A RIGOROUS DERIVATION OF THE ASYMPTOTIC WAVENUMBER OF
SPIRAL WAVES IN THE COMPLEX GINZBURG-LANDAU EQUATION.

ABSTRACT. We compute the asymptotic wavenumber for single spiral waves of a set of A —w
systems and we prove that it is exponentially small with respect to the twist parameter.

1. INTRODUCTION

In a wide range of physical, chemical and biological systems of different interacting species,
one usually finds that the dynamics of each species is governed by a diffusion mechanism along
with a reaction term where the interactions with the other species are taken into account. For
instance one finds these type of systems in the modelling of chemical reaction processes as a
model for pattern formation mechanisms ([CH93]), in the description of some ecological systems
([Mur01]), in phase transitions in superconductivity ([HT12]) or even to describe cardiac muscle
cell performance [ES22], among many others. Mathematically speaking, a reaction-diffusion
system is essentially a system of ordinary differential equations to which some diffusion terms

have been added:
(1) 0.U = DAU + F(U,a),

where U = U(r,7) € RN, # € R, 7 € R, D is a diffusion matrix, F' is the reaction term, which
is usually nonlinear, A = 0,, + 0,, is the Laplace operator and a is a parameter (for instance
some catalyst concentration in a chemical reaction) or a group of parameters.

In this paper we deal with a particular type of reaction-diffusion equations which are tradi-
tionally denoted as oscillatory systems. These are characterised by the fact that they tend to
produce oscillations in homogeneous situations (i.e. when the term DAU vanishes). Of particu-
lar interest are oscillatory reaction-diffusion systems which tend to produce spatial homogeneous
oscillations. These are systems like where the dynamical system that is obtained when one
neglects the spatial derivatives (i.e., the Laplace operator) has an asymptotically stable periodic
orbit. To be more precise, we refer to dynamical systems that undergo a non-degenerate super-
critical Hopf bifurcation at (Up, ag). In this case, one can derive an equation for the amplitude
of the oscillations, A € C, by taking €2 = a — ag > 0 small, t = €27 and writing the modulation
of local oscillations with frequency w as solutions of of the form

U(r, %, a) = Uy + [A(t, F)e™Tv + A(t, T)e ™ 0] + O(e?),

where ~ denotes the complex conjugate. Under generic conditions, performing suitable scalings
and upon neglecting the higher order terms in € (see for instance Section 2 in [Kur03], [AK02], or
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[Mie(2]), the amplitude, A(t, Z), turns out to satisfy the celebrated complex Ginzburg-Landau
equation (CGL)

(2) QA= (1+ia)AA+ A— (1+iB)A|A]?,

where A(t, Z) € C and «, 3 are real parameters (depending on F and D). The universality and
ubiquity of CGL has historically produced a large amount of research and it is one of the most
studied nonlinear partial differential system of equations specially among the physics commu-
nity. CGL equation is also known to exhibit a rich variety of different pattern solutions whose
stability and emergence are still far from being completely understood (see [CEF20], [PS01],
[DSSS09], [Scho3|, [SS20], [DS19] for some of the latest achievements and open problems).

We note that has two special features: the solutions are invariant under spatial transla-
tions, that is, if A(t, ) is a solution and ¥ = 7’ + Z, then A(t, ") does also satisfy equation
for any fixed 7, € R2, and it also has gauge symmetry, that is A(t, Z) = "¢ A(t, ) is a solution
for any ¢ € R.

In this work we shall focus on some special rigidly rotating solutions of called Archime-
dian spiral waves. In order to define these solutions, following [SS20], we consider first polar
coordinates, that is ¥ = (7 cos ¢, rsin¢) € R? in which equation reads:

1 1
(3) BA = (1+ia) (a,?A +o0A T—20§A> +A—(1+iB)AJAP,

where, abusing notation, we denote by the same letter A(t,r, ¢) the solution in polar coordi-
nates. To define spiral waves let us first consider the one dimensional CGL equation:

(4) QA= (1+ia)P?A+A— (1+iB)A|A], reR.
We first introduce the notion of wave train.

Definition 1.1. A wave train of is a non constant solution, A(t,r), of equation of the
form:

(5) A(t,r) = A(QU — kyr),

where A.(€) is 2m-periodic, Q@ € R\{0} is the frequency of the wave train and k. € R is the
corresponding (spatial) wavenumber.

The particular case of a single mode wave train, namely A(t,r) = Ce®*=%:7) Jeads us to the
well-known relations

(6) C=y1-k2, Q=Qk)=-B+k(8—a).
The last condition on the frequency is the associated dispersion relation and the quantity
vy = —0k, Q(ky) = 2k.(a — ) is the wave group velocity. Then, for any pair of the parameter
values («, ) there exist a family of wave trains of of the form given in (5| satisfying
conditions @, one for each wavenumber k,.

Now we define an n-armed Archimedian spiral wave which, roughly speaking, is a bounded

solution of that asymptotically, as r — oo, tends to a particular wave train (see Figure [1).
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From a physical point of view spiral waves arise when inhomogeneities of the medium force a
zero amplitude in particular points in space ([HOAOQ0]). These points where the amplitude is
forced to vanish are usually known as defects ([AKQ02]). By virtue of the translation invariance
of , in spiral wave solutions with a single defect, one can place the defect anywhere, in
particular at the origin, i.e. A(t,0) = 0.

In this work we shall use the following definition of an n-armed spiral wave solution of the
complex Ginzburg-Landau equation given in [SS20]:

Definition 1.2. Let n € N, we say that A(t,r,¢) is an n-armed Archimedian spiral wave
solution of equation if it is a bounded solution of the form A(t,r,p) = As(r,np + Qt),
defined for r > 0 satisfying that

lim max [As(r,¢) — Au(—ka +0(r) + )] =0,

r—00 1H€(0,27)

and

lim max [0pAs(r, ) — AL(=kar +60(r) + )| =0,

r—00 1)€[0,27)
where the profile A,(Q — k,r) is a wave train of the equation (), As(r,-) is 2m-periodic and 0
a smooth function such that lim,_,., 0'(r) — 0.
The parameter k, is in this case known as the asymptotic wavenumber of the spiral.

Notice that, in a co-rotating frame given by ¥ = np+Qt and considering r as the independent
variable, spiral wave solutions can be seen as a heteroclinic orbit, as represented in Figure [I]
connecting the equilibrium point Ay = 0 with the wave train solution A,.

—_—

F1GURE 1. Representation of the spiral wave solutions of as an heteroclinic
connection.

To give the main result of this paper we introduce ¢, the so-called twist parameter
b —«
7 =
(M) =7 +apf
which, in particular, is well defined for values of a, § such that |« — 5| < 1. As we shall explain

in what follows, the shape of spiral waves strongly depends on this parameter. In fact, when
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g = 0, the solutions of the Ginzburg-Landau equation of the form A(t,Z) = e‘iatfl(t,f)
satisfy the "real” Ginzburg-Landau equation

HA=ANA+A—AJA%,  A(t,T) eR.
Our perturbative analysis considers the case in which we are close to the "real” Ginzburg-

Landau equation, that is to say, we deal with values of ¢ that are small.
Then, the main result of this paper reads as follows:

Theorem 1.3. For any n € N, there exists qo > 0, small enough, and a unique function
Ky : (—q0,q0) — R of the form

(3) kulg) = gwl +0(lg))),

with v the Euler’s constant and C,, a constant depending only on n, satisfying that the com-
plex Ginzburg-Landau equation possesses rigidly rotating archimedian n-armed spiral wave
solution of the form

(9) A(t,r,03q) = £(r; g)exp (i(Qt + O(r; ¢) £ np)),
with a single defect satisfying
£(0;9) =0, lim f(r;q) = /1 — k2, ©'(0;¢) = 0, lim ©'(r;q) = —k,
r—r00 r—00

if and only if the asymptotic wavenumber of the spiral wave is k., = k.(q) and § satisfies @
In addition ©'(r; q) has constant sign,

f(r;q), f'(r;q) >0, for r>0
and, as a consequence, lim, .. f'(r;q) = 0.

The simple description of spiral wave patterns of clashes with the complexity of obtaining
rigorous results on its existence, stability or emergence. In fact, the existence and uniqueness
of k.(q) and, as a consequence, of the rotational frequency of the pattern €2, is a classical result
that was obtained back in the 80’s by Kopell & Howard in [NK&1]. At the same time the physics
community started showing interest in this type of phenomena and several authors used formal
perturbation analysis techniques to describe spiral wave solutions (see for instance [Gre81b],
[CNRT§| or [YKT76]). More relevantly, Greenberg in |Gre81a] and Hagan in [Hag82] used formal
techniques of matched asymptotic expansions to conjecture a formula for k,(g) when ¢ is small.
The exponentially small terms arising in was already a challenge to overcome when the
formal derivation was obtained and in fact, 30 years later in [ACWO0§| a new simpler formal
asymptotic scheme was used. It is therefore not that surprising that it has taken more than
40 years to finally obtain a rigorous proof of the expression (8). The novelty of our approach
is the systematic combination of a particular formal asymptotic scheme (the one in (8)) with
rigorous Fixed Point Theorems in suitable Banach spaces. This has finally allowed to provide

a very detailed description of the structure of the whole spiral wave solutions, of which several
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features, such as positivity or monotonicity among many others, have now been rigorously
proved.

Archimedian spiral wave patterns are present in some other systems. In particular, there
is another type of reaction-diffusion systems, the so-called A\ — w systems, which has been
classically used to investigate rotating spiral wave patterns and reads

O (ur) _ (A(f) —w(f)) (w Uy

o () = (GO0 S0) () v ().

where wuy(t,Z),us(t,Z) € R and w(-),\(-) are real functions of the modulus f = /u? + u3.
Actually, this system was first introduced by Kopell & Howard in [KHT73] in the early seventies
as a model to describe plane wave solutions in oscillatory reaction diffusion systems. Not
much later the same authors in [KH74|, [HK74] and [NK81], under some assumptions on A, w,
rigorously proved the existence and uniqueness of spiral wave solutions of with a single
mode. After, in [ABMSI16], the authors proved that, in fact, the asymptotic wavenumber
k. = k.(q) has to be a flat function of the (small) parameter q. The particularity of this system
is that the equations satisfied by spiral waves turn out to be exactly the same as the ones for
the CGL equation when A(z) = 1 — 2% and w(z) = Q + ¢(1 — k* — 2?), as we show later in
Remark The conjectured by asymptotic techniques expression of the wavenumber, has
been widely used in the literature and checked numerically in innumerable occasions (see for
instance [CH93], [AK02], [Mik12], [CGR8&9|, [PEOL] or [T'sal(]) but it has never been rigorously
proved, that is the main purpose of the present paper.

1.1. Spiral patterns. By Definition of archimedian spiral waves, spiral waves solutions of
the form @ provided by Theorem (1.3} have to tend, as r — oo, to

A (U — kur + 0(r)) = O/ —her0(r)

with A(t,r) = A.(Q — k.r) a wave train of (), that is C,Q € R satisfying () and 6'(r) — 0
as r — oo. We will see in Sectionthat, in fact, these are the only possible wave trains of ,
namely, wave trains of equation (4)) only have one mode. The contour lines of A,, that is to
say, Re(A.(Qt — k. + np)e ™) = ¢ for any constant ¢ (or equivalently —k.r + np = ¢), are
archimedian spirals whose wavelength L (distance between two spiral arms) is given by

B 2mn
|kl

The parameter n € Z is known as the winding number of the spiral and it represents the
number of times that the spiral crosses the positive horizontal axis when ¢ is increased by 2.
In Figure [2| we represent n-armed archimedian spirals for different winding numbers, n.

At this point we must emphasize the role of the parameter ¢ in in the shape of the spiral
wave

L

Alt,r,3q) = £(r; )/ OTD )
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n=1 n =2 n=3 n=4

FIGURE 2. Representation of archimedian n-armed spiral waves for different
winding numbers n.

provided in Theorem [I.3] Recall that the asymptotic wavenumber of the spiral wave is k., =
k«(q) with k.(q) defined in (8)). Let A, be the wave train associated to the spiral wave A as in
Definition [1.2] Then, from (6)) we have that

lim f(r;q) = /1 — k2.

T—00

Moreover, expression () shows that lim, .o x.(¢) = 0, and therefore lim,_,,, ©'(r;0) = 0, which
suggests that ©(r;0) could be constant. In fact, when ¢ = 0, that is & =  (see ), again
from the dispersion equation @ one has that C' =1 and 2 = —f. In this case, the solutions of

the Ginzburg-Landau equation (B)) of the form A(t, r, @) := e’ A(r, ) are such that A satisfies
~ 1.+ 1 A A A
FA+-0,A+52A+A— AJAP =0.
r r

For any n € N, this equation has a solution of the form A(r,¢) = f(r)e® with £(0) = 0,
lim, o f(r) = 1. Indeed, the equation that f satisfies,

1 2
f”+;f’—7;—2f+f—f3:0,

is a particular case of the equation studied in [AB11], proving that there exists a unique solution
satisfying the conditions in Theorem [1.3|when ¢ = 0. Therefore, plotting Re(A(r, ¢)) one finds
the surface depicted in the left image of Figure . We note that contour lines of Re(fl(r, p) are
straight lines emanating from the origin.

However, if ¢ # 0, ©(r; q) is not constant anymore and the contour lines bend and become
the already mentioned archimedian spirals, as the ones depicted in the right image of Figure [3|

This is why ¢ is usually denoted as the twist parameter of the spiral.

2. SPIRAL WAVES AS SOLUTIONS OF ORDINARY DIFFERENTIAL EQUATIONS

Next lemma characterizes the form of the possible wave train solutions of equations of :
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q=0 q#0

FIGURE 3. Real part of the solutions of equation when ¢ = 0 and for g # 0.
The picture shows (Z, Re(A(t, Z)e"))

Lemma 2.1. The wave trains associated to have a unique mode, namely, they are of the
form A(t,r) = Ce' k1) with k, € R and the constants C, ) # 0 satisfy the relations @

Proof. Assume that A,(§) = >, allei®s al) € C, and let A(t,r) the wave train defined

through A,, that is A(t,r) = A.(Qt — /k\*r) Since A(t,r) has to be a solution of (), we have
that, for all / € Z

iQal = —(1 + ia)k2%a? + al — (1 + iB)|A]2a?,

With |A|? = |A(t,7)|*> = A(t,r)A(t,r) the complex modulus. Assume that a4l al®! £ 0 for
some {1, /5. Then

i = —(1+ia)k203 +1— (1+iB)| A,
i = —(1+ia)K203 + 1 — (1 +iB)| A
This implies that
Ol = —ak2? — BIA]?,  0=—k2>+1—|A]
Ol = —ak2% — BIA]2, 0= —k2%+1— |A]?
and as a consequence 0 = —k2(¢2 — (2) so, if k, # 0, {; = +0,. If k, = 0, then we have that
Q¢ — ly) = 0 so that ¢; = ¢, and we are done (recall that 2 # 0). If {1 = —{5, we deduce
that Q¢ = Q¢ = —Q¢; which implies that ¢; = 0 and hence A(t,r) is constant which is a

contradiction with Definition [1.1} Therefore ¢; = 5 and A(t,r) has only one mode indexed by
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(. Defining Q = ¢Q and k, = (%, the wave train is expressed as A(t,r) = Ce®=k1)  Imposing
that A(t,r) is a solution of (4)), we obtain

Q= —ak, — B|A]?, 0=—k>+1—|AP
Using that |A| = C, we have that C' = /1 — k2 and Q = - + k2(8 — «). O
We fix now C, 2 and k, such that they satisfy the relations in @, namely
(1) CZ=1-k, Q=-B+k(F-a)
and the associated wave train is
A, (U — kyr) = Cel¥kr),

By Lemma and Definition [1.2| of Archimedian spiral wave, in this paper we look for single
mode spiral wave solutions of the form

(12) Alt,r, p) = £(r; ) et o),
with
lim f(r;q) = /1 — k2, lim ©'(r;q) = —ki.
r—00 r—00
Remark 2.2. By Definition an archimedian spiral wave associated to the wave train

A QU — k) = Cel=Rn) - satisfies

A(t, r, QO) — AS(T, Ot + ngo Z a[@] zé (Q+np) _ Z f[é zZ (Qt+np)+i0,(r)

Lez LeZ
with fY(r) >0 for all ¢ € Z,
' Wiyl = 1 (1] —i01(r) _ 1| =
lim [f5(r) = C] = lim [a(r)e Cl=0,
with 01(r) such that lim,_,, 07 (r) = —k., and, for ¢ # 1,
lim a(r) = 0.

r—00
The spiral waves we are looking for, that is, of the form provided in , are the ones where

all =0, for £ # 1. These single mode solutions are the ones that were studied in previous works
by authors [NK&1, [Gre81al [Hag82, [ABMS16].

We look for the equations that f and © have to satisfy in order for A(t,r, ¢) of the form ([12))
to be a solution of . We recall the definition of ¢ provided in ([7)

(13) ==




Lemma 2.3. Assume that |a — B| < 1. Let Q # 0, k. be constants satisfying and
A(t,r, o) a solution of the Ginzburg-Landau equation in polar coordinates of the form (|12)).

We introduce
14+ a? 1/2
“= (1 - Qa) '

1/2
rra) = (1oan) s, (o) = Oaria)

satisfy the ordinary differential equations

Then the functions

/ 2

n 2 2\
(14a) f”+7—fr—2+f(1—f —v%) =0,
(14b) fo'+ =+ 2f 0+ qf(1- 2= K) = 0.
with v =" and k € [—1, 1] satisfying the relations
O+« k
1-— k2 = T = k* = .
al )= T qa (1 — ag(l — k2))i72

Proof. We first note that, for |« — f| < 1, we have that 1 4+ «f > 0. In addition, 1 — Qa > 0.
Indeed, according to ([11)),

1-Qa=1-a(-B+k(B—a))=1+aB —apk?+a’k? =1+ aB(1 —k?) + a*k2.

Therefore, if af > 0, using that k. < 1 (see again (|11))), we have that 1 — Qa > 0. When
af <0, since 1 +af >0,

1-Qa=1—|aB|(1-k)+a®k?>1—]af|=1+aB>0.
Consider the rotating frame with the scalings
B(r,p) = 6e M A(t,ar, ).
Since A is solution of , B is a solution of
1—14iQ 1416

— B —6 %> ——B|B*=0
1+1a 1+

1 1
2B+ -0,B+ 2B +a’
r r

or equivalently

1 1 1—Qa—i(Q+a) 1+ af +i(f— )
2B+ -0,B + —9°B +a° B—a? B|B*> = 0.
" +7‘ +r2 ol 1+ a? “ (14 a?) 1]
Then, choosing
. 1+0a? 52 l+af  1+af

a_l—Qoz7 a1+a2_1—Qa
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and denoting
~ Q4+ o Q+a g —« g —«
(15) “ (1+ a?) 1—Qa’ 1 a52(1+042) 1+ af

the function B has to satisfy the equation

1 1 I
#B+ -0.B+ —92B+ (1+Qi)B — (14 ¢i)B|B|* = 0.
r r
Finally, writing
B{r. ) = f(rsq)eltEnerxira)
we obtain that f and y satisfy the ordinary differential equations

/

2
[+t = = () =0

1 R
2/ + X"+ I +Qf —qf* =0,
Notice that
5_ (B—a)
O =
1 - Qo
and then Q and q have the same sign as § — «. Introducing v = x’ and k € [—1,1] by the

relation () = q(1 — k?), the above equations are the ones in ([14)).
To finish, we deduce the relation between k, and k. First we note that

l+af—a(f—a)(l—-Fk) 1+a*(1—Fk)+afk?
1+afp N 1+apB

(16) (1—k&2)

> 0.

