arXiv:2312.13819v1 [math.DS] 21 Dec 2023

Coorbital homoclinic and chaotic dynamics in the
Restricted 3-Body Problem

Inmaculada Baldoma!*, Mar Giralt*?, and Marcel Guardia®*

!Departament de Matematiques & IMTECH, Universitat Politecnica de

Catalunya, Diagonal 647, 08028 Barcelona, Spain
2IMCCE, CNRS, Observatoire de Paris, Université PSL, Sorbonne Université, 77
Avenue Denfert-Rochereau, 75014 Paris, France
SDepartament de Matematiques i Informatica, Universitat de Barcelona, Gran
Via, 585, 08007 Barcelona, Spain
4Centre de Recerca Matematica, Campus de Bellaterra, Edifici C, 08193
Barcelona, Spain

December 22, 2023

Abstract

The description of unstable motions in the Restricted Planar Circular 3-Body
Problem, modeling the dynamics of a Sun-Planet-Asteriod system, is one of the
fundamental problems in Celestial Mechanics. The goal of this paper is to analyze
homoclinic and instability phenomena at coorbital motions, that is when the negligible
mass Asteroid is at 1 : 1 mean motion resonance with the Planet (i.e. nearly equal
periods) and performs close to circular motions. Several bodies in our Solar system
belong to such regimes.

In this paper, we obtain the following results. First, we prove that, for a sequence
of ratios between the masses of the Planet and the Sun going to 0, there exist
a 2-round homoclinic orbit to the Lagrange point L3, i.e. homoclinic orbits that
approach the critical point twice. Second, we construct chaotic motions (hyperbolic
sets with symbolic dynamics) as a consequence of the existence of transverse homoclinic
orbits to Lyapunov periodic orbits associated to L3. Finally, we prove that the
RPC3BP possesses Newhouse domains by proving that the energy level unfolds
generically a quadratic homoclinic tangency to a periodic orbit.
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1 Introduction

One of the oldest questions in dynamical systems is to assert whether the Solar System is
stable. More precisely, consider the IV body problem, that is the motion of N punctual
masses under Newtonian gravitational force in the planetary regime (one massive body,
the Sun, and N —1 light bodies, the planets). For this model, one would like to determine
whether the orbits of the planets stay close to ellipses over long time scales or undergo
strong deviations due to the mutual gravitational interaction between planets.

The Arnold-Herman-Féjoz Theorem ensures that there is a positive measure set
of stable motions lying on quasiperiodic invariant tori, see [ , , , ].
However, the “gaps” left by the invariant tori in the phase space leave room for instability.
M. Herman, in his ICM lecture | |, referred to this problem as “the oldest problem
in dynamical systems” and, related to it, he posed the following conjecture. Consider
the N-body problem in space, with N > 3 and assume that the center of mass is fixed
at the origin and that, on the energy surface of level e, the flow is C*°-reparametrized
such that the collisions now occur only in infinite time.

Conjecture 1.1. Is for every e the non-wandering set of the Hamiltonian flow of H.
on H;1(0) nowhere dense in H;1(0)?

Note that this conjecture is not restricted to the planetary regime but is formulated
for any value of the masses of the bodies. This conjecture is nowadays wide open. Even
results proving unstable motions in Celestial Mechanics models are rather scarce. Most
of these results deal with nearly integrable settings, either the planetary regime or the
hierarchical regime (when bodies are increasingly separated) and are tipically of two
different types: chaotic motions (i.e. existence of Smale horsehoes) or Arnold diffusion
(see Section 1.4 for references).

One of the main sources of instabilities are resonances where, typically, hyperbolic
invariant objects with invariant manifolds appear. These invariant manifolds structure
the global dynamics and act as “highways” for the unstable motions. Among these
resonances, mean motion resonances play a fundamental role in the global dynamics
of the Solar System (see, for instance, | , ). They appear when two (or
more) bodies have rationally dependent periods.

The aim of this article is to study instability phenomena and how (some) invariant
manifolds structure the global dynamics at the 1 : 1 mean motion resonance nearly
circular orbits. Such region of the phase space is usually called coorbital motions, since
two of the bodies, at short time scales, perform approximately the same circular orbit.
Many bodies in our Solar System (satellites, asteroids) belong to this region. We focus
on the simplest model where such dynamics arise, that is the Restricted Planar Circular
3-Body Problem (RPC3BP).

The Restricted Circular 3-Body Problem models the motion of a body of negligible
mass under the gravitational influence of two massive bodies, called the primaries, which
perform a circular motion. If one also assumes that the massless body moves on the same
plane as the primaries one has the RPC3BP.
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Figure 1: Projection onto the g-plane of the Lagrange equilibrium points for the RPC3BP on
rotating coordinates.

Let us name the two primaries S (star) and P (planet) and normalize their masses so
that mg =1— p and mp = u, with u € (O, %] Choosing a suitable rotating coordinate
system, the positions of the primaries can be fixed at gs = (u,0) and gp = (u — 1,0)
and then, the position and momenta of the third body, (¢,p) € R? x R?, are governed
by the Hamiltonian system associated to the two degrees of freedom Hamiltonian

h(q,p; 1) = ho(q,p) + phi(g; 1) (1.1)

where

Il 0 1 1
hola.p) =5 =" ( ;¢ e

L1 a-p K
phi(g; p) = llal] llg — (1, 0)]| ||q—(u—1,0)”'

This Hamiltonian is autonomous and the conservation of h corresponds to the preservation
of the classical Jacobi constant.

We analyze this model for g > 0 small enough at coorbital motions. That is, when
the orbit of the third body is close to the orbit of the Planet. It is a well known fact
that (1.1) has five critical points, usually called Lagrange points, which, for x> 0 small
enough, lie at the coorbital motions region, (see Figure 1). The three collinear Lagrange
points, L1, Ly and L3, are of center-saddle type whereas, for small u, the triangular
ones, Ly and Lj, are of center-center type (see, for instance, [ ).

There is numerical evidence that the invariant manifolds of L3 play a fundamental
role in structuring the global dynamics at coorbital motions. Indeed, its center-stable
and center-unstable invariant manifolds act as boundaries of effective stability of the
stability domains around L4 and Ljs (see [ , |). The invariant manifolds
of L3 are also relevant in creating transfer orbits from the small primary to L3 in the
RPC3BP (see | , ]) or between primaries in the Bicircular 4-Body Problem
(see [IN20, D)

Over the past years, one of the main focus of the study of the dynamics “close”
to L3 and its invariant manifolds has been the so called “horseshoe-shaped orbits”,

(1.2)




first analyzed in | |, which are quasi-periodic orbits that encompass the critical
points L4, L3z and Ls. The interest on these types of orbits arises when modeling
the motion of co-orbital satellites, the most famous being Saturn’s satellites Janus and

Epimetheus and near Earth asteroids. Recently, in | |, the authors have proved
the existence of 2-dimensional elliptic invariant tori on which the trajectories mimic
the motions followed by Janus and Epimetheus (see also | , , ], and

[ , , , , | for numerical studies).

The mentioned results deal with stable coorbital motions. On the contrary, the
purpose of this paper is to prove that unstable motions and homoclinic orbits coexist
with them. In particular,

1. We construct homoclinic orbits to L3z for a sequence of mass ratios p tending to
zero. The papers | , , | prove that the 1-dimensional stable
and unstable manifolds of L3 do not meet the first time they intersect a given
transverse section for p small enough. However, we prove that, for the sequence
values of p, they do meet the second time they hit the section (see Theorem B in
Section 1.1 below).

2. We prove the existence of Smale horseshoes, that is of hyperbolic invariant sets with
symbolic dynamics. This is a consequence of the existence of transverse homoclinic
orbits to certain Lyapunov periodic orbits which lie on the center manifold of Ls.
See Theorem C in Section 1.2.

3. We construct Newhouse domains for the RPC3BP by showing that there exist a
Lyapunov periodic orbit around L3 with a quadratic homoclinic tangency which
unfolds generically with respect to the energy (see Theorem D). This leads to the
existence of hyperbolic sets with Hausdorff dimension arbitrarily close to maximal
and to the existence of an infinite number of elliptic islands (see Theorem E in
Section 1.3).

A key point to obtain these results is an asymptotic formula for the distance between
the 1-dimensional stable and unstable invariant manifolds of the point L3 (at a first
crossing with a suitable transverse section) for ;1 > 0 small enough which was proven by
the authors in [ , , | (see Theorem A below).

Together with the already mentioned KAM results provided in | |, the results
presented in this paper show mixed dynamics at coorbital motions. In other words, the
coexistence of stable motions (KAM regime) and unstable motions. As far as the authors
know this is one of the first papers to build Newhouse domains in Celestial Mechanics
(see | ]). See Section 1.4 for a brief discussion on related previous results.

1.1 Homoclinic connections to Lj

The critical point L3 and its eigenvalues satisfy that, as y — 0,

. )
(QL q2:p17p2) = (duao)0>du)’ Wlth du =1 + E/’L + O(:u’g) (13)
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Figure 2: Projection onto the ¢g-plane of the unstable (red) and stable (green) manifolds of Ls,
for u = 0.0028.

and

21
Spec = {i\/ﬁpeig(/‘)v +1 weig(u)} ’ with { pelg(u) _ \/; . O(M)’ (1'4)
Weig(.u) =1+ %,“ + O(NQ)»
(see | ). Therefore, L3 possesses one-dimensional unstable and stable manifolds,
which we denote as W"(L3) and W#(L3). Notice that, due to the different size in the
eigenvalues, the system possesses two time scales which translates to rapidly rotating
dynamics coupled with a slow hyperbolic behavior around the critical point Lg.

The manifolds W"(L3) and W*(L3) have two branches each. One pair, which we
denote by W% T (L3) and WS*(L3) circumvents Ls whereas the other circumvents L4
and it is denoted as W™~ (L3) and W™~ (L3), see Figure 2. Notice that the Hamiltonian
system associated to h in (1.1) is reversible with respect to the involution

U(q,p) = (91, —q2, —p1,P2)- (1.5)

Therefore, by (1.3), L3 belongs to the symmetry axis given by ¥ and the + branches of
the invariant manifolds of L3 are symmetric to the — ones.

In the papers [ , , |, the authors provide an asymptotic formula
for the distance between the 1-dimensional stable and unstable manifolds of L3 at a
transverse section. To present this formula, we introduce the classical symplectic polar

coordinates
cos cos 6 G [ sin6
a=r (sin@) ’ p=R (sin 9) o (— cos 9) ’ (1.6)

where R is the radial linear momentum and G is the angular momentum. We consider

as well the 3-dimensional section
Z:{(T,O,R,G)ERXTXRQ:r>1,0:g} (1.7)
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and denote by (v}, 5, R}, G}) and (73, 5, IR}, G5) the first crossing of the invariant manifolds
with this section (see Figure 2). The next theorem measures the distance between these
points for 0 < u < 1.

Theorem A. (Distance between the unstable and stable manifolds of Lj).
There exists g > 0 such that, for p € (0, po),

A
62, B2 GY) - 5, B, @) = Vigde ™ |jo] 40 (o)
|log

where the constant © € C satisfies

0#0 (1.8)
and the constant A > 0 is given by the real-valued integral
V2-1
A—/ g \/ ‘ dz ~ 0.177744 (1.9)
) 1—zV3@+1)(1 -4z —422) ’ ’
The asymptotic formula in the theorem is obtained in the papers | , ].
Then, in | |, by means of a computer assisted proof, we show that the constant ©

is not zero. The distance between the stable and unstable manifolds of Lj is exponentially
small with respect to /u. This is due to the rapidly rotating dynamics of the system
(see (1.4)) and it is usually known as a beyond all orders phenomenon, since the difference
between the manifolds cannot be detected by expanding the manifolds in series of powers
of u. Due to the symmetry in (1.5), an analogous result holds for the opposite branches.

The goal of this section is to analyze the existence of homoclinic orbits to Ls. To
this end, let us introduce the following definition.

Definition 1.2. Let I'(t) be an homoclinic orbit of (1.1) to the critical point Ls and B,,
a ball centered at Ls of radius p. Then, we say that T'(t) is k-round if

U I'(t)\ B, has k connected components.
€R

o+

Theorem A implies the following corollary.

Corollary A. (1-round homoclinic connections). There exists oy > 0 such that, for
w € (0, o), the Hamiltonian system associated to (1.1) does not have 1-round homoclinic
connections to Lg.

This corollary does not prevent the existence of multi-round homoclinic orbits. Indeed,
E. Barrabés, J.M. Mondelo and M. Ollé in | | analyzed numerically the existence of
multi-round homoclinic connections to Lg in the RPC3BP and conjectured the existence
of 2-round homoclinic orbits for a sequence of mass ratios {1}, oy satisfying p, — 0 as
n — 0o. The first result of this paper proves this conjecture.
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Figure 3: Projection onto the ¢-plane for examples of 2-round homoclinic connection to Ls.
(Left) p = 0.012144, (right) p = 0.004192.

Theorem B. (2-round homoclinic connections). There exists a sequence {fin }n>N,
with Ny big enough, of the form

UL
"= 1+0 ; L
o A peig (0) - logn forn >

where peig(p) is given in (1.4) and A > 0 is the constant introduced in (1.9), such that
the Hamiltonian system (1.1) has a 2-round homoclinic connection to the equilibrium
point Lz. These homoclinic orbits coincide with W™ (L3) and W~ (L3).

This theorem is proven in Section 3. Using the same tools, one can obtain an
analogous result for the homoclinic connections between W™~ (L3) and W**(Ls) (for a
possibly different sequence of mass ratios).

1.2 Coorbital chaotic motions

Next we study the existence of chaotic phenomena associated to Ls and its invariant
manifolds. The Lyapunov Center Theorem (see for instance | |) ensures the existence
of a family of periodic orbits emanating from the saddle-center L3 which, close to the
equilibrium point, are hyperbolic. This family can be parametrized by the energy level
given by the Hamiltonian A in (1.1).

Proposition 1.3 (Lyapunov periodic orbits to L3). There exist pg, 0o > 0 small enough
such that, for u € (0, pg), the Hamiltonian system with Hamiltonian (1.1) has a family
of hyperbolic periodic orbits

I3 = {Pg,g periodic orbit : h(Ps,) = 0> + h(L3), o € (0, Qo)} ,

which depend regularly on o € (0, 00) and satisfy that dist(Ps 5, L) — 0 as o — 0 in the
sense of Hausdorff distance.
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Figure 4: Projection onto the g-plane of the unstable (red) and stable (green) manifolds of the
Lyapunov periodic orbit Ps , (blue), for p = 0.003.

In Proposition 4.1 we state this result in a different set of coordinates and provide
estimates for the periodic orbits. Its proof can be found in Appendix A.

We denote by W"(Ps ,) and W*(P; ,) the 2-dimensional unstable and stable invariant
manifolds of the Lyapunov periodic orbit P3 ,. Analogously to the L3 case, the invariant
manifolds have two branches each. We denote by W™ (Ps ,) and W**(P;,) the ones
that circumvent Ls and, by W™~ (P3 ,) and W~ (Ps ,), the ones that surround Ly (see
Figure 4). By the Smale-Birkhoff homoclinic Theorem (see [Sma67, IKKH95]), proving
the existence of transverse intersections between W™ (Ps ,) and WS (P ,) implies the
existence of chaotic motions on a neighborhood of L3 and its invariant manifolds. More
specifically, we prove the following result, whose proof is deferred to Section 4.

Theorem C. (Chaotic motions). Let A > 0 and © # 0 be the constants given in
Theorem A and gy be as in Proposition 1.5. Then, there exist pg > 0 and two functions

Omin; Omax : (0, 1t0) = [0, 00] of the form

2 1A [ ( 1 )]
min = —|O|use vE |14+ 0O ,
Omin(p) = —-|Oln Tog 1
\6@ 1 A 1
Omax = —|O|use \/‘7[2—{—0( >],
(n) = —-18]p Toe 1

such that, for p € (0, po) and 0 € (Omin(Lt), Omax(1t)], the following statement hold.
1. The invariant manifolds W™t (P ,) and WST(Ps ,) intersect transversally.

2. Consider the section flg = XN {h=0+h(Ls)} with ¥ as given in (1.7) and
the induced Poincaré map P : ig — fg. Then, there exists M > 0 such that
PM has an invariant set X, homeomorphic to ZY, such that PM|x is topologically
conjugated to the shift.



Due to the symmetry in (1.5), an analogous result holds for the transverse intersections
of W™ (Ps,) and W5~ (Ps,).

The chaotic motions induced by the Smale’s horseshoe maps provided in the previous
theorem lie in a tubular neighborhood around the invariant manifolds W"(L3) and

W#(Ls) with the boundary at an energy level of the form h = h(L3) + (’)(uge_%)

To prove Theorem C, we rely on the asymptotic formula given in by Theorem A.
Since W"(L3) and W?*(L3) are exponentially close to each other with respect to |/, the
energy levels where chaotic motions are found are also exponentially close to that of Ls.
In addition, by restricting p one can take gmax(1) bigger (see Theorem 4.2 below).

Moreover, following the same ideas behind Theorem C, we prove that the Lyapunov
periodic orbit at the energy level h = Q?nin(,u) + h(L3) possesses a quadratic homoclinic
tangency.

Theorem D. (Homoclinic tangencies). Denote by f, the flow of the Hamiltonian
system given in (1.1) restricted to the energy level h = o> + h(L3). Let 0o, 10 > 0
and omin () : (0, o) — [0, 00] be as given in Theorem C. Then, for a fized u € (0, po)
and o close to pmin(p), the flow f, unfolds generically an homoclinic quadratic tangency
between W™ (Ps , ) and WS (P, o).

To prove this result, we use the definition of generic unfolding of a quadratic homoclinic
tangency given in | ] (see also Section 1.3 below). The existence of a quadratic
homoclinic quadratic tangency leads to the existence of Newhouse domains for the
RPC3BP. This is explained in the next section. As far as the authors know this is
one of the first constructions of Newhouse domains in Celestial Mechanics (see also

[GR12]).

1.3 Newhouse domains for the RPC3BP at coorbital motions

To describe the dynamics arising from the quadratic homoclinic tangencies provided in
Theorem D, we have to introduce several concepts. We follow the approach in | ,
, .

Consider a symplectic 2-dimensional manifold M. A hyperbolic basic set for a
C" diffeomorphism f € Diff"(M), r > 4, is an invariant compact set A which is
transitive, hyperbolic and locally maximal (it is the maximal invariant set in one of
its neighborhoods U). All the points in A have stable and unstable manifolds, which
are injectively immersed submanifolds depending continuously on the base point. It
is a well known fact that hyperbolic basic sets are robust under C' perturbations and
the dynamics of the perturbed set is equivalent to that of A. We call the perturbed
hyperbolic basic set the hyperbolic continuation of A.

Given two points z,y € A, an intersection point of W7 N W, is called a homoclinic
tangency if the corresponding intersection is not transverse.

We say that A is a wild basic set over an open set Y C Diff" (M) containing f if, for
all maps g € U,

1. The hyperbolic continuation A, is a hyperbolic basic set conjugated to A.
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2. There is at least one orbit of homoclinic tangencies of A,.

The set U is usually called Newhouse region.

Assume that the symplectic diffeomorphism f has a hyperbolic saddle P. Its homoclinic
class H(P, f) is the closure of the union of the transverse homoclinic points to P. It is
well known that H(P, f) is a transitive invariant set. Moreover, H(P, f) is the smallest
closed invariant set which contains all the basic sets of f containing P.

Close to basic sets there will appear plenty of elliptic periodic points with a particular
structure. Let us also describe them. Consider an elliptic periodic point P of period N
of f. We say that P is generic if the two eigenvalues A, A~! lie in the unit circle and
are not resonant up to order 3, that is |A\| = 1, A2 # 1, A3 # 1, and the first coefficient
of the Birkhoff Normal Form of fV at P is not zero. By KAM Theory, around such
points there exists an invariant set, with full Lebesgue density at P, which is a union of
invariant curves for f~, whose dynamics is conjugated to an irrational rotation of the
circle. This structure around P is usually called “elliptic isle”.

We want to analyze the Newhouse phenomenon and the existence of wild basic sets
for one parameter families of symplectic diffeomorphisms, that is a C"-function (9, x) —
fn(x) defined on I x M where I C R is an interval, such that f,, € Diff"(AM) and it
is symplectic. We say that the family f, unfolds generically an orbit of homoclinic
quadratic tangencies at (19, Qo) € I x M, associated to some hyperbolic periodic point
P if, denoting by P, its hyperbolic continuation for the map f,,

1. The stable and unstable manifolds of P for f,,, W*(P, fy,) and W*(P, f,,), have
a quadratic tangency at Qo.

2. If £ is any smooth curve transverse to W*(P, f,,) and W"(P, f,,) at Qo, then
the local intersections of W*(P,), f,) and W*(P,, f,) with £ cross each other with
relative non-zero velocity at (19, Qo).

In | , , | it is proven the following.

Theorem 1.4. Fiz 0 < v < 1. Let f, be a C" one parameter family of symplectic
maps in Diff" (M), r > 6. Let O be a hyperbolic periodic orbit and T' an orbit of
homoclinic quadratic tangencies of fo which unfolds generically at m = 0. Denote by
Oy, the hyperbolic continuation of O and take any small neighborhood U of OUT'. Then,
there is sequence of Newhouse intervals Ay converging to n = 0. Namely, for each
n € Ay, fy possesses a wild hyperbolic basic set Ay, which depends continuously on n
(with respect to the Hausdorff distance), such that Oy, C Ay, C U.
Moreover, for each k > 1,

e For every n € Ay, the Hausdorff dimension of Ay, satisfies
dimgAy, >2—v.
e Given any periodic point P, € Ay, (in particular, Oy ), there is a dense subset Dy, C

Ay, such that for every n € Dy, the periodic point P, has an orbit of homoclinic
tangencies.

11



e There is a residual subset R C Ay such that for every n € Ry,

1. The homoclinic class H(Oy, f,) is accumulated by generic elliptic periodic
points of f,.

2. The homoclinic class H(Oy, f,) contains hyperbolic sets of Hausdorff dimension
arbitrarily close to 2. In particular dimg H (P, f,) = 2.

We apply this result to the quadratic homoclinic tangencies of the invariant manifolds
of the Lyapunov periodic orbit around Lg for the RPC3BP obtained in Theorem D. Since
the RPC3BP is autonomous, the energy is conserved. Then, it can be seen as a family
of 3-dimensional' flows depending on two parameters: the mass ratio ¢ and the energy
h. We denote these flows by <I>Z7 5. Doing an abuse of language, in the next theorem, we
use the concepts defined above (basic set, homoclinic class, generic elliptic orbit, etc)
referred to flows instead of maps.

Theorem E. (Newhouse phenomenon for the RPC3BP). Fiz 0 < v < 1 and
w € (0,p0). Let P = P3, . ) be the Lyapunov periodic orbit of @L hu) with ho(p) =
02 (1) + h(L3) obtained in Theorem D. Let T' be the associated orbit of quadratic

homoclinic tangencies obtained in the same theorem. Take any small neighborhood U of
PUT. Then,

o There exist h* > ho(u) and a sequence of Newhouse intervals A = Ag(p) C
(ho(p), hs) converging to ho(p). That is for each h € Ay, the flow <1>L7h possesses
a wild hyperbolic basic set Ay p, which depends continuously on h (with respect to
the Hausdorff distance) such that Ay, C U and Ay p, contains Py, the hyperbolic
continuation of P.

e For every h € Ay, the Hausdorff dimension of Ay j, satisfies

dimgAgp >3 —v.

e Given any periodic orbit Qn € Ay (in particular, Pp), there is a dense subset
Dy, C Ay such that for every h € Dy, Qp has an orbit of homoclinic tangencies.

o There is a residual subset Ry C Ay such that for every h € Ry,

1. The homoclinic class H(Pp, @th) is accumulated by genmeric elliptic periodic
orbits of @Z’h.

2. The homoclinic class H( Py, (I)Z,h) contains hyperbolic sets of Hausdorff dimension
arbitrarily close to 3. In particular dimpy H (Pp, (I)Z,h) =3.

This theorem is a consequence of Theorems D and 1.4. Note that one cannot define

a global Poincaré map in the energy levels considered. However, the proofs in | ,

, ] only rely on an induced map close to the periodic orbit. To construct

it, it is enough to consider a local transverse section to the periodic orbit and therefore
their proofs also apply to our setting.

!The energy level is not a manifold at the energy value of L3, however it defines (locally) a manifold
for energy levels close enough to that of the Lyapunov orbit with a quadratic homoclinic tangency.

12



1.4 State of the art

A fundamental problem in dynamical systems is to prove whether a given system has
chaotic dynamics. For many physically relevant models this is usually remarkably
difficult. This is the case of many Celestial Mechanics models, where most of the
known chaotic motions have been found in nearly integrable regimes where there is
an unperturbed problem which already presents some form of “hyperbolicity”. This is

the case in the vicinity of collision orbits (see for example [ , , , )]
or close to parabolic orbits (which allows to construct chaotic/oscillatory motions),
see | , , , , , , , |. There are also

several results in regimes far from integrable which rely on computer assisted proofs
[ ) ’ ’ ]

The problem tackled in this paper is radically different. Indeed, if one takes the limit
@ — 0in (1.1) one obtains the classical integrable Kepler problem in the elliptic regime,
where no hyperbolicity is present. Instead, the (weak) hyperbolicity is created by the
O(u) perturbation. The bifurcation scenario we are dealing with is the so called 0%iw
resonance or Hamiltonian Hopf-Zero bifurcation. Indeed, for g > 0 the Hamiltonian
system given by h in (1.1) has a saddle-center equilibrium point at Ls. However, for
= 0, the equilibrium point degenerates and the spectrum of its linear part consists in
a pair of purely imaginary and a double 0 eigenvalues, (see (1.4)).

Most of the studies in homoclinc phenomena around a saddle-center equilibrium are
focused on the non-degenerate case where all the eigenvalues have comparable size, see
[ , ) , ) ]. However, for close to resonance 0%iw cases,
to the best of authors knowledge, the results are more rare. The generic unfolding of
the reversible 0%iw resonance is considered in | , | where the author proves
the existence of transverse homoclinic connections for every periodic orbit exponentially
close to the origin and the breakdown of homoclinic orbits to the origin itself. In | ],
the authors show the existence of homoclinic connections with several loops for every
periodic orbit close to the equilibrium point for a generic unfolding of a Hamiltonian
0%iw resonance. Note that the unfolding of the 0%iw resonance in the RPC3BP is highly
non-generic due to the strong degeneracies of its Keplerian approximation.

The work here presented shows the existence of homoclinic connections for both the
equilibrium point and periodic orbits (exponentially) close to the equilibrium point. In
the case of the (non-Hamiltonian) Hopf-zero singularity, we remark the strongly related
work | ]. Also, in | |, the authors use similar techniques to analyze breather
solutions for the nonlinear Klein-Gordon partial differential equation.
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2 Scaled Poincaré variables and previous results

Let us notice that, for the unperturbed problem h in (1.1) with u = 0, the five Lagrange
point disappear into a circle of degenerate critical points. For this reason, in | ], we
introduced a singular change of coordinates to obtain a new first order Hamiltonian which
has a saddle-center equilibrium point (close to L3) with stable and unstable manifolds
that coincide along a separatrix.

First, in Section 2.1, we introduce the main features of this change of coordinates and
its relation to L3. Then, in Section 2.2, we state Theorem 2.4, which is a reformulation
of Theorem A in the new set of coordinates.

2.1 A singular perturbation formulation of the problem

Applying a suitable singular change of coordinates, the Hamiltonian A can be written as
a perturbation of a pendulum-like Hamiltonian weakly coupled with a fast oscillator. We
summarize the most important properties of this set of coordinates, which was studied
in detail in | ].

The Hamiltonian h expressed in the classical (rotating) Poincaré coordinates, ¢7° :
(N, L,n, &) — (q,p), defines a Hamiltonian system with respect to the symplectic form
dANdL + i dn A d€ and the Hamiltonian

HPoi — (I)Z’Oi + MHFOi> (21)
with
) 1 )
Hgm(La n,§) = 57z L+ né and HFOI = h1 o ¢poi- (2.2)

Moreover, the critical point L3 satisfies

and the linearization of the vector field at this point has, at first order, an uncoupled
nilpotent and center blocks. Since ¢ is an implicit change of coordinates, there is no
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explicit expression for H}°'. However, since H}° is analytic for |(L — 1,7,£)| < 1, it is
possible to obtain series expansion in powers of (L —1,7,&) (see | , Lemma 4.1])

In addition, since the original Hamiltonian A is reversible with respect to the involution
U in (1.5), the Hamiltonian HY° is reversible with respect to the involution

(I)Poi()‘JL)nvg) = (_>‘7L7£777)' (24)

To capture the slow-fast dynamics of the system, we perform the singular symplectic
scaling

(255 : ()\7 A7 x? y) '_> (A7 L7 n? 5)7 L = 1 —"_ 62A7 n = 51.7 5 = 5y7 (2'5)

and the time reparametrization ¢t = 6 ~2¢', where

N

0= ps. (2.6)

Defining the potential
1
V2 +2cos\’

the Hamiltonian system associated to HT°', expressed in scaled coordinates, defines a
Hamiltonian system with respect to the symplectic form dA A dA + idx A dy and the
Hamiltonian

V(\) = H°(X,1,0,0;0) =1 — cos A — (2.7)

H = Hy + Hosc + Hy, (2.8)
where
Hy(\A) = —gzﬁ PV, Hoelry:0) = 5, (2.9)
(o1 1
and
Fy(z) = (—#—(er)) +§+§z2—0(z3) (2.11)
PN 2(1 4 2)2 2 27 ' ‘

We introduce a suitable neighborhood where the coordinates (A, A, z,y) are defined.
For ¢y > 0 we define the domain

Ur(co,c1) = {(N\ A, 2,T) € R/20Z x R x C* & |7 — A| > ¢, |(A,2)| <1} . (2.12)

For technical reasons, we consider some of the objects of the system in an analytical
extension of the domain Ug. In particular we use the domain

Uc(co,e1) = {(N\ A, 2,y) € C/2nZ x C* : |1 — Re A| > co, |(Im A, A, 2,9)| < e1}. (2.13)

The next proposition states some properties of the Hamiltonian H.
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Proposition 2.1. Fiz cy,c; > 0. Then, there exists 6o = do(co,c1) > 0 such that, for
5 €(0,00), one has that

e The Hamiltonian H in (2.8) is real-analytic in the sense of H(A A, x,y;6) =
H(\ A, y,x;8) in the domain Uc(co,c1).

e There exists by > 0 independent of 0 such that, for (\,A,z,y) € Uc(co,c1), the
second derivatives of the Hamiltonian Hy given in (2.10) satisfy
|03 H1 |, |0xeH |, [0xyH1| < bod, |0\ H1 |, |03 Hi| < bod?,
}aiHl} ) |8:vyH1| ) |65H1| < b0627 |6AxH1‘ |0AyH1| < b053~

Moreover?,

|8a1,oc2,a3H1’ S bO(S? with Q1,09,03 € {)\7A7x7y} .

Proof. The first statement follows from | , Theorem 2.1]. The second statement
is a consequence of [ , Lemma A.3]. O

Remark 2.2. Consider M C C* a symmetric subset with respect to R*. We say
that a function ¢ = (Cx,CA,CayCy) : M — Uc(co, c1) is real-analytic if, for m € M,

O (m) = Ga(m), (a (M) = Ca(m), G (M) = ¢y(m) and ¢, (M) = Cx(m). Notice that, as
a consequence, ((m) € Ug(co), for m € M NR*.

Notice that, by (2.4), the Hamiltonian H is reversible with respect to the involution

(I)()‘vAvxay) = (_)‘7Aa y7x)7 (214)

which has symmetry axis
S={A=0,z=y}. (2.15)
In the next proposition, proven in | , Theorem 2.1], we obtain an expression and

suitable estimates for the equilibrium point L.

Proposition 2.3. There exist §o > 0 and by > 0 such that, for 6 € (0,dy), the critical
point L3 expressed in coordinates (\, A, x,y) is of the form

£(5) = (0,62£4(8),6%£,(5),6°¢,(5)" €8, (2.16)
with [LA(0)], |£2(0)],|£4(8)] < b1 and S as given in (2.15).

The linearization of £(d) is given by

0 -3 0 0
7
I 0 0 o0
8 X
° 0 4 o |TO0
0 0 0 —%

20One can obtain more precise estimates for the third derivatives of H;. However, these rough estimates
are sufficient for the proofs of this paper.
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Figure 5: Phase portrait of the system given by Hamiltonian H,(\, A) on (2.9). On blue the
two separatrices.

This analysis leads us to define a “new” first order for the Hamiltonian H in (2.8) as
Ho(A A2, y36) = Hp(A, A) + Hose(2, Y3 6), (2.17)

and we refer to Hy as the unperturbed Hamiltonian and to Hj (see (2.10)) as the
perturbation.

Notice that the unperturbed Hamiltonian is uncoupled. In the (z,y)-plane, it displays
a fast oscillator of velocity 5% whereas, in the (A, A)-plane, it has a saddle at (0,0) with
two homoclinic connections or separatrices at the energy level Hp(\,A) = —3, (see
Figure 5). We define

1
Ao = arccos (5 — \/5) , (2.18)

which satisfies H,(Xo,0) = Hy(0,0) = —3 and corresponds with the crossing point of
the right separatrix with the axis {A = 0}.

2.2 The invariant manifolds of L;

The unstable and stable manifolds of the critical point £(J) for small values of §, have
two branches, which are symmetric with respect to the involution (2.14) (see Figure 2).

For 6 > 0, we denote by W"(£) and W5(£) the 1-dimensional unstable and stable
manifolds of £(J). In addition, as done in Section 1, we consider each branch independently.
Let 14 be the flow given by the Hamiltonian H and e; = (1,0,0,0)7. We denote

WHT(g) = {z EW'(L) + lim (y1(2) e1) = o+} : W™ (&) = & (W),
Wwet (L) = {z EWI(Q) + Egloowt(z), e1) = 0+} : Wh (&) =@ (W),

the branches of W°(£), for ¢ = u,s.

Next result, proven in | , Theorem 2.2], gives an asymptotic formula for the
distance between the first intersection of the one dimensional manifolds W™ (£) and
WSt (L) on a suitable section. In particular, Theorem A is a consequence of this result.
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Theorem 2.4. Fiz an interval [\, 2] C (0, o) with Ao as given in (2.18). There
exists 09 > 0 such that, for § € (0,00) and A € [A1,A2], the invariant manifolds
W (L) and WHT (L) intersect the section {\ = A\, A > 0}. Denote by (A, A}, z¥,y})
and (A, A, x5, y3) the first intersection points of the unstable and stable manifolds with
this section, respectively. They satisfy

u s 14 1 u s i s
i —ys = V205e {®+O<llog6>}’ Ty —Ts =Ys — Ys»
u_As =0 (§ie iz
0 4 € )
where A >0 and © € C\ {0} are the constants described in Theorem A.

To prove Theorem C and D, it will be convenient to analyze the distance between
the invariant manifolds in the “horizontal section”

Yo = {()\,A,J:,y) € Ur(cp,c1): A= 522A(5), H(\A, z,y) = H(£(5))} , (2.19)

within the energy level of £(6), where (z,y) define a system of coordinates. The following
corollary is a consequence of Theorem 2.4. It is proven in Appendix B.

Corollary 2.5. There exists 69 > 0 such that, for every 6 € (0,dy), the invariant
manifolds W™ (&) and WSt (&) intersect the section $o. Denote by (A§,62€4, 2%, y¥)
and ( 3,5221\@3,3/3) the first intersection points of the unstable and stable manifolds,
respectively, with the section. Then, they satisfy

u S u S l —A 1
2§ — 25| = |y§ — 3| = V203e 5 [|@| + 0O <llogd\ﬂ .

3 2-round homoclinic orbits to L3: Proof of Theorem B

In this section we study the existence of 2-round homoclinic connections to the £(4) (see
(2.16)) for certain values of the parameter ¢ and we prove Theorem B. We first restate

it referred to the Hamiltonian (2.8) (recall that § = pi, see (2.6)).

Theorem 3.1. There exist No > 0 and a sequence {0 }n>n, Satisfying

5n:\8/§\4/£<1—|—0< 1 )), forn > Ny,
21V onrw logn

such that, for eachn > Ny, there exist a 2-round homoclinic connection to the equilibrium

point £(8,,) between W™ (L) and W~ (£).

The rest of this section is devoted to prove this theorem.

To prove Theorem 3.1, we take advantage of the fact that the Hamiltonian H is
reversible with respect to the axis § = {A =0, z =y} (see (2.15)). Therefore, by
symmetry, it is only necessary to see that there exists a sequence of § such that W% (£)
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Figure 6: Projection into the (A, A)-plane of the unstable and stable manifolds and its
intersections with the symmetry axis and section {\ = A, A > 0}.

intersects the symmetry axis S, see Figure 6. To this end, we extend the manifold
WUT (L) from the section {\ = A, A > 0}, studied in Theorem 2.4, to a neighborhood of
the critical point £(d) and look for intersections with S. To study the invariant manifolds
near £(J), we use a normal form result for Hamiltonian systems in a neighborhood of
a saddle-center critical point. Note that, the classical normal form result by Moser
in | ] is not enough for our purposes. Indeed, we need to control that the radius
of convergence of the normal form does not goes to zero when § — 0. For that reason,
we apply a more quantitative normal form obtained by T. Jézéquel, P. Bernard and
E. Lombardi in [ ]

3.1 Proof of Theorem 3.1

To prove Theorem 3.1, we first perform a detailed local analysis of the Hamiltonian
H in (2.8) close to the equilibrium point £(4). In the next proposition we introduce
the normal form result given by T. Jézéquel, P. Bernard and E. Lombardi in | ]
adapted to the Hamiltonian H. Then, in Proposition 3.3, we translate the results in
Theorem 2.4 and the symmetry axis S in (2.15) into the new set of coordinates provided
by the normal form.

Proposition 3.2. There exist &g, 00,c0,c1 > 0 and a family of analytic changes of
coordinates

Fs: B(oo) = {z eRY:|z| < Qo} — Ur(co, c1)
(Ul,’UJl,UQ,?UQ) — ()‘7Aax7y)a

defined for ¢ € (0,08p), with the following properties:
1. It is canonical with respect to the symplectic form dvy A dwy + dvs A dws.

2. F5(0) = £(6).
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3. The Hamiltonian H (see (2.8)) in the new coordinates reads

H(vi,wr, v, we;d) = H(Fs(v1,wi, v, wa);6) — H(L(6);9)

a(9)

S5z (V8 +wd) + R(viw, v3 +w3; ),

= viwy +

where () is a C*-function satisfying that a(8) = /= + O(6*) and R satisfies
|R(v1w1,v3 + w33 6)| < C|(viws,v3 +w3)|?,
for (vi, w1, v2,w2) € B(gg) and C > 0 a constant independent of 6.

The proof of this proposition, which is a consequence of the results in [ |, is
explained in Section 3.2. Observe that the equations associated to the Hamiltonian H
are of the form

U1 = U1 (1 + O R(viwy, v3 + wi; 5))

wy = —wi (1+ MR (viwr, v3 + w3; 3))

)
Uy = wo <o¢(§2) + 209 R (viwy, v + w3; 5)) (3.1)
0
Wy = <a§2) + 207 R (viw1, v3 + w3; 5)) .

Since this system has two conserved quantities, viw; and v% + w%, its solutions are

vi(t) = v (0)e,
wi(t) = wi(0)e _”lta

(120) = (o, ) (20,

where, for (v1(0),w1(0),v2(0),w2(0)) € B(oo),

(3.2)

v1 = v1(8) = 14 R (v1(0)w1(0),v3(0) +w3(0); 6) >0,

a(d) (3:3)

vy = 1a(8) = —5- +205R (v1(0)w1(0), v3(0) + w3(0);6) > 0.

Notice that the local unstable and stable manifolds are given by {w; = v2 = wy = 0}
and {v1; = vy = wy = 0}, respectively.

Proposition 3.3. Consider the constants pg, dg given by Proposition 3.2. Then,

1. There exists A\ € (0,\) and 01 € (0,dp) such that, for any 6 € (0,01), the first
intersections z}(A.) and z3(\) of the invariant manifolds W (&) and WT(£)
with the section {A = A\, A > 0} respectively (see Theorem 2.4), satisfy that

(v1, wi, vy, wy) = Fs (25(Aa(0)),  (vf, wi, 03, wh) = Fi (z5(A(0))  (3.4)

20



(v}, wi)

\) B(QO) SIOC

Figure 7: Representation of the unstable and stable manifolds in local coordinates
(v1, w1, v2,ws) given in Propositions 3.2 and 3.3.

belong to the ball B(oo).
Moreover, there ezists o € (0,00) such that, for § € (0,01), these points can be

written as

ot ok +0 ()]
v} = ——0"3¢ 2 || +0(—=]], v} =0,
wi‘-g—{—@(&%e*é%), w] = o,

21 1

8= YAy s [Re@+o<)}, vy =0,

|log d]

u 21 1 _ A 1
w2:344§53e 52 |:—Im®+0<|1g6’):|, w2:O

2. Let S = {\ =0,z =y} be the symmetry axis (2.15) of the Hamiltonian H. There
exist real-analytic functions W1, Wy : B(gg) x (0,00) — R and a constant C > 0
such that the curve

Sioe = {v1 + w1 = ¥y (v1, w1, v2,w2;8), wr = Wa(v1, w1, vz, w2;6)} (3.5)
satisfies that Fs5(Sioc) C S and, for (vi,wr,ve,we;d) € B(oo) % (0,d),

(a) ¥y (v, wr,ve, wa; )| < CF |(v1, w1, v2,w)| + C | (v, w1)?,
(b) |Wa(vi,wr, v, we;d)| < CO|(vi,wr, v, wa)l.

This proposition is proven in Section 3.3.
From now on, we work in the set of local coordinates (v1, w1, v2, ws) € B(og) given in
Proposition 3.2. Then, to prove Theorem 3.1, it remains to extend the unstable manifold
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from the point (v}, w}, vy, wy) given in (3.4) and to analyze for which values of 6 > 0 it
intersects with the symmetry curve Sy, given in (3.5), (see Figure 7).

To give an intuition of the proof of Theorem 3.1, in the next lemma, we consider the
intersection of the unstable manifold with a convenient “first order” of the symmetry
axis Sjpe. From now on, we denote by C any positive constant independent of é.

Lemma 3.4. Let ®"(¢;0) be the trajectory of the Hamiltonian system given by H in
Proposition 3.2 with initial condition (v{, wY, vy, wy) as given in Proposition 3.3. Then,
there exist No > 0 and sequences {Ty}n>n, and {0y }n>nN, such that, for n > Ny,

~

Q)(T )E{Ul—l-wl—() UJQ—O}

~ / [ A 1
n:884<1—|—(9<>), for n > Ny,
21V nrw logn

where A > 0 is the constant introduced in Theorem A.

Moreover,

Proof. Let (vi(t),w1(t),v2(t), wa(t)) be a trajectory of the Hamiltonian system given by
H. We want to find 6 > 0 such that there exists T(? > 0 satisfying

(v1(0), w1(0),v2(0), w2(0)) = (vf, wi, vy, w),
(’Ul( ),wl(T ) UQ(T(?),U]Q(T(?)) €{U1+w1:0, WQIO}.
In other words, using (3.2),
0ien Ty 4 te Ty = 0, (3.6)
cos(va T wy — sin(veTP)vy = 0,

where, by its definition in (3.3) and Proposition 3.3, one has that

n=1100)=1+0 (5’%ef%> , vy = 1»(0) = 512 \/74— 0 (8%). (3.8)

For any ¢ small enough, equation (3.6) has the solution

1 1 A 1
Téoz—ln(—vlu)— log5 log(%\@\g )+(’)(| 5|>

211 wy 52

A

-5

Next, we study equation (3.7). Let us denote 6 = arg ©. From Proposition 3.3,

21 1 _ A4 1
2 = 344 3 _72|: ( ):|
vy = V44 5 0se 32 ||O]|cosf + O oz
; /21 1 _ A ) 1
w;:—\s/l‘l §(536 52 |:|@’Sln9+0<|10g6):|
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By Theorem A, one has that © # 0. Then, (3.7) is equivalent to
cos(voTy)) sin 0 + sin(vT})) cos ) = sin 0+ VQT(?) = go(9),

where go(d) contains the higher order terms,

A 1 A 1
25738 2673
go(6) = — cos(1TY) (\4/ ;%wg + sin 9) — sin(1TY) <\4/ ;16{;;‘@71)5 — cos 9) .

and satisfies go(6) = O([logd| ™). We deduce then that, for n € Z,
Ty + 6 = nm — arcsin go(0).

Using the asymptotic expressions of vy = 15(8) and T} in (3.8) and (3.9), we have that
0 has to satisfy

A /8

51V a1 (14 g1(9)) = 7mn,

where g1(8) = O(6% |log §]). Therefore, there exists Ny > 0 and a sequence {gn}nzNo C
(0,07) satisfying the previous equation and the asymptotic expression of the lemma.
Finally, one has that T;, = Tg for 6 = 6, O

End of the proof of Theorem 3.1. We proceed analogously to the proof of Lemma 3.4.
Let us consider the expressions of (vi(t), w1 (t),v2(t),wa(t)) given in (3.2) and Ts > 0,
such that

(Ul(o)awl(o)aU2(0)7w2(0)) = (Uilawlllv’Ug?wS)v
(UI(T5)7wl(T(S)vUZ(T(S)’wZ(T(S)) € SlOC7

with Sjoc = {v1 + w1 = ¥y, we = Yo} as given in Proposition 3.3.
First, we deal with the equation v; + w; = ¥;. Then, Ts must satisfy

v1(Ts) + wi(Ts) = Uy (v1(Ts), w1 (Ts), v2(Ts), wa(Ts)) - (3.10)

Let us denote 7 = 7(6) = Ty — T?, with T} satisfying vi(T9) + wi(T{) = 0 (see
equations (3.6) and (3.9)). Then, by (3.2), 7 has to satisfy

v1(T)e"™ 4wy (T9)e ™7 = wi (TY)(e ™" — e”17)

= Wy (01 (T§ +7), w1 (T§ +7), 02(T§ + 7), wa (1§ + 7).

Namely, 7(d) = F[r](d) with

F[7](8) = e — e + 2y Wi(ui(t), wi(t), va(t), w2 (1))l i=rp+r
= 27/1 2V1U}1(T(§)) .
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First we obtain estimates for F'[0](d). By Proposition 3.3 and (3.8),
W1 (01(T3), w1 (T3), va(T3), wa(T3))]

2 }Vl’wl (TO)|
3 |(0(T0), w(T)| + | (w1 (TQ), wi (T)) |

|wi(T3))]

[F[0)(9)] <

<C

Let us recall that, by (3.9), we have an asymptotic expression for T(?. Then, by (3.2),
(3.8) and Proposition 3.3,

1
et et (k)
wi(T3) = = 2106 53¢ [1+0 Togd1 )]
va(TF) = cos(vaTP)vy + sin(eTwy = O <5%675%> , (3.11)
wy(TY) = — sin(u T vy + cos(veTP)wy = O <(5%€_5A2> .

Since v1(TY) = —wy (1Y), one has that |F[0](§)] < C4. Next, we study the Lipschitz
constant of the operator F. Let us consider continuous functions 79,7 : (0,09) — R
such that |9(d)], |m1(0)| < Cé and the function 7, = o711 + (1 — 0)79. Then, by the mean
value theorem,

|[F'[m1](6) — Flro](6)| < C|m1(8) — 70(5)]-

A
sup {17 (8)] + 05 €3 [ D1 (01, w1, v, 1w2) - (v, 1, v, )|

o€l0,1] t=T3 +75(5) }

Since ¥, is a real-analytic function, by Proposition 3.3, one has |DV¥;| < C6+C'|(v1, w1)|-
Moreover, using (3.1), one can obtain estimates for the derivatives (v, w1, via, w2). Then,

[F[1](8) = Flmo)(d)] < C3[m1(6) — 70()] -

This implies that, taking § > 0 small enough, F' is well defined and contractive. Hence,
F has a fixed point 7(d) such that |7(d)] < C§. Therefore, there exists Ty satisfying
equation (3.10) such that

1+ O(6* [log §))). (3.12)

A
T5:T§)+T(5):§(

Next, we study the equation wo = 5. One has that § > 0 must satisfy
wa(T5) = U2 (v(T5), w(Ty)) - (3.13)
Theorem A implies that © # 0. Then, by (3.2), ¢ has to satisfy

sin (6 + 12T5) = go(9),
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where s
G5(8) = Ws (u(T3), w(Ty)) — cos(waTy) [ {/ S €202
90 — ¥2 ) 4 246 21 \3/1‘@‘

— sin(2Ty) <\/>e\;5|@7 — cos 9) .

Then, we deduce that, for n € Z,

wy + sin 0)

voTs + 0 = nm — arcsin (go(0)) .

By Proposition 3.3 and using the asymptotic expressions in (3.11) and (3.12),

C
< —.
llog 6] ~ [log ]

190(0)] < Co[(u(T5), w(Ts))| + - < C8 | (u(T3), w(Ty))| +

C
log | —
Therefore, § has to satisfy

A 8
54

where g1(0) = O(62 |log §|). Then, there exists Ny > 0 and a sequence {8, }n>n, C (0, dp)
satisfying the statement of the Theorem and that

On _\/7\/;< (1ogn>>’ for n = No.

o7 L+ 91(8)) =,

3.2 A quantitative Moser normal form

To prove Proposition 3.2, we first introduce a series of affine changes of coordinates in
order to put the Hamiltonian H (A, A, z,y;6) in (2.8) in the form considered in | ]
(see (3.14) below).

Lemma 3.5. Fix co,c1 > 0. There exists 0y, 00 > 0 and a family of affine transformations

05 : B(0o) = {z € R*: |z < G0} — Ur(co, 1)
(U1, W1, V2, W2) — (A, A, 2, y),

defined for § € (0,6¢), with C'-functions of 6 as coefficients such that the Hamiltonian
system given by H (see (2.8)) in the mew coordinates and after a scaling in time is
Hamiltonian with respect to the canonical form and

o~

H (0, @1, Dy, B2 0) = H (95(D1, 1, D, B2); 0) — H(L(6); 6)

5+ 20) a(d)
= V1W1 252

+ 6H, (31, @, Ty, W 6),

(02 + @3) + K (o1, 1) (3.14)
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where a(8) is a C*-function in § satisfying a(8) = \/ 2 +O(5%) and, for (v1, W1, Vs, W2) €
B(0p), there exists a constant C' > 0 independent of 6 such that

(K@, @) < Clor+@nl*,  |Hi(@, @10, @;0)| < C |01, @1, 0a, @)

Moreover, the change of coordinates satisfies that 55(0) = £(9) and

o 0 0 LV 0 0

0 o o X iz | i o o yE yE
2 . 2 . 21 . 1
0 0 & —iyZ, 0 0 —iygp i

Proof. The proof of this lemma relies on the approach and techniques of [ ].
For technical reasons and to be consistent with | |, we consider the Poincaré
Hamiltonian HY°(\, L, n, &; 1) introduced in (2.1) instead of the scaled version H defined
in (2.8). Let us denote the point L3 in Poincaré coordinates (\,L,7,&) as L§°i =
(#F°)~L(L3). Therefore, LY is a saddle-center equilibrium point of the system given by
HP°! and, by (2.3), it satisfies that

A=0,  (Ln,§)=(1,0,0) + O(n) = (1,0,0) + O(5*).
We perform several changes of coordinates.

1. Translation of the equilibrium point. Let ¢®9 : (A,E,ﬁ, §~) — (A, L,n, &) be the
translation such that ¢°4(0) = LY°. Then, the Hamiltonian system associated
to HY°! in the new coordinates defines a Hamiltonian system with respect to the
symplectic form d\ A dL + idn A\ d§ and the Hamiltonian

Hed — HPoi o gbeq _ HPOi(LEOi;ﬂ).
Denoting z = (), L, 7, E), H®Y(z; ) can be written as
HE 1) = HE(@) + B3 1) + RS (3 ),
with
eq(=y _ L 2 77Poi/ 7 Poi. [ 3=y | =
Hy'(z) = g H (L3”;0)[z,2] = —5 L7 e,
eq (> 1 i i ~ eq =
RS ) = L DXHP (LY ) [2.2] — B (@) = O 2P, 5.15)
R ) = (H™ 0 689) B ) — HEP(@) — RS go) — HP (L5 )
= O(L*) + O(n[2]*),

where we have used that L = L—1 +0(pn), 1 =n+0(u) and €= &+ O(u). Notice
that as a result, for y > 0, z = 0 is a saddle-center point of the system given by
the Hamiltonian H®Y(z; p).
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2. Reduction of the terms of order 2. Following the strategy of the proof of | ,
Theorem 1.3] in our setting, for g > 0, there exists a family gb/‘:fd :x = (T, 2L, Ty, Te) —

z = (A, L, 7, E) of real-analytic linear diffeomorphisms satisfying that D@fd(0) =
Id and that

H™Y o 1) = (H* 0 ¢ (s ) = HEI(x) + R (s 1) + R o6 1),

where R4(x; ) is a real polynomial of degree 2 in x with C!-functions of u as
coefficients and

R (xip) = O(ulxl?),  {HTo 3, REY =0, R¥(xip) = O(x?),

where J is the matrix associated to the symplectic form dxy A dxp + idx, A dxe.

The fact that {Hg%oJ, R¥} = 0 and that RE? is a homogeneous polynomial
of degree 2 and O(u|x|?) imply that there exist C!-functions o1 (i), o2(u) = O(1)
such that

2

xr
R (w5, 2, oy, w63 1) = 4o (1) 5+ poa ().

Since gbffd is linear and taking into account that D¢ifd(0) = Id and the definition
of the potential V() in (2.7), one has that
1 . . .
01(0) = =93 HI(LY 1) = d3HT°(0,1,0,0;0) = V"(0) = g (3.16)
H p=

Therefore, by (3.15), one has that
red 3 2 .%'%\ red
H™ (x; p) = =521 + por(p) 5 + (1 + poz(p))agze + By™(x; ).

In addition, since the terms of order 3 and higher of H® are of the form O(L3) +
O(u|X[?) (see (3.15)), one has that

R (x; ) = O(a}) + Ou |x[).

3. Symplectic scaling. We rename the parameter 6 = /ﬁ (see (2.6)) and, similarly to
(2.5), we consider ¢** 1y = (yx, YL, Yn, Ve) = X = (T, Tr, Ty, T¢) such that
1 52

0 0
T = —/————— N Trr, = — s Ty = — s LT = ————— ,
Y e B T B T B

and a scaling in time by a factor of §2,/301(n). The Hamiltonian system of
H'd expressed in these coordinates defines a system associated with the form
dyx A dy, + idy, A dye and the Hamiltonian

YnYe

, 1 ‘
H**(y;0) = 5 (3 = vL) + a(8) =g~ + K™ (1) + SH{™ (y3 ), (3.17)
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where

_ 1+ (540'2((54) . 8
a(f) =—rr = \/;+ oY),

301(6%)
1 Y
Sea — — Rred ,0,0,0;0) =0 37
(y/\) 54 3 ( 01(0) ) (y)‘)
1
SHE(y:8) = 5 B (674 (): %) — K**(3) = O Iy ),

where we have used Cauchy estimates to bound DRge‘i.

4. Diagonalization. Consider the symplectic change of coordinates ¢4i#8 : (v, Wy, Vo, Wa) >

Y = (Uxn, YL, Yn» Ye) defined by

G)-5 @) (=50 @)
YL V2 \—-1 1/ \w/’ Ye V2 \1 —i) \wy/ "
Then, the Hamiltonian system associated to (3.17) expressed in these coordinates

defines a Hamiltonian system with respect to the form dv; A dwy + dvy A diws and
the Hamiltonian

~ PR a(d) , . N ~
H (01, Wy, V2, Wa; 6) =v1wW1 + ald) (05 + w5) + K (v, @)

26? (3.18)
+5H1(617@1)627@2;5)7
where
E(i}\lyﬁ)\l) — [sca <U1\—/i_>2fw1) =0 (M)\l + @\1’3> , ﬁl = H{%o ¢diag.
O

Next proposition provides a normal form in a neighborhood of the saddle-center
equilibrium point. It is a direct consequence of | , Proposition C.1]. In order to
use this result, we introduce the artificial parameter v > 0 and rewrite H in (3.14) as

~ e a(d) g SN
H (vy, w1, Vg, Wa; 6, v) =01ty + 2552) (03 + @3) + K (o1, 01)
+ Z/Hl(’/U\l, ’(/ﬁl, @\2, 1/52; 5)

(3.19)

Note that we are interested in the case v = 4.

Proposition 3.6. There exist dg, 00 > 0 and a family of analytic canonical changes of
coordinates, defined for v € [0,00) and ¢ € (0,0d),

Fsv = (010,10, 92.,%2,) : B(oo) — B(2o) C R*
(v1, w1, va, w2) — (V1, W1, Ve, Wa),
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such that the Hamiltonian H in (3.19) in the new coordinates reads

H(vi,wy, v, we; 6, v) = H (]:57,,(1)1, w1, V2, w2); 9, 1/)

a(d
= viwi + 2552) (v% + w%) + R(vowo, ’U% + w%)

where R satisfies that, for (v, w1, ve, ws) € B(0o),
‘R(vlwl,vg + w%;é)‘ < C|(vlw1,v§ + w§)|2,

for some C' > 0 independent of § and v.
In addition, for all (vi,wi,v2,w2) € B(og) and all (vy,w1,v2,w2) € B(op), the
individual components of the change of coordinates satisfy

(1) |1 (vr, w1, va,w2) — v1| < C {|(vr,w1)[* + v [(v1, w1, v2,ws)[*},
|4P1_711,(617"&517627@2) -0 <C {\(@1,@1)\2 +v \(61,@1732,@2)|2},
(2) |¥1,(v1, w1, v2, w2) —wi| < C {!(Ul,w1)|2 +v !(U17w171}27w2)\2};
|¢ii(@1,@1,52,@2) —w| <C {!(51\17@1)!2 +v !(51\1,@1,32,{172)\2}7
(3) |p2,u(v1,wi,v2, wa) — va| < Cv !(vl,wh’vz,w)@,
|03 (B1, B1, D2, W2) — To| < Cv |(B1, @1, B2, B2) |,

(4) |2 (v1, wr,v2,w2) — wa| < Cv ’(’UlathQ;wQ)’z:
|50, (01, W1, By, Wa) — Wa| < Cw |(Ty, Wh, Uy, Wa)|.

Proposition 3.2 is a direct consequence of Lemma 3.5 and Proposition 3.6.

3.3 The invariant manifolds in normal form variables

To prove Proposition 3.3, we translate the results in Theorem 2.4 (Statement 1) and
the axis of symmetry S (Statement 2) into the set of coordinates (v, w;,v2, w2) given
in Proposition 3.2. Recall that in the proof of Proposition 3.2, we have used the
“intermediate” system of coordinates (1, Wy, V2, wa). We translate first the results via
the change of coordinates ¢s : (v1, W1, V2, W) — (A, A, x,y), given by Lemma 3.5. Then,
we apply the second change of coordinates j'—\(;ﬂ, s (v1, wy, v, we) — (U1, W1, Vg, We) with
v =4, given by Proposition 3.6.

Statement 1: Let A\, € [A1, A2] C (0, A\o) to be chosen later and consider the section
E(A) = {A = A, A > 0}. Let z§(\,) and z5(\,) be the first intersections of the invariant
manifolds W™ (£) and W (£) with the section X(\.), respectively.

Let us recall that, by Proposition 2.3, the critical point £(J) in (A, A, z,y) coordinates

is of the form £(8) = (0,62€4(6),83L,(),83L,(8))", with £a, £, €, = O(1). Then,
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applying the change of coordinates g/gg given in Lemma 3.5, there exist C' functions
71,72 ¢ (0,680) — R?* satisfying 71,72 = O(1) such that

S(A, ) = 5 (S(A)) = {61 + @1 + 6(71(8), (01, @1, Do, D)) = %A,

B1 — T1 + 8{72(8), (01, @1, Do, Ta)) + 62V/6L4(5) > o}.

(3.20)
Notice that /X\l()\*, 0)={v1 +w = g)\*, w1 > U1 }. Moreover, we denote
(O}, @}, 05, W3) = ¢y " (25(A)) € (A4, 6)
(UlvwaQ?wQ) = (PEI (Zfs()\*)) € E(/\*vé)

Since $5 is an affine transformation, by Theorem 2.4 and Lemma 3.5, one has that
o = (\f —ﬁ,o,o) + 0(5)1 (2RO —Z5(\) = O (5%6—%) ,
DY — G = (\f \/§,0,0) + (9(5)] (22O —Z5(\)) = O (5%5%) ,
. [ 21 /21 | .
Vg _i)\; = _<0’0a \ 3727 \ 32> +O(5)1 '(Zé()‘*) - Zé()‘*))

= 14 %5%6—5 [Reeﬂf)(u ! ‘)]

~u ~s - 4 2 -4 21 u 58
Wy — Wy = KO 0, =14/ o5 32tV 32) +O(5)1 (z5 (M) — z5(As))

5ot moro ()]
=— L 55e ImO+ 0
V4 3 se 2 |[ImO + llog J|

(3.21)

—_

Next, we consider the change of coordinates .7-"571, with v = § given in Proposition 3.6.
Let us denote

(01, wi, vy, wy) = f(i_,é (07, @Y, vy, w3),  (v],wi,v5, wh) = ‘7:5_,6 (01, @y, 05, w3).  (3.22)

Since the local stable manifold is given by {vi = va = wa = 0} (see (3.2)), one has that
v = v§ = wj = 0 and we call p = w§, (see Figure 12). Taking into account that
F5,5(0,0,0,0) = (07, 0§, 05, w3) € E(As,0) for A € [A1, Aa], by (3.20), the value A, must
satisfy

* 7 s S 7,
A = \/; [0 + @3 + 6" (1(3), F5.5(0, 0,0,0))] .

Then, using the notation j-:&(; = (p1.6, 1,6, 925, %2,5), by Proposition 3.6, one has that
for o € (0, 00) and § > 0 small enough,

A = \/Z@(l + O(0,9)) .
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Then, it is clear that taking, for instance, o = 0o/2, the corresponding A, belongs to a
closed interval in (0, \g) independent of ¢.

Next, we consider the difference between (vf', wi, vy, wy) and (v§, wi, v5, ws) = (0, 0,0, 0).
By (3.22), one has that

Clmu U~ o~ s ~s P

wlll — 0= 7#1,5(7-]}1710111?“37 w121) - wlﬁ(ﬁ?awia@\;a w;)>
“lu AU AU A~ 1 ~ ~

vy = 902,5(’011711]1117 Uy, Wy) — 902,5(1/)\51711)?6;’ w3),
1A AU AU A~ 1 ~ ~

wy = 1y 5 (V7 WY, 0y, Wy) — by 5 (VY, WY, 05, w3).

For w} — p, by the mean value theorem, Proposition 3.6 and (3.21), one obtains
A
Wi — o] < C |08 — T3] + C|@% — @ | + CO |03 — B3| + CF |0 — @] < Cd5e 2.
Analogously, for v5, one has that
s s 4 _A
[v§ — (35 — B3)] < O3 |(B} — 3, @} — @, 35 — 85, @3 — )| < Cose”

and, by (3.21), one obtains the expression of the statement for v§. An analogous estimate
holds for wj. Lastly, by the expression of Hamiltonian H in Proposition 3.6, one sees
that H (v}, w}, vy, wy) = H(0,0,0,0) = 0 and obtains the expression for v}.

Statement 2: Let us consider the symmetry axis S = {A = 0,z = y} given in (2.15).
Notice that, by Proposition 2.3, one has that ¢5(0) = £(0) € S. Then, applying the
affine transformation ¢; given in Lemma 3.5, there exist functions 73,74 : (0,09) — R
satisfying 73,74 = O(1) such that

55(8) = {@\1 + w1 + 6(y3(6), (V1, W1, V2, Wa)) = 0, Wy + 6{y4(0), (V1, W1, V2, W2)) = 0}.
Then, applying the change of coordinates ]?575, one has that
Sioc = {v1 + w1 = ¥y (v, w1, v2,ws;6), wa = Wa(vy,wy,v2, wa;0)},
where

Uy = (o156 —v1) + (1,6 — wi) +6(13(5), Fs.6),
Wy = (2,56 — w2) + 6{74(9), Fs.s)-

Then, Proposition 3.6 implies that for (vy, w1, vs, w2) € B(gp) and § > 0 small enough,

(W1 (01, w1, va, w; 8)| < CF | (v, wr, ve, wa)| + C |(v1,w1)]?,

|Wa(v1, w1, v2, we;0)| < CF|(v1, w1, v2, wa)|.
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4 The invariant manifolds of the Lyapunov orbits: Proof
of Theorems C and D

The goal of this section is to prove Item 1 of Theorem C and Theorem D. First we
rephrase these results referred to the Hamiltonian (2.8) (recall that § = ,ui, see (2.6)).
We begin with the existence of the Lyapunov periodic orbits given by Proposition 1.3.
Note that the Lyapunov Center Theorem (see for instance | ]) ensures the existence
of a family of periodic orbits emanating from a saddle-center equilibrium point. In our
setting, this family corresponds to perturbed orbits of the fast oscillator, centered at
£(9), and therefore the existence of the periodic orbits given by Proposition 1.3 is just a
consequence of this classical theorem. However, we need to “reprove” it to have estimates
for the periodic orbits.
First, we introduce the following notation. For d > 0, we denote

T =R/27Z, Tyg={re€C/27Z : |Im7| <d}. (4.1)

Proposition 4.1. Let d,cy,c1 > 0. There exist py, dp > 0 such that, for § € (0,d), there
exists a family of periodic orbits {P,(1;6) : 7€ Tq} where B, : Tg — Uc(co, 1)
are real-analytic functions satisfying that

pE[0,p0]

2
H(%,(7:9)) = & + H(L(6)).

Furthermore, there erist w,s > 0 and a constant by > 0, independent of p and 9,
such that the parametrization of the periodic orbit satisfies

. Wp,§

52 with |wp.s — 1] < bad™.

In addition, the parametrization can be written as

—ir _ir\T T
;‘BP(T; 5) = 2(6) +p- (Oa Oa € , € ) + 50 . ()‘fﬁaA‘Bax&payﬁp) (T)7 (42)
where p(r)], (7] < b, and la()] ()] < bad®

The proof of this proposition can be found in Appendix A.

Let us denote by W"(*B,) and W*(*B,) the 2-dimensional unstable and stable manifolds
of the periodic orbit B,(-,d). Analogously to the invariant manifolds of £(J), we denote
each branch as Wt (,) and W~ (B,,) for ¢ € {u,s} (see Figure 4). To prove Theorem
C and D, we focus on the study of the “+” invariant manifolds. By symmetry, there
exist analogous results for the “—” invariant manifolds.

We look for intersections between W™ (3,) and W**(,) in the 2-dimensional
section
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Wst oD
A (¥) (z°,9°) d
[ ]
. O
(x", y™) D"
A
oD, oD
WET(B,) oD} oD

p= pmin((s) pE [Pmin(é)a pmax(d)]

Figure 8: Intersection of the manifolds W™ (,) and W (B,) with section X,. The pictures
in the right show the different possibilities given in Corollary 2.5 and Theorem 4.2.

where £ = (0,62€,,0%L,,63£,)7 as given in Proposition 2.3 and Ug(co, ¢1) is the domain
introduced in (2.12). Note that this definition is consistent with that of ¥ in (2.19)
and that, by Proposition 4.1, the periodic orbit 8, belongs to the energy level H =
g—z + H(£(0)) where ¥, is included.

In the next result, we see that the 2-dimensional invariant manifolds W™ (9,) and
W=t (B,) intersect in the section 3, for certain values of p (see Figure 8). Note that
the intersection of the invariant manifolds for p = 0 has been analyzed in Corollary 2.5.
Both Item 1 of Theorem C and Theorem D are a consequence of the following result.

Theorem 4.2. Let py and B,, for p € [0, po], be as given in Proposition 4.1. Then, the
following is satisfied.

o There exists 69 > 0 such that, for every p € [0, po] and § € (0,dp), the invariant
manifolds Wt (B,) and W (B,) intersect the section X,. The first intersection
is given by closed curves, which we denote by 9D} and 0D,

e Let R > 1. There exists g > 0, satisfying limg oo 6p = 0, and functions

Pmins Pmax : (0,0r) = [0, po] such that, for 6 € (0,0r) and p € [Pmin(0), Pmax(0)],
the curves 9D} and OD}, intersect. Moreover,

Flowic# [1+o ()]
min = 5 3 1 Ty )
Pmin(9) 5 |©]03e" 6% |1+ 0O oz

Flewic# [ro ()]
pmax(é)—7’@’53€ 2 | R+0O ‘logé‘ .

® For p € (pmin(0), pmax(9)], the curves OD) and 0D, intersect transversally at least
twice.
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® For p = pmin(9), the curves 9D} and D}, have at least one quadratic tangency at
a point Qo € ID; N ID;,.

e Fiz § € (0,60) and let ¢ be any smooth curve transverse to 9D, — and OD;

within ... at Qo. Then, for p close to pmin, the local intersections of D) and

3@2 with the curve ¢ cross each other with relative non-zero velocity at (Qo, Prmin)-

Theorem 4.2 implies in particular that, for small values of 9, there exist transverse
intersections between some unstable and stable manifolds of Lyapunov periodic orbits
of £(8). By symmetry, an analogous result holds for W™~ (£) and W~ (£). This proves
Item 1 of Theorem C.

Moreover, the last two statements of Theorem 4.2 imply the existence of a generic
unfolding of a quadratic tangency between W™ (B,) and W*(P,) (we follow the
definition of generic unfolding given in [ ]). Indeed, denoting by f, to the flow of
h in (1.1) restricted to the energy level h = o + h(Ls), for 6 € (0,dp), one has that f,
unfolds generically an homoclinic quadratic tangency. Finally, noticing that the energy
level H(\, A, z,y;0) = g’—; + H(&) corresponds to h(g,p;p) = /ip® + h(L3) (see (2.6)
and (2.5)), one proves Theorem D.

The rest of this section is devoted to prove Theorem 4.2. First, in Section 4.1, we
sum up the results concerning the unperturbed separatrix of the Hamiltonian H}, in (2.9)
presented in | ]. Next, in Section 4.2, we obtain and analyze parametrizations of
the unstable and stable manifolds of the Lyapunov periodic orbits given in Proposition
4.1. Last, in Section 4.3, we analyze the intersections between these manifolds to
complete the proof of Theorem 4.2.

Throughout this section and the following ones, we denote the components of all
the functions and operators by a numerical sub-index f = (f1, fa, f3, f1), unless stated

otherwise. In addition, we denote the canonical basis of C* by {e; }j:1.. 4

4.1 The unperturbed separatrix

Let us consider the unperturbed Hamiltonian Hy as given in (2.17). Notice that the
plane {x = y = 0} is invariant for Hy and the dynamics on it is described by

3
2

1
V2 + 2cos N

(see (2.9)). The origin (A,A) = (0,0) is a saddle with two separatrices associated to it
(see Figure 5). In | |, we studied their real-analytic time-parametrizations. The
following result summarizes Theorem 2.2 and Corollary 2.4 in | | and it establishes
a suitable domain for these parametrizations, which we denote as

Hy(\A) = —SA2+V(N), V(A) =1—cos\—

op(u) = (Ap(u), Ap(u),0,0)". (4.4)
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Figure 9: Representation of the domain IT4 g in (4.5).

Reu

Proposition 4.3. Let \g > 0 be as given in (2.18). There exists 0 < B < 5 such that
the time-parametrization (Ap(u), Ap(u)) of the right separatriz (i.e, A\p(u) € (0,7)) of
Hy, with (A\p(0),Ap(0)) = (o, 0) extends analytically to

Hap={uecC : [Imu|l <tanSReu+ A} U

4.5
{ueC : |Imu| < —tanBReu+ A}, (4.5)

with A > 0 as given in (1.9), (see Figure 9). Moreover,

o There exists C > 0 such that, for |Reu| > 1, |Ap(u)], |[Ap(u)| < Ce V5 IReul
o Foruellgg, A\p(u) =7 if and only if u = +iA.

o Foruecllyg, Ap(u) =0 if and only if u = 0.

4.2 Existence of the perturbed invariant manifolds

We devote this section to obtain and analyze parametrizations of the 2-dimensional
branches of the manifolds W% (9,) and W**(,), where {‘Bp}pe(()’po] is the family
of periodic orbits given in Proposition 4.1. We find these parametrizations through
a Perron-like method. In particular, following the ideas in | |, we write the
perturbed manifolds as functions of (u, 7), where u parametrizes the unperturbed homoclinic
orbit op(u) (see (4.4)) and 7 parametrizes the Lyapunov periodic orbit B, (7;0).

Let us define the following complex domains (see Figure 10),

D'={ueC: |Imu|<§—tanBReu}, DP={ueC: —ueD"}. (4.6)
Then, for ¢ € {u,s}, we consider the parametrizations Z°(u, 7) satisfying that
{Z%(u,7) : (u,7) € D° x Tq} C W T(PB,).

Notice that, for the unperturbed problem, since op(u) is a time-parametrization it
Wy s

satisfies 1 = 1. In addition, by Proposition 4.1, the dynamics in B, (7; d) satisfy 7 = =5°.
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Imu Imu

.......................................... T

Dt > / Ds
el Reu

........................................ !

Figure 10: Representation of the domains D" and D*® in (4.6).

Therefore, we impose that the dynamics on the perturbed parametrizations Z¢ are given

by

Wy s
O . P
u=1, T = 52

Hence, the parametrizations satisfy

J 0 0 1

009, 7°(u, ) = <O Z.J) DH(Z°(u,7);6) with J = <_1 0> 4.7)

52

OuZ(u, ) +

and the asymptotic conditions

lim Z%u,7)=_lim Z°u,7) = Py(r;0), forall 7Ty (4.8)

Reu——o0 Reu—+o00

To prove their existence and behavior, we consider the decomposition
ZQ(“? 7-) = mp(T; 5) + Gp(u) + Zf(uv 7-)7 (49)
with o}, as given in (4.4). The proof of the following result is deferred to Section 4.4.

Proposition 4.4. Fiz d > 0 and o € {u,s}. Let pg > 0 be the constant given in
Proposition 4.1. There exist cy,c1,00,bs > 0 such that, for p € [0,pg] and 6 € (0,dp),
equation (4.7) together with the condition (4.8) has a unique real-analytic solution Z° :
D® x Ty — Uc(co, c1) that can be decomposed as in (4.9) and satisfies

(Z7(0,7),e2) =0, for all T € Ty.

In addition, for v = % 281,
|28 (u, 7)| < bgde v Reul, for (u,7) € D° x Tg.

Notice that, by Proposition 4.1, when p = 0, Bo(7;0) = £(0) is a fixed point and
that, Wt (£) and WS (£) are 1-dimensional invariant manifolds. Then, for ¢ € {u, s},
Proposition 4.4 provides parametrizations 2§ independent of 7 satisfying

{2°(u) : ue D’} CWST(L),
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that can be decomposed as
2°(u) = £+ op(u) + 27 (u). (4.10)

Corollary 4.5. Let o € {u,s}. There exist cg,c1, 00, b3 > 0 such that, for § € (0,d9) and
p =0, equation (4.7) together with the conditions (4.8) has a unique real-analytic solution
2 D® — Uc(co, 1) that can be decomposed as in (4.10) and satisfies (z7(0), e2) = 0.

s 1 /21
In addition, for v = 3./%,
22(u)| < bzde VIReul or u € D°.
1 )

Finally, for ¢ € {u,s}, we can measure how accurately the 1-dimensional manifolds
W*T(£) approximate the 2-dimensional manifolds W (3,).

Proposition 4.6. Fiz d > 0 and ¢ € {u,s}. Let pg be the constant in Proposition /.1
and Z5 and 25 be the parametrizations given in Proposition 4.4 and Corollary 4.5,
respectively. Then, there exists 69 > 0 and a constant by > 0 such that, for p € [0, po]
and § € (0,00),

| Z3 (u, ) — 25 (u)| < bsdp, for (u,7) € D° x Ty.

The proof of this proposition is postponed to Section 4.5.

4.3 End of the proof of Theorem 4.2

To prove the first statement of Theorem 4.2, in the next lemma we study the intersections
between the section ¥, (see (4.3)) and the unstable and stable manifolds of B, parametrized
by Z" and Z®, respectively.

Lemma 4.7. Fiz o € {u,s}. Let pg and B, be as given in Proposition 4.1, Z° be the
parametrization given in (4.9) and Proposition 4.4 and ¥, the section given in (4.3).
Then, there exists 69 > 0 and a real-analytic function Uy = Tg — D such that, for
p € [0, po] and & € (0, o),

Z°US(T),T) € By, for 7 € T =R/27Z.
Moreover, there exists C' > 0 independent of p and § such that, for T € Ty,
us =0, U ()| < Cop.
Proof. Since the parametrization Z° is real-analytic (see Remark 2.2), one has that
Z°(u, 1) € Ur(co,c1) for (u,7) € (D°NR) x T.

In addition, by Propositions 4.1 and 4.4, one has that
2

H(Z°(u, 7)) = H(F,(7:0) = 5 + H(E©)),  for (u,7) € (D°NR) x T.
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Therefore, it is only necessary to find a function Uy (1) satisfying that (Z°(U; (1), 7), e2) =
52LA(8) for all 7 € T. Then, by the decomposition (4.9) of Z° and Proposition 4.1,

opAg(T) + Ap (U (T)) + (Z7 (U (1), 7), €2) = 0.

By Proposition 4.3, one has that A,(u) = A, (0)u + O(u?) with A,(0) = —V'(\g) # 0.
Then, Uy is a solution of the fixed point equation given by the operator

1

PRGN = — 5 [0pha(n) + (4065 = A O087) +{Z2 @ (7). 7). )]
Notice that, by Propositions 4.1 and 4.4,
_ s [Ax(7)]
L T

Moreover, for real-analytic functions U,V : Ty — D° satisfying that [U],|V| < Cdp and
applying the mean value theorem and Proposition 4.4, one can see that the operator F’
satisfies that, if 6 small enough,

|FlU] — F]V]| < ClU? = V2| + U = V| sup [(0,Z5(sU + (1 — 5)V,7),e5)]
s€[0,1]

1
< Copl =V <5l —VI,

where we have used that (Z7(0,7),e2) = 0. Hence, I has a fixed point U, satisfying
that |L{;>(T)| < Cép, for 7 € Ty. O

The first statement of Theorem 4.2 is a direct consequence of Lemma 4.7. We denote
by 9D} and D the first intersection of the manifolds W™ (9,) and W**(P,) with
the section X, respectively, that can be parametrized as

D5 = {ZQ(U;(TQ),TO) : 70 eTC X, NWOH(PB,), o€ {us}. (4.11)

In particular, the first intersection of the manifolds W% (£) and WST(£) with the
section Xy corresponds to the points 9Df = {2"(0)} and 0D = {z°(0)}.

To prove the rest of the statements, we study the difference between the parametrizations
of the curves considered in (4.11). Since ¥, C Ugr(co,c1) (see (4.3)), for 7%,7° € T one
has that

(Z5U, (), 7%) = Z2(Uy(7°),7°), e2) = 0,
(Z8 (U (), 7) = Z2(UL(7°), 77), e4) = (£ (UR(T"), %) — Z3(U(7), 7°), e3),

and (Z"(U,(T4), T%) — Z3(U,(7°), 7°), €1) can be recovered by the conservation of energy

H= 5—2 + H(£). Therefore, to analyze the intersections between 9D, and 9Dy, it suffices
to study the zeroes of the complex function

A(TY, 7%, p,0) = (Z"(U, (), ) — Z°(UH(7°), T°), eq).
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Let us recall that, by Proposition 4.6, the difference A(7",7%) is given at first order,
by the difference z" — z°. Therefore, using the decompositions (4.9) and (4.10), for
o € {u,s}, we write

ZOU(T),m) = Bp(7) + op(U°(7)) + 21U (7)) + (ZT U (1), 7) — 27 (U°(7))) ,

where Z7 and 27 are given in Proposition 4.4 and Corollary 4.5, respectively. Recall
that, o, = (A\p, Ap, 0,0) (see (4.4)) and, by Proposition 4.1, B, = £+ p(0,0,€e', e~ ") +
dp(Ap, A, x, yp). Therefore, for § small enough, we look for (7", 7%, p) such that

A(TY, 75, p,0) =0, (4.12)
where
A(TY 75, p,8) = ple”™ — e + Y2556 10| + M(5) + R(T, 75,6, p),
with 6 = arg (2}'(0) — 25(0), e4) and
M(8) = (=4(0) — (0), eq) — V255¢™ 3 O] ¥,
R(r%,7°,0,p) =(Z] (U (T"), 7") — 2/ (U, (")), €a) = (Z3UL(7°), 7°) — 21 (UL(77)), €a)

+ (AU (TY) = 21(0), eq) — (5 (U(7%)) — 21(0), eq)
+0p(yp(T") — yp(7%)).

Notice that, by Corollary 2.5, Propositions 4.1 and 4.6 and Lemma 4.7,

1 _A
J3e 82

M) =0 (Ilog5|) . R(r,75,6,p) = O(8p).

Since, by Theorem A, © # 0, we can consider the auxiliary parameter r € (0, 7],

2t 2ot
—_— and ro = ——— (4.13)
V2o \9\ V263 \@\
Then, equation (4.12) is equivalent to
r(e_i(Tu‘w) — 6—1'(73-1-0)) +2+g(t", 7%, 1r,0) =0, (4.14)

where
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Figure 11: Plot in 7° of functions 7(7%,0) and r.(7%,0) as given in Lemma 4.8.

By introducing G = (G1, Ga) : T? x [0,70] x [0,80) — R?, as

Gi(7", 7°,1,0) =1 (cos(" + 0) — cos(7° + 0)) + 2+ Reg(7", 7°,7,0),

4.15
Go(7%, 7%, r,0) = r (sin(7" + 0) — sin(7° + 0)) + Im g(7%, 7%, r, 0), ( )

equation (4.14) is equivalent to G(7%,7%,7,d) = (0,0).

Next result characterizes the solutions of this equation (see also Figure 11). Note
that it would be reasonable to look for the zeros of G for a fixed r. This would give
the intersections between the invariant manifolds of a given periodic orbit. Instead, we
parameterize the zeros writing (7%, 7) as functions of 7°. This makes the application of
the implicit function theorem easier and allows us to analyze at the same time transverse
intersections and quadratic tangencies.

Lemma 4.8. Fiz v € (0,5) and consider I, = [0 — v,—0 + v]. There exists 0,
satisfying lim,_,. /96y = 0 and functions (1i!,7«) @ Iy x (0,05) — T x R, such that
G(T(15,0), 75, 1:(7%,0),0) = (0,0) and

1
i a w0 ),
(T8 0) =7 —7T + O Tog 0]

S — 1 1
rl(7,0) = cos(75 +0) +0 <log(5\) '

Proof. For r > 1 and § = 0, the equation G(7",7%,7,0) = (0,0) has a family of solutions
given by

1 T T
O wmaciaae (1)
Cos (v with @ [ ’Yﬂ 2°2

Therefore, for 6 > 0, it only remains to find zeroes of the function G using the implicit
function theorem around every solution of this family. O

Sq = {(TU,TS,T,O): <7ra0,a9,

The second statement of Theorem 4.2 is a consequence of this lemma. Indeed,

take R > 1 and v = arccos(%) € (0,%). Then, Lemma 4.8 implies that the equation
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3(r) = arccos(L)

Figure 12: Representation of solutions of the equation (4.15) in function of the coordinate 7.

G(t",7%,7,0) = (0,0) has at least one solution for r € [rmin(0), rmax(d)] and 6 € (0, d),
with

rmin(é)—1+(’)<|ll ’) rmax(é)—R—i—(’)(“l |>
Taking into account (4.13), we define

6 6
prin0) = L208 B1O0rain(0), prane(8) = 2 5h e (O3,

and assume ¢ > 0 small enough such that pmax(9) < po. Then, for p € [pmin(9), Pmax(0)],
the closed curves 9D} and 0D} (see (4.11)) intersect at least once. See Figure 12 for a
representation of the case § = 0.

Finally, we prove the third and fourth statement of Theorem 4.2. Let us denote the
solutions of equation G(7%,7%r,0) = (0,0) given in Lemma 4.8 as

P(7%,0) = (1(7%,0), 7%, (7%, 6), 0)

and consider the function

G(7°,6) = det ((%ff;)(P(TS,a))) ;o (1%,6) € 1, x (0,).

Then, the values such that G # 0 correspond to transverse intersections of the closed
curves Dy and JD;. Likewise, the values such that G =0 and 8TsG = 0 correspond to
quadratic tangenaes

To characterize the transverse intersections and the quadratic tangencies, we define

S

Toin(0), the value of 7° where 7, reaches its minimum value 7min. Note that this

corresponds to a critical point, which, by Lemma 4.8, satisfies

T =040 (1o ) ain(®) = (a0, Do (rhaa(8).5) 0. (416)
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G(75,0)
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Figure 13: Plot in 7° of function 5(75,0) as given in (4.15).

Now we prove that that (75,,(0),0) is a simple zero of G and otherwise G # 0, for
75 % 75..(6). By the definition of function G in (4.15) and Lemma 4.8, for (75,6) €
I, x (0,9d5), one has that

_ 1 ~ 2 1
S -9 S s S —
G(r",8) = 2tan(r +9)+@<,10g5,>7 OrG(T,0) = ot 1 0) +O<\1og6\)’

(see Figure 13). Notice that, for § small enough,

~ 1
G(7°,8) > 2 — .
0,-G(15,0) +0<“0g5’>>o

Therefore, Gis a strictly increasing function in 7° and can only have one simple zero.
Moreover, this zero corresponds to 7° = 7. (§). Indeed, since G(P(75,;,(d),9)) = (0,0)

and Ors7(75;,(0),9) = 0 (see (4.16)), taking the derivatives one has that
O7s G (P (Tiin (0),6)) + Oru G (P (7310 (), 6)) s 7 (Trin (0), ) = (0, 0),

and, as a result, the vectors G and 0~G at P(75;.(0),0) are linearly dependent
and, therefore, G(75,,,0) = 0. Hence, there exists at least one quadratic tangency at
7 = rmin(0) and at least two transverse intersection for each 7 € (ruyin(d), rmax(0)].

4.4 Proof of Proposition 4.4

From now on, we consider a fixed d > 0 and the corresponding complex torus Ty (see
(4.1)). We also set pg satisfying the conditions in Proposition 4.1 and p € [0, pg]. To
avoid cumbersome notations, throughout the rest of the section, we omit the dependence
on the parameter § unless necessary and denote by C' any positive constant independent
of § and p to state estimates. We only prove the results for the unstable manifold, the
proof for the stable manifold is analogous.

We look for parametrizations of the invariant manifold W**(B,) of the form

Z"(u, ) = Bp(1) + op(u) + 21 (u, 1), (u,7) € D" x Ty,
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(see (4.9)) satisfying the equation (4.7) and the asymptotic condition given in (4.8).

Let us recall that we split the Hamiltonian H as H = Hp, + Hosc + Hi (see (2.8)).
Since op = (Ap, Ap,0,0) is a solution of the unperturbed system H}, + Hogc, it satisfies
the invariance equation (4.7) for the unperturbed Hamiltonian (see Proposition 4.3).
By Proposition 4.1, B, also satisfies (4.7) (for the full Hamiltonian H). Then, the
parametrization Z7 satisfies

L, 70 =R, 2}, (4.17)
where
0 -3 0 0
£,¢= (00+ 00, — a@)) ¢, A= Ve 0 (?2 ’ (4.18)
0 00 —4
and
ONHL (B + op + () — OnH1(B,)
R AR i S A B
—i0, H1(Bp + op + () + 0, H1(PB,)
with
T[] =V A +Bpa + ) = V' (Ap) = VI(Bp1) = V' (Ap) 1 (4.20)

We solve equation (4.17) by means of a fixed point scheme on a suitable Banach
space. For a > 0, we consider the Banach space

(U,T)EDU XTd

Yo = {C : D" x Ty — C : ( real-analytic, [[(lla :=  sup  |e”*"C(u,7)| < —1—00} ’

where D" is the domain introduced in (4.6). We also consider the product Banach space
y§ =Y, X .. x )Y, endowed with the norm

4
1<l =Dl la-
j=1

In the next lemma, we state some properties of these Banach spaces. We will use them
throughout the section.

Lemma 4.9. The following statements hold.
1. If a > B >0, then Yo € V3. Moreover, for ¢ € Va, ||Cllg < Cl|¢|la-

2. If C € Vo and n € Vg, then (1 € Yats and [[Cnllavs < [[Cllallnlls-
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Next, we obtain and analyze a suitable right-inverse of the operator £, introduced
in (4.18). The first step is to construct a fundamental matrix for ¢ = A(u)(.

Lemma 4.10. Fiz ug € R\ {0} and consider the linear differential equation { = A(u)(,
with A as given in (4.18). Then, a real-analytic fundamental matriz of this equation is

3fo(u) 3ge(u) 0 0
—fo(u) —ga(u) O 0
O R
0 0 0 e 5

with

. o) Ap(u v dov
o) = o (s<u> - Aﬁf(g)Ap(m) ) =~ € =) [

where, in the last integral, we consider an integration path in D" given by the straight
line if u € C\ R and by a path avoiding u = 0 when u € R.

Moreover, ®(u) satisfies that det ®(u) =1, ®(0) = Id and that there exists a constant

C > 0 such that, denoting v = /2%,

lgollos < C,  lgollas < C, | foll-2» < C, || foll-2v < C.

Proof. Let us recall that, by Proposition 4.3, the time-parametrization of the separatrix
satisfies that Ap(u) = —3Ap(u) and Ap(u) = —V'(Ap(u)), for u € Map. Then, a
fundamental matrix of the equation ¢ = A(u)( is given by

3¢(u) 3Ap(u) 0 0

—&(u) —Ap(w) 0 0

lu) = ou 8 ! et 0
0 0 0 e

We stress that & is real-analytic in D" C II4 g. Indeed, one has that v = 0 is the only
zero of A, (u) (see Proposition 4.3), that A,(0) = —V’(A\,(0)) # 0 and A,(0) = 0. Thus,
Ap(u) = Ap (0)u+O(u?). That implies that the integral appearing on & does not depend
on the path of integration since its residue is zero. As a consequence, {(u) € R for
u € R. In addition, since £(0) = —A;l((]) # 0, we can perform a linear transformation
to ¢(u) to obtain the fundamental matrix ®(u) satisfying ®(0) = Id and det ®(u) = 1.
Lastly, recalling that, by Proposition 4.3, ||Ap|l2, < C and ||Ap|l2 < C, we obtain the

corresponding estimates for fg and gg. O

We use this matrix ® to construct a right-inverse of the operator £, in (4.18). For
¢ € Y* we consider the operator

4
Golcl(u.7) = Gpjlc](u.7)ey, (4.21)
j=1
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given by

0 Wps
( gp,1[C](u,7') ) _ (3f<p(u) 3g¢(u)> /_OOII[CI;CQ] (U+t,T+ 52 t) dt
Goalt](u, 7) ~falu) ~ge(w) /0 1[G, G2 (u +t, 7+ MQ dt

—u 52
and
o ., Wps
Gp3[C1(u, 7) Z/_me G (U+t,7+ 5 t) dt,
0 i w
Guuldl(nr) = [ G (b4 o) ar
where

Ty [C1, Go)(u, ) = —ga(u)C1(u, T) — 3ga(u)Ca(u, T),
Dol &) (u, 7) = fo(u)Ci(u, ) + 3 fo(u)Ca(u, 7).

Lemma 4.11. For p € [0, po] and § € (0,1), the operator G, : Y} — Y2 is well defined
and is a right-inverse of the operator L, given in (4.18). Moreover, G,2[(](0,-) =0 and
there exists a constant C' > 0 independent of p and & such that

1G,[C]ll < ClCll -
In addition, if 0;( = 0, one has that G,[C] = G5[(] for p, p € [0, po].

Proof. The fact that G, is a right inverse of L, is straightforward. We show how to
obtain estimates for G, 1. The estimates for G, 2, G, 3 and G, 4 are analogous.
Let (1,(2 € ),. By the estimates in Lemma 4.10, for (u,7) € D" x Ty one has

[Z3[Gr, Gl (u, T < Cle*™ [ (Gl + [1¢ally)
[ Z2[Cr, Go] (u, )| < Cle™ [ (Gl + 1 C2llw) -

Then,

0
|Qp71(u,7-)e”’“| <C |e*3”“| / T1(¢1, G2 (u +t, 7+ %t) dt

0
w
/ IQ[CvaQ] <U+t,’7'+ ;2761/) dt

<C (Gl +licll) -

+C e
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We introduce the fixed point operator
Fp=G,0R,, (4.22)

with R, and G, as given in (4.19) and (4.21), respectively. Then, equation (4.17) can be
expressed as Z{' = F,[Z}].
Proving Proposition 4.4 is equivalent to prove the following result.

Proposition 4.12. Let py > 0 be the constant given in Proposition 4.1. There exist
do > 0 and b > 0 such that, for p € [0, po] and § € (0,00), the equation Z}' = F[Z}] has
a unique solution Z3' € Y2 satisfying

IZE]1 < bso.

Proof. For ¢ > 0, let us consider B(s) = {¢ €V, : [|¢[|} <<}. We will check that
F, : B(s) — B(s) is a contraction for a suitable .
We first claim that there exist 6y > 0 such that, for p € [0, po] and § € (0, dp),

IR <6, 110, R,[CNllg < 6, (4.23)

for ( € B(¢0) and j =1, ..,4. Indeed, we obtain the estimates for R, 2[(], the other cases
are proven analogously. For the derivatives it is enough to apply Cauchy estimates.
We recall the definitions
Up - (/\pa Apa 07 O)Ta
qgﬂ = (Oa 62'81\7 532&"3 53£y)T =+ P(O, Oa eiTa e_iT)T + 5P(>\£]3, A‘Bv Ty, y‘p)Ta
Rp,Z[C] = —0\H (mp +op + O + O\Hy (mp) - Tp[ﬁ],
T[] = V'(Ap +0pAg + C1) = V'(Ap) = V'(6pAp) — V" (Ap)C1,

(4.24)

where V' is the potential given in (2.7). Then, by the mean value theorem,

RpalCl(u,7) = — /01 DOxH, (sop(u) + s¢(u, 7) + Bp(7))ds (op(u) + ((u, 7))
= G, ) [V () + 8pA(7)) = V" Ap ()] + O (G, 7))
= 3pAg(T)Ap(W)V"(0) + O (3pAgp(T)Ap(u))?.
From Proposition 4.1 and Proposition 4.3, one easily checks that
lsop +sC+Rl5 <€, for s e [0,1].
Thus, applying the estimates in Proposition 2.1 and using that A\p, A, € Vo,

IRp2[Clll < COlIA, + Cully + CO*[|Ap + Gally + COlIGa ] + OOl Cally
+ Ol + Copll Aol < C9,

which proves (4.23).
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As a consequence of (4.23) and using Lemma 4.11, there exists a constant bz > 0
such that

1
IF,[0011" < CIRH (0]l < 5056 (4.25)

In addition, for ¢, € B(b3d) and by the mean value theorem,

1
Rol¢] — Rpm = [/0 DR,[s¢ + (1 - s)Clds | (¢ —0).

Then, from Lemma 4.11 and the estimates in (4.23), we deduce that

1F5[¢] = Fo LI < CIR,IC] = R[]I
4 N N N (4.26)
< sup > [[ORp[s¢ + (1 = s)CllolI¢k — Gl < €8I =I5

5€[0,1] .1

This implies that, taking § small enough, || F,[¢] — F,[C][|X < 3]I¢ — || and, therefore,
F, : B(b36) — B(b30) is well defined and contractive. Hence, F, has a fixed point
Z} € B(b36). O

Proposition 4.12 completes the proof of Proposition 4.4. Note that, since G,2[¢](0,-) =
0 (see (4.21)) and F, = G, o R, the solution obtained in Proposition 4.12 satisfies

(Z7(0,7),e2) =0, for all 7 € Ty.

4.5 Proof of Proposition 4.6

To prove Proposition 4.6, let us consider the parametrizations Zj'(u, 7) and z{(u) given
in Proposition 4.4 and Corollary 4.5, respectively.

Let us recall that, by Proposition 4.12, Z}' satisfies Z' = (G, o R,)[Z}'] and, as a
result, z}' = (Gp o Ro)[#}']. By Lemma 4.11, since z}' does not depend on 7, one has that

=G, oRolzl],  for any p € [0, po]. (4.27)
Then, by Proposition 4.12,

Zi = 21 = FplZi] = Gp o Rolz1]

) ! ) ) (4.28)
= F,lZ7] = Folz1]l + G, (Rp[21] — Rol27]) ,

where we recall that 7, = G, 0 R, (see (4.22)).
Let us consider the constant b3 as given in Proposition 4.4. It is clear that,

7}, 2 € B(bsd) == {C €Yy + |CIIF <bsd}.
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Since F), is contractive with Lipschitz constant Lip(F,) < Cd (see (4.26)), for ¢ small
enough, one has that

1
IFp[27] = Fol=illl < Coll 2T — 2411 < 51121 — =4l
Thus, by (4.28) and Lemma 4.11,

1
12 = 21110 < 1121 = 20l + ClIRp[1] = Rol=11117 (4.29)

We claim that, for p € [0, po] and 6 > 0 small enough,
IR,[21] = Rol21]ll; < Cop. (4.30)
Indeed, first we consider estimates for R, as given in (4.19). One has that
Rpalzt] = Rolet] = (O Hi(op + Py + 21) — OaH1(B,))
— (OaH1(0p 4+ Po + 21) — OnHi1(Po))-
Denoting P* = (1 — 5)Po + sPB,, by the mean value theorem,

R[] — Roal1] = (B — Fo) " [ /[0 . D?OzH\(r(op + 21) + B*)drds | (op + 21) .

Then, using Lemma 4.9 and for (aq, ae, a3, as) = (A, A, z,y), one sees that
4 4

Rp1[21] — Ro1[21]lly < ZZ sup  Sup [|Oa;a,aH1(r(op + 21) +F7)|lo
j=1 k=1 5€[0,1] r€[0,1]

lop + 271 198 — Follg -
Notice that, Proposition 4.1 implies that [, — Boll; < Cp and Proposition 4.3 and
Corollary 4.5 imply that ||o, + 2|5 < C. These estimates and those of Proposition 2.1,
which bound ||9;a,a H1llo, imply that
IRpalz1] = Roalz1]ll, < Cdp.

Analogously, it can be seen that

IRp2lz1] = Rozlz1lly < Cop + [[Tp[z1] — Tolz1]]l,,

IRpsl21] = Roslz1]ll, < Cop,

IRpalz1] = Roalz1lll, < Cop,
with T, defined in (4.20). Therefore, it only remains to analyze T),[z}'] — To[2]]. Indeed,

applying the mean value theorem one sees that

Tplet] = Tolet] = V'O + By +21) = V/(Bp) = VO + 21) +V(0)
= s:Bp,]. ()\p + Zf)/

o V" (sAp + 7B + sz)drds.

Then, since A\, € Vs, and taking into account that B, 1(7) = dpAp(r) with [[Agllo < C

(see Proposition 4.1), one has that ||T},[2]'] — To[z{']||, < Cép. This proves (4.30) and, by
(4.29), Proposition 4.6 holds.

48



A Lyapunov periodic orbits
In this appendix we prove Proposition 4.1. Let us recall that, by Proposition 2.3, the
equilibrium point L3 in the coordinates (A, A, z,y) (see (2.5)), is given by

£(5) = (0,62£4(6),6°£,(5),6°L,(9) ",

with |€A(6)],[£2(9)] £y ()] < by for § > 0 small enough. Using that one can write H as
H = Hy + Hy, we have that

ONH1(£(0);0) =0, OnH1(£(6);6) = 36°LA(6), (A1)
e HL(L(5):0) = —62,(8), 0, H1(£(6);8) = —3£4(5). '
In addition, one can easily check that
H(£(5):6) = —% _ %5421(5) 4 642,(8)€,(5) + H1(£(5): ). (A.2)

For p > 0, we consider a polar symplectic change of coordinates ¢rya : (A, J, ¢, 1) —
(A A, z,y) given by

A=J+5287(0), x=+p2+1e ¥ +5°C,(0), y=+/p2+Ie¥+5°L,(5). (A3)

The Hamiltonian H expressed in the coordinates (), J, p, I) becomes HW® = H o ¢py,,
given by
PP+
52
4 . 3
+ V2 +1I(e7%L, +e8e,) — 554£A +6'2,.8,,

3
HY(X, 0o, 15p,0) = = ST+ V(N + + Hy(¢rya(N, J, 9, 1); 6) — 362 La

which, using (A.1) and (A.2), can be rewritten as

3 11
HY A Ty, 1p,0) = = 5T+ VN + 5+ 55+ Hi(S1ya(A, o9, 1):0)
— H\(£:6) = DHi(£:6) - (bya\ S0, ) = )T (A4

2
+ 5 T H(L9).

We are interested in proving the existence of a periodic orbit in the energy level
HMWa = g—z + H(£;9). To this end, in the following lemma, we first obtain an expression
of I in terms of the other coordinates. Let us denote by B(s) = {z € C : |z] <}, the
open ball of radius .

Lemma A.1. Fiz d,s),<5,po0 > 0. There exists 69 > 0 such that, for all p € (0, po] and
0 € (0,00), there exists a function

-~

I,5: B(0psy) x B(opsy) x Tq — C,
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such that H™2(\, J, o, fp,(;()\, J,0);p,0) = g—z + H(L;0).

Moreover, there exists a constant C > 0 independent of p and § such that
5\ 1 38)| < COp7, [OATp5(X, J, 03 0)| < €%,
L5\, J.¢;8)| < O8°p, 0pTp5(, J.0:8)] < C6*p%.
Proof. One has that the function fp,(g must satisfy the equation IAM =F [fp’g] with

FII(A T, ) = 2HS(\ T, 0, T, 6) — T — % — 62 H(2:)

3 1
—§2 5J? + V) + 5+ Hi(drya(A, 19, 1) 0)

— Hy(£;6) — DH1(£;6) - (¢rya(N, J, 0, 1) — £) |

Let (A, J, ) € B(dpsy)xB(6psy)xT4. Then, using the estimates of D?H; in Proposition 2.1,
one has that
IF[0](\, J, )| < C8%p?.
In addition, for functions ¢y, ¢ : B(dpsy) X B(dpsy)xTy — Csuch that [e1 (A, J, @)|, |ta(A, T, )| <
C6%p?, by the estimates of the third derivatives of H; in Proposition 2.1 and the mean
value theorem, one has that

‘F[“K)‘a J, QD) - F[L2]()‘a J, ()0)’ < C53P ‘Ll(/\v J, 90) - LQ(Av J, 90)‘ < 053100 ’[’1(>‘? J, (P) - [’2()‘7 J, QO)’ .

Then, taking dp small enough and applying the fixed point theorem, one obtains the
existence of the function I, 5 and its corresponding bounds. The bounds for the derivatives

of 11;75 are a direct consequence of Cauchy estimates. O

By Lemma A.1, the Hamiltonian system on the energy level HWa = g—z + H(L;9) is
of the form

. 7 . 1
>‘:_3J+fl()‘7t]a()0)7 J:_é)‘+f2()‘7jv()0)¢ ¢:ﬁ+g(A7J790)7 (A5)

where, denoting JA’p’g = fp,(;()\, J, ) and using the expression of H** in (A.4) and that

V”(O) = _%7

AT ) = OnHi (Grya(N T, 0, 1,5):8) — OnH1(£(6);0),
FoN Jop) = =V () + V" (0)A = OnHy (1ya(N, I, 0, T6);8) + OxHi(£(0); 0),

—ip

g(>‘a J, 90) = 2\/;24_72\9’6 (890H1 (¢Lya(>‘a J, 12 fp,é); 5) - 6mH1(£(5), 5)) (A6)
e'v ~
+—————— (9 Hi (drya (N .0, 16); 0) — 0, HL(£(6); 0) ) -

2v/p% + I
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We look for the periodic orbit of the system (A.5) as a graph over ¢ provided ¢ # 0
(which will be true on the periodic orbits). In other words, we look for periodic functions

w = (wy,wy) : Tg — C% w = w(yp),
satisfying the invariance equation Lw = R[w], with
Lw=(0, - S Ayw, A= (_Oz _03> ,
® (A7)

_ g2 (At floale)wile)o) N
RUI) =8 (T T ) ~A) b T = ()

Let us consider the Banach space

Z= {h : Ty — C : h analytic, ||h|| := sup |h(p)| < —i—oo} ,
IS ]
and the space 22 endowed with the product norm ||h|* = ||h1|| + |2

Proposition A.2. There exist po,dp,bg > 0 such that, for p € (0, po] and 6 € (0,dp),
there exists a solution of Lw = R[w] belonging to Z? and satisfying

ool < bedp.

To prove Proposition A.2 we first study the right-inverse of the operator £ = 0, —5%2A
in Z2. First, notice that

3

A=PDP ! where D:(g —Oy>’ P:(

Lemma A.3. The operator G : 22 — Z? defined as

33) 21
, U

-V vV

27
Gli)() =P P( P 1)t [ e PP (o)
e (A.8)
+Pe?? P / e PP Ih(6)df,
0

is a right-inverse of the operator L given in (A.7). In addition, there exists C > 0 such

that, for ¢ € (0,1),

<« C
IR < 5

Proof. If w is a solution of L[w] = h, it must exist Ky € R? such that

R, for h € Z2.

%)
w(p) = Pe>P [Ko +/ e 0 PP1n(6)dh| .
0

Then, imposing that w is 27-periodic, one obtains (A.8). The estimates for the operator
are straightforward taking into account that

_ong? _ _oxs2 _ C
I(e™?™P —1d) ™" < (1 — [le*™P —1d]}) lﬁﬁ-
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For ¢ > 0, we denote B(¢) = {h € 2% : ||| <<}.

Lemma A.4. Fix constants pg,s > 0. Then, there exist do,C > 0 such that, for
p € (0,po], 6 € (0,80) and h € B(sdp), the function R in (A.7) satisfies

IRa[R]]| < C6p, IR2[h]|| < C8%p
and
IR [R]| < C8%, [ Ra[B]|| < C8*, |01 Ra[R]]| < O, [|82R2[h]|| < C3*.
Proof. Let h = (hy, h2) € B(s0p) and ¢ € T4. For s € [0,1], we denote
2°(¢) = 5 SLya (71 (), ha(9), 9, T,5(h(9))) + (1 — 5)£(0).

We notice that, by the definition in (A.3) of ¢rya,

2(0) = 2(0) = (m(9). hal@) Vo + Tralh(@)e V77 + a2’

We recall that f1 = OanHi(¢rLya) — OaH1(L) (see (A.6)) and then, by the mean value
theorem and the estimates in Proposition 2.1 and Lemma A.1,

|f1(h(), )| < sup {|8A>\H1 (2°(@)] [h1(9)] + |0X Hu (2°()) | |ha ()]
s€[0,1] (A.9)

+(10neHy (2°(9)] + 10y H (=°())]) 167 + T s ()] } < C3%p.
Analogously,
f2(h(0), )] < Cop,  |g(hlp), p)| < C&%. (A.10)

To obtain estimates for the derivatives of f1, fo and g, note that
N

2\/p2+f,5

affp,a
21/ + 15

where Icp,(g = f[)’(;(h((p)). Then, using the estimates in Proposition 2.1 and Lemma A.1,

Mfr(h(p), 0) =OHi (2(9)) + [e0na Hy (21 () + €06, Hy (2 ()],

A5 f1(h(p), ) =03 Hy (' (9)) + [0z Hy (2'(0)) + €¥OnyHi (2'(0))]

Oxf1(R(p), )] < CO%, |01 fi(h(p), )| < CF°. (A.11)
Analogously,
|a>\f2(h((70)330)| < 063 |8Jf2(h((10)730)| < 0527
cé o (A.12)
[0xg(h(¢), ©)| < > 1059(h(0), )| < -
Finally, joining the just obtained bounds with the definition of the operator R in (A.7),
we obtain the statement of the lemma. O
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Proof of Proposition A.2. A fixed point of w = Flw] with F = G o R is a periodic
solution of Lw = R[w]. By Lemmas A.3 and A.4, there exists bg > 0 such that

C be
IFI0II1™ < 55 (IR [0 + 1 R2[0]]]) < =-p- (A.13)
Moreover, for h, h € B(bgdp), by the mean value theorem,

IR[R] = R[AI < sup [[IDR[(L — )k + sh](h — )| ].

s€0,1]
Thus, by Lemmas A.3 and A.4,
A C N N
IFTR] = FIRJII™ < 5 IR[A] = R[A]I™ < Collh — hII™ (A.14)
Then, if § is small enough, the operator F : B(bgdp) — B(bsdp) is well defined and
contractive and, as a consequence, it has a fixed point w € B(bgdp). O

End of the proof of Proposition 4.1. Let w(p) = (wx(¢), ws(g)) be the solution of Lw =
R[w] given by Proposition A.2 and introduce wy(p) = Ap’(;(w(go), ©) as given in Lemma
A.1. Then, the curve (wx(¢), ws(¢), ¢, wr(p)) is a graph parametrization of the Lyapunov
periodic solution in the energy level HW? = 'g—; + H(L). However, ¢ = Oip = 5% +
g(w(p), ). Then, to complete the proof of Proposition 4.1, we look for a reparametrization
¢ = @(7) and a constant w, 5 such that 7 = 4. Moreover, we impose ¢(t)[—o = 0 and
therefore p(27) = 2m. Then, @ must satisfy that

1+ 8%g(w(P), p
o,p— LHO0W@10) g Gam) = om
Wp,s

Notice that, by (A.10) and for § small enough, one has that 0;p # 0. Then, its inverse
T = T(¢) satisfies that

Wp,s
1+ 62g(w(p), ¢)

These conditions give definitions for the function 7(¢) and the constant w), s,

0,7 =

and T(2m) = 27.

T(p) =w /90 2l and  w 2n
T == ,6 ,6 g -

We notice that 7(¢ + 27) = 27 + 7(p). By the estimate for g in (A.10), we obtain
wps =1 < C8* [T(p) ol <C8*, |@(r) — 7] < Ot (A.15)
Then, for 7 € T4, the curve

Po(7:0) = brya (wA(B(7)), ws (B(7)), B(7), wi(B(7)))
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is a real-analytic and 2m-periodic solution of the Hamiltonian system given by the

Hamiltonian H in (2.8) and it belongs to the energy level H = g—z + H(£). In addition,
the functions in (4.2) are given by

P wiE(r)e P — pe

wir) = 2Ty - - ,
w7 (O(T wr(P(7))e?(™) — pei™
Ag(r) — J((;Op( ))’ o (r) = VPPt 1(@(5? o peT

and, by Lemma A.1, Proposition A.2 and (A.15), satisfy that |Ap(7)|, [Ap(7)] < C and
|23 (7)], lysp(7)] < C&°. 0

B Difference between the invariant manifolds of L3 on X,

In this appendix we prove Corollary 2.5, relying on the results in Sections 4.2 and 4.4. Let
us consider the real-analytic time parametrizations z" and 2° of the unstable and stable
manifolds W% (£) and W5T(£) defined in Corollary 4.5. Notice that, for u € D" N D®
(see (4.6)), they satisfy

2" (u) — op(u) — 52£A| < (6, |2°(u) — op(u) — 52£A| < (4, (B.1)

where o, = (Ap, Ap,0,0)7 is given in (4.4). Moreover, z(0),25(0) € {A =§2£,} and,
since z" and z° satisfy equation (4.7) and are independent of 7, for z° = (A°, A®, z°, y°),
© = u,s, one has that

dxe dz® i

T = S3A° 4 00 HL(2), dzz - ;—2x° +id, H (2" 0)

dA® dy® i (B-2)
= —V'(X°) — O\H,1 (2" 6), = —5—2y° — 10, Hy(2"%; ).

Fix A\, € (%’r,/\o), (see (2.18)). By Proposition 4.3, there exists u, > 0 such that
As = Ap(us). Therefore, by (B.1) and for 6 > 0 small enough, there exist T",7° =
ux + O(9) such that 2%(T"), 25(T%) € {A = A\, A > 0} . Moreover, by Theorem 2.4,

2T — 2(T°) = V253¢77 [(0,0,8,0)" + 05, (B.3)

where Qs = (0,0(6), O([log 8| 1), O(Jlog 6| )T

To prove Corollary 2.5, we deduce the difference z%(0) — 2°(0) from (B.3). To this
end, we define A(u) = z%(u) — 2°(u), for v € [0,T%]. It is clear that, by (B.2), the
function A(u) satisfies the linear equation
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with

0 -3 0 0
V" (Ap(u 0 O 0
= 00000,
0 0 0 —%
0 000
000 !
ayy = | 000 /0 ID?Hy (62 (u) + (1 — <)2°(u)) d,
0 0 00

1
m(u) = V" (Ap(u)) = /0 V7 (A (u) + (1 = )X (u)) ds,

where J is the symplectic matrix associated with the form dA A d\ +idx A dy. Moreover,
from Proposition 2.1 and Corollary 4.5, we deduce that |M;(u)| < C§, for u € [0, T"].
Let ®(u) be the fundamental matrix of the differential equation %@D(u) = Moy(u)®(u)
given in Lemma 4.10, which satisfies ®(0) = Id. Then,

u

Adu) = B(u) [(I)‘l(Tu)A(T“)Jr / &1 (o) My (0) A(0)do | -

u

On one hand, using Gronwall’s Lemma, one has that |A(u)| < C|A(T")] for u € [0, T"]
and, on the other hand

|A0) — @ HT™)A(T")| < CST™ [A(TY)] . (B.4)

Thus, to obtain an asymptotic formula for A(0), we need to compute A(T"). We write
A(TY) = 2"(T") — 25(T°) + 25(T°) — 25(T"). (B.5)

Since the difference 2"(T") — 2*(T%) is given by (B.3), we only need to analyze the term

25(T%) — 25(T"). To do so, we first bound T" — T*. Since 2° = (A%, A%, 2%, y°) satisfies
equation (B.2) and using the mean value theorem, we obtain that

A (T®) — AY(T™)
VI(Ap(us)) + B(T™, T%)’

where, denoting 7'(r) = rT" 4 (1 — r)T*, the function S is given by

T —T% =

1 1
BT = [ [VIONTE) =V Oplw))] dr + [ OHGT ()i,
0 0
Notice that V'(Ap(us)) = V' (M) # 0 (see (2.7)). Moreover, since T", T® = u, + O(9), by
(B.1) and the estimates in Proposition 2.1, one can see that |3(T",T%)| < C§. Therefore,
A
one has that |T" — T%| < C63¢752. Then, since

1
S(T%) — 25T = (T° — T /0 B2 (rT™ + (1 — 1) T™)dr,
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we have 25(7%) — 25(T") = O (5%(275%). Therefore, by (B.3) and (B.5)

where (,97;

A(T") = V2537 [(0,0,8,0)" + 05, (B.6)

= (0(8),0(8),0([log 6], O(Jlog 8| 1))”. Lastly, joining the results in (B.4)

and (B.6), we obtain

A(0)] = V25573 [|&71(T") (0,0,8,0)" | + O] .

Then, applying the expression of the fundamental matrix ® given in Lemma 4.10, we
obtain the statement of the corollary.
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