove Theorem 3.2, since the difference AZ is exponentially small with respect to pg.

We denote the components of all the functions and operators by a numerical sub-
index f = (f1, f2, f3)7, unless stated otherwise. Moreover, we deal only with the analysis
for Z". The analysis for Z® is analogous and leads to exactly the same estimates.

4.1 The fixed point equation and the functional setting

The invariance equation (2.5) can be written as £LZ" = R[Z"] where L is the linear
operator

Lo = (0 — A)ep.

To construct a fixed point equation from (2.5), we consider the following left inverse
operator of L,

0 0 0 T
Q[cp](U)—(/ gpl(s—l—U)ds,/ e_iscpg(s+U)ds,/ eiscp3(8+U)ds) . (4.1)

—00 —0o0 —00

10



(see Lemma 4.4 below). We look for a fixed point of the operator
F=GoR, (4.2)

in a suitable Banach space.
Given v € R and k > 0, we define the norm

el = sup [U"e(U)],
UeDy

where the domain D} is given in (2.8), and we introduce the Banach space
X} ={p:D}— C : ¢ analytic, |||, < +oo}. (4.3)

A solution of Z" = F[Z"] belonging to A}' x A} x A} with n,v > 0 satisfies equa-
tion (2.5) and the asymptotic condition (2.7). Then, to prove Theorem 3.1, we look for
a fixed point of the operator F in the Banach space

Xy = Xg x Xi x XY, (4.4)
endowed with the norm

lellx = max {lills. el s. sl s } (45)
Theorem 3.1 is a direct consequence of the following proposition.

Proposition 4.1. For any k > k* where k* is the constant introduced in (3.1), the fized
point equation Z" = F[Z"]| has a solution Z" € X}.

We devote the rest of this section to prove Proposition 4.1. Note that our goal is to
compute explicit estimates throughout the proof to obtain a “not too large” x*.

Let us explain the main steps of the proof, which are carried out in the forthcoming
sections.

e In Section 4.2, we provide properties of the Banach spaces introduced in (4.3) and
give explicit bounds for the norm of the linear operator G in (4.1).

e In Section 4.3, we give estimates for F[0].

e In Section 4.4, we provide estimates for the derivatives of R (see (2.6)) in a suitable
domain.

e In Section 4.5, we provide explicit expressions for the Lipschitz constant of the
operator F in a suitable region of the Banach space (4.4). Finally, we prove that
the Lipschitz constant is smaller than 1, and therefore F is contractive and has a
unique fixed point.

11



To have accurate estimates in these steps, we rely on explicit formulae for the non-
linear operator R in (2.6) and its first and second derivatives. They are given in Ap-
pendix A.

Note that in [ ], we were not able to prove that F is contractive. Instead,
we considered a slightly modified operator which had the same fixed points as F and a
smaller Lipschitz constant. Since the estimates in the present paper are more accurate,
we are able to prove that the original operator F is contractive.

4.2 Banach space properties and the integral operator

Throughout this and the forthcoming sections we use without mentioning the following
remark and lemma.

Remark 4.2. Let U € D, then |U| > k.

Next lemma, proven in | |, gives some properties of the Banach spaces Ay in-
troduced in (4.3).

Lemma 4.3. Let Kk > 0 and v,n € R. The following statements hold:
1. If v >mn, then X} C X} and ¢l < &7V [|o]]y-
2. If p € X} and ¢ € Ay, then the product ¢ € X, and |[oC|lv+y < [l@llu[[C]l5-
Now we provide estimates for the integral operator introduced in (4.1).

Lemma 4.4. Consider the linear operator Glo] = (Gi[e1], Galwa], Galps])T as defined
in (4.1) and fixn > 1, v >0 and k > 1. Then, G : X! x X x A} — AL x A x A
is a continuous linear operator and is a left-inverse of L.

Moreover,

1. For j =1,2,3 and n > 1, the linear operator G; : X} — X} is continuous and
satisfies that, for ¢ € X},

||gj[80]||77*1 < GnH‘Pan G?? =

2. For j = 2,3 and v > 0, the linear operator G; : X} — X} is continuous and, for
all 0 <o <+ (see (2.8)) and p € XY, satisfies that

lell.

ng[‘P]Hu < m-

The proof of this lemma follows the same lines of the proof of | , Lemma 2.1].
We first state the following lemma.

12



Lemma 4.5. Let n > 1. Then,
/0 ds  _ WF(%)
xS ()

Proof. Considering the change of coordinates s = tanz,

/O _ds < /0 dx = /’2' cos"2(z)dx
oo (1482)2 — —r (1+ tan(z)2)? cos?(z) 0 '

To complete the proof of the lemma, it only remains to recall that

/W cos % (a)dx = lp <77_1 1) _ \FF (772)7
0

2 2 72 2T (1)

where B is the classical beta function. O

vl

M\d

Proof of Lemma 4.4. To prove the first item of the lemma, we consider n > 1 and
e € A}, Then, for j =1,2,3 and U € D}, one has that

0 as
GO < el | =

Moreover, for s € (—o0, 0], one has that |s + U[* > s2 + |U|?. Then, by Lemma 4.5,

-1
o< [l oli _ el var (%)
’ Tl UPE T U e (L s?)E T U 20 (3)
Next, we prove the second item. By the geometry of D} and using the Cauchy’s

theorem, we can change the path of integration in the integral (4.1) to te', t € (—o0, 0],
with 0 < o <~. Then, for v > 0 and ¢ € A}

QQ[@](U) :/ e*ltcosoetsmUSO(U_’_tew)ezadt'

—0o0

Notice that U + te’® € DY. Then, the function f(t) = |U + te*°| has a minimum at

te = —|U|cos(argU — o) and f(t«) = |Usin(argU — o)|. Notice that, since argU €
[Z,32] and ¢, is negative only if argU € [Z, 3 + o], one has that

U + te'?| > |U|sin (g - a) = |U|coso.

Therefore,

u 0 ) u
|Galp](U)| < M// etsing gy . el

|U| (coso)¥ J_o |U|sino(coso)¥

The norm for G3[p| can be treated in the same way changing the integration path to
te™. O

13



4.3 Estimates for F(0)

The next proposition gives estimates for F(0).

Proposition 4.6. Fiz x> 1. Then, the operator F in (4.2) satisfies
|70l < aol), 17003 < folx), j=2.3
and

IF10]1lx = max{ao(x), Bo(x)},
where ag(k) and Bo(k) are decreasing functions satisfying that
32y/7 F(%) 16 Ga(r) 16 Gs(r)
ao(k) = 273 T e T) (81(2 “Go(m) | B—Ga(r) | 81K 16— Ca(r )) ’
2 7 5
o = 2+ VT (ﬁrr(G) fr | ) Gl

81T (1) 9T(3) & ?3 K2

with

16 16 16
- 1+34/1 =2
Gir) = g1 ( VAT S ) ’ 81 (
16 16 128
= (614 — 484+ 2
@) = 1.2 ( T2 et 81,%2) ’
16 3 16 128
)= = | ———+6\1+ 5 +6+ > |,
81 / 16 81k2 81k2
21— 81k2 v
32 256 29 16 ( 368 297 )
=22 (10 = 1+ 12 =),
Glr) = g1 ( Tt T ame TV R T g e

We devote the rest of the section to prove Proposition 4.6. We first provide estimates
for R[0].

Vo)

Lemma 4.7. Let the operator R be as defined in (2.6). Then,

6
R[0)(U) = 3?] (1+RU)),
RAO0) = (=25 = =52 ) (14 RY().
RAO0) = (25 + =52 ) (14 R§s()).

14



o3 9 1 2(1+jo)% _
LG (3\/1+j0(1+\/1+J0) i (1+Jo>3> (2<1+\70)g —70> '

2
R(Q),S(U) = 3 - 17
2(1+J0)2 — Jo
with Jo(U) = %.
Proof. By the expression of R in (2.6), one sees that
RIO)(U) = ( —0yK(U,0) 10y K(U,0) —i0xK(U,0) )
S \1+ owkK(U,0)" 1+ 0wK(U,0)" 1+ 0wK(U,0)/ "

Notice that, by the definition of J in (2.3), one has that J(U) := J(U,0) =

Moreover, using the formulae in Appendix A for function J, one sees that

32 16
0 U0)=—— 0 UQ) =——_
Uj( ) ) ]1U3’ Wj( ) ) 97 %a
4i 8 4 8
oxJ(U,0) = ——5 — —, oyJU,0) = —5 — —.
3Us  27Us3 3Us 27Us
In the same way, using the formulae in Appendix A, one obtains that
25 1 24 1
8UIC(U7 0) = - 11 - 11 3
3603 \/1+j0(1+\/1+j0) 3503 (1+._70)2
2 2 Lo !
s \BVITRHA+VI+h)  (1+7)3)
8 1
8V[/'K:(Uv 0) = _81U2 3 = = Jo 3
(1+ J)> 2(1+ Jo)>

8XIC(U,0):<— 24 )( L

oUs 81U/ (1+J)2
2i 4 1
kw0 = (2~ 1) 1
9Us  81Us/ (14 Jp)?2

Finally, applying these expressions to (4.6),

3
2

24

B 2 1 2(1+ Jo)
RO = (3\/1+Jo(1+\/1+J0) ’ <1+Jo)3) (2(1+Jo)3 - %

2 47 2
Ral0(U) = (-2~ ) .
9Us  81U3/ 2(1+ J)2 — Jo

2 43 2
Ref0() = (2 + ) —
9Us  81Us/ 2(1+ Jp)2 — Jo

15
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81U2"
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Notice that, for |U| — oo,

13 13 13 104 < 1 >
0 _ 2 3y _
Ri(U) = 1670t 3% +0(J) 5102 ot TO\gs )
5 16 160 1 )
0 _ Y 72 3 — _ -
RY3(U) = =Jo + T + O(T) i+ seerpi T O <U6 .

Next lemma provides explicit estimates for these functions in terms of the parameter k.

Lemma 4.8. For k > 1 and U € D}; (see (2.8)) one has that

C?("i) \ 0 08,3(’1)

’R(l)(U)| < Ry3(U)| < UE

where CY(k) and C’g’g(m) are decreasing functions satisfying that

0 G0 oy Gl) 16 16 G
Ca() = Cilr) = 8—Ga(r) T B2 —Co(r) T BIRZ16 — Ca(r)’

16 16 16 16
- 2 (34/1 1 =231+ - 41
Glk) = g1,2 (3 tee T ) o Gl =g ( tee T )

16 16 128
= 2 (614 — f 84—
(k) = 51,2 ( tee T 81/{2> ’

SRTEELY (R SN o .
TR -5, 812 81k2 |’

32 256 2° 16 ( 368 . 2°7 )
- (10 /1 12 =)
Glr) = g1 ( Tt T amet TV T R T g g

Proof. First, we compute 08730@). By Lemma 4.7,

R )= 2R T nl%)
23 2+ {200+ J)? —2- %) 2+ 70(%)

Then, by the mean value theorem,

ro(Jo)l < 1] sup [3v/T+ 00— 1| < |70l (3y/1+ 1%l +1),

o€[0,1]

|11 (Jo)| < |Jo| sup ‘1 —3\/1+ox70‘ < |J| (1+3 1+ |Jo|> )

c€[0,1]

16



Since, U € D}, one has that |U| > k. Then, |Jo(U)| < % and, as a result,

16 16 \2
()] < g1 (3 (1+50) + 1) = Gyl

1
16 16 2
(WU =5 <3<1+w> “) -l

Notice that (o(x) and (1 (k) are decreasing functions for positive k and (y(1) < 2. There-
fore, applying the triangular inequality, we denote

G(x)
2 — C[)(Iﬁ:)7

which, by construction, is a decreasing function as well.
Analogously, we compute C) (k). By Lemma 4.7,

08,3(“) =

o) =4 2 L) (2t )
4 3m(1+m) (14 Jo)2 21+ %) — To
3( (1+Jo)+3( +M))< 201+ Jp)2 )_
4\ 31+ %)+ vIT ) 21+ J0)2 — Jo
3 <+ (1+Jo)+3(1+M)—4(1+j0)§(1+m)>
S 31+ J0) (1 + VIF )
< 1+‘70)g_2(13+j0)§+jo> .
2(1+J0)2 — Jo
and
R(I](U):(1+1+3m—4§1+jo)g—6j0_4j02) <1+ % )_1
41+ 70)2(L+VI+ %) 2(1+J0)2 — Jo
1+3m—4(1+70)2—6jo—4j0 Jo

41+ J0)2 (1 + VI+ %) T+ -7
iy 14+ 3VI+ Jo—4(1+ Jo)? — 67y — 472
41+ J0)2 (1+ VI T0) (201 + %) - Jo)
_ 13(%) Jo r3(Jo)
T8+ ra(J) | 2+ m0(Jo) | TC16+ (o)

Then, the function

ro(Jo) = 41+ Jo)2 (1 + /14 Jo) — 8 = 4(1 + Jo)2 — 4 + 8Ty + 4T2,

17



by the mean value theorem and taking into account that |Jo(U)| < satisfies

8127

ra(To)| < 16| sup |63/ + 00 +8+ 807 <17l (6y/1+170] +8+8171) .

c€[0,1]

16 16 128
0 1 = -
81r2 (6 T Tt 81&2) C2(k)

Notice that, |Jp(U)| < 81 A6 <1 for k> 1. Then, the functions

ra(Jo) =1+3 1+Jo—4(1+Jo)%—6.70—4J()2,
ra(Jo) =4(1+ J0)2 (1+ VI + %) (201 + Jo)? — Jo) — 16
A(=2+ 5T +4T2 + T&) + 4(1 + J0)? (2 + 3T0 + 272),

satisfy
r3(Jo)| < |Jo| sup | m—F—= -6V 1+0Jo—6 83T
() 2 0] s |
3
< |Jo| ( +64/1+ |Jo] +6+8L70!) )
2/1— ||
16 3 16 128
|T3JOU|_ —F——+6\/1+ =5 +6+—= | =G(K)
16 2 2
81 \ 9 /1_8152 81k 81k
and

1
ra(Jo)| < 41J0| sup |54 80Ty + 302 T2 + 3 14+ 0J0(12 + 230 Ty + 1402 72)

o€l0,1]

< 27| (10 +161%0] + 6| J0[* + /1 + 1 T0| (12 +23|%0] + 14|50/

32 256 2° 16 368 297
<10+++ 1+ <12+ +>>:C4(/<a).

<
— 81k2 81k2 = 37k 81k2 81k2 ' 38x4

Notice that (y(k),2(k) and (4(k) are decreasing functions for positive £ and one can
easily checked that (p(1) < 2, (2(1) < 8 and (4(1) < 16. Then, we denote

Cg(li) E 1 + 16 Cg(li)
8—G(k)  812—(o(k) 81k*16 — Ca(k)’

which, by construction, is a decreasing function for x > 1. O

C(k) =

Proof of Proposition 4.6. Let us recall that 7/ = G o R. Then, by Lemmas 4.5, 4.7

18



and 4.8, and proceeding as in the proof of Lemma 4.4,

0 26 0 d 26 0 R U
A = [ Riols+Uyas| < 2| [ 4| 2| [ Bt ),
36 11 36 11
—00 —oo(S—i—U)3 —00 (S+U)3
6 6 0 3 6 0
<mloErmcte [ s Tt [ T
Flsusl 3 o s+ U[S  B[Us 3 (s2+ U
__8 2600( )/0 ds__ _ 8 2609(H)fr(§)
= 17 — 8 14
35|03 T U5 J-oo (1+52)% — 35|U|5  36|U|F 20(F)
Then

s 82yAT() O
H]:l[()]Hg < 273_‘_ 729F(F73) o

Following the same ideas, one has that

0 .
B0/ = | / e R,[0)(s + U)ds

—1is 0 —isR U 4
/ 76 ds / ¢ 2’3(544_ )ds + —
(s+U)3 oo (s4U)3 81

Notice that the first integral in the inequality satisfies that

0 —is —is s=0 4 —1is

[ T
—o0 (s +U)3 (s+0)3 ]y 3o (s+U)s
- 4i 0 —is
S e,
Us 3 J-(s+U)s

Then, proceeding as in the proof of Lemma 4.4,

) g [0 d 209 .(k) [0 d
BO0) <—2g s 20l 5
4 27 7 9 10

9|U|3 —oo s+ U|3 —oo s+ U|3

4 [0 ds 403730%) 0 ds
T T g
oo |5+ U} o5+ U[5
2 28 [0 ds 2095(k) [ ds
< 1 + 4 7 + i 5
0101 LU S 1+ s)F 901 S (14 52)
4C39 3(k) [0 ds
+ 10 FE]
81|U|3 J=oo (1+s2)76

_<2+14\/7?F(§)> 1 +fF(%) 5(k) 1 +2\/7?F(%)CS,3(H) 1
9 8ITE) )| 9r(3) U|s SINCO RN

+U))

2
ds| .

9

/0 —15(1+R23(
—00 (S+U)

S
z
3

2
<=
9

19



Then

3"

> MVAT()  VATEICY(M 1 2VFTGICh() 1
[F2[0]]]s < 5 + o T - 3 po)
5379 81T(g) 9I(3) K 81I'(%) K
An analogous result holds for F3[0].
4.4 Estimates for the derivatives of R
Let o1, 02 > 1 and denote
O[(KJ, Ql) = aO(’%)Qh B(’%a QQ) = ﬂO(H)QQ7

where functions ag and [y as given in Proposition 4.6. Notice that, for k > 1, the
functions a(k, 01) and B(k, g2) are positive functions decreasing in k and increasing in

o1 and g9, respectively.
Then, we consider the closed set defined by

RK(Ql, QQ) = {(Wu,Xu,Yu) S XQ :

where XY and ||-||x were defined in (4.4) and (4.5), respectively. The next two lemmas
give estimates for the functions J and X, introduced in (2.3) and (2.2) respectively, and

their derivatives for functions in the closed domain Ry (o1, 02).

In the following, we omit the dependence of certain functions in g1, 02 and k to

simplify notation.

Lemma 4.9. Let k > 1 and 91,02 > 1 and define the functions

€ — 16+ 2165 168 160 +485> 8af  4a?
Y| 2k 27K2 9k3 | 9ud’
£ = 3241448 803  64a + 19262  8ap
=781 81/{ S1k2 9k3 | 27TKA
16 88
52 - 277 + a. + 9 0.2°
4 8 163
=5+ 0.2 T o3
27k 9k 9k
e 0 86 16a
17 81 27K2’
8 40 6443
5= s T om2 T onn

which are positive functions decreasing in k and increasing in 01 and 02.
Then, for Z" € Ry (01, 02), the following estimate for J(U, Z™) in (2.3) holds,

1T 22 < o

20
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Moreover, its first and second derivatives satisfy

100 T (298 < & OwT (5 29)ls <&, (10xT (252, [0y T (5 292, < &,

and
lOow T (-, Zu)”g < &4, HaUXj(',Zu)Hga l10uy I (-, Zu)Hg <&,
103 T (- Z )H% =9 lowxT (-, Z%)|l1, lOwy T (-, Z%)|1 = g’
10 2
||5XY\7('7ZH)||§ =3 10% T (-, Zu)”%v 1057 (-, Zu)Hg =3

Proof. The estimate for J is a consequence of the following,
40?2 160 16 8af 163 84 232 108?
JWU, Z%)| < + + + + + + +
¢ ) 9|U® " 27|U*  8LIUR  9|UP  27|UP  3|U)P  3U* 9ult
1 (16 + 21673 N 163 N 16a + 4862  8af 402) &

uP\ 8l 27r 27k2 963 " ost) T U
The first derivatives can be bounded by
ov T (U, Z2%)| < 8o 640 32 8aB | 808 168 | 88* 408

< + + + + + +
or|U|” 81U s1|uPP 9wt 81Ut 9luP  9|uP 27 |UP
1 (32 + 1448 808 N 64 + 19232  8af  8a? ) &

TP\ s TR sl 0w 2t T U
8a 16 8 1 16 8 8a
oI (U, 2% <« 0y 0 S L (B B &
glUl= 27|U|5  9|U|s |UJz \2T 9K 9K |3
4o 8 4 2 10
T2 < 8 4 2 1
o|UIF  27|U|F  3|U|F 3|U|F 9|U|
1 (4 8 168 4a) &
B |U|% 3+27/£+9/<;2 +9/¢3 T |U|§,
v T,z < ;.
IYE
and the second derivatives by
u 16 64 83 1 /64 88 16a &
w2 < o P BT L (M ST )
27|U|F 81Uz 9|U|3  |U|3 K K U5
4o 40 8 83 403

’aUXj(Uv Zu)| < T 8 5 T T 11
olU)s  8LUE 9UPE  9|UlE 27 |UlE
1 <8 10, 649 4a) &

_‘Uﬁ 9  8lk 27k2 = 9x3 ‘_|U]%7
&5

Oy T (U, Z%)| < os

Ul3
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8 4 4

2 u| uy| uy| —
2 u 2 u 10 2 u 2
|8XJ(U,Z )|:7é, oxy (U, Z")| = —, |8YJ(U,Z )|: e
3|U|3 9|U|3 3|U]3

Finally notice that, x > 1 and g1, 02 > 1, by Proposition 4.6, a(k, 01) = 01a0(x) and
B(k, 02) = 02080(k) are positive functions decreasing in x and increasing in p; and po.
Therefore, the auxiliary functions &, .., {5 are as well. O

Lemma 4.10. Let g1 € (1,60), o2 € (1,3) and k > 3. Then, for Z" € Rx(o01, 02), the
derivatives of the Hamiltonian KC in (2.2) satisfy

100K 29[ <m, [|OwK(, Z2%)ll2 <2, [0xK(, 295, 10y K(, 2%) |2 <3

and
100w K, Z*) I3 < 4, 100K (-, 2z, 100y K-, 2%z < s,
[GRAC Z_z < 6. 0w K- 2 |, [y K 2 5 <
10xy K (-, Z%)||2 < s, 10%K(-, ZY) |2, 10FK (-, ZY)||2 < 1,
where
&0 4 & a?
=\/1--3 = + 2o
e K2 n 9o (4 — 507761/i*2) 6178 QK2
3o 52 53
772 = 4 + a5 ’[73 = —3,
2 Gy 61
m—at 2oy 08 S PR < S 41
gy 6my - Angw?’ o 6 A2
_3 4 £ 2 §283
=5 27n3 K2 * 4n5kt’ "= 2Tn8 - AnSk’
5, &8 1.8
Mg = ——g + -2, o = —— 4 23
2705 4G o3 " Ang

Moreover, for k > 3, o1 € (1,60) and 02 € (1,3), the functions n1,..,n9 are positive
functions decreasing in k and increasing in 01 and Q2.

Proof. Let us consider first lower bounds for 1+ 7 (U, Z"). By Lemma 4.9, one has that
€o

Iw, 2% < 5.
Notice that, by Proposition 4.6, ag(k) and Sy(k) are decreasing for positive values of &.
Therefore, a(k, 01) and B(k, 02) are decreasing for £ > 0 and increasing for g1, 02 > 0.

Then, by the definition of & in Lemma 4.9,

T (U, Z2")| < jg <1 (4.7)

k=3,01=60,02=3

22



Therefore, by the triangular inequality,

W1+ T,29) 2 117029 2 1 - 5 =, (48)

Next, we consider lower bounds for the denominator 1 + /1 + J(U, Z%). Notice
that, by the mean value theorem and taking into account (4.7),

1
1 U, Z%) — 1| < |T(U, ZY)| s
V1+aW,2%) -1 <17( | sp | s
< o 1 o

= 2k2 /1 57 S 2poR2”
K5\ 1= 1T, Z%)| — 210k

In addition, one can see that,

1+, 27 - 1] < S0

< 2.
27]0,%2

k=3,01=060,02=3

Then, by the triangular inequality,

‘1+\/1+J(U,ZU)

We estimate now the first derivatives of IC. By the formulae in Appendix A, Lemma 4.9,
(4.8) and (4.9), one has that

&o

> 2 — .
- 2770/€2

(4.9)

a? 26 &1

KU, 2% < —— + 1 L
2015 ono(2 — &2l e ) U] 6 U]

1 4 2
. ( b 2+£13+a2>:_mu
U3 \9mo(4d—&mg £72) by 2k U|®

and
3a & 72
owk (U, Z")| = + = ,
U 2N = 0 T S0 T P
Oxk(U, 7Y = =

Z = 1
Uz 6n5  |U[*
u 73
|0y K(U, Z%)| < T

Ul
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Finally, we consider estimates for the second derivatives of K,

a &2 &a &1&2
0w K(U, Z")| < + + +
ol mluP  eng|UP g U

1 ( & & §1&o ) N4

< —la+ 2+ 20+ =M

Lok o T 6mg  Angk?/) T |UP
&3 4 355 . §1§3§
9770’U| 6r'70|U‘3 4770|U’3

1 &3 §5 5153 5

=0 <93 Yo TRt T g

\U| "o m gk |U|3

OuxK(U, Z")| <

|0y K(U, Z%)| <

\UI
and
3|U|3 4 ¢2
2 + 37712 + 5 ; 10
2T (U3 4Ang |U| 3

2 (3 4 £2 2
< |U|3 (7 2 ) = |U]3 ,
> ’ ‘ 2 —+ 2777(:)),1%2 + 4778’%4 ‘ ’ U

KU, 2% <

O x K (U, Z%)| < §283 < 1 ( 2 5253):_|777

2B US  An3 (U T UE \2T - Amgk/ s
777

OwyK(U, Z")| <
|U\

and

5 & g
+ 5 2 27
27770 ’U| 4ng U] |U|
1 &
+ 5 2 27
U 4ng |U| U]
M9
u*

|Oxy K(U, 2%)| <

0% KU, 2%)| <

02K(U, 2| <

Since &g, - - - , &5 are decreasing functions for x and increasing for g, by construction one
can see that the functions 7y, ..,m9 are increasing for p; € (1,60) and g2 € (1,3) and

decreasing for k > 3.

The two previous lemmas provide the necessary bounds to estimate the derivatives

of the function R.
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Lemma 4.11. Assume o1 € (1,60), 02 € (1,3) and k > 3. Then, for Z" € Ri(01, 02),
one has that

[OwRA[ZV]||3 < 11, Hfix721[23u]Hg < vy, H5%f731[27u]ﬂg < vy,
10w R2[Z"][|2 < vs, [0xR2[Z"]|2 < v4, 0y R2[Z"|2 < vs,
HQWR?)[ZUW% < s, |0xR3[Z"]||2 < vs, 1Oy R3[Z"]]|2 < va,

where

2
I/():(l—%) y

v = N4 + 772774; 4 771776’
140 1Z % 140}

Uy = 5 + 7727752) + 77177;7
12 Kk ok

nr o menr  Bne | 28m2me | M3Ne

= —— = 2

Wk K 20 ok o

ms o, mens e w3, Bur, 2Bmenn | msme
V= o e

120 K 140 2% kK 2% K

2

%:@+m@+@h—MT+WW

%) 4 a% VoK kK 2"

Moreover, for o1 € (1,60), 02 € (1,3) and k > 3, the functions vy, ..,vs are positive
functions decreasing in k and increasing in o1 and Q3.

Proof. Let us first look for a lower bound for the denominator 1+ oy K(U, Z"). Notice
that,

< 1.
k=3,01=60,02=3

owk(U, 2| < =5

Then, by the triangular inequality,
2
11+ dw K (U, 292 > (1 - %) = vp.

We now analyze the derivatives of R1[Z"]. Indeed, by the formulae in Appendix A, one
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has that
)4 1274 176
OwR1[ZM(U)] <
| Z wlU® wlUP  w|Uf
< 1 <774 772774+771776>__ V1
TUP \n  we? U’

5 275 mnr
|0xR1[Z"](U)] < 7 + = + T3
w|UPB  wlUls  wlU]3

1 v
< 1 (@Jr 121 mn;) =2
|U‘3 140 K oK |U’3
Oy RA[Z)(U)] < 2.
\U|3

The derivatives of Ro[Z"] satisfy

1 1 2
|8WR2[Z“](U)| < = 777§ + 5772 (1 + 7722) + = 773é i /6771 6 ’U‘?’
Y \|Us  |U|3 U] v \|U[s  |U|3

1 2 v
< <m+nzn7+577e+ 6772776+773776> -
U3 U3

vok = KS 1 VK2 )
1 1 :
]8XR2[Z“](U)| <= < 7782 + 7’22 + 6”2) <1+ 7722> 4+ = n&é + 5771270 T)?é
v \|U" " U] U] v \|U|3 |U|3 ) |U|3

L (ng , mus  m2 . m , Bur, 28mnr | mmr) | w
SQ( s T —+—5+—+ 3 T = 55
|U| ) VoK ) VoK ok VoK VoK ]U|

|ayR2[ZuJ<U>|sl<”92+%> (1+”22>+1 s O )
SN o)\ s ) ol

P (779 mny | B 2B8mn n3777) _
_|U|2 vo 1K? Wk vok3 vk /- |U|2'

A

An analogous procedure leading to the same estimates holds for the derivatives of R3.
Finally, since ny,--- ,n9 are decreasing functions for x and increasing for ¢; and g2,

one can see that the functions vy, --- ,v5 are increasing for o1 € (1,60) and o2 € (1,3)

and decreasing for k > 3. O

4.5 The Lipschitz constant of F

The next lemma gives estimates for the Lipschitz constant of the operator F in (4.2)
with respect to each variable.

Proposition 4.12. Assume v € (O,arctan @), k>3, 01 € (1,60), 02 € (1,3). Then,
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for any Z*, A= Ry (01,02), one has that
|12 = FZ"s < SIw = W s ol - X" ol -V,

- v ~
I7202°) = FlZ'lg < IW =g+ X0 =X+ SV =T,

~ ]j o~
[F3[Z%] = F3[2%]l]s < K%HW“ - Wullg HXu X“H4 + ||Yu =YY,
where
INES .
;izyiﬁ 1(13), fOTi:1,2, ’I‘/’]: VJ T fOT’j:?),4,5
2I() siny(cosy)3

and v; are the functions introduced in Lemma 4.11. Moreover, for k > 3, o1 € (1,60)
and 02 € (1,3), the functions v;, i = 1...5, are positive functions decreasing in K and
increasing in 01 and Q2.
This implies that B B
IF[Z") = F[Z"]||x < L||Z" — Z"||x,

where

Wﬁ%} (4.10)

1 ~
L = max {2+2V2, 5
K K

Proof. To estimate the Lipschitz constant, we first estimate each component R;[Z"]| —
R;[Z"] separately for j = 1,2,3. By the mean value theorem we have

Ri(2" — R, (2" = [ /0 DR,[s7% 4 (1 S)Zu]dsl (2" — 7Y,

Then, for j = 2,3,

IRA[Z"] = RA[Z"]1x < [W* = W"|s sup [[9wRale]lls

% peB(o)
+ X" = X5 sup [OxRalplllz + Y = Y"ls sup [|oyRalg]lz,
% peB(o) 3 ® peB(o) 3
IR;(2%) = Ry[Z2%ls < IIW" = W"|ls sup [owR;[ell_s
3 (PGB( 3
FIXY = XY sup |OxR;lelllo + VY= Ya sup [0y R;[¢]]o-
3 veB(o) 3 veB(o)

Applying Lemma 4.11, we obtain
IR1[Z") = RalZ%l|n < W™ = Wols + v X = X3 + vl Y™ = Vs,

~ v -~ 1% =~ vV =~
IR2[2"] = Ra[Z%]a < 5 IW*™ = W5 + —inxu — XYa Y YY
3 K 3 K 3

IRs(2) — Ra(2°)]

IN

1% ~ 1% ~
2w~ W“Hs+ XY = X4 4 ][V = Y
K 3 K 3
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Finally, applying Lemma 4.4, for all 0 < ¢ < v, we obtain the following estimates

~ VaL(3) [ — - -
u] u < 3 |:7 u _ u u_ yu u_ yu :|
172" = AlZ]s < oT(1L) SIS = WU | X = XU | Y = YY4 ]
~ 1 v —~ v, =~ v ~
112 = Bl 2Vl < ———— [ IW" = W ls + S5 X° = X4 + v = V5],
3 sino(coso)s LR 5 K 5K 3
~ 1 —~ ~ ~
| Fa[2") - FolZ¥)lls < S IW = W+ S5 = X+ v =V
K 3 K 3 K 3

sin o (cos U)%

Let us notice that f(o0) = —L1—— has a minimum at ¢, = arctan(y/3/2) and is
sino(coso)3
decreasing for o € (0,7) since we are assuming that v € (0, arctan(v/3/2)).
Then, defining

5 Val(3) RVZINEY
1= 2F(%) V1, Vg = 21_,(%) vy,
v3 = f(v)vs, vy = f(y)va, vs = f(7)vs,

one has that

IFZ2 = FZYs < 2 W™ — W + )| X — XV[a + Do Y — VY4,
3 K2 3 3 3

U3 v, %

17(2") - RIZ < 2

W™ = s + [ X = Xa + [V = V",
3 K 3 K 3
~ v —~ v ~ 1% ~
1F[2%) = Fa[ZV)|s < W™ = W[5 + 2| X" — XO|s + 5[V = Vs
3
K 3 K 3 K 3

O]

From now on, we emphasize that all the constants {;, n;, v; and v; are in fact functions
of o1, 02, k and . From now on we will write this dependence explicitly.

To apply Proposition 4.12 we first need to impose that F : Rx(01, 02) = Ry (01, 02)
is well defined.

Proposition 4.13. Assume o1 € (1,60), 02 € (1,3), kK > 3, v € (O,arctan(@)) and
denote

v1(k, 01, ~
gl("ia 01, Q?aV) = (Ql -1- 1(’€21Q2)Q1> aO(K’) - 2V2(K’7 01, QQ)QQ/BOL%)v

/174(’%3 01, QQ?V) + 55("{’ 01, QQaV)
2
K

92(’43’ Q17Q27’Y) = (Q? —-1-

2) fols)

. 53("/‘77 01, QZ?F}/)
/{2

Then, F : Ry(o01, 02) — Ry(01, 02) is well-defined provided

QlOéo(fi).

g1(k,01,02,7) >0  and  g2(k, 01, 02,7) > 0. (4.11)
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Proof. Let Z" € Ry (01, 02). Then, by Propositions 4.6, 4.12 and for j = 2, 3,

IR s < IR - A0l + 17005 < (1+ 5o ) aols) + 22e260(s),
1712905 < 1512 - £l + 170l < Soraote) + (1+ 25 63) o)

We need to impose that F[Z"] € R(01, 02), which leads to the conditions
IF1{Z%ls < erao(k) and || F5[Z]|ls < 02f0()-
O

Remark 4.14. Let o1 = 40, 0o = 2 and v = 0.5 and consider the functions g1 and gs
constidered in Proposition 4.13. Then,

91(6,40,2,0.5) ~ —0.0626, 92(6,40,2,0.5) ~ —0.0665,
91(7,40,2,0.5) ~ 0.1613, 92(7,40,2,0.5) ~ 0.1836,
91(8,40,2,0.5) ~ 0.2851, 92(8,40,2,0.5) ~ 0.3226.

Notice that we take 91 = 2003. This ratio is considered because

2
Po(r) _ 243 (2 n 14\/”(3)) ~ 20.3323.

lim =
9 81 F(g)

K—+00 (k) 8

However, other ratios may be considered.
Now we are ready to prove Theorem 3.1.

Proof of Theorem 3.1. The first step to prove the theorem is to choose suitable constant
so that we can apply Proposition 4.13.

Indeed, choosing k = k* = 6.24 (see (3.1)), v = 0.5, o1 = 2002 and gy = 1.9, one has
that (4.11) is satisfied. Indeed

g1(k, 01, 02,7) > 0.0371 and g2(k, 01, 02,7) > 0.0047.

These values are chosen to obtain a small value for p*(k*,v) (see (2.9)).
Moreover, the constant L in (4.10) satisfies

0<L<093<«1

and therefore, by Proposition 4.12, the operator F is contractive from R, (o1, 02) to
itself. Thus, it has a unique fixed point. This completes the proof of Theorem 3.1. [
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5 Difference between the solutions of the inner equation

To prove Theorem 3.2, the first step is to provide for a good approximation of the

solution of the inner equation “close to infinity”. To this end, we define the domains
Dy,={U €D, : ReU < -n}, D;,=-D;,,

where D)}, D}} are the domains introduced in (2.8) and 1 > k.

We provide an analogue of Theorem 3.1 in these smaller domains with large n. This
will provide lower values for the constants b1, bs.

Proposition 5.1. The functions Z°(U) = (W°(U), X°(U),Y*(U)T, o = u,s, intro-
duced in Theorem 2.2 are defined in Dy . for

1
K*=6.24, ~= 3 and n* =1000.
In addition, they satisfy that, for U € D;. o

USWeU)| <bi,  [USX(U)| <bs,  |USY®(U)| < b,

where 3 3
b <0.7, by < 0.71.

The proof of this proposition follows exactly the same lines as the proof of Theo-
rem 3.1. Indeed, it is enough to point out that the only difference is that to prove the
theorem we strongly used that

dist(D}, 0) > k,

whereas now

dist(D;; ,,, 0) > 7.

Taking this fact into account, the proof goes through verbatim replacing « by 7 in the
estimates.

To validate the condition (3.2) from Theorem 3.2 we use the bounds on Z" and Z*®
from Proposition 5.1 which are valid in the domains Dy. . and Dy. ., respectively, and
propagate them to the section {ReU = 0} by means of an interval arithmetic integrator,
and establish that the distance between them is non zero. Our tool of choice for this
task is the CAPD? library [ ]

The CAPD integrator can work with vector fields defined in reals, so our first step
is to rewrite the vector field for the inner equation (2.4) in real form. The method for
doing so is to separate the real and imaginary parts of the equations. To achieve this
aim we consider two additional complex variables

1
1+ J (U, W, X,Y)

*http://capd.ii.uj.edu.pl
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With these variables we can introduce the following notation
H(W,X,Y,A,B)=W + XY +K (W, A, B)

and 31 1
C AB)=--=W?-Z-B?*(A-1). 1
Remark 5.2. Notice that, by introducing A and B, we have achieved that

HUW,X)Y)=H(W,X,Y, AU W, X,Y),B(U)).

with H as given in (2.1). In addition, H is polynomial with the only exception of the
term involving B=2. This term will not present problems in the separation of the real
parts from the imaginary parts of the vector field in the coordinates (U, W, X,Y, A, B),
since it is easy to separate complex numbers z=2 and 272 into their real and imaginary
parts.

We also write

- 4 16 16 4 2
W.X,Y.B)= -W?B?~- —_WB*+ —-B+ (X +Y)B? (W——BZ>
‘7(”’)9 27 +81 +9(+) 3
4- 2 1 2 2 4 10 4
—3i(X-Y)B —g(X +Y*)B + 5 XY B

Note that ~
JUWX)Y)=79 (W, X,Y,B(U)),

where J is given in (2.3)
To derive the formulae for the vector field with the two additional variables A and
B, we first observe that

%4:_; N ! 388‘-7(W7X7Y7B)
’ (1+7 (W, X,v,B))*
7 5.2
—_;A?)?(VV,X,Y,B), fOI'ZﬂE{VV,X7KB}, ( )
X
9A DA OB 0B, 1,
% = aiB(W,X,Y,B)%(B), where %(B)— gB .
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We can now write the ODE (2.4) in the new variables as

oM OH OH 0A

U= aw=aw " aaaw

- OH OH OB OHOA

W:—iz— 774_77’
oU (8B8U 8A8U>

: OH {(OH OHOA

v _o0H_ . @Jr@@i
T~ 'ox T "\ox Toaax )

0A. O0A_. ~0A. O0A.

) OB .
B= —_U.
aUU

Before we discuss expressing (5.3) as a vector field on reals, let us sidetrack to make
a useful comment. To do so, let us introduce a function S : C® — C® defined as

S(UW,X,Y,AB):=(-U,W,-X,-Y, A -B).

(In the above, for z € C we use z for the complex conjugate.) It turns out that (5.3)
has a time reversing symmetry with respect to S. This will be useful later on, and is
expressed in the following lemma and a resulting corollary.

Lemma 5.3. Let F : C® — C° stand for the right hand side of the vector field (5.3).
Then
SoF=—-FoS5.

Proof. The result follows from (lengthy but elementary) direct validation. O

Corollary 5.4. The manifolds Z* = (W", X", Y") and Z° = (W®, X5, Y®) are symmet-
ric in the following sense

W (=0) = Wi (U), X*(-U)=-Xu(U), Y*(-U)=-Y(U), forUeD...

Let us also observe that from (5.2) it follows that the right hand side of the vec-
tor field (5.3) do not depend on U, which means that we can consider only the five
coordinates W, X, Y, A, B obtaining an ODE in C?; instead of an ODE in CS.

The right hand side of (5.3) is ‘almost’ polynomial, with the exception of the terms
involving B~2 and B3, (these terms come from K and its derivatives, see (5.1)). Since
for a complex number z = a + b we have explicit formulae for the real and imaginary
parts of z=2 and 273, namely

22 = (a+ib) % = |z * (a® = b* — i2ab)

23 = (a+ib) > =27 (a (a® — 36%) +ib (b — 3a?)) (5-4)
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re(U) re(U)

Figure 4: The bound on the domain on U within which our trajectory resides is depicted as
the black box. The red line is Im U = —pgy. In blue we have a non-rigorous plot of the trajectory,
which is added to the figure as a point of reference.

we see that a computation of elementary sums and products of complex numbers, com-
bined with (5.4), leads to the separation of the real and complex parts on the right hand
side of (5.3).

Such computation is laborious. (Especially for the formula for A.) We have not
performed it by hand, but have used Wolfram Mathematica [I1nc] to perform these ma-
nipulations. We emphasise that this does not require any sophisticated computations
apart from multiplying complex numbers and grouping the resulting terms into real and
complex parts. We treat the results returned by Wolfram Mathematica as reliable; in
fact more reliable than if they were performed by us by hand. We enclose a short Wol-
fram Mathematica script, together with our code, with which we have performed the
symbolic derivation of the separation of (5.3) into the real and complex parts®. We use
the resulting vector field for our CAPD interval arithmetic computations.

Our objective is to compute a bound on [|[AZ (—ip)| for some p satisfying that
p > po = 7.12. To do so, we first observe that by the S-symmetry of the system (see
Corollary 5.4) we have

IAZ (=ip)|| = [Re (AY (—ip))| = 2|Re (Y" (—ip))]. (5.5)
So, it is enough to show that
[Re (Y*" (—ip))| >0, (5.6)
for some p > pp = 7.12.
To compute a bound on Y" (—ip) we proceed as follows. First, we choose an initial
point
Uy := —2000 — ipo.
Then, from Proposition 5.1 we know that Z" (Uy) is inside of the set

~ _8 ~ _4 ~ _4
2" (Ug) € Zo i= {(W, X,Y) s [W| < bu |Us| 3, |X| < ba|Uo| 5, Y| < Ba U3}

3The code for the computer assisted part of the proof is available on the personal web page of MJC.
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Figure 5: A closeup of the crossing of the trajectory through the section {Re U = 0} projected
onto U on the left (compare with Figure 4), and onto coordinates (ReU,ReY on the right. In
black we have the interval arithmetic bounds. In green, we have singled out the bounds on the
trajectory for two disjoint time intervals, to demonstrate that it indeed does cross {ReU = 0}.
In blue we have a non-rigorous plot of the trajectory, which is added to the figure as a point of
reference.

Let us write I' = {I'(¢) } for the trajectory starting from (Up, Z"(Uy)). Such trajectory is
contained in the unstable manifold. We have obtained a bound on I' by integrating the
ODE (5.3) in interval arithmetic, with the initial condition chosen as the set Zgx A x By,
where

= and By = {Uo_l/g} .

1
Ao {W'“Z“}

We make sure that the interval arithmetic bound on I' is always in {ImU < pp} (see
Figure 4) and that it passes through? {ReU = 0,ImU € [~7.186, —7.18]} (see Figure 5,
left). We also obtain the following bound (see Figure 5, right)

Reny (' {ReU = 0}) € [-0.00075, —0.0005] ,
where 7y denotes the projection into the Y coordinate, which means that
Re (Y" (—ip)) € [-0.00075, —0.0005], for p € [—7.186, —7.18].

This implies (5.6) and we thus obtain (5.5). This concludes the proof of Theorem 3.2.

The computer assisted computation took a minute on a standard laptop. The vast
majority of this time was spent to integrate in interval arithmetic from Uy to reach the
section {ReU = 0}. (Such integration requires to move along the flow for a time roughly
equal to 2000; equal to the distance between Uy and the section).

“In our computer program we have validated that we cross the section {ReU = 0} by using the
Bolzano type argument, which is visualised in Figure 5. The CAPD library does have a built in method
for obtaining bounds for a flow reaching a prescribed section, which is transverse to the flow | 1,
but these have failed in the case of our problem. This is why we have obtained the bound for crossing
of {ReU = 0} without their use.
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A Explicit expressions for the remainder R

We devote this appendix to provide formulas for the derivatives of the function R intro-

duced in (2.6).
We denote Z = (W, X,Y) and assume U € D} (see (2.8)). The function R is defined

as

_ fl(U’Z) ﬁ(U7Z) %(U’Z)
RIZ)U) = <1+g(U,Z)’ 149U, Z)’ 1+g(U,Z))’ (A1)
where
E(Uv Z) = f2(U7 Z) - ng(Uv Z)v ﬁ’)(Uv Z) = fd(Uv Z) +iYg(Uv Z)
and

f = (—8ykK,idyK,—ioxK)",  g=owk

and K is the Hamiltonian given in (2.2) in terms of the function J (see (2.3)).
To give formulas for the derivatives of R, we first compute the second derivatives of

J and K.

Formulae for J(U,Z). The function J given in (2.3) is defined as

AaW? 16w 16 4X+Y) ( 2 )
JWU,Z) = — - + W —
©.2) oUus 21Us  81U7 U 3Us
4i(X-Y) X?+Y? 10XY
- 2 - 4 + 4 -
3U3 3Us U3

Then, its first derivatives are given by

SW?2  64W 32 4AX+Y)W

ouT(U, Z) = — - -
v (. 2) 27U 3 * s1us  81U3 9U?
40(X+Y) 8i(X-Y) 4(X2+Y? 40XY
+ 8 + 5 + 7 - 7
81U3 U3 U3 27U 5
SW 16  4(X+Y
8Wt7(U7 Z) = 7 T T ( )7
9U3  27U3 1o
AW 8 4i 2X  10Y
OxJWU,Z) = — — - — + ,
IO =50 ~ st " st ot
AW 8 4i 2V 10X
dIU,2Z) = — -+

oU  orus | 3U3  3Us | oUS
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and the second derivatives are given by

ouow I (U, Z) =

8UX\.7<U7 Z) =

ooy J (U, Z) =

8
9U

Ry I, Z) =

)

win

\V)

0% T (U, Z) = g

4>
3

16W 64 4(X+Y)
- 5 + 7 2 ’
27U 81Us o
AW, 40, 88X 4OV
90U 8Wwi  9US  9US 27U
AW, 40 8, 8Y d0X
W?  8lUs 99U 9US 27U
4
owxJI(U, Z) = o owyJ(U, Z)
10 )
8ij(U,Z):—4, 8YJ(U72):_7
9U's

Formulae for £ The Hamiltonian K introduced in (2.2) is given by

4

U’

KU, 2) = —2uiw? - 12( ! —1).
4 3U3 \V1+J(U,2Z2)
Then, its first derivatives are
w2 2 1 1 opJ
ok (U, 2) = — ( 1) LT
v s U3 \WI1+JT 6U3 (14 )2
w2 J Ll g
oUs U VI+TIA+VI+T) 6Us (1+7)8
owk(,2) = -Suiw 4 L T
2 6U3 (1+.7)2
oxJ
8XK:(U72): gXiga
6U3 (14 J)2
1 g
WKW, Z) = —5————
6U3 (14+J)z2
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and its second derivatives are

w 1 owJd N 1 ovwJ 1 ouJ - -owd

8UWIC(UaZ):_71_ 5 3 Pl 3 3 5 s
Us 9Us (1+J)z 6Us(1+J)2 4Us (1+J)2
X KU, Z) = — 15 oxJ 3 12 3UXJ3 B 123Ug7-3X5L77
s (1+J)z 6Us (14+TJ)2 4Us (14+J)2
Oy K(U, Z) = — 1 o T 1 OuvJd 1 ouJd-ovT

9U's (1+J)% 6U3 (1+j)% TiE (1+j)% ’
2 2
KU, 7) = -Suty L, O L (OwT)
2 6U3 (1+J)2 4U3 (1+J)2
1 OwxJ 1 OwdT -0xT
aWXIC(U,Z): 3 wX T — - w AX'é :
6U3 (1+J)2 4U3 (1+J)2
1 OwyJ 1 owT - ovT

8WY’C(U7 Z) = 2 3 2 5
6U3 (1+J)2 4Us (1+J)2
2 2
6§{K(Ua Z) = 12 8Xj 3 L 2 (8X~7) 5 )
6Us (1+J)z 4U3 (1+J)2
Oxy K (U, Z) = 12 8XYj3 B 123)(;7'3527’
6Us (1+7)2 4Us (14 J)2
2 2
832/IC(U, 7) = 1 oy J B 1 (ovJ)

3
2

6U3 (1+J): 4U5 (1+ )3

Formulae for the derivatives of R By the expression of R = (R, R2, R3) in (A.1),
one obtains

_8leC(1 + 8W}C) — oyk - 83‘/’C

wR[Z)(U) = (1+ owk)? ’
OuxK(1 4+ 0wkK) — yK - Owx K
OuyK(1+ 0wK) — 0uK - Owy K
Oy R1 [Z](U) = - ( +(1V[_/|_ a)WIC)ZQJ Y .

Analogously, for R, and R3
(OwyK — X - 0%,K)(1 + 0wK) — (0y K — XOwK)03, K

OwR(Z)(U) = i T kP ,
. ,(axy/C - owK-X- 8W)(K)(1 + 8wlC) — (aylc — XawK)aWX}C
8X'7—\J,2[Z}(U) =1 (1 T 8W,C)2 )
B (812/16 - X 8wy]C)(1 + aW,C) — (8le — XawlC)anyC
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OwRs[Z|(U) = —i

OwxK-Y - 8‘%V]C)(1 + owkK) — (OxK — Y@WIC)aa/IC

(14 0wk)? ’
,(6§(IC —Y - OwxK)(1+0wkK) — (OxK = YOowK)owx K
OxRs3|Z|(U) = —
X 3[ ]( ) v (1+8W’C)2 ;
(Oxy K —0wK =Y - 0wy K)(1 4+ 0wK) — (0xK — YOowK)owy K
7 = — .
Oy R3[Z|(U) v (1+ Owk)?
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