1-Qa=1-qa(l — k%) =

Then, since
a+Q  a+q(l—Fk?)

0= ~ — = )
1—aQ)  1—ag(l—k?)

using that Q@ = =8+ k(8 — «)
B-afql=F)—a—q(1-k) B—a—q1-FkF)1+ap)
KB —a) = 1 —aq(l —k?) B 1 —aq(l —k?) '

When « # (3, by definition of ¢, we have that

ok
1l —agq(l — k2

For the case ¢ = 0, we simply define & = k, which is consistent with the above definitions. [J

Remark 2.4. Spiral wave solutions of A — w systems in (10) can be written in terms of a
system of ordinary differential equations by writing the system in complex form, that is,
denoting A = uq + ius

A = (Af)+iw(f)A+ AA.
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Then considering the change to polar coordinates & = (r cos @, rsin ) and looking for solutions
of the form provided in @D, this yields the following system of ordinary differential equations:
! 2

[+ = o+ PO = () =0,
X+ FX 42X+ f() - ) = 0.

The equations (14)) correspond to equations in the particular case N(z) = 1 — 2* and
w(z) =Q+q(1—k*—22).

An important observation is that when ¢ = 0 (see for the definition of ¢) equation ((14b))
simply reads

(17)

(rf*) _

rf
and therefore r f2v = ctant. Therefore, given that the solutions that we are looking for must
be bounded at r = 0, the only possible solution is therefore v = 0. Also, substituting in ((14al)
one finds that

fo + f% +2fy = 0,

f(r;0) = fo(r),

is the solution of
(18) v Jo n’ 2

0 +7—fgﬁ+f0(1—f0):0.
In the previous paper [AB11] (see also [ABMS16]), the existence of solutions of the above differ-
ential equation was stated (in fact a more general set of differential equations was considered)
under the boundary conditions
(19) fo(0) =0, lim fo(r) =1,

r—00
satisfying in addition

TL2

(20) fo(r)=1-— ) +O(r ), r — 00.
In this new setting, Theorem is a straightforward consequence of the following result which,

moreover, provides a more detailed information on the constant C,,.

Theorem 2.5. Let n € NU {0}. There exist qo > and a function k : [0,q] — R satisfying
k(0) =0, and

2 - w
a@:5a%ﬂa%wu+0@x

with v the Fuler’s constant and

6= Jim ([ ereon - P de - oer
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such that if k = k(q), then the system (14)) subject to the set of boundary conditions
f(0;9) = v(0;9) =0,
lim f(r;q) = V1 — k2, lim v(r;q) = —k
T—>00

T—00

has a solution. In addition such a solution satisfies that v(r;q) has constant sign, f(r;q) >0,
f'(r;q) >0 and, as a consequence, lim,_,, f'(r;q) = 0.

Remark 2.6. We do not need to impose the extra boundary condition lim, . f'(r;q) = 0
which, as we will see along the proof of Theorem |2.4, is a consequence of imposing that the

solution satisfies lim, o (f(r;q),v(r;q)) = (V1 — k%, —k).

Proof of Theorem[1.3 as a Corollary of Theorem[2.5. We first emphasize the fact that equa-
tions remain unaltered when (v, ¢) is substituted by (—v, —q). Therefore one can consider
q > 0 without loss of generality.

From the property in (20)) as r — oo, it is clear that the constant C,, € R. From Theorem [2.5
and Lemma 2.3 we have that if

() = w(a) (1= ag(1 = ()"
then there exists a spiral wave of the form (9] satisfying lim, .. f'(r; ¢) = 0, £(0;¢) = ©(0;¢) =0

and
1 — Qo M2 1— Qa\Y?
' L — 5 . Moo o) —

Since k. (q) has the same first order expression as k(q) provided ¢ is small enough, the expression
for k.(q) in Theorem |1.3| follows from the one for x(q).
We now check that k, = k.(q) and k = k(q) satisfy

1-Qa 1-Qa\"?
1—k3:(1_k2)1+a6, —k*:—k(lJraQ) :

Indeed, from Lemma and using definition of ¢, we have that, if ¢ # 0
la—BeRB-0) (Ot

q 1 - Qo 1 - Qo
and the first equality is proven. With respect to the second one, we have to prove that

(1—Qa)(1 —aq(l—Fk))=1+a’
The equality holds true for o = 0. When « # 0 we have to prove that
0=—(Q+q(1—Fk))+a(Ql—-k)—1)=—(Q+0a)—q(1—k)(1-Qa)

which from Lemma [2.3]is true. The implies that if the wavenumber k, = x.(q), then there is a
spiral wave of with such a wavenumber.
For the uniqueness of the function k.(¢) we use Theorem 3.1 in [NK8I] and Lemma 2.1

in [ABMSI6], related to A —w systems as (L7)), with the assumptions A(1) = 0, N'(z),w'(z) < 0,
12
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for z € (0,1] and |w'(z)| = O(|g|). The result in [ABMS16] says that, if system has solution
under the boundary conditions

lim f(r) = fw, lim f'(r) =0, lim v(r) = v
r—00 r—00 r—00

then f. is such that w(fs) = Q and v2, = A\(f). The result in [NKS8T] states that there exists
a unique function, v, (q), such that the system has solution under the boundary conditions

lim f(r) = foo,  lim fi(r) =0, Tim X'(r) = vo(q)

and f,v regular at r = 0. Applying these results to our case, A\(z) = 1 — 2? and w(z) =
Q+q(1 — k* — 2?), Theorem is proven. O

After more than forty years, Theorems [2.5] and finally provide a rigorous proof of the
explicit asymptotic expressions widely used for k(q) and k.(q). Furthermore, the rigorous
matching scheme used in this paper opens the door to showing without much extra effort the
equivalent result for spiral waves in the more general setting of A — w systems.

3. MAIN IDEAS IN THE PROOF OF THEOREM [2.5]

To prove Theorem we need to study the existence of solutions of equations with
boundary conditions:
f(0:k,q) = v(0;k,q) = 0,
lim f(r;k,q) = V1 — k2, lim v(r; k,q) = —k.
r—00

T—00

(21)

The strategy of the proof is as follows. We split the domain r > 0 in two regions limited by
a convenient value rg > 1:

e A far-field (outer region) given by
(22) r € [rg,00), where lim f(r;k,q) =v1— k2, lim v(r; k,q) = —k,
r—00 r—00

are the only boundary conditions that are imposed.
e An inner region defined as

(23) r€1[0,r9], where f(0;k,q) =v(0;k,q) =0
are the boundary conditions.

The concrete value of 7y = \%e"’/ 1 with p = (“O—qg(ﬂ)% will be explained in Section .
We shall obtain two families of solutions (see Theorems and , depending on free

parameters a, b € R, namely:

o f"(r a;k,q), 0.f"(r,a;k,q), v°"(r,a; k,q) for the outer region satisfying (22]) and
o [(r,b;k,q), 0. f™(r,b; k,q), v'"(r,b; k, q) for the inner region satisfying (23)),
13



which, upon matching them in the common point r = ¢y = ro(q), provides a system with three
equations and three unknowns (a, b, k):

fin(r()’ ba k? Q) :fout(r(b a; k? Q)
O f™(ro, bs k, q) =0, f*"(ro, a; k, q)
Uin(r07 ba k? Q) :Uout(r()? a; kv Q)

for any ¢ small enough. Therefore, having fixed ¢, this system provides the other three free
parameters, a*, b* and, more importantly, £*. Consequently, for such value of k£ = k*, we have
a solution of the differential equation system defined for all r > 0 as:

(fin(r, b*; k*, q), v (r, b*; k*,q)) if r € [0, 7]
(fout(r,a® k%, q), v (r,a% k%, q)) i r > 1o

(24) (f(rik,q),v(r;ik, q) = {

satisfying the boundary conditions (21)). This proves the existence result in Theorem .
The concrete properties of the solution (f,v) shall be proven using the form of (f", v') and
(fout ") by means of suitable first orders of them.

Before stating the main results which provide Theorem [2.5] in Section [ in the next subsec-
tion we give some intuition about how we obtain the value of k = k(q).

3.1. The asymptotic expression for £ = k(q). One can find in the literature different heuris-
tic arguments, based on (formal) matched asymptotic expansions techniques, which motivate
the particular asymptotic expression for the parameter k:

k=k(g) = e (14 0())
with ¢ € R a finite parameter independent of ¢ (see for instance [Hag82]). However, in this
section we explain the particular deduction that is most consistent with the rigorous proof
provided in the present work which we obtain by performing a change of parameter k = ‘E‘e_ﬁq
and finding the value of i that solves the problem.

We begin, as we explained at the beginning of Section [3, by looking for solutions of equa-
tions which satisfy the boundary conditions at r = oo. Therefore, we focus on the
solutions departing infinity like
(25) lim f(r;k,q) = foo = V1 — k2, lim v(r; k, q) = ve = —Fk,

r—00

T—00

which we shall denote as the outer solutions. We introduce a new parameter
(26) e = kq,
and perform the scaling

(27) R=cr, V(R) = k’lvgf/g), F(R) = f(R/2),



to equations . We obtain

2 5/_ ”_2 o2 27,2y
(28a) € F+R FR2 + F(1—F°—Ek°V?) =0,
V VF'
(28b) 52(V’+§+2 I —1)+q2(1—F2):0.

If ¢ # 0 one can use the actual value of 1 — F? provided by equation (28al) to recombine
equations (28al) and (28b]) to obtain the equivalent system:

(29a) £? (F B F”—2) +F(1-F?— V) =0,

R R?
(29b) V’+%+V2+q2%z—1=§(ﬁ’+%>—2v%’.
By virtue of we look for bounded solutions of equations satisfying:
(30) lim F(Rik,q)=V1-k,  lim V(Rik.q) =1

It is easy to prove (compare with Proposition |4.1]) that the formal asymptotic expansion of
bounded solutions at infinity satisfy

/{32
F(R:k,q) ~ V1 —k2 — ———— 4+ O(c*/R?), as R — oo
. (ik.q) ~ VIR = e + O/ )

1
V(R;kz,q)w—l—ﬁ—i-(?(s?/]#), as R — oo.

We note that equation (29a)) is singular in €. In particular, if ¢ = 0, and therefore k = 0, either
F = 0, which is a trivial solution we are not interested in, or 1 — F?(R) = 0, which also gives
a non interesting solution. But, if we write equation (29a)) as

F/ 2,,2
52(F”+—)—|—F<—€n +1—F2—k2V2)=0,

R R?

we observe that the asymptotic conditions suggest that the terms e2F’/R and e F" are of
higher order in k, and therefore in €, than the rest. Therefore we will take as first approximation
the solution of:

e*n’ 2 27,2
T +1—-F"—kV==0
which gives our candidate to be the main part of the outer solution we are looking for:
2 n?
(32) Fo(R) = Fy(ryk,q) =1/ 1 — E?VE(R; q) — 52ﬁ.
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Then, neglecting again the terms of order depending on F’ and F” in equation (29bf), a natural
definition for Vj is the solution of the Ricatti equation

\% n?
(33) V0’+EO+V02+qZ§

Observe that the boundary condition for Vj gives:

P}im Fo(Ryk,q) = V1 — k2
—00

—1=0, such that lim Vo(R;q) = —1.
R—o00

as it was expected.
A solution of is given by (see, for instance [AS64])

K (R
(34) Vo(R;q) = #ER;

with Kj,, the modified Bessel function of the first kind. It is a well known fact that (see ([43)),

K,(R) = \/ge_R (1+O(R™)), as R — o0

for any v € C, where O(R™') is uniform as v — 0. Therefore the functions (Fp, V5) satisfy the
boundary conditions .
We go back to our original variables through the scaling and define:

(35)  fo"(rik,q) = Fy(er; k,q) = Fo(kqr;k,q),  v3™(r;k,q) = kVo(er; q) = kVo(kqr; q)
with
(36) lim vJ™(r; k, q) = —k, lim f$"(r;k,q) = V1 — k2.

00

r—00

The precise properties of the dominant terms f§"*, v5"* will be exposed in Proposition .
An important observation if » > 1 but kr is small enough, is that the function v§"*(r; k, ¢) has
the following asymptotic expansion (a rigorous proof of this fact will be done in Proposition ,

see (|46f)):
‘.) out n T 2
v (i k, q) = —;tan (nq logr + nqlog kq + 5~ 90,nq> (14 O(¢”)]

with g, = arg (I'(1 +ing)) = —yng + O(¢*), T is the Euler’s Gamma function, and v the
Euler’s constant.

We now deal with the inner solutions of departing the origin satisfying f(0;k,q) =
v(0; k,q) = 0. For moderate values of r, the inner problem is perturbative with respect to
the parameter ¢q. For that reason, to define the dominant term of the inner solutions we first
consider the case ¢ = 0. Let us now recalling that in [ABMS16] it was proven that, when ¢ = 0,
system has a solution (f,v) with boundary conditions if and only if £ = £(0) = 0. In
this case, v = v(r;0,0) = 0 and fo(r) = f(r;0,0) satisfies the boundary conditions and
the second order differential equation , that is:

o B - =0 RO)=0.  lim fylr) =
02 0 o) =Y, olV) =1, im fo(r) =1

r 7—00
16
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As we already mentioned, the existence and properties of f; were studied in the previous
work [AB11].
As v(r;0,0) =0 (¢ = 0), we write v(r; k, q) = qu(r; k, q) so the system ({14)) reads
/ 2

el f - ) =0,
7’_ T
f@’+f;+2@f'+f(1—f2—k2):o.

Let us now consider (fo(r),vo(r; k)), the unique solution of this system when ¢ = 0 satisfy-

ing and

/
(38) vy + % + 21}0% +(1—-f—k) =0, vo(0; k) = 0.
0
In [AB11] it was proven that fy(r) > 0, for » > 0 and fo(r) ~ apr™, as r — 0, thus, the function
1 '
39 vr;k:—/§f2§1—f2§—k2d§
(39) ik = s [ SO0 - 13O~

satisfies and vo(0; k) = 0. We then define the functions, whose properties are stated in
Proposition [4.3]
(40) 0'(r) = fo(r),  w'(r;k,q) = quo(ri k).

In Proposition 4.3, will be proven that, if » > 1 but kr is small enough, the function
v (r; k, q) has the following asymptotic expansion, see ((54)):
n?(1+ k%) qC,  k*q

-5 7 +qO(r?logr) + qk*O(r™1)

(41)  wp'(rsk,q) = —q
with C,, defined in Theorem [2.5]

We emphasize that we expect the functions v3" and v to be the first order of the functions
v°" and v™ in the outer and inner domains of r. Therefore, a natural request is that they “co-
incide up to first order” in some large enough intermediate point, ro, such that kry and qlogr
are still small enough quantities. With these hypotheses and using the previous asymptotic

expansion (41)) we obtain:

log r +

vy (o1 k. q) = % [—n*logry + C, + HOT]

out

where the terms in HOT are small provided kry is small. With respect to v§"', using that
Bo.ng = —ynq + O(¢*), we have that

n T
03" (ro; ki, q) = rg {—Etan <nq log rg + nqlog kq + 5 + ngy + (’)(qQ)) 1+ (’)(qz)]}
0
Observe that if nglog kg + 5 = O(q) = mgq, upon Taylor expanding the tangent function one
obtains:
out . _ q 2 2
v (ros k, q) = —— [n*logre + nm + n*y + HOT|

To
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and then it is possible to make v3"(ry) — vi*(ry) = 0 because the “large” term n?logry is then

canceled.

The last observation of this section is that taking kq = ue*;Tq gives nqlog kq+% = nqlog u =
O(q). For this reason, during the proof of Theorem in the next sections, we will rewrite the
parameter k using this expression:

(42) kq = pe 2

and our unknown will be the new parameter .

4. PROOF OF THEOREM 2.5 MATCHING ARGUMENT

In order to prove Theorem following the strategy explained in Section [3, we provide the
precise statements about the existence of the families of solutions (f°",v°") in the outer re-

gion (Section and (f™™,v') defined in the inner region ([23)), see Section . Moreover,

since our method relies on finding good enough dominant solutions, (U, vg"™) and (fi", vi*), we

set all the properties of them we will need in our study in Proposition and respectively.
The proofs of the mentioned results are postponed to different sections.

After that, in Sections [4.3] and [4.4] the rigorous matching of the dominant terms is done.
Finally in Section 4.5, we finish the proof of Theorem [2.5

The modified Bessel functions I,,, K, see [AS64], play an important role in our proofs. From
now on we shall use that for any v € C, there exists zgp > 0 (see [AS64]), such that
(43)

K, (2) = \/ge—z (1 + 4”28_ Lo (;)) () = \/gez (1 +0 G)) .

where, for |v| < 1y the O(1/2) terms are bounded by % for |z| > 2o and M, zy only depends

on 1. In addition, when v € N,
(44) Ky(2)=0("), L(z)=0(="), |2/=0

where, again, O(z") is uniform for v < v.

From now on we denote by M a constant independent on ¢, k that can (and will) change its
value along the proof. In addition when the notation O(-) is used, means that the terms are
bounded uniformly everywhere the function is studied.

4.1. Outer solutions. We begin the proof of Theorem studying the dominant terms
ot vg"® defined in (38))in the outer region (see (22)).

Proposition 4.1. For any o, 1 > 0 and p > 1, there exists qo = qo(fto, ft1, po) > 0 such that
for any pu € [po, 1] and q € (0, qo], the functions v3"(r; k,q) and f§"(r;k,q) defined in
with k = pe™ 2 satisfy the following properties:

18



(1) There exists 0 = o(po, p1) > 0 such that for kqr > o,

out 1 ]'
(r;k,q) = —k — 2 " + kO (—(qu)2> ,

i) = VI=F (1= gy ) +0 ()

(2) For 2q*e™ma < kr < qn?, we have that
n
(46) v (r;k,q) = —;tan (nq log r + nglog (g) — GO,nq) [1+O(¢?)]

with 0y ,, = arg ([(1 +inq)) = —ynqg + O(q?) where T is the Euler’s Gamma function
and v the FEuler’s constant.

(3) For r such that kqr > ppe i, we have that 0,03 (r;k,q) > 0, vg"(r;k,q) < —Fk,
O f™(r; kyq) > 0.

(4) On the same conditions of item [3 there exists a constant M = M po, po, p11) > 0 such
that if kqr > kqryi, > ,ooe_Qan then

05" (rs b, @)1, [rdwvg™ (ri K, @), [r2 070 (ri ke, q)] < Mg,

(45)

and
[ (v (3 &, q) + k), |r?0,08" (ri ke, )|, |72 0705 ™ (ry b, q)| < Mg
With respect to f§™, we have that f§"(r;k,q) > 1/2,
720, £ (i k@)1, 1207 f5™ (ri by @) < Mg,

and
11— [ (s k, @), [r0 £ (rs Ky )|, 17202 £ (ri by q)| < M3

The proof of this proposition is postponed to Appendix [A] and it involves a careful study of
the Bessel functions Kj,,.

Once (g™, vg™) is studied, we look for solutions in the outer region satisfying boundary con-
ditions . This is the contain of the following theorem which gives the existence and bounds
of a one parameter family of solutions of equations , which stay close to the approximate
solutions (f§"(r; k, q), v§" (r; k,q)) given in for all r > ry, being ro any number such that
ry = O(e'7%) with 0 < o < 1 satisfying that ¢~'e'=® — 0 when ¢ — 0.

Theorem 4.2. For any n > 0, 0 < pug < w1, there exist qo = qo(po,1,m) > 0, eg =
eopo, p1,m) > 0 and M = M(po, pa,n) > 0 such that, for any p € [no, ] and q € [0, qo]
if we take e = pe 7 and o € (0,1) satisfying

(47) g el < ey,
taking ro as
(48) rg =",
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and a satisfying
(49) la] <y eV,

equations have a family of solutions (f°"*(r,a; k,q), v (r,a; k, q)) defined for r > ro which
are of the form

fOUt<7’ a; k Q) out( ,]{7 q>+gOUt(T a; k q)

50
(50) v (ras k, q) = v (r; k, q) + w™(r,a; k, q).

where f§™, vg" are defined in (35)). The functions g°"*, w™™ satisfy
[r%g° " (r as k, q)l, 9™ (roask, q)l < M, [r*w™(rark,q)| < Mg~ (n+q e,
We can also decompose

(51) 9> (r,as k, q) = Ko(rv2)a+ g5"(r; k, q) + g™ (r, a; k, q),

where Ky is the modified Bessel function of first kind ([AS64] ), and g§**(r; k,q) is an explicit
function independent of n. Also,

(1) there exists qf = (1o, 1) > 0, and Mo = Moy(uo, p1) such that, for q € [0, ¢3],
(52) 295" (rs k@), r?0g5™ (rik, )| < M™% ™",

(i1) and for q € [0, qo],
(53) 1r2g%" (r, as k, q)|, [r?0g°™ (1, as k, q)| < Mlgl_aq_le_r2‘/§rg/2|a|,

where My = My (uo, p1,n) depends on g, i1, and 7.

With respect to w°™, it can be decompose as w°™ = w§" + wi™ satisfying that for q € [0, qo|
P ask )| < Mag~ e VA al g ek, ) < Mae g
with My = Mo (po, pi1,n).

Theorem is proved in Section |5| by performing the scaling and studying the solutions
of the outer equations with initial conditions near the functions Fy, Vj given in ([32))
and . The proof is done though a fixed point argument in a suitable Banach space.

We emphasize that as, when r — oo, ¢°** and w®" have limit zero, and f§™* and vg"
satisfy then (U, v°") satisfy the boundary conditions (21]). With thls result in mind we
now proceed with the study of the behaviour of solutions of ((14)) departing r = 0, also called

mner solutions.
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4.2. Inner solutions. We now deal with the families of solutions of departing the origin,
satisfying the boundary condition f(0) = v(0) = 0 that are defined for values of r in the inner

region (see 23)). o
We first set the properties of f)", vy, the dominant terms in the inner region defined in ,
that will mostly be used throughout this proof.

Proposition 4.3. For any po, 1 > 0, there exists qo = qo(po, 1) > 0 such that for any

w € [po, 1] and q € [0, qol, the functions fi*(r),vi(r;k,q) defined in with k = pe 2,
satisfy the following properties:

(1) far(r), 0. far(r) > 0 for all ¥ > 0. There exists c¢; > 0 such that:

n2

S(r) ~epr™, T =0, 2r)y=1- 52 +00r™), r— oo,
r
and
. . n2
O fi(r) ~mepr™ =0, O fo'(r)=—+ O(r™®), r— oo.
r

(2) If0 < r < ﬁé, v (r;k,q) < 0. In addition, there exists a positive function c,(k) =
&+ O(k?*) such that

. - | log 7| n
v (rik, q) ~ —qeo(k)r, 1T — 0, v (1 k)| < Mg———, 1<r<_——=
2k, ) ~ —gcu(k) (i k)| < Mg 7
and
. , log r n
oy (i k,q) ~ —qcp(k), r—0, Oy (rik, )| < Mg——, 1<r<—¢.
o (K, q) ~ —qcy(k) [Orvg' (13 K, g)] < Mg—73 PN

(3) For 1 < r < ﬁﬁ, we have that

n*(1 + k?)

_ Co K
(54)  oP(rik,g) = —q = Sl 4 g0 log 1) + gk O( )

with C,, defined in Theorem [2.5 and

logr +

2
. n
Owvg' (3K, q) = g5 logr + qO(r?)

The proof of this proposition is referred to Appendix [B| and mostly relies on previous
works [ABI1] and [ABMSI6].

The following theorem, whose proof is provided in Section [6] states that there exists a family
of solutions of , satisfying the boundary conditions at the origin, which remains close to the
approximate solutions (fi*(r), vi*(r; k, q)) given in (40)), for all r € [0,7], being r1 = O(e?/?)
for some p > 0 small enough.
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Theorem 4.4. For any n > 0, 0 < po < p1, there exist qo = qo(po, p1,m) > 0, po =
po(tho, th1,m) >0 and M = M (o, p11,m) > 0 such that for any p € [po, 1], ¢ € [0, qo] and

(55) p € (0, po),

__T
taking € = pe 2, ry as:

(56) ep/q
r=-——,
R
and b satisfying
ry eVt < ————q“(log v2ry ) =
57 b Zl’)/2 Va2r Ui 2(1og /27 )2 Ui 2

WV (vVapr"

the system has a family of solutions (f™(r,b; k, q),v™(r,b; k, q)) defined forr € [0,71] such
that f*(0,b;k,q) = v™(0,b; k. q) =0,

(58)  f(r,bik,q) = fo'(r) + ¢"(r,bik,q), W (r,bik,q) = vg'(r;k, q) + w(r, bk, q),
with fi*, vl defined in . The functions g™, w™ satisfy for all v € [0, 7]

g™ (r, bk, q)| < M®,  |w™(r,bsk,q)| < Md?,
foro0<r<1
g™ (r, sk, q)| < Mg, |ag™(r, bk, q)| < Mg*™ Y,
W' (r,bs k, q)| < Mg’r, |ow™ (r,b; k, q)| < Mq®
and for 1 < r <nr
g™ (r bi ki, q)| < Mq?llof—ﬂz, W™ (r, bk, q)] < M‘f’M-

In addition, there exists a function I satisfying

I'(riV2) Ko (riv2) — I(rvV2) K (riV2) =

1
(59) 7’1\/57

1
I(rV2)], | I'(rV2)] < Mfﬁehﬁ,

for some constant My, and where K,, is the modified Bessel function of first kind (JAS64] ), such
that

(60) g"(r. b1k, q) = I(rvV2)b + g (r1 k. q) + g1 (r, bi k, ),
where gi*(r; k,q) is an explicit function which is independent of n. Also, for 1 < r <ry,
(i) there exists qf = q¢ (o, 1) > 0, and My(po, 1) such that, for q € [0, q5l,

: : log r|?
(61) sk ), 1908 (R )] < Mog? 5T
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(i1) and for q € [0, qo],

in i ogr
7 b k)| [097°(r b k. )] < My log g 5T

where My = M (po, p1,n) depends on pig, i1, and 7.

4.3. Matching point and matching equations. Observe that, given 0 < /~Lo < pq, the
results of Theorems and H are valid for any value of k£ of the form £k = £ = £ i g |

i€ [po, p1] and g small enough. To end the proof of Theorem [2.5) - we need to select the Value
of u, and therefore of k, which connects an outer solution (given by a particular value of a )
with an inner one (given by a particular value of b). To this end we need to have a non-empty
matching region, for which we shall impose r, = 7|, that is to say, e*~' = e”/7/4/2. Then, using
that ¢ = pe™™ (24 one obtains

2np 1— —qlni)\/i)

T 1 _ 2na I;g(u) '

(62) a=a(p,pq) =1-

But, according to Theorem , it is also required that e'7%/q < ey < 1, which is equivalent to
impose that ¢, p satisfy:

gl In(eoqv2)| < p.
Therefore, fixing any n > 0, since by , 0 < p < po, the condition for ¢, p becomes:

(63) altn(eoq/V2)| < p < po.
We rename

ep/q 1 _q m-2)
(64) ro:=ri=ro=—==¢%" =p* e 2n

V2

and we take

¢ 1/3
65 ()
(65) g (I log ql)

which satisfies the required inequalities (63]). Therefore Theorems and are in particular
valid when taking a and p as given in (62)) and (65]), and r; = 75 as given in ([64]), since all these
(56

values satisfy conditions , , (55)), and (b6)), if we take any a and b satisfying , ,
provided qo = qo(po, pt1,n) is small enough (we take the minimum of both theorems).

Once we have chosen the parameters p and o and the value of the matching pomt ro, the
next step is to prove that there exist a, b, k or equivalently, since k = ¢/q = pe” 20", a, b, u,
such that, for ¢ small enough,

[ (ro, sk, q) =f™(ro, b k, q), O f" (ro, a; k,q) = 0, f™(ro, b; k, q),

(66> out . in .
v°"(ro, a; k,q) =v"(ro, b k, q).
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We stress that the existence results, Theorems and [£.4] depend on the set of constants
fo, pi1, M that are not defined yet. We shall fix them, in Section [£.4] as follows:

e First, we match the explicit dominant terms of the outer functions fo', v°"  (see
and (51)) with dominant terms of the inner functions f™, v™ (see and (60))):

Ko(roV2)ag + f5" (ro; k, q) + 93" (ro3 k. ) = 1(roV2)bo + f3"(ro) + g5 (ro: k. q),

(67> out in
vy " (ros ky q) = vy (103 K, q).

and

V2K (roV2)ag + 0, f3" (ro; k, ¢)+0,95" (r0; k, q)

68 i i
( ) = \/5[/(7“0\/5)]:)0 + &fén(?“o) + 3q~g[1)n(7"0; ka Q)

This is done in Section [£.4] where, in Proposition we find ag, by and i such that,
taking the approximate value of k = ﬁq_lef%in, equations and are solved.
Moreover we fix two values 0 < pg < p; such that, i € [uo, p1].

e The obtained solutions ag, by satisfy conditions and for a particular value of 7.
We will use these values, pg, i1,7 in Theorems [4.2] and to obtain families of solutions

fout, et fin i of equations (14)).
Finally, the existence of the constants a, b and p (that will be found to be close to ag, by,

i) satisfying the matching conditions (66]) is provided by means of a Brouwer’s fixed point
argument in Section (see Theorem 4.6)).

4.4. Matching the dominant terms: setting the constants i, j11,7. As we explained in
the previous section, the purpose of this section is to choose the constants pg, p1, 7 which appear

in Theorems and to obtain the families of solutions foU, v°ut, fin it of equations
satisfying the suitable boundary conditions.

Next proposition gives the existence of solutions of equations and .

n

Proposition 4.5. Take pig = 6_%_7, = 36_%2_7, where C,, and vy are given in Theorem.
Then, there exists q; = qi(p1 p2) and M (pu, p2) such that for 0 < q < ¢, equations (67))
and have a solution (ag, bg, i) satisfying:

i € lpo. ], Jaol < MpPrg®?e™2, |bo| < Mpry*/?eV2,
where p is given in .
Proof. We first note that, by definitions of p and ry in and , respectively, we have

Inglog ro + nqlog(1/2) — Bgngl = O(p) = O (¢/|log q|)*"* < 1.
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Then, using the asymptotic expressions [46{ and [54| for v3"* and v at r = 7y and recalling that
k=¢e/q=jig ‘e 2, we have that
o1+ k2 C k2

logrg + q— — q—=To
To 2

out

vy (ro; kyq) — 3™ (ro; k, @) = —qn

To

n 2
+ — (nq log 7o + nqlog (H> — 607nq>
To 2

1 1 T 3
+qO ( 0ng0> +qk*O(ry ') + T—O (‘nq log o 4+ nqlog (g) — Oo.ng ,q2)
0 0

2]{:2 — k2 1 3
- — n p + g <Cn + n2 log (g) — ne(],nqqil) —q——"Tp + q30 <—< Og TO) )

o o 2 70

1
=+ _O<q2>qk2)
To
_1 2 AN -1y, 4 -1
(69) = (C’n + n”log <2) 180 nqq ) + ro(’)(\ logg|™).

Therefore, the only possibility for zi to solve vi*(ro; k, q) — v°"*(ro; k,q) = 0 is that
G+ 10g (5) = nfygg™ = O loga| ™) 4= = 278+ owal™),

where we have used that 6y ,, = —yng + O(¢?), or equivalently

Cn

fi=2e" "7 (1+0O(|logg|™)) .

This last equality suggest that the parameter i has to belong to [uo, it1] with, for instance

Cn

(70) po =€ n? 7, = 3¢ .
For any i € |1, pt1], we introduce now the (independent of n) function
(71) DNo(rik,q) = fo"(r) = f" (ri ks @) + g5 (13 K, ) — g5 (r3 &, @).
Then ag, by satisfying and are given by
(72) < ag > 1 I'(roV/2) Ao(ro; k, q) — \/Lgl(ro\/ﬁ)ﬁ()(ro;k,@
bg d(ro) Ké(ro\/i)Ao(To; k,q) — \%Ko(roﬂ)AB(To; k,q)

with d(’l"()) = KQ(To\/i)I/(’l“o\/ﬁ) — Ké(’f’g\/i)[(’f’o\/i)
We first notice that by property of the function I and using the asymptotic expan-
sion for Ko(r) and K, (r) for r > 1, there exists M; a constant such that

(73) 0<@=r0\/§(1+0(r—10>)§r0\/§+1\%.
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Now we estimate A,. We first note that, by estimate (46) of v", if ¢ is small enough,
- 1
[0 (roi )] < N2 < 5
To 4

with M, a constant that only depends on i, pt1. Then, by item |1| of Proposition along with
the definition of f§™, we have that, for ¢ small enough,

7’L2

0'(r0) =1+ 5

_l’_
2r2

0" (r0) = f5™ (ro; b, q)| <

2
2rg 0

n? n?2
. \/ L (o (b)) —

~

N M. ~ p?
S Mg‘USut(To, k)|2 + —44 S M5p—2
7o o
The constant M5 only depends on jig, 1. Therefore, by bounds and in Theorems (4.2)
and (@4)

Ao (ros k, @) < [fg(ro) — f5" (ros k, @) + 195" (03 &, @)| + 195" (ro; &, @)

2 2 11—«
~r P 5| log 7ol €
< Ms—= + M, M,
(1) R A T
2
< N6,
T

0
where we have used that

rot=cel = e™Pl1 = e~ V/(@log(@)]'?) O(¢"), for any ¢ > 0.

Moreover, since, as established in Theoremsand for 0 < g < ¢f (1o, p11), My only depends
on fuo, f41, again, the same happens to Mg. Analogously, one can check that, if 0 < ¢ < ¢§(po, 1),

then
2

(75) 980(ros k, )| < ML

0
By using estimates , and , the estimates of I and that, if » > 1, one has
|Ko(rv/2)|, | KL(rv/2)| < Mye V212 we have that, as k = jig— e #a with [i € [po, p1], the

solution (ag, bg) of has to satisfy, for ¢ small enough,

1 N N 1 -
o] < PP g™ A(V2 4 Mg )M {Ma + 7M7] )
o 2

1 N N 1 -
[bo| < /023_/2‘377”°ﬁ(\/§+ Myrg ') My {Mﬁ + EM7} :

Ty

Taking ¢ small enough, M;r;' < v/2 and, defining

~ - 1 -
M =2v2 {Mﬁ + EM} max{M;, Mg}
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we conclude that there exist ¢ = ¢¥ (1 p2) and M (q}) such that for 0 < ¢ < ¢,
o] < MpPry ™2, Jbol < MpPrg e,
where p is given in (65)). O

We stress that, since g = r; = ro, the constants ag, by, provided by proposition [4.5| satisfy

the conditions and in Theorems (£.2) and (&.4) for any n > (v/2)3/2M. Recalling that

M only depends on iy and g1, we may set now
(76) n = 2M.

Proposition provides good candidates to be approximate values for the solutions a, b, iz of

the matching equations . In particular they set the constants g, i1, 7 in and .
Since ag, by have different sizes, for technical reasons we define the scaled constants ag, by

~ — 3/2 % — 3/2
a,=age TO\/QTO/ , bO = by 2 r0V2 0/

and we observe that they satisfy

(77) Bl < 3p°< 7. [Bo| <

4.5. Matching the outer and inner solutions: end of the proof of Theorem
The main goal of this section is to obtain the parameters a, b and g which solve matching
equations . Once these equations are solved, which is the content of next Theorem 4.6, we
have a value of u, and therefore of k£ as defined in , for which the original system (|14)) has
a solution (f,v) satisfying the required boundary conditions . Once this result is proven,
in order to prove Theorem it will only remain to check that the solutions in this way
constructed satisfy that f is a positive increasing function and that v < 0 (see Proposition
below).

We begin our construction by considering the families of solutions provided by Theorems
and for the constants p, i1, 7, fixed in the previous section (Section and any values a
and b satisfying and . Namely, we consider u € [po, 1], 1, 70, p and « as given in ,

, , , and respectively, and ¢ € [0,qo]. Here we call ¢y the minimum value
provided by all the previous results, that is Propositions and [£.5] and Theorems [4.2]

44

Next theorem gives the desired result:

Theorem 4.6. Take py = 67%177, = 367%77, where C,, and ~ are given in Theorem
and n as given in . Then, there exists q* such that for q € [0,q*] equations have a
solution a(q), b(q), k(q) satisfying and and {1 € [po, p1). In addition

r —3/2 —r —3/2
la(q)| < npe™V3ry®?, Ib(q)| < npPe V2
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Proof. We define

(78) a:.= ae’”“/irgﬂ, b= be”o‘/irg’ﬂp’2
satisfying
al, [b| < 7.
We impose that v'(rg, b; k, q) = v°%(r¢,a; k, q) or equivalently
(79) v (ro; k, @) — g™ (ros k, q) = w*(ro, a; k, q) — w™(ro, b k, q).
By the results involving w°", w'™ in Theorems and we have that
: : 1 log 1|
™ ) = 0" )] < ™ sk )|+ )] < M 21 LETE
0 0
1 0’ 1
<M—+ME <m—.
qrg o qrg

Therefore, by (69) v™(ro, b; k,q) = v°™(ro, a; k, ¢) if and only if

C, -
log (g> = ——5 —7+C(ab,kq),  [Cs(a b, ki) < Mllogg|™".

We recall definition of a, b and we introduce the function
Ha(8 i) = 2¢7F 7 [oxp (Ca (ae72ry Y2 be ™ rg 2 g ez g) ) — 1]
It is clear that equation is satisfied if and only if
(80) p=20" T L My(a,bouig),  [Ma(a,bojg)| < M < Mlogg| ™

We deal now with the (non-linear) system,

o (rosk,q) = fP(rosk,q), O f (roskq) = 0. f ™ (ros b, q)
which can be rewritten, using expressions for f°'*, fi* in Theorems and 4.4] as
KO(TO\/§>a - I(TO\/i>b = A(T()? a, ba k? q) = A()(TO; k? q) + Al(r(h a, b7 k7 Q)
K(,](To\/ﬁ)a — ],(T’o\/§>b =
with Ay defined in and

Al(ra a, b7 ka Q) = giln(ra b7 k? q) - g(l)ut(Ta a; k: Q)
Therefore, a, b satisfy the fixed point equation

( b ) = C(a,b, k; q)

L 1 I/(TO\/é)(AOnOva?b; k?Q)) - % (TO\/_>8 A<7ﬂ07a b k Q)
T d(TO) _arKO(TO\/?>A(TO7a7b;k7Q) \Lf (7’0\/_)8 A(To,&,b,k‘,Q)
28

1
— (0, Do(ro; k, q) + 0, A1 (ro,a,bs k, q))

iarA(T07aub;k7Q> - \/5

V2
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Using the estimates in Theorems 4.2 . 2 and |4.4 - for gout, it we obtain that

4
[A4(ro 2, bk q)| < |93 (0, sk, )] + 197" (o, 2 k. 0)| < M log gl
0

and |r20,A1(rg,a, b; k,q)] < M|logq|p*, for any a and b satisfying and (57).

Recalling aj, by are defined in and using the above bounds for A; and 9,A; along
with and for I and Ky, and the bound for d(r) gives
(82)

Ci(a, b, ki q) — a| < Me™V?|logqlp'ry ™2, [Cala, b, kiq) — bo| < Me™0V2|log g|p'r, */?

Recalling the definition of &, b in (78) we introduce
Ha(a,b, 113q) = V210201 (a0 V2rg 2 bpPe V2P gt e 2 q) — a,
Hg(é,f),,u;q) = em‘[ro/ p_QCQ(aeTO‘[TO ,f)p e_’"o‘[ro 3/2 ,uq_le*ﬁz; q) — bo.
From the fixed point equation the fixed point equation becomes

(83) (%)_(aO‘i‘le(a b?M Q))
b bo + Ha(a, bmu q)
Using the bound of C1,Cs
(84) H1(a,b, 3 q)| < Mp'[logq|,  [Ha(a, b, p;q)| < Mp*|loggl.

From and we have that the constants a,b and 1 have to satisfy the fixed point
equation

(85) (8, 1) = H(a,b, ;) i= (80, bo,2¢ 577 ) + H(a, b, ; )

with H = (H1, Ha, Hs). We recall that as defined in (67]), p* = ¢|log ¢|~" and that the constants
Lo, 11 and 1 were fixed at and respectively. The function ‘H satisfies, for |a|, |b] <7
and p € [po, pu]:

1H(&, b, 15 9)|| < max{Mpqg, M|logg| ™'} = M|logq| ™.
As a consequence, since 4 and by satisfy ([77), for |a], Ib| <7 and p € [po, p]:
[Hia(a,b. )| < 5+ Mlloga| ™ <1
and, taking o, 111 as defined in (70)), one finds

H?)(é?f)?/*b; ) = 2e n? n2 7+O(|IOgQ| 1) [:u()uu’l]‘
Therefore, for ¢ small enough, the map H sends the closed ball

B={(ab,u) €R® : [a,|b| <n, u € [uo, 1]}
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into itself and the Brouwer’s fixed point theorem concludes the existence (but not the unique-
ness) of (a,b, ) = (a(q),b(q), u(q)) satisfying the fixed point equation and

In addition, for this solution, using the bounds in (84)) and , we have that

N - n
a] < |ag] + [Hi(a, b, i1, q)| < 502 + Mp*|log q| < np?

if ¢ is small enough. Going back to the original variables a and b using completes the
proof. 0

By Theorem 4.6, we can define the solutions of satisfying the boundary conditions
as in ([24)):

(86)  (Friq)v(ria) :={(fm(r’b@;k@’q””m“"b<q>;k<q>,q>) it € [0,70)

(fou(r,alq); k(q), @), v (r,alq); k(q), q))  if r > ro.

Therefore, in order to prove Theorem it only remains to check the aditional properties on
the solution (f,v).

Proposition 4.7. Let (f(r;q),v(r;q)) be the solution of defined by (86). There exists q*
such that, for q € [0,q¢*], and r >0

0< f(r;q) < 1—Fk(q), v(r;q) <0, O f(r;q) > 0.

Proof. We first prove that f(r;q) > 0 for r > 0. We start with the outer region. In item
of Proposition we proved that f§"(r;k(q),q) > % for r > ry. Therefore, by Theorem (4.2}
when r > rg,

(87) flria) = f5* (rik(a), @) — 19°" (r, a(q); k(q), @)| > % ~ Mr 2> 0.

In the inner region, using item (1| of Proposition and Theorem we deduce that there
exists p small enough but independent on ¢ such that if r € [0, o],

friq) = f*(r) + g™ (r,b(q); k(q), q) = cpr™ + o(r™) + O(™) > 0

provided the constant c; is positive. Then, since fi" is positive, increasing and independent on
¢, again using Theorem [4.4] for o < r < 1,

f(riq) > f3"(0) — g™ (r,b(q); k(q), 9)| > fo'(0) + O(g?) > 0
if ¢ is small enough. This finishes the proof of f being positive.
Now we check that f(r;q) < /1 —k?(q). We first note that, by (51)), and (53
in Theorem and using Theorem to bound a(gq) we have that g(r;q) = f(r;q) —
S (r,a(q); k(q), q) satisfies that, for r > ry:

r2g(r; )| < [r2a(q)Ko(r)] + Me'~2q ! < pPpeV2r=r0)p3/2p 032 4 ppet-ag=t < M p?
30



where we have used that, from definition of p, €% = ¢ 'V/2e /1 <« p? and the
asymptotic expansion for the Bessel functlon K. Therefore,

i) < 1 = (50 (). )2 — T2 + My < /T (R )P — M

Where we have used that v (r; k(q),q) < Mry' = Me'™® < 1 and that p < 1. Then,

(r;q) < /1 — (v§"(r; k(q),¢))? and as a consequence, since v3"* — —k(q) as r — oo and it is
1ncreasmg and negatlve (see item (3| in Proposition [4.1)), we have that

frig) < V1=Fk(q),  r=ro
With respect to the inner region, namely r € [0, ro|, using Proposition E 3 there exists o > 1
independent on ¢ such that for all o < r < rq, (fi")*(r) < 1— 2Z5. Then, since by Theorem |4
lg™(r, by k,q)| < M@*|logr|?r=2 for o < r < ry we have that

2

1 1
fz(r7q)<1_%+Mp —<1—F<n2+Mp2)§1_M€2(1fa)

where we have used that rg = ¢*~!. Then, since € = ¢k(q) = \/Liep/q, by definition (65)) of p (or
equivalently using definition of a) we conclude that 1 — Me?1=®) < 1 — k2(q), taking if
necessary ¢ small enough and as a consequence f(r;q) < /1 —k?(q) if o <r <. It remains

to check the property when r € [0, g]. From the fact that fi*(r) is an increasing function and
using Theorem [4.4]

friq) = fo*(r) + g™ (r:b(q); k() 0) < fo*(0) + Mg < /1= k*(q)
provided fi"(p) < 1, g is independent on ¢ and ¢ is small enough.
The negativeness of v(r;q) < 0 for r > 0 is straightforward from the previous property,

< /1 — k?(q). Indeed, using that v(0;¢) = 0, from the differential equations (14), we
have that

1 " 2 . . 2 . . 2
o) = / EP(E Q)1 — 1€ q) — K(q)) dE < 0.

To finish we prove that 0, f(r;q) > 0. We start with the inner region. From Proposition ,
there exists 0 < gy < p; satisfying that

O fi(r) > chr “1ifr €10, oo and o, fan(r) > if r € [01,70]-

Let 0 € [00, 01] be such that 9, fi*(r) > 0, fi"(g) for all r € [y, 01]. Notice that the values of
00, 01 and g are independent on ¢. Therefore, using Theorem 4.4} - if r € 10, o]

. . n
O f(r;q) = 0, f*(r) + 0-¢™ (r,b(q); k(q), q) > §cf7" — Mg*r" ' > 0.
When 7 € [0, 01]

O-f(r;q) = 0 fo' (r) + &gin(r,b(:g); k(q),q) = 0, f*(0) — Mq® >0



taking, if necessary, ¢ small enough. When r > p;, Theorem [4.4] says that

= o3 72

o f(r;q) >

that is positive if o; < r < ¢2|logq| ™3, if ¢ small enough. In conclusion

1
O f(riq) >0, 0<r<
ria) ¢*|log q|?
We now notice that, for 0 < ¢ < 1,
1
88 >
( ) f(r q) 3 r—qz‘logq‘g

Indeed, if ¢~2|log ¢|™ < r < g, that is, when r belongs to the inner region, from Theorem

|10g7"|2

flriq) > fi*(r)—=1g™ (r;b(q): k(q), q)| > 1—%“9(?*4)—1\4 g > 1-0(¢’|log q*) >

3
With respect to the outer region, we have already seen, see . that f(r;q) % and ( . is
proven.

We finish the argument by contradiction. Assume now that 9,f(r,q) = 0 for some r >
q *|logq|™® and let 7. = r.(q) be the minimum of such values. That is 0,f(r;q) > 0 if
0 <r <r, and as a consequence 92f(r,;q) < 0. Therefore, since f is a solution of , we
deduce that

(80 Fri) |- + (1= Plrca) — )] 2 0

*

Now we use the following comparison result: (see [PW84])

Lemma 4.8. [PW84] Let (a,b) be an interval in R, let Q = R? x (a,b), and let H € C' (2, R).
Suppose h € C*((a,b)) satisfies h'(r) + H(h(r),h'(r),r) = 0. If H < 0 on Q and if there
exist functions M,m € C*((a,b)) satisfying M"(r) + H(M(r), M'(r),r) < 0 and m"(r) +
H(m(r),m'(r),r) > 0, as well as the boundary conditions m(a) < h(a) < M(a) and m(b) <
h(b) < M(b), then for all v € (a,b) we have m(r) < h(r) < M(r).

We define
A ) b)) = )™ R - B2 — ()

r r

with v(r;q) the solution we already have found. By (88), for r > r, > ¢ ?|logq| 3,

n2

OWHM (r), h(r),r) = ] + 1 —3Rr%*(r) —v*(r;q) < 0.
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Taking m(r) = f(r.; q) we have that lim, .o m(r) = f(rs;¢) <lim, ., f(r;q) = vV1 — k? and
2
" Al (1), m(r), v) = [ (r.:) 5 + ri)(1— f2(ri0) — 0(r:0)

2
> —frsa) s + J(ria) (1= P(rig) = 0*(rs) > 0

*

where we have used in the last inequality (89). Then Lemma concludes that f(r,;q) =
m(r) < f(r;q) for r > r,. If r, is a maximum, by virtue of lim, ., f(r;q) = /1 — k%(q) >
f(r;q), we deduce that f(r;q) should have also a minimum and this is contradiction with
f(re;q) < f(r;q). The case Oy f (r4;q) = 0 implies that f(r;¢) = f(r«; ¢) which is not obviously
not true. Therefore, 0, f(r;¢) > 0 and the proof is done. 0

From now on, to avoid cumbersome notation, from now on we will skip the dependence on
the parameters k£, q.

5. EXISTENCE RESULT IN THE OUTER REGION. PROOF OF THEOREM

In this section we prove Theorem 4.2 To do so, by means of a fixed point equation setting,
we look for solutions of equations which are written in the outer wvariables introduced
in Section (see (27)). Namely, we look for solutions of the equations with boundary
conditions (30 that are of the form Fy + G, Vo + W with Fp, V defined in and
respectively, that is, taking ¢ = kq,

(90) Vo(R) = %, Fy(R) = \/ 1 - k2V2(R) — 5;’22

We first introduce the Banach spaces we will work with. For any given R,;, > 0, we introduce
the Banach spaces:

(91) X, = {f : [Rmin,0) — R : continuous, ||f||,:== sup |R'f(R)| < oo}

Re [Rmin,oo)

being Xy the Banach space of continuous bounded functions with the supremmum norm.

Notice that X; = Xp(Rumin) depends on R, and so the norm of a function does. However, if
Ruin < Ry Xe(Runin) C X(Ry,;,) and

sup  |R'f(R)|> sup |Rf(R)].
RE[Rmin,) Re[R] , ,00)
This fact allows us to take R, . > Ry, if we are working in Xy(Ryin). We will use this property
along the work without any special mention.
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5.1. The fixed point equation. Our goal in this section is to transform equations ,
in a fixed point equation in suitable Banach spaces. For that, the first step is to write such
equations in the suitable way.

Let F = Fy+ G and V =V, + W. The term F(1 — F? — k*V?) in equation is:

F(1—F? = K*V?) = = 2F;G — 3F,G* — G° — WE? [2Vo Fy + FoW + 2V,G + WG|
n2€2

+ (Fo + G) R

Therefore, equation (29al) becomes

! F/
€2 (G” + %) —2F%(R)G = —¢? (F(;’(R) + —ORR))

+3Fy(R)G? + G* + WE*[2Vo(R) Fo(R) + Fo(R)W + 2Vo(R)G + WG].
In view of , that in outer variables reads as

%(R)—m(l—ﬁimw(%))’

we introduce

1~
(92) FZ(R) =1+ 5FO(R).
Therefore we may write the above equation for G as
., G 2 _
(93) G" + = G; = — MG, W].
with
_ .2 1" F(;(R) 5 o 2 _ 3
(04) MIG, W](R) =* | F{/(R) + I Fo(R)G — 3Fy(R)G* — G

— WE*(2Vo(R)Fo(R) + Fo(R)W +2Vo(R)G + WG).
Now we compute the equation for W from (29b)). We have that

, W , W(R 2
W+E+2VO(R)W+W2+VO(R)+%+%(H)2—1+%q2
2 l 1 1 1
_ q 1" FO(R) " g - FO(R) +G
_—(FO(R)+G)( o (R)+ 7 +G" + I 2(%(R)+W)FO(R)+G.

We recall that Vj is a solution of ([33)). Then

(95) W'+ % + 2VoW = —No(G, W)(R).
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with

2 / /
2 q " FO(R> " G (R)
= - * |(F Zo0VY bl Sl
o) MG, W]|(R) =W FO(R)+G( o (R) + I +G" + 7
Fj(R)+ &
+2(Vo(R) + W)—FO(R) el
We define the linear operators:

., G 2
L1[G](R) =G" + 7 G€—2

LoWI(R) = W' + % 4 ovy(R)W

R
and rewrite equations and as
(97) ;Cl[G] = —6_2N1 [G, W], £2[W] = _NQ[G, W]

The strategy to prove the existence of solutions of is to write them as a Gauss-Seidel
fixed point equation and to prove that the fixed point theorem can be applied in suitable Banach
spaces. For that, first, we need to compute a right hand inverse of Ly, L,.

We start with £;. Assume that we have

(98) Li[G](R) = —h(R)

where h satisfies some conditions that we will specify later. We are interested in solutions of
this equation such that limg_,., G(R) = 0.
Just for doing computations, we perform the scaling:

s = g\@, g(s) = G(se/V2),

and we obtain the new system

9

/
S

(99) J+ g:_éu%A@>

The homogeneous linear system associated, has as fundamental matrix of the form

(R0 &65)

where K, Iy are the modified Bessel functions [AS64] of first and second kind. The Wronskian
is given by W (Ko(s), Io(s)) = s~! so that the solutions of are given by

2

o(6) = Fials) |+ . [ en@mtes/ VD) + nio) [b= 5 [ eronies/vaae].

S0
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It is well known that Ky(s) — 0 and Iy(s) — oo as s — oo (see ([43)). Then, in order to have
solutions bounded as s — oo, we have to impose

b——/ EKo(E)h(Ee/V/2) dE = 0.
Therefore,

o) = 5alo) |+ 5 [ emten (£5) ae| + Gnto) [ emaiom (£5) ag

and, proceeding in the same way,

§(s) = Kifs) [a+ / D€ ( ) ] + 10 | eraon (%) .

Now we undo the Change of variables that is: R = se¢/v/2 and G(R) = g(Rv/2/¢). We obtain

the solution of
G(R) = Ky (RT@ ar [ en <M> e >d§] (%5) | e (¥> he) de

with Ryin = Sog/ V2 to be determined later.
We introduce the linear operator

(100)

Silh(R) = K, (Rf) /R 1, (“) h(E) de + Iy (Rf> /R ¢K, (@) h(E) de.

We have proven:

Lemma 5.1. For any a € R we define

Rv?2
Then, if G is a solution of satisfying G(R) — 0 as R — oo then, for some constant a
G = G() + 81[872./\/‘71[(;, W]]

Now we compute the right inverse of £,. We consider the linear equation
1
(102) LoW])=W'+W (}_% + 2%) = h.

Since Vo(R) = K}, (R)/King(R), the solutions are given by:

W(R) = R}(Q;(R)(CO‘F/ EKL,,(E)h (5))
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for any constant c¢y. In order for W to be bounded as R — oo it is required that

Therefore

W(R) = ﬁ [ et o

ing

As a result we have the following Lemma:

Lemma 5.2. Any solution of (102) bounded as R — oo is of the form W = S,[h] with

(103) 82[ RK2 / £ mq dé

mq
From Lemmas |5.1| and |5.2| we can rewrite as a fixed point equation (G, W) = F[G, W]
defined by
G = F[G, W] := Gy + Si[e*M[G, W]],
W = F[G, W] = =S [No[G, W]]
where G( depends on a constant a. Notice that the nonlinear operator Ny defined in ((96])
involves the derivatives G', G”. In order to avoid working with norms involving derivatives, we

will take advantage of the differential properties of F; and using that G = F{[G, W] we rewrite
the fixed point equation as

G = Fi[G, W] = Gy + S [e*M[G, W],
W = .FQ[G, W] = _SQ[NQ[.Fl[G, W], W“
In Section [5.2] we study the linear operators S; and S defined in ((100)) and (103]) and prove

that they are bounded operators in X, for ¢ > 0.
Our goal is now to prove the following result which is a reformulation of Theorem

(104)

Theorem 5.3. Letn > 0, 0 < po < pq and take ¢ = ue_QﬂTq with py < p < py. There exist

G = qo(po, p1,m) > 0 and ey = eo(po, p1,m) > 0, M = M(po, p1,m) > 0 such that, for any
qc [07QO]7 o€ (07 1) satzsfymg

q_lgl_a < eo,

and for any constant a satisfying
v
(105) (e")¥2e” 35 |a| < ne¥?,

there exists a family of solutions (G(R,a), W(R,a)) of the fixed point equation (104)) defined
for R > R}, = e which satisfy

|Gz + &l|G|2 + €||W]2 < Me®.
Moreover G(R,a) = GO(R) + G*(R,a) and W(R,a) = WO(R,a) + W'(R, a) with
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(1) there exists qf = qi (1o, 1) > 0, and Mo = Moy(uo, p1) such that, for q € [0, q3],
IG° 12 + ell(G®)'ll2 < Moe™ g™

(i) for q € [0, qo], we can decompose G*(R,a) = K, (M) a+ GY(R,a) with

£

R R 11—« R 2
G + <@l < ME— 1Ko (—q al < Mie”
2
(iii) and for q € [0, qo]
R 2 3—a
€||W0H2 < M K() (T\/_> |a| < M1€2, 6”W1H2 < Mleq .
2

where My = My (uo, p1,n) depends on pig, pi1, and n.

The rest of this section is devoted to prove this theorem. In Section [5.2] we prove that the

linear operators S; and Sy, defined in (100) and ((103)), are bounded in &, ¢ > 0. In Section
we study F[0,0] and finally, in Section we check that the operator F is Lipschitz in a

suitable ball.

It is worth mentioning that the more technical part in this procedure comes from the study
of the function and V4 (and Kj,,) done in Proposition

From now on, we fix n, g, 11, we will take e, ¢ as small as needed, and a satisfying .
We also will denote by M any constant independent of ¢, q.

5.2. The linear operators. We prove that, §;, S, are bounded operators in the Banach spaces
X defined in (91]) along with important properties of such operators.

5.2.1. The operator S;. In this section we prove that S; : Xy — Ay is a bounded operator. In
addition we also provide bounds for (S1[h]), (S1[h])".

Lemma 5.4. Take R,,;,, > €z9 and { > 0. Then, if ¢ is small enough, the linear operator
Sy Xy = X, defined in (100) is a bounded operator. Moreover there exists a constant M > 0
such that for h € X, (defined for R € [Ryn, +0)),

1S1[hllle < Me?||h]le.
Proof. Since R, is such that M > 2o, by , for any R > Ruin

(106) Ko (Rf> - %eiﬁ (1 +0 (}%))

and




Let now h € X}, that is |h(€)| < 7| h||¢. Then:

|R‘Si[h](R)| < CR™ 1/2(\[> [ar [e/ = s d§+eﬂf/ = ) ]

mln

<Cx/§RH/2 = e e v a2 [Ty
= B E””eeazot“—l/ereaLﬂW

C(jJIMWM<RJ>

z t o) -t
_-1/2 | -2 e
M(z) ==z {e / Ty dt +€* /Z Y dt}

and one can easily see that lim, ,., M(z) = 1. Therefore there exists a constant M > 0 such
that |[M(z)| < M for z > z, and consequently:

[R'SIH(R)| < CME 1]

where

O

Corollary 5.5. Let R, > €29 and £ > 0. Then for € small enough and h € X, the function
S1[h] belongs to C*([Romin, o). In addition, there exists a constant M > 0 such that:

"

H(Sl[h])/Hf < Me||h||, H(Sl[h])

< M

Proof. Let ¢ = S;(h). Notice that

2 (R*f)/R 1y <M> hE) e+ 1 (Rf>/R €x, (i> ()dé“]

That is ¢ is differentiable if h is continuous (by definition). Moreover, since K{(z), Ij(z) have
the same asymptotic expansions as Ky, Iy (in ) performing the same computations as in
the proof of Lemma we obtain the result for ¢'.

We note that ¢ is differentiable if h is continuous (again simply by definition). Then ¢ is
C2. Moreover,

¢'(R) =

/

NPT

1/
_9r — _
SOjLR g2

and therefore

YN/} €
< — ) < .
R (B) < Mkl (3+ =) < Ml
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5.2.2. The operator Sy. Let us first provide a technical lemma.

Lemma 5.6. There exists qo > 0, such that, for any po > 2e and for any 0 < q < qo, if

R > poti an ;
2 / Z’IL(I(S) d{ <—

ing

N | —

Proof. The proof is straightforward from item [3| of Proposition Indeed, we first recall
that Vo(R) = v§"(R/e) and hence Vo(R) < —1. Then, we consider the function ¢(R) =
[n K2,(6)dé — 1K?2 (R) and we point out that we just need to prove that ¢(R) < 0 if
R > pge’%. We have that

ing ing ing

V'(R) = ~-K? (R) — Kmq(R)Kf (R) = _K? (R) {1 + Kz{nq(R):|

= — K} (R)[1 + Vo(R)].

ing

Therefore, since Vo(R) < —1 for R > poe~ 2, then ¢/(R) > 0 and using that (R) <
limpg o0 ¥(R) = 0 the result is proven. O

The following lemma, provides bounds for norm of the linear operator Sy, defined in ((103|).

Lemma 5.7. There exists qo > 0, such that, for any po > 2€* and for any 0 < q < qq, taking
Royin > poe” 27, the operator Sy : Xy — Xy, defined in (103)) is bounded for all ¢ > 1. Moreover,
ifhe X, (=12

1
I1S2[A]lle < S l1F]e-
In addition, when h € Xj,
(107) [Sa[h]ll2 < ||R]l5.
Proof. Let £ > 1 and h € A,. Then , by Lemma [5.6
RMIAlle [ K(6) [hlle [ 1
R'S[M)(R)| < ———= [ 42 e < /K? de < <.
’ 2[ ]( )‘ — KEnq(R) / 56_1 5— Klgnq(R) R znq(&) 5— 2|| ||f

When h € &3, then since Ky, > 0 and decreasing:

Rl|hlls [ Kfq(€) > 1
RS < s [T de < ek [ G de < I

ing

O

Because in the definition of the operator A5 (see (96)) are involved some derivatives, we

need a more accurate control about how the operator Sy acts on a special type of functions. In
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particular we shall need to control Sy[hVy], where we recall that Vy = K, (R)(King(R))~". For
this reason we study first the auxiliary linear operator defined by

(108 AR = SIIVGIR) = s [ Eh(E KL (€)Kin(€)

mq

Lemma 5.8. With the same hypothesis as in Lemma[5.7, for any h € X,
AWl < 5

Proof. Let h € &;. Then

R n|| ) 1 Il
|R€A[h](R)| S Kvg—m)E/R ( Kmq(g)Kmq(f))g d§ — Kmq : / mq mq(f) df

ing

= —||h||e-
lall

Lemma 5.9. Let hy, hy be bounded differentiable functions. Then:
So[mhb)(R) = hi(R)ha(R) — Salhiha] — So[(R) = 2A[haha](R),
where h(R) = hy(R)ha(R)R™. If (€hy) = Ehy and h is a differentiable bounded function, then
Solhah](R) = hi(R)M(R) — Sa[Whi](R) — 2A[h ) (R).
Proof. We prove both properties by doing parts. Indeed, since hq, ho are bounded functions

/ E(ERY(E) K, (€) dE = Rhu(R)ha(R)K2, (R)

—/ ha(&) [P (&) K7y (&) + EM(E) K7 (€) + 26ha (§) K, (€) King (€) dE].
Therefore

/ 1 i 2
SUMIIR) = g | (OO, (€) de
satisfies the statement.

With respect to the second equality. Again by doing parts:

Siahl(R) = g | (€€ HOR?,(©)de

i (R)M(R) RK2 /ghl [ (E) K2 (6) + 2h(E) Ky (€) King (6)] €

mq
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5.3. The independent term. We study now which is called the independent term of the fixed
point equation (L04), that is F[0,0] = (F1[0, 0], F2[0,0]). We recall that

F1[0,0] = Go + Si[e "N [0, 0]],
.FQ[0,0] = _82[ 2{?1[0,0],0]]

and N1, N, Go, S, S, are defined in (94) and (96)), (101), (100)), (103) respectively.
Before starting with the study of (109) we state a straightforward corollary of items I 3l and I
of Proposition [.1] about the behaviour of Fy, Vy (see (00)).

Corollary 5.10. Let R, = €* with a € (0,1). Then there exists qo > 0 and a constant M > 0
such that for any 0 < ¢ < qo and R € [Ryn, +00), Vi(R) > 0, Vo(R) < —1,

[EVo(R)I, [kVS(R)R|, [KV"(R)R?| < Me'™*,

(109)

and
[R(Vo(R) + DI |[R*VE(R)] | RPVY(R)] < M.
With respect to Fy, we have that Fo(R) > 1/2, Fi(R) > 0 and

[F(R)R?|, |FY(R)R’| < Che'™, |1 = Fy(R)|, |E5(R) R, | Fy (R)R?| < O

From now on we then take Ry, = ¢ with 0 < a < 1 satisfying e!7%/¢ small enough. These
conditions will ensure that /Ry, < 1. The following proposition provides the size of FJ[0, 0]

in .

Lemma 5.11. Let 0 < pg < py and take € = ue_ﬁ with po < p < py. There exist ¢ =
a5 (o, p1) > 0, M = M(po, 1) > 0 such that, for any q € [0,q3] and o € (0,1) satisfying
1=a /g < 1, Rpin = €%, given > 0 and a satisfying in the definition of Go provided in
(101) we have:

(110) 1Goll2 +ellGollz + [1Gll2 < [|Goll + Me*™* < M(1 + )e?

with Go = F1[0,0]. As a consequence, there exists qi(uo, p1,n) such that, if ¢ € [0,q;] then
Fo(R) + Go(R) > 1/4.
Let Wy = F5[0,0]. Then there exists ¢5 (1o, pt1,m) such that for q € [0, g3]

Wolle < Me* g~ 4+ Mne < M(1 +n)e

We divide the proof of this lemma in two parts, the first one, in Section [5.3.1]| corresponds to
the bound for GGy and the second one, in Section [5.3.2| corresponds to the bound for Wj.

5.3.1. A bound for the norm of Gy and its derivatives: Recall that Go F1]0,0] as given in
(109). We start boundlng 1Goll2, |Gy ll2; |GEl2, with G given in (101)). By (106) it is clear
that, for R > R, = &®

R’K, (R\/_) a

minf V2
< Mla|eRY2e~ ™% < Mla|y/e(e2)¥/2e~ 7

1’1’111’1

|R*Go(R)| =
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if 0 < q < ¢, for ¢§ = ¢5(p0, 1). Therefore, using that a satisfies (105) we conclude that
|Goll2 < Mne?. In addition it is clear that €||Gyll2 + €%||Gll2 < M||Golls < Mne?, and thus

(111) 1Goll2 + el Gl + %G [l < Mne®.
To deal with S;[e72M[0,0]] (see (94)) we first bound

.%Uﬂ:AMamwnzé(EﬂRy+%gﬂ).

By Corollary
|R%e2Fy(R)| < M2~

and applying Lemma [5.4] we obtain: ||S;(e2Fo(R))||2 < Ce?~2* which gives:
1Gollz < Gollz + Me*™>* < M(ne® + ") < M(1 + n)e?

Using Corollary we obtain the bounds for the derivatives:

(112) ellGoll2 +€*|Gollz < M(ne® +£72%) < M(1+ n)e?

and ({110]) is proved.
To finish we notice that by Corollary there exists ¢f(j0, pt1,n) such that, if ¢ € [0, ¢7]

1 g2 1 1
(113) R@H%MM>§—MU+M§- 5~ M(1+n)et™ > 2.
5.3.2. A bound for ||Wy||2. We recall that Wy = Sa[No[F1(0, 0], 0]] = S2[Na[Go, 0]] where N is
defined in , namely

B+ G, 1 Fi+ G
G 0] = 2V, 0 0o 2 F// Gl/ 0 0 )
N2 [Go, 0] " T Go qFo+Go<0+ 0T R

By definition of A

s, [VOF(;JrG{)] _ {F5+G61 .

Therefore, for 0 < ¢ < ¢} (po, p1,7m), using Lemma 5.8 Corollary and bounds ((113)) and
(1112,

where we have used that ke = gq 1™ < e. In the rest of the proof we will reduce the
value of ¢f, if necessary, without changing the notation. In addition, by Corollary since

nglfa_k 3— 2a+8
Fy + Gy ( 77)

s, |:‘/0F0 + GO]

Fy+ Gy
o+ Gy 9
SM(Eq + 4" +en) S M(e% ' +em),

11—«

1 F}
2 3 " 0 21, 1—« 2—«
R Fy+—= || < Mgk =M
7ot Gy ( + R)‘ < Mq ke qe
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we also have that by inequality (107) in Lemma

1 F!
F// -0
& [FO+G0 < o ¥ R)}

To bound the last term in W, we use the second statement of Lemma [5.9 with

N R T TR e
Fo+ Gy S 1= o

1 G!
Sy |l—— (qr+ S0
‘ 2[FoJrGo( 0+R)]

By bounds (112) and (113),

2

q < Mge*.

2

Then
Gy
Fy+ Go

Yal G6
Gl 2 4| 2

2 ‘ 2

I+

< Mne + Me3722
Fo+Golly, — 1

2

and as a consequence, by Lemma [5.8]

G/
A 0
H {Fo + Go}
By bound ([113)) and since R > £*:

Fo(R)| + |Gy (R)] Y e3720 L ope\ g2 oq 7l 4 372 e
|Fo(R) + Go(R)|? — R2 22

< Mne + Me32,
2

Gy(RI(R)| < |Gy(R)|!

S ﬁ (847301 4 n€2fa) ,

where we have used that e'7*/¢q < 1. Then, using Lemma |S2[W G2 < |IWGYlls and
therefore, ||¢?Sa[h'Gplla < M(q?e*73* + ¢*ne*=*). We conclude that

[Wolla < Me* ¢ + Mne < M(1+ n)e.
5.4. The contraction mapping. In Lemma we have proven that the independent term

(Go, Wy) = FJ0,0] (defined in ([109)) satisfies ||Gol|a + €||Woll2 < M(1 + n)e?. In other words,
the independent term belongs to the Banach space Y = &5 x A5 endowed with the norm

LG W] = [|Gll2 + e[| W {2
Let
(114) Ko = Ko(po, 1, m) = [[(Go, Wo)|le™.

Along this section we will prove the following result.
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Lemma 5.12. Let n > 0, 0 < py < p1 and take € = ,ue_ﬂ*q with o < p < py. Take
Kk > 2Kg, where Ky is defined in (114), and a satisfying the condition . There exist qy =
qo( o, p1,m) > 0 and M = M (uo, p1,m) > 0 such that, for any q € [0,q] and o € (0,1) satis-
fylng q—lgl—a < 17 takzng Rmin 2 €a7 Zf (G17W1)7 <G27 WZ) € y with |_|_(G17 Wl)JJa |_|_(G27 WQ)JJ S
ke? then

(115) |_|_./T"[G1, Wl] — .F[Gg, WQ”_I S MEl_aq_lu_(Gl, Wl) — (GQ, WQ)JJ

where the operator F is defined in (104)), Sy is defined in (100]), So in (103)), N7 in and
NQ m .

If moreover |G ||2, |G| < ke.
e]|So[ N2[Gr, Wh]] — Sa[Na[Ga, Walllls SMe® ||[Wy — Wal|s + Me'~*||Gy — Ga2

(116) ! /
+ Me||Gy — Gyl
Also,
(117) el (Fi[Gr, Wi] — Fi[Ga, Wal) |l2 < Me' =g M [(G1, W1) — (G2, Wa)].

The remaining part of this section is devoted to prove Theorem from the above results
and Lemma [5.12

5.5. Proof of Theorem [5.3] Lemma for 0 < ¢ < qo, gives us the Lipschitz constant of F
with the norm [|-]] on By.2, the closed ball of Y of radius ke?. Indeed, the Lipschitz constant is
Mel~qg7t <1/2if e'7¢™ < e :=1/(2M). Then the operator F is a contraction. Moreover,
if (G,W) € B2, it is clear that

1 1
Then, the existence of a solution of the fixed point equation (104)), namely (G, W) = F[G, W],
belonging to B,z is guaranteed by the Banach fixed point theorem.

Moreover, as
IGll2 = [|F[G, W]|ls < we?,

using ([117)) one can easily see:
G2 = I(FG W) Nl < ke, (G lla = [(FG W) ||z < 5.
We introduce the auxiliary operator
FIG,W] = (F1, B)[G, W] = (e 28i[MIG, W], =S [Na[F1 [G, W], W])).

Observe that F[G, W] = F[G, W] for a = 0. We denote by (G°,W?°), the solution of the
fixed point equation (G, W) = F[G, W]. We point out that by Lemma and recalling that
el < q/2, for 0 < ¢ < ¢ (10, 1) we have:

LF(0,0]) < M2 4 &2 1) < MeSg !
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and therefore, in this case, kg = oo, 11,0) = £72||F[0,0]]] < Me'=2¢~", with ko defined
in (114]), and that implies that

LG, W) < 2Ree® < 2Me* g

Calling My = 2M (which only depend on pyg, 1) the proof of first item of Theorem is done.
Let now (G, W) be the solution for a given a satisfying (105]). We have that

G = Fi[G,W] =Gy + F[G. W],
W = F[G, W] = — SN[ A G, W], W]
= — S$No[Go + Fi[G, W], W] + So[No[FL[G, W], W] — FolG, W]
Therefore, using that (G°, W°) = F [G°, W], we have that, using (115)) and (116):
LG, W) = (G, WO)|| <[|Goll> + | FIG, W] = FIG°, W]
+&[|S2Na[Go + Fi[G, W], W] — SN[ (G, W], W2
<[Gollz + Me' ¢ H[(G, W) = (G, W) ]| + Me' ™| Gol2 + Me||Gi|l2
<M||Gollz + Me[|Gill + Me' ¢~ [(G, W) — (G, W?)].
As a consequence, using that, by (111)), [|Goll2 + ¢[|G{l2 < Me?, we obtain
(G, W) — (G°, W) || < Me2.
Then
IG = Go = G°ll> = | FA[G, W] = R[G, W)l < Mg (G, W) — (G°, W)
S M€370¢q71.
The bounds for ||[(G®)|l2 and |G" — (G°) — G{||2, follows from the bound (117), and an
analogous expression for F;, along with expression (112)). Denoting by G! = G — G° — Gy,

Theorem is proven.
The proof of Lemma [5.12| is divided into two parts, in Sections [5.5.1| we prove inequality

(115 and in Section we prove (|116) and (117)).

5.5.1. The Lipschitz constant of F1. Let (G1, W), (G2, Wa) € Y with ||(G1, Wh)||, [[(G1, Wh)|| <
ke?. We have that, using Lemma [5.4]

|F[Gr, Wh] = Fi[ G Walll2 = & 2|81 MG, W] = M (G, W] |
< M|INL(Gr1, Wh) = Ny (Ga, Wa) |2

(118)

Then to compute the Lipschitz constant of F; it is enough to deal with the Lipschitz constant
of N 1-
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Now we write n(A) = (1 — X\)(Gy, Wh) + A(Ge, W) and, for any R > Ry = €

Ni[Ga, Wl(R) — MG [Gh, Wil(R) = / N[N (R)(Ga(R) — Gy (R))

) OwNiIn(M(R)(Wa(R) — Wi(R)) dA.

Then, since ||[n(\)|]2 < ke? for bounding the Lipschitz constant of N is is enough to bound
|8gN1[G W]| and 0w [G, W]| for [[(G,W)||2 < re?

We now recall that FO in is deﬁned as Fg = 1 + Fo /2. Then, since by Corollary 5.10
|kVo(R)| < Me'™ and F§ = 1 — k?V@ — en?R™? we have that, using that R > Ry, = &

(119) |Fy(R)| < Mk:zy%Q(Rﬂ + Me?R™2 < M2,
Then, if |G(R)| < ke?R™2 < Me?~2:
(120) |Fo(R) + G(R)| < 1+ 0O(e*72%) < 2

if ¢ is small enough.
We claim that, if ||(G, W)|l2 < ke?, then

(121) |0aNL[G, W](R)| < Me*~2, |OwMNL[G,W](R)| < Mke'™.
Indeed, we have that
AN (G, W) = —Fy — 6FyG — 3G2 — 2K*WV, — kW2,
where A is given in (94). Then, using (119), that |G(R)| < ke?R™% and |W(R)| < ke R™?

|0 MG, W]| < M (52—2“ - nR + K? R4 + kE*|Vo(R )y— + K WR >
<M (272 4 ke® 2 4 K21 + kke T + KPkTe 2T
< Me> 2 (14 k4 126272 4 kel Jq + k2q72272) < M2,
where we have used again that £!7*/q < 1. With respect to 9y N;[G, W], we have that:
Ow MG, W] = =2k*Vy(Fy + G) — 2K*W (Fy + G).
Then, using :

OwNL[G, W] < M (ksl‘a e ) < M (ke + K2%e2) < Mk (1 + £ /q),

R2
provided '7*/q < 1, and (121)) is proven.
Finally, using bounds (121]) of 9y Ny, OaNa:

WN1[Ga, Wa](R) — Mi[G1, Wh](R)| < M€272O‘4|7G1(R) — Go(R)| + Mke'~*|Wy(R) — Wa(R)|



and therefore,

NG, Wa) — Ni (G, Wh)|l2 < Me* |Gy — Galla + MEe'™||Wy — Wals
< Me'" g (G, Wh) — (G, Wa) .

This bound and (118]) leads to the Lipschitz constant of Fy, which is Me!'=*/q.
From these computations we also deduce expression (117 using Corollary .

5.5.2. The Lipschitz constant of F». Now we deal with F»[G, W] which is defined by
F2lG, W] = Sa(Na[F[G, W], W),

Recall that N5 was introduced at :

q2

- D CE® (F5'(3)+G"(R)+
Fy(R) + G'(R)
Fo(R) + G(R)

No[G, W](R) =W?

F}(R) + G'(R)
P

+2(W(R)+ W)

We have to deal with each term of the difference
) [Nz[f1[G1, Wi, Wi] — Na|Fi[Ga, Wa, WQH

separating in a similar way as we did for computing the norm of Wy in Lemma [5.11} Along
this proof we will use without special mention the first item of Lemma (already proven)
and the bounds in equation (117]).

Take (Gl,Wl),(GQ,Wg) € y with H(Gl,Wl)J_I, H(GQ,WQ)J_I < /162 and HG’l”Q, HG/2H2 < Ke.
We first prove

e)|Sal No[Gr, Wh] = Sa[Na[Ga, Wall[lo <Mee'™||[Wy — Walla + M?e' |Gy — Galls

(122)
+ Mqe||Gy — Gy

We define G = (1= X)G2+ MG and W)y, = (1 — \)Wy+ AW, and we notice that the operator

N, can be written as

MG, W] =N,[G, G, G", W].
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By the mean’s value theorem

1
jvé[cylavvi]__JV%[(;27LLE}::(LLH __Lva)y/ﬂ 5%V/VE[C;A’ ;7 K?VVA]dA
0
1
+(Ch—G) / Al e RAL
0
1
(G- GY) / 0 NG, G, G, Wi dA
0

1
(@ —a) / D N, (G, G, G W] d
0
=:N1+ Ny + N3 + Ny

We start with £S,[V;]. We have that oy N3G, G/, G", W] = 2W + 21;‘11%/ and therefore, using

the bounds for Fy, Ffj in Corollary [5.10;

eM  el=k M 2ol

elNI(R)| < e[ Wi = Wl (FJF 7 ) < e||[Wy — Wa2 (R4 + R‘? )
gl—a
< Me||[Wy — Walls o

where we have used that e7%/q < 1. Then, by Lemma
el|So[Nilll2 < eM|Ny |3 < Mee' = |[Wy — Wi 2.
We follow with Ns. It is clear that

(Fo(R) + G(R))2 ¢ (Fé’(R) +G"(R) +
—2(Vo(R) + W(R))(Fy(R) + G'(R))|

e|0cN2[G, G, G", W](R)| =

Fo(R) + G'(R)
r)

We use now that ke' =@ < ¢ and that eR72? < ¢!72* < ¢!=2k~1 and we obtain that
5‘R28G./\~[2[G7 G, G",W](R)| < Me (g7 + @ + 7P + 272 4 g + ¢ 1B 4 7]
< Meg?
where again we have used that e~ < ¢. This gives:
e|RIGNL|G, G, G", W|(R)| < Me'=¢.
Therefore
e|R*No(R)| < Mg*e' (|G — Goll2

and we obtain ¢||Sa[Na]|l2 < ¢]| Va3 < Me=*¢?||Gy — Ga|o.
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With respect to N3, we have that

~ Vo(R)
ON\(R) := 0 N5 [Gy, G, G, WA (R) — 2
AMR) = 0 N2[G, Gy, G, WH(R) Fo(R) + G (1)
_ q> L9 Wi (R)
R(Fy(R) + GA(R)) Fy(R) 4+ GA(R)
Then

Mg*s  Me? 9 q1_on L 1
< < <« il
e|ONL(R)| < =+t < Me(q* +¢ )R_MeqR

that implies that
c|[RPONA(R) |G (R) — Gy(R)| < Meq|| Gy — Gl

and therefore

1 1
(123)  =|S, {(G;—G;) / 8NAd)\] <l - / ONydA
0 2 0

3

We point out that

1 1 1 1
S, | Vo(R)(G, — G d\| = G — G d\
2{()( N 2>/0 . } A{( 1 2>/0 e }

and then

1

124
(124) € R

< e||Gh = Gl

2

s [vaie - [

s

Bounds (123) and (124) imply [|Sy[Ns][|> < Me||G} — G5l
Finally we deal with 4. Using Lemma [5.9 with

! dA 7 " " 7 l l
W) = [ e R -G-GL =G

we have that
el|So[Null> < e¢’|[hhall2 + £q?||So (R ]2 + 2267 || Alhu b |-
Then, we obtain
eq®||hhall2 < Meq®(|G — G5

and by Lemma [5.8
e’ Al bl < Meg?|| G — G-
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In addition,

FE(R)| +|GL(R)]

(R + (R

el (R)hn(R)| < €| G} (R) — Gy(R)| i

k’ 11—«
SMER—HHG/ G5l

<M€q HG' GSll2

Then, using Lemma |Sa[A'ha] |2 < || hal|s, We obtain
el|So[Nall2 < Meq||Gy — Gl

The previous computations leads to prove @[}
Now we define ¢ = F1[G1, Wi, @2 = F1[Ga, Wa|. By bound ([122)), using that the Lipschitz
constant of F; is Me'~*/q and also (117)), we have that
el|Sa[Nafpr, Wil] = Sa[Nalps, Walllla <Me'([(G, Wh) — (Go, Wa) | + ' [lo1 — alla
+elleh — el
<ME™(Gy, Wh) — (G, Wa) |
+ gliaq71u<G17 Wl) - (G27 WQ)H

and the proof of Lemma is finished.

6. EXISTENCE RESULT IN THE INNER REGION. PROOF OF THEOREM [4.4]

We want to find solutions of departing the origin that remain close to (fi*(r),vi*(r)) =
(fo(r), quo(r)) defined by where we recall that fo(r) is the unique solution of and v (7)
is the solution of (38):

Sl R =0 RO, lm ) =
(125) f
0+—+2 ofo +(1—f—k)=0,  v(0)=0,
0

so vg can be expressed (see (39)) as a function of fo(r) by writing

wlr) = = [ €300 - B~

The asymptotic and regularity properties of fy, vy are deduced straightforwardly from the
ones for fi*, vl in Proposition [4.3] They will be used along the proof of Theorem [4.4 Again,

as in the previous section, Section [5] the proof of such result relies on a fixed point argument.
51



Let us now introduce the Banach spaces we shall be working with. For any 0 < s; and ¢ > 0

we define w(s) = f3(s/v/2) > 0, wo(s) = v2(s) fo(s) > 0 and
< oo},

¥(s)

X — {w (0,81 = R, @€ CO([O,Sl])a Sup m

s€[0,s1]

endowed with the norm

¥(s)
6= sup |—2 |
vl sefo,s,] | w(s) + cwo(s)
We stress that, in X' the norm || - || and
[(s)] L logs?\™
waux: sup ——- + Ssup — tc wsa
H H s€[0,s4] sl SE[S4,51] 53 52 ’ <)|

are equivalent (see Lemma for any given s, € (0,s1). We also introduce the Banach space
Y= {¢ : [07 81] — R? ¢ S CO([Ovsl])7 ||1/}H7L < OO} )

where the norm || - [|,, is defined by

1 log 5|2\ !
ol = sup 2O g (L o8 sy ),
s" SE[sx,51] s

2
$€[0,54] S

which satisfies that ) C X.
Finally, for any fixed m, [, v > 0, we define

Z'flﬁy = {1/1 : [0781] - Rv w S CO([Oysl])v kulﬁz’/ < OO} )

and the norm

l
[l = sup [9(s)] + sup [o(s)ls
s€[0,54] sm s€lsest] | log Sly

From now on we will fix s, (independent of ¢ and k) as the minimum value which guarantees
that, for s > s,, fo(s) > 1/2 and the asymptotic expression is satisfied for s > s,, namely

(126)  Ko(s) = \/ge—s (1 L0 (%)) o L(s) = \/;es (1 40 G)) L s>

6.1. The fixed point equation. We denote by 7 = v/q and we shall derive a system of two
coupled fixed point equations equivalent to

(127a) "+ 7, - f:f—j +f(1— 2= =0,

(127D) i+ fg F2f 4 f(1— = k) = 0.
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We thus start by noting that since ¢ is small, we may write (f,7) as a perturbation around
(fo(r),vo(r)) of the form (f,7) = (fo(r)+g,vo(r)+w). Therefore, using that fy, vy are solutions

of (125)), equation (127al) can be expressed as

g/ 2

(128) g+ — g5 + (1= 3£3(r) = Hlg, w),

with
H(g, w](r) = ¢° + 3¢* fo(r) + ¢*(vo(r) +w)* (g + fo(r)).
along with the initial condition g(0) = 0. We also have that equation can be written
like:
r, W f (l) Vo + W / /
(129) Wt +wf0 9(9 +2fo) Folfot g) (fog' = fo9)
along with w(0) = 0.

We now write the differential equations and as a fixed point equation. We start by
pointing out that, equivalently to what happens for the outer equations, one cannot explicitly
solve the homogeneous linear problem associated to . However, we shall conveniently
modify the equation to obtain a set of dominant linear terms at the left-hand-side for
which we will have explicit solutions.

We first note that, as shown in [AB11], fo(r) very rapidly approaches the value of 1. Inspired
by this, we define

o " g/ n2 2
Elgl =g + —g§+3g(1 — fo(r)

and therefore, (128) reads £[g] — 29 = H[g,w](r), which motivates to perform the change
g = —HJ[0,0]/2 + Ag into ({128)). Denoting by

~ 1
ho = —H[0,0]/2 = 5q%gfo,
Ag found to satisfy

A / 2 - - -
Ag"+ =% = Ag™; — 209 = Hlho+ Ag] — H[0,0] - E[he] — 3A9(1 = £ (1)),
along with Ag(0) = 0. Now we perform the change s = /2r and we denote by dg(s) =

Ag(s/V2), 8u(s) = w(s/v2), fols) = fols/V2), To(s) = vo(s/V2) and ho(s) = ho(s/V/2).

Therefore,
v 0g n’
(130) 59 +?—5g 1+§ :N1[59,5U],
where
3 o 1 ~ 1 .
(131)  Mildg.ov)(s) = = S(1 = f3())dg + 5 (Hg + ho,dv] = H[0,0]) = SElo),
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with
H[g, 5v)(s) = ¢° + 39° fo(s) + ¢*(To(s) + 6v)* (fo(s) + g),

ElFal(s) = Ela] (sv/2) = 2 <ﬁg N

!/

n? - ~ ~
¢ — s_2h0> +3ho(1 — f3(s))-
The homogeneous linear system associated to (130]), namely
) / 2
5g”+i—5g (1+n—2) =0
S s

has solutions K, I,,, the modified Bessel function. They satisfy that their wronskian is 1/s.
Therefore, equation (130 may also be written, for any s; > 0, like

Sq(s) = Ko(s) (cl+ / eL Nl[ag,av](g)dg)ﬂ (CQ / K N1[5g,5v](§)d§)

8g'(s) = K| (s (014—/ &L ( Nl[ég,dv](ﬁ)df)—l—l (cz /ﬁK N1[5g,(5v](£)d£)

where ¢1, ¢, are so far free parameters. It is well known (see (44))) that K, (s) — oo and I,,(s) is
zero as s — 0, if n > 1. Then, in order to have solutions bounded at s = 0 we have to impose

o — / LN [5g. 00)(€) dé = 0.

Therefore,

3a() = (o) | €L(ONilGa, 01(€)d€ + (s (c2+ | et M[ég,avxs)dg)

For any s; > 0, we introduce the linear operator

Sl = Kalo) [ €0 s+ 1(s) [ e ©ul)de
We have proven the folloowing result:
Lemma 6.1. For any b € R we define
08y (s) = I.(s)b.
Then, if g is a solution of satisfying 6g(0) = 0, there exists b such that
(132) 59 = 08, + S1 o N1[0g, ov].
We emphasize that A, given in , has linear terms in dg. In fact, we decompose

Ni[8g, 0] = L[0g] + R1[dg, 5v]
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with

L60)(s) = (1~ F2()a(s)

(133) X ] -
Ralbg, dv)(s) = 5 (H16g + ho, 0v] = H[0,0]) = 5E[io).
Therefore equation is rewritten as

(134) 3g = 68y + S1 0 L[8g] + S1 0 Ru[dg, v,

with g, defined in Lemma [6.1]

Lemma 6.2. There exists 0 < ¢, L < 1 such that for any 0 < s, < sy the linear operator
T := 8 o L satisfies that T : X — X with ||T|| < L < 1.

As a consequence Id — T is invertible.

Proof. In [ABMSI16] it is proven that the linear operator

TIGE) = 550 [ €LO0 = ROME s+ 310) [ €@t = FeDh© s

is contractive, in the Banach space defined by

X = {@b :[0,00) = R, 3 € C°[0,00), |¥|lw := sgg% < oo} :

The proof is based on the fact that
~ 3 s .
| TTh](s)] SéKn(S)/O EL,(E)(1 = f3 () Ihllww(€) d&

3 o ~
+508) [ €O = RNl ) de
< ||AllwT(s)
where the function T is defined by

7(s) = 5Kls) [ €001~ RO e+ 3106) [ €1 - BleDul

and satisfies ||T, = L < 1.
Let now h € X:

T <3 Ealo) IRl [ €061 = B w(e) + cun(e)) de

(135) S0 [ €K - FO)(w(E) + cun(e) de

< [AI(T(s) + R(s))
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where
REs) = 5Kl [ €00 = FOMe)de + 5 105) [ €K1~ FH©uale) de

When s € [0, s,],

R( <CM( / £2n+3d€+8 / f df—l—S / fK ’10g€|2 §> SCMS”.

For s € [s., s1], using that 1 — f2(s) —2)
n |log £? " _e|loggf?
R()<CM(\/—/ §2+3d§+\/— s*ﬁ /2 Nz et £7/2 dg)
2
< oM (\/g n |108g48| ) < CMsl—g < eM(w(s) + cwy(s)).

Therefore, using (135]) one obtains
[T < 1Al (L + cbo)
where by is a constant which is independent on c.
Taking ¢ < min {1, 12bL} so that L := L + cby < % < 1, the proof is finished.
As a consequence of this lemma, equation (134]) can be expressed as
(136)  0g = dg, + S1 0 Ry[dg, v, gy == (Id — 7_)71[(5@0]’ Sy = (Id - 7')71 oS
and we recall that 0g, was defined in Lemma [6.1]

Lemma 6.3. There exists a function 1(s) satisfying

IS S1) — S1 ! S1 :l S1 ,81 Lesl
Flsi)Balsr) = I{s)Bnls1) = = (s 7( )ISM\/a

such that 0gy(s) = I1(s)b.
Proof. Recall that

TUI) = =5 Hals) [ €00~ R s = S1(5) [ €K1 = )b e
0 s
Since dg, = (Id — 7')_1[(5§0], by definition of the operator T it is clear that

0go(s) = > T™[08l(s

m>0
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and therefore, dg,(s) = I(s)b. Notice that if b = 0, one can take I(s) = I,,(s) and we are done.
Assume then that b # 0. Then, from dg, — T[0g,] = 08y = I.(s)b, one deduce that

(s) = 1(6) = 5Kl [ €00 = ReNT6) g = S1,05) [ $KaO)1 = Hle)T(s) g
L) = 16) = 5K [ €000~ RO = 5165) [ €O~ Fle)I(s)de

Therefore
I'(s1)Kn(s1) — (1)K (1) = I (s1) Kn(s1) — Ln(s1) Kn(s1) = 57
To finish, we observe that ||0go|| < M||0go|| = M||I,||b. That is, ||| < M||1,]|. Then, from

the asymptotic expression of I,, in (126, we deduce that I,(w(s) + cwo(s) is an increasing
function and then we have that ||I,|| = (w(s1) + cwo(s1)) 1, (s1) and then

[(w(s1) + cwo(s1)) " 1 (s1)] < M(w(s1) + cwo(s1)) " Lu(s1)

that implies that |I(s1)] < M1,(s1) < Msl_l/Qesl. The bound for |I'(s;)| comes from ([126]) and
the fact that I'(s1) = [s7" + I(s1) K} (s51)] (Kn(s1)) 7" O

Now we deal with equation (129)) which along with the initial condition w(0) = 0 is equivalent
to
Vg + W

1 P _ o
w(r) = s [ €O |ata+ 200 - L (o - )]

Therefore, recalling that g = hg + Ag, the function dv(s) = w(s//2) satisfies

(137) dv(s) = Sy 0 Ra[dg, v,

with

(138) S:[p)(s) = 28;3(3) /0 e (Eu(E) de
and

Raldg, ov](s) :(ilo + 59)(2f0 + ho + 4g),

(139) Ug + 0v < -
0t [fo(hg+6g’)—f(’)(ho+6g) .
fo(fo+ho+dg)
In view of ((136)) and ([137]), we are looking for solutions of the fixed point equation associated.
However, as for the outer region, for several technical reasons, we consider instead the equivalent
Gauss-Seidel version of the fixed point equation given by

(140) (0g,0v) = Fldg, v]
where F = (Fy, Fy) is
(141) fl :5g0+810R1, ./_"2 :SQORg[fl[(Sg,év],5v].
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Remark 6.4. We note that fo + ho + 6g > 0 in the definition domain of s in order for the
operator Ny to be well defined. The following bounds, which are a straightforward consequence
of Proposition[{.3, will be crucial to guarantee the well-posedness of N:

. . 1 2
ho(s)] < M@2s™2, s — 0, yho(s)\qu“OSLj", s> 1,

h 7 log s|?
Elho](s) ~ M¢?s", s =0, E1ho](s)] < MC]2| 5g4 |

1
< qug’ s> 1.

Moreover |hly(s)| < Mq®*|logs|?>s™ for s > 1.

In what follows, we simplify the notation by dropping the symbol ~ of fo, % and hy.
Now we reformulate Theorem [£.4] to adapt it to the fixed point setting.

Theorem 6.5. Let n > 0, 0 < po < py and take € = ue_;Tq with py < p < py. There exist

q = qo(po, p1,m) > 0 and py = po(pto, pa,m) > 0, M = M(po, pt1,n) > 0 such that, for any
q € [0,q0 and

0< P < po,
taking s1 as:
51 = 657

if b satisfies
(142) st bl <mp”
then there exists a family of solutions (0g(s,b),dv(r, b)) of the fized point equation (140) defined
for 0 <s < s1 which satisfy

1891l + [l6g'| + ll6v]l* < Mg,
The function 6g can be decomposed as

dg(s,b) = dgo(s,b) + dg1(s,b),
with 8go(s,b) = I(s)b + bgy(s) and I(s) is a function satisfying I'(s1)Kn(s1) — 1(s1) K (s1) =
s7t. Moreover

(1) there exists q. = q«(po, 1) and Mo = My(po, p11) such that for q € [0, qox]

~ ~
1690l + [10goll < Mog?

(2) and for q € [0, qo]
16g1l, 16911l < Mq?p®.

As we did in the outer region, we prove this proposition in three main steps. We first study
the continuity of the linear operators S;, Sy in Section [6.2] in the defined Banach spaces. After
that, in Section we study F10,0] and finally, in Section we prove that the operator F is

Lipschitz.
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From now on, we fix n, po, 1, we will take qg, po as small as we need and b a constant
satisfying (142)). In the proof there appear a number of different constants, depending on
1, to, 41 but independent of ¢ which, to simplify the notation, will all be simply denoted as M.

6.2. The linear operators. The following results provide bounds and differentiability prop-
erties of the linear operators S, S, defined in (136]) and (139)).

Lemma 6.6. Let si,c be such that 0 < s, < s1 and 0 < ¢ < 1, and let v € X. Then, the
function S1[¢] is a differentiable function in (0,s1) such that S;[]) € Y C X, Si[¢) € X and

ISl < MY[ISu0]ll < Ml IS W] < M1l

being M', M > 0 constants independent of s1, S, C.
Proof. Let ¢» € X. One has that

5.1 |<Aﬂww[ /“er ) + cun(€))de + (s /’fk' w(€) + cwo(€))de

where we have used that || (Id — 'T)f | <M. If s € [0,s,], then
|Ka(s)] < Ms™™, | 1.(s)| < Ms™, w(s) + cwo(s) < Ms™!
and therefore,
s Sx s1
s < mpll (s [Tenag s [Mrace s [M e de) < vl
0 s Sx
where we have used that

/S €10, (€) de < / °° EK(€) dE < M.

When s € [sy, s1]

st <ol (S5 [ e S [ VB (o) e

3 [ e (e )
< ool (5 + ) < anpltus) + cunts)

which easily follows upon using that for any v,l € N,
l ! ! !
/ §|IO§£| d£<M s|10g8| ’ / E‘loé-gé-’ d£<M 7s|10g8‘ )
Sx SV S 81/

Therefore, [[S1[¢][|ln < M|l
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As for §;[¢), we notice that

S1
(4 =T) o Slul'(5) = Ki(s) [ €L ds+ (o) [ €Repue) de
and so analogous computations as the ones for S;[¢)] lead to the result. UJ

Lemma 6.7. Les us fix s; such that 0 < s, < s1. Then if € Zg’l, the function S[1], defined
in (I38), is a differentiable function in (0,s,) such that S;[¢] € ZM' and

IS2lll ™ < Milwllg".

In addition, if ¥ € Z0', with v > 2, the function Sy[i] is a differentiable function in (0, s;)
such that S;[p) € 21° and

ISa[][1° < M9 l5".

The constant M > 0 does not depend on s;.

Proof. Let ¢ € Z2'. We have that, if s € [0, s,]

\/i s 1 s . 7
S0l < g [ RO < M i [ € de < s

When s € [s,, s1],
1 s
Stoll s [ @@ + s [ erevields
1 loo s|i+1
s;wW+;wW[f§®5<mwy( f Llogsl™y

Finally, let ¢ € 27" with v > 2. Then for s € [0, s,]

S0 < s | O s < Mol s [ € de < Ml

and if s € [s,, s1],

1 N
S < /6%|MW%+aQL&ﬁW@M

v,l v,l ° (log 5) vl M
<l + Sl | S d <
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6.3. The independent term. We now deal with the first iteration of the fixed point procedure
given by the equation ([140)), namely we study F[0, 0].

Lemma 6.8. Let 0 < ¢ < 1 as in Lemma. let 0 < po < 1 and take € = pe_ﬁ with

po < p < py. There exist ¢* = q*(po, 1) > 0 cmd M = M(uo, 1) > 0 such that, for any
q€0,¢"] and 0 < p < 5=, for 0 < 5, < 51 < eq, given n > 0 and b satisfying (142), the
function (8go, 0ve) = F[0,0] belongs to X x Z1 , 0qo 18 a differentiable function belonging to X
and

18goll; 1690l < M(1+n)g®,  [[6volly™ < M (1 +n)g”

Furthermore, 6gy € Y with ||8golln < M(1+n0)¢?, and dvy € Z" with ||dvl|}" < Mp?.

Proof. Notice that sk < 1 if ¢ is small enough. We have that dgy = 0g, + S1 0 R1[0,0]. We
recall that 6gy(s) = (Id — T)~'[6g,] where dgy(s) = I,(s)b. Using that I, is an increasing
positive function, that the norms || - ||, || - |laue are equivalent and that I,,(s) = O(s") as s — 0,

N _ 1 log 5112\~
580l < M5Bl < MBI o) w(o0) + cun(s0) ™ < Miblay (o) 5 + <L)

B 1 51
Since s > s, the asymptotic expression ([126|) for 7,,(s;) applies and then, since b satisfies (142)
we conclude that ||dg,|| < Mng>.

We now compute R+[0, 0] (see (133)):
Ral0,0] = = 5€lho] + 5 (Hho, 0] — H0,0])

:—Eﬂm] (W+3hﬁ+fﬁm)

Therefore, using the estimates for fy, vg, ho and E[ho] in Proposition and Remark we
have that

¢*|log s|* q*|log s|*

sSup |R1[070](S)| < MQQSnv sup |R1[0,0]<S)| <M 4 + M 4
s€[0,84] SE[Sx,81] S S
Using that for any [ € Z, |log s|'s™! is bounded if s € (2,5;) and that s72 < Mw(s) we have
that

swlmMWﬂgMﬁggMﬂMﬁmm@)

SE[sx,51]

As a consequence R4[0,0] € Y C X, ||R1[0,0]|| < C¢* and using Lemmas [6.2] and
|81 [R1[0,0]][] < M||S1[R4[0,0]]|| < M|R1[0,0]|| < M.
(R0, 0 | < M
We deal now with dvg. First we notice that fy + hg + dgo > 0. Indeed, we have that, for

s €[0,s.] fo(s) > M|s|" for some positive constant M (see Proposition [4.3)). Therefore, if g is
small enough:

fo(s) + ho(s) + 0go(s) > Cs™ — Mg?|s|"? — Mq?*|s|" > 0.
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For s > s, since fo(s) > 1/2, taking ¢ small enough:

Fo(s) + ho(s) + dgo(s) > % _ M

We conclude then that dvg is well defined. Now we are going to prove that it belongs to le 3,
By definition dvg = F3[0,0] = Sy 0 R2[dgo, 0] with Ry defined by ([139):

Raldgo, 0] = (ho +890)(2fo + ho =+ 0g0) + -yl s [fo(hy + 0h) = fillo + )]

Therefore, using that dgg € Y, for s € [0, s,] we have that
[Ra[dg0, 0](s)] < M(1+n)*(s™" +1) < M(1+n)g".
On the other hand, for s € [s,, 1],

¢*|log s|?

¢*|log s’
52 3

2| 1og 5|2
[Raldg0,0)(s)| < M(1 + 1) Zllog s

+ M(1+mn) < M(1+mn)

As a consequence Ry[0go,0] € 2 with norm HRg[égO,O]Hz’Q < M(1 + n)¢®. Therefore, by
Lemma dvy € Z,* with norm ||dve||7* < M(1 +n)¢?, and thus, for s < s, < e

|log s|°
S

1
o(s)] < M1+ g2 850 < a4 110821

0

6.4. The contraction mapping. In what follows we shall show that the fixed point equa-
tion ({140]) is a contraction in a suitable Banach space. We define the norm

1,3
1(8g, 0v) ]| = llogll + [lov]];

in the product space X x le 3 and we notice that, under the conditions of Lemma , we have

proven that || (dgo, dvo) || < koq?, where kg = Ko(po, 11, 7)-

Lemma 6.9. Let o, 1.0, b and pv as in Lemma and take € = ,ue_ﬁq with po < p < py.
There exist qo = qo(po, p1,m) > 0 and M = M (o, p11,m) > 0 such that, for any q € [0, g,

0<p<g-and0 < s, <s < ea, we have that if (6g1,0v1), (62, 0v2) € X x 2] satisfying
L(0g1, 6v1) I, ([ (692, dva) || < 2k0q?, then
(1) with respect to JFy
1 F2[8g1, 6v1] — Fi[dge, dvalll < M?||0gy — dgoll + M p?||6vr — dva|y
(2) and for Fy
1F2[0g1, 6v1] = Falbg2, Sva]l| < M@?(|6g1 — gall + M (p*c™" + %) || 601 — dvaly.

The remaining part of this section is devoted to prove Theorem (Section below) and

Lemma [6.9 whose proof is divided in two technical sections, Sections [6.6 and
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6.5. Proof of Theorem [6.5 The proof of the result is a straightforward consequence of the
previous analysis. We define B = {(dg,6v) € X x Z7°, [|(dg,6v)]| < 2koq®}. The Lipschitz
constant of F in B, lip.F, satisfies that

1
lipF < M (pto, pu, m) max{q®, ¢! p*} < 2,

provided ¢ is small enough and ¢ 'p* < 1/2, so that F is a contraction. In addition, if
1(6g,0v)]] < 2kog?, then

1
176 6011 < LF10.0)1 + L Fl6g.50] — 10,0} < rog? + 21 (59, 50)]
< koq® + %2/%612 < 2koq?

Therefore the operator F sends B to itself. The fixed point theorem assures the existence of
solutions (dg, dv) € B, consequently satisfies:

1(6g,6v) || = || F[dg,6v]|] < 2k0q?
and, if (dg, 0v) = Fldg, dv], then dg, = Fi[dg, ov] — F1]0, 0] satisfies
1F1[8g, 6v] — F1[0, 0]l < MqP||ag|| + Mep?||ov[|y™ < Me™p*¢?,

provided ¢ < p. The bound for [dg}|| follows from the previous bound and Lemma [6.6]
Therefore, also using Lemma [6.3], Theorem [6.5]is now proven.

6.6. The Lipschitz constant for Fi. Let (8g1,0v1), (62, 6vs) belonging to X x Z°, be
such that || (dgy,0v1) ]|, [[(6g2, 6va)|| < ¢*|logg|. From the definition of F; provided in (141)),
definition of R; in @ and by Lemma , we have that

H‘Fl [(591, 51)1] — Fl [5g2, (51}2} H < M”H[ho + (5g1, (S'Uﬂ — H[ho + (592, 51)2]“
Let 0g(A) = dga+A(0g1 —dga) and dv(A) = dva + A(0vy — dvy). Using the mean’s value theorem:
Hlho + 0g1,6v1)(s)—H[ho + dga, 0vs](s) =

(143) /O O Hlho + 6g(\), 50(N)](5) (591 (s) — g2(s)) dA

+ /0 o Hho + 6g(N), 5u(N)](s) (dv1(s) — Sva(s)) dA.

We have that [|[6g(\)|| < Ag?|logql, [|6v(\)||];* < Bg?|log q| and
O1H [ho + g(X), 6v(N)](s) =3(ho(s) + g(A)(s))* + 6(ho(s) + dg(A)(s)) fo(s)
+¢*(vo(s) + du(A)(s))?,

02 H[ho + 0g(A), 0v(N)](s) =2¢*(vo(s) + 6u(N)(5))(fo(s) + ho(s) + dg(s))
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Then, recalling that ||hg||>7, < Mq?, we obtain that, if s € [0, s.],
|01 H[ho + 6g(N), 0v(N)](s)| <Mq*s™™ > + M¢*s™ " + M¢*s> < M¢?
|02HTho + 6g(N), 0v(N)](s)| <Mg*s"

and for s € [s,, s1], noticing that,

1 log s|° 1 1
en(s) + o) (s < 218y @108y ThoBsly oy oy o8]

Then

| log s

|01 Hho + 6g(N), du(N)](s)| <Mg* + Md* + Mq?

|log s|* | log s|?
st 52 52
2| 10g3|2
SMQ T?
1
|05 H[ho + 6g(X), 50(N)](s)] <nrgelo8sl

s
Using all these bounds in one finds that, for s € [0, s,]
|H[ho + 6g1,601](5) — H[hg + 692, 6va](5)| < Mq*s™ Y||6g1 — dgall + Mq*s™ |00y — Suvaly®
< Mg*s™ (1691 — 62l + 1601 — dvally )
< M@* (1691 — bgall + 1601 — bus[|1)

and for s € [s., s1]

log s|?
[Hlh + 895, 801)(5) = Hlha + 8. 802)(5)| <ML (0) + () hoar — bl
| log s|*
2

+ M |60y — dvsl|17.

Notice that, for s, < s < s1

log s| log s| log s|? 1 - 1
|log | (w(s) + cwo(s))” 1 yllossl ( e |log | ) §M< +C) <k
S

2 52 s2 s|log s|? c

In addition, if s; < 65, then
¢*|log s|* < p*.
Therefore, since |log s|* < Ms?,
| H[ho + 0g1, 6v1](s)—Hlho + 0g2, Sva](s)| < M(w(s) + cwo(s))q?[|0g1 — dga]|
+ M2 (w(s) + cuwa(s) 01 — dua]

which proves the first item in Lemma
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Remark 6.10. As a consequence, using Lemma if 69,00 € X x Z1* with ||6g|| < 2koq?,
16v]l* < 2r0q”,

1F1[6g, 6v][| < [IF1[0, 0]l + || F1[8g, 6v] — Fa[0, 0] < rog® + Mq?||dgl| + Mc ™" pl|ov])* < Mg?,
where M = M(no, c¢). The bound for the derivative is a consequence of Lemma .

6.7. The Lipschitz constant for F,. We recall that F3[0g, 6v] = Sy0Rs[Fi[dg, 0v], dv] where
the operator Ro, defined in ((139). We rewrite Ry = P + Py - P2 with

Pog, 6v] = (ho +69)(2fo + ho + dg)
v + 0v

fo(fo+ ho +9g)

Poldg] = folhy +dg") — fo(ho + dg).

! [597 50] =

For (6g1,6v1), (892, 6v2) be such that [[(5g1,6v1)], [[(6g2,0v2)]| < ¢?|logg|, we denote dg; =
fl[égj,évj], j = 1, 2.
We recall that ||hg||27, < Mq? and we shall deal separately with P, P; - Py. Starting with P,

|P[0gy, dva] () — Plags, 0va](s)| <[210g1(s) — 0g2(s)] - [ fo(s) + ho(s)]
+10g1(5) + 0g5()] - [091 () — 0gs(s)l].

Therefore, when s € [0, s.],
‘P[@p&h](s) - P[@Qaévﬂ(s)‘ < M”@1 - @2”52”72 < MH@l - @2”;

and for s € [s., s1]

|Plogy, dv1)(s) — Plogs, 0va)(s)| < Mllog, — dg,I(w(s) + cwo(s))

—  — 1 log s|?
< M5, - Tyl (5 + <5
s s
As a consequence
IP[6gy, 6v1](s) — Ploga, va]llg” < M|[6g, — dgsll,

and by Lemma [6.7] and the first item of Lemma [6.9]

(144) |82 [P[8gy, 6v1]] — Sa[P[0gy. o] |I1° < M@?||6g1 — 8| + Mc ™ p?||dv1 — Sva|1°.
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Now we deal with P := Py - Ps. Using the mean value Theorem as described in (143)) yields:

—_— A~

73[591’ 51}1] - 73[592, 5’02] =P [@1, 501] (7)2 [@1] - 732[@2])
+ Ps[6g,) (P1[0gy, 6v1] — Pi[dgy, 6va))

= P1[6g1, 0v1] (fo(6g, — 0gy) — fo(6g, — 0g,))

(145) o _
| Pal5g) (<(sgl 59 / O Pu[3g(N). Su(N)] dAt

(6vy — bu) /0 627?1[@(/\),51)()\)]) d\,

where we denote by dg(\) = Mg, + (1 — \)dg, and analogously for dv()\). We emphasize now
that @j is a differentiable function since @j = Fi[dg;, 0vj] = S10R1[dg;, 0v;] and by Lemma ,
the linear operator S; converts continuous functions into differentiable ones. Moreover, @j <IN
and this implies that for s € [0, s,]

fo(S) + ho(S) —|—@<S) > MSn,
while for s € [s,,s1], using that fy(s) > 1/2, we have that fy(s) + ho(s) + dg(s) > 1/4 if q is

small enough. Taking this into account one can now bound the terms in (145)).
For s € [0, s,

|P1[0gy, 601)(s) fo(s)(Bgy (s) — 3ga(s))| < M|[5g; — 3gsl < M][3g, — dgs||
|1 [8g1. 601](5) f5(5) (394 (5) — 0ga(s))| < M||3g, — 39,

and

Pal07.)(5)3,(5) ~ 33:(5)) | PG G0N dx\ < M2 log alll39, — 39|

Pa[dgs)(s)(dv1(s) — 5@2(8))/0 02P1[0g(N), du(N)](s) dA‘ < Mq®|log g||dv1 — dus||y”.

Then for s € [0, s,]

(146)  [Pldg, 601)(s) = Pl3ga, dval(s)] < M|ldg, — b9, | + Mg?| log gl [}ovy — dva]y”
When s € [s,, s1], using that s; = e« and that

|0v;(s)] < 2k0¢*|log s|”s ™" < 2kgp?| log s]s™,
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we obtain that

1Py 51,5011 (5)ols) T3 (5) — Taon| < B g g < a8y, g
[Py B, 001)(5) £ 5) T (5) — (o)) < M L850 5, 5,
and
\7»2@21@)@1@ 30,(s) / O Pu[33(N), Su(N)](s) dA\ VL A Al
PalBg5)() (601 (5) — bus(s)) / 0:Pu[9(N). 5u(N)(5) dA\ < Mg 2'10g5' 601 — o1

Then for s € [s,, s1], increasing s., if necessary

[6v1 — dva |y

5/2

. . M o
(147) |P[0gy, 6v1](s) — P2[dgy, dva](s)| < S5ﬂ||591 — 0gol + M¢?

By bounds (146 and (147)), we have that

"73[«7:1[59175111]>5111] 73[]:1[59275112] 57)2]”5/20 < MH@1 - @2” + MQZH(SM - 5U2H

We use now Lemma , that ||-|[1* < ||-||1"* and again the first item in Lemma6.9|to conclude

Finally, also by the bound in ([144]), since Ry = P +7/5, the second item of Lemma [6.9is proven.

~ ~ 1,3
Sy [PIFi[6g1, 601, 6v1)] — Sa [P (692, 6va), 0] H1 <M||6g1 — 8gs||

+ M(p*c™" + ¢%)||6vr — dually .

APPENDIX A. THE DOMINANT SOLUTIONS IN THE OUTER REGION. PROOF OF
PrOPOSITION [4.1]

Along this section we will work with outer variables (see (27)) namely R = kqr and, according

to definition and ,
Fo(R) = f™(R/e), Vo(R) = kM S™(R/e), e = kq.

We also recall that, Vo(R) = K/, (R)/King(R) (see (34)), and Fy was defined in (32).
The proof of Proposition requires a thorough analysis, among other things, of the Bessel
function Kj,,. We separate it into different subsections below which corresponds to the items

in the Proposition.
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A.1. The asymptotic behaviour of f§",v°" for r > 1. This short section corresponds to
the first item. Using the asymptotic expansions for K;,q, we have that

C1 1
1+—+o<—) ]
K! (R 2
(148) Vo(R) = Dina) _ R ) _ __a o

1
R R?

with
_ 4(ing)? —1  4(ing)® + 3 1
Ci —C = — = — =

8 8 2
and the claim is proved. The expansion for Fj is:

n? 1 1 n?
FO(R>:\/1_]{2%2_82?:\/1_k2<1+}_%+0<§>)_52ﬁ

zm\/1_mk—2)+o(’f_2)

1 — k2 R?
=1 - k2 1—k—2+(9 L
B 2R(1 — k?) R2))’

where we have also used that k = £/q¢ is small (compare with ([31))). Going back to the original
variables we obtain the result.

A.2. Asymptotic expression of vJ™ in the matching domain. Now we deal with the
asymptotic expression in (46) (item [2|) which in outer variables reads as:

R x
(149) Vo(R) = %cotan (nq log (5) — QOM) (14 O(g%)], 2¢ 1 < R < ¢*n?,

with 6y ,, = argl'(1 + ing) = —yng + O(q¢?) and ~ the Euler’s constant.
Let v = ng. We first recall some properties of K;, with v > 0, see [Dun90, [FDRCI10]. For
x € R (in fact the formula holds true also for some complex domains), we have that

2

g} AN 22\ " 1
(150) Kiy(z) = —zsiT(m)[L”(x) — (@), hfe) = <§> ;O <5> ET(n+k+1)

where I'(z) is the Euler Gamma function

I'(z) = /000 t*"lexp(—t) dt.

Using that

(151) P+ k+vi)=(k+vi) 1+l +vi), [TAtw)?=—""
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denoting 6y, = arg(I'(1 + k£ +iv)), from (150|) we deduce that

(152) K (z) = 1 ( 7 )1/22 (x_z)’f k![sm (vlog (%) — Oky)

v \sinh v 2 (k2+yz>,,,<1+yz>]

/2

/2"

By convention, when k = 0, k![(k* + 1) --- (1 + 1))
By formula (|151]), we have that

1.

k
arg(I(1 + k +vi)) = Z arg(l + vi) + arg(I'(1 + vi)).
I=1

Now we notice that

(153) — 0y, = —argD(1 +vi) = v + O(1?),

being v the Euler’s constant. Indeed, it is well known (JAS64]) that
logT(1+4 2) = —log(1+ 2) + 2(1 — 7) + O(z?).

Then

1
14w
=1—iv+ O>?)

I'(1+4iv)= IOV — (1 — iy + OA) (1 + iv(1 —7) + O?))

and henceforth, arg (1 + iv) = —yv + O(v?) as we wanted to check.
We use the expansion ((152)) for K, which has a decomposition

1 v 11/2 _ x
(154 Kule) = [aam] - (108 (3) = o) 4]
with h(x) satisfying that |h(z)| < Clz|?, |W/(z)] < C|z| and |h”(x)] < C. Therefore
, _fowvm 21 T\ h'(z)
(155) K (z) = [sinh uw} { z (ylog (2) 00’”) T

and as a consequence

 ngcos (nglog (£) — Oong) — (ng) 'R (R)
Vo(R) = R sin (nq log (%) — Ho,nq) — h(R)

with |h(x)|, |zl (z)] < Cz? and 6y ,,, = argl'(1 + ing) = —ngy + O(q¢?).
We notice now that when 2e~z < z < /2

—g + vy +0@?*) <vlog <%> — 00, < —2v|logv|(1+ O(|logv|™).
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Then, taking v = ng we deduce that

__mw o S
(156) e ng cos (nglog () — fo.nq) =l (nq)%(1 +0) = Clna)s
._ h(R) 4 -1 3
p(R)] = |- (na108 (£) — o) < C(ng) q|logq|(1 +O([logq|™) < C(ng)
and therefore
ng R 1 —a(R)
(157) Vo(R) = Ecotan (nq log (5) - QOM) TR

The result in (149)) (and consequently item [2] of Proposition follows from ((157) and ([156]).

A.3. Monotonicity of vg" and f". This section is devoted to prove that v§", f§" are

increasing functions in the outer region (see item [3/in Proposition . It is equivalent to prove
that Vj(R), F{(R) are increasing functions in the corresponding domain.

We first emphasize that, using expansion for K, and the corresponding expansions for
K! . K!  we have that for R > 1

g’ T ring’
1 1
Voll) = 5 + 0 (E)
so that Vij(R) > 0if R > 1.

Assume then that there exists R, > 0 such that Vj(R.) = 0 and take the bigger R, critical
point. That is Vj(R) # 0 if R > R,. Notice that, using that Vj(R) — —1 as R — oo and
Vy(R) > 0 if R > 1 we deduce that Vo(R.) < —1 and Vj'(R.) > 0, indeed, if V{'(R.) < 0, it
should be a maximum which is a contradiction. Then, since V} is solution of :

Vo(£.) ¢*n®

10

+ VE(R,) +

or equivalently

R.
1 1
—— 4 [=(1—4¢>n?) +4

1 1 q*n?
ST S
R. \/Rz+ ( RE) R~ \| r2

Note that, when ¢ is small enough, vy (R) are defined for all R > 0, that

1

Vo(R.) = ve(R.) := 5

1
2

]l%li%vi(R) = =00, }%E}C}OUJr(R) = 17 é%ovi(R) = _17

v_(R) < vi(R) for all R > 0. We also have that Vj(R) < —1, v_(R) < Vo(R) < vy(R) if
R>1.

We emphasize that, differentiating equation (33)), we obtain that
Vo(R)  Wo(R)

R R?
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Evaluating at R = R, we have that

Vo(R, g*n’? Vo(R, g*n?
Vo' (Ry) — Oz(az - R? = 0= W(R.) = Oz(%z 4 R
That is, assuming that Vo(R.) = v_(R.).
. 1 1 1 q*n? q°n?
)= | —— N (R | L
Wl =5 TR\ m T )| VR

and it is clear that, if ¢ is small enough, V{'(R.) < 0 and therefore we have a contradiction
with the fact that R, can not be a maximum. We conclude then that Vo(R.) = vy (R,). In this
case, Vo(R,) < —1 if and only if

1 1 /1 q*n?
1 S = a1
ToR. \/R2 * ( R2 )

which implies that R, < 1/2 and

1 2,2
1—R—*>1—QR7§ < R, < ¢*n*.
We recall that Vy'(R.) > 0. Therefore,
V R 2,2 2,2
(158) V/(R.) = 01(%2 ) 4 2qPZ > 0= Vo(R.) > —2an .

Since R, < ¢*n?, using (157)), we rewrite Vy(R,) as:

+)
nq cos (nglog (&) — 0o,ng) 1+ a(R.)
(%) = fong) 1+ b(F)

Since the function cos(z)/sin(z) is a decreasing function if x € [—m/2,0], we have that, us-

ing ([156)

1+ a(R.) €8 (nq log (("q) > — Qo,nq> B 1
Vo(R,) < % 1 +Z(R ) sin (nq log( ng)? ) 60,nq> B %z%zq log(nq)

1

= (14+ 0O(¢*1log ¢

which is a contradiction with (158). Then we conclude that Vj(R) > 0.
Note that since VJ(R) > 0 for R > pge~2» then by Vo(R) = =1 — 5= + O(1/R?) if
R > 1 which implies that Vj(R) — —1 when R — oo and hence Vj(R) < —1.
In addition, it is clear that we also have that Fj(R) > 0 (see for instance and that the
bound |kVo(R )| < R.i < e implies Fy(R) > 1/2.
Going back to the originals variables, item [3| of Proposition is proven.
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A.4. Bounds for vJ"* and f§"*. Now we are going to prove the corresponding bounds for v§"

and f§" and its derivatives in item {4 of Proposition
Let us first provide a technical lemma whose proof is postponed to the end of this section.

Lemma A.1. for any py > 2¢2, there exists qo > 0, such that if 0 < q < qo, the modified Bessel
function Kin,(R) satisfies:

King(R) >0, K, (R)<0, KI!'(R)>0,  forall R> pye 2.

ing ing

We point out that, in outer variables, in order to prove the bounds in items [3 and [4] it is
enough to prove Corollary has to check the following result (see also Corollary |5.10)):

Lemma A.2. Let pg > 1 and o € (0,1). Then there exists qo = qo(po, @) > 0 and a constant
M > 0 such that for any 0 < q¢ < qo and R € [Ryin, +00) with R, satisfying ppe” 2m <
Roin < €% one has

[EVo(R)[, [kV"(R)R?| < MeR,; |kVj(R)R|, < ME|Vy(R)| < R,

and
[R(Vo(R) + 1)|, [IR*VE(R)] | RV (R)| < M.
With respect to Fy, we have that Fy(R) > 1/2 and
|F(R)R?|, | FY (R)R?| < CkeR,; 11— Fo(R)], [F(R)R, | F§ (R)R?| < C*R,;

min’ min’

Proof. Because of item [3| of Proposition Vo is an increasing and negative function on
[Runin, 00). Therefore we have that [kVo(R)| < k|Vo(Rmin)|. We notice that, from (154)) and (155])

Vo(Rumin) = Kénq(Rmin) _ —ﬁ coS (nqlog (%) _ 90,nq) . h/(f:—;mn)
S KB 55 {sin (nglog (%52) — fong) + ()}

ng cos (nglog (#5) — fong) — Ruin _hl(I:;n -

"~ Ruin sin (nqlog (B5) — 6g,n,) — A Renin)

2

with h(R) satisfying that |h(R)| < M|R|? and |I/(R)| < M|R|. We recall that ¢ = kq = pe” 2
and —0p ., = Ynq + O(q¢?). Then, since Ry, < e* < ¢

ng 1+ O(R,) -1
< MeR_: .
Ruin ‘sin (—% + O(q))‘ +O(R%,) — “Hmin

Define now the function g(R) = RVy(R). Assume that, for some R,, the function has a
critical point, namely, ¢'(R.) = R.V{(R.)+ Vo(R,) = 0. Then using the equation satisfied
by Vi we get:

|k%(Rm1n)| S k

2,,2 2,2

gn qn
72 =0<=VZ(R,) =1— 72
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which is a contradiction with the fact that Vo5(R) < —1. Recall that, for R > 1,

1 1

As a consequence
Jd(R)=—-1-0O(R?) — —1, as R — oo.
Therefore, ¢'(R) < 0 for all R > Ryin. Then g(Ry) < g(Ry) if Ry > Ry and using that g(R) < 0,

we conclude that |g(R2)| < |g(R1)| when Ry > Ry. On the other hand, |R(Vo(R) +1)] < M
when R > Ry if Ry is big enough (but independent of ¢). Thus, if Ry, < R < Ry,

[R(Vo(R) + 1)| = |[RVo(R)| — R < R[Vo(R)| < Ro[Vo(Ro)| < MeRy;

With respect to Vj(R) we have that |R?*Vy(R)| < M if R > Ry with Ry big enough. Take
now Rpyin < R < Ry. We recall that Vo(R) = Kj, (R)/King(R) < 0 and we notice that

CRL(R) (KL(RN KU(R)
0<%“”:ngw‘(mmmﬂ S Ko B)

The modified Bessel function Kj,, satisfies the linear differential equation

Ky (R) n’q?

Then, using that, by Lemma King(R) >0, K/, (R

ing

<0and K/ (R) > 0:

ing

)
nw)g_mwm

Kinq(R)
0< K{;q(R) = —# + King(R) (1 ~ e 7 + King(R).
Therefore, if Ry, < R < Ry
2171 27 /1 Kipy(R) 2 2 2
|[R*Vy(R)| = RTVG(R) < _RK—(R) + R° = R|[V,(R)| + R < R[Vo(R)| + Ry < M.
ing

In addition, using that Vj satisfies equation (33))

2,2
0 < kRV!(R) = —kVp(R) — kR(VA(R) — 1) — k;qg

< —kVo(R) < MeR_}

min*

Now we deal with V{'(R). We have that, when R > R, with Ry big enough (but independent
of q), |R*V§'(R)| < M. For Ryim < R < Ry,

Vi V! n2q2
Vo'(R) = 55 = 5 + 2VV5(R) + -
Therefore, using that |[RVy(R)| and |R*V](R)| < M for Ry < R < Ry we obtain:
[REVE (R)| < M.
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Moreover, using that kqR_} < el=@

min

2.2
KRV (R)| < [RVo(R)| + [KRVG (R)| + 2k[Vo(R)|| RV (R)] + k- < MRy}

min*

Now we deal with the properties of Fy and its derivatives. Since |kVy(R)| < Me'™® and
Fy(R) = /1 — k2V2 — e2n2R~2, we have that

Fo(R) =1-Y a,Bo(R)",  an >0

with
B(R) = KV (R) + -
Then
Fy(R) = =) na,Bj ' (R)B)(R),
FY(R) = na,[(n—1)By*(R)(B)(R))* + By~ (R)By(R)].

Using the properties for V5, we deduce from the above expression, the corresponding to Fjy
ones. ]

To finish we proof Lemma [A 1]

Proof of Lemma[A.1. We take v = nq. Besides expression (152)) of K, we also have the integral
expression:

(159) K (z) = /000 exp(—x cosht) cos(vt) dt

from which we deduce that K;,(z) is real if z € R.
Notice that, from the asymptotic expression (see (43)):

160)  Kule) = [ (1+0(3)).  KuLlo- e (1+0(3)).

we only need to prove that K[ (z) > 0.
We first claim that K/ (z) > 0 if x > v? and v > 0. Indeed, differentiating twice the

expression ((159)):

K] (x) :/0 exp(—x cosh t) cosh® t cos(vt) dt.
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For 0 < vt < 7, we have that cos(vt) > ‘/75 and then, also using that e’ < 2cosht < e'+1 < 2¢!
for ¢t > 0, we obtain
" \/§ % 2 * 2
K (z)> > exp(—x cosh(t)) cosh” t dt — exp(—x cosh(t)) cosh” t dt
0

i
4v

2 LV t 1 o0 t
> £ ' exp (—xe * ) et dt —/ exp (—xe—> e dt
8 Jo 2 o 2

4v

[e.9]

V2 z W Tot\ ot T\ ot
—?exp (—§>/0 exp <—§e>e dt—/ﬂ exp <—§e>e dt.

4v

Note that, performing the obvious change u = et:

t 2 2
/exp xS ) etdt = /exp <—§u> uwdu = ——exp <—£u> u+ — /exp (—fu) du
2 2 x 2 x 2

= ——exp (—gu) u = e (—5u)
= Iexp U u x2exp 5 U
2e < xet> et 4 e < xet)
= —Zexp|—= — —exp | —=
2Py 2P\ 73
2
= = 3CxXP (— et> [ze' +2] = —F(t)
We obtain then Y
2 T
K (z) > [F —F(lﬂ v *x/Q—F(—).
L) = [Flo) - F ()] e ™

In order to check that K (z) > 0, we have to prove that

F(0) > F (%) {1 + %em} .

Since x > 0, it is enough to check that

2 > exp (—g (eﬁ — 1)> (xeﬁ + 2) <1 + %emﬂ) :

On the one hand, z > v? with v small enough, implies that 2 < v?ei» < zeir. On the other
hand, it is clear that 1 < /2 if x > 0 and = < e®. Therefore, the above inequality is satisfied
if
8 s ™ 2 ™
2> GEGXP <_§ (65 — 1)) ePeive®/? = \2/74_ > exp (—g (e@ — 4) + I—V>

for all x > 2. Thus we need v to satisfy:

V2 v . T

g > exp (—? (64V — 4) + E)
which holds true if v is small enough.
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It remains to prove that K/ (z) > 0 if z < v?. For that we use that from (154]) and (155))
(161)

K (x) = [Sinthyw} v {% sin <V log (g) - 90,u> + %COS (V log (g) — 90,y> + hl/ix) } :

For ppe~2v < x < 12, it is clear from (153)

vlog (g) — 0y, < 2vlogv + (v —log2)v + O(v?) < 0,

vlog (g) — 0y, > vlog (%) - g + v+ OWV?) > —g

if we take pg > 2 and v small enough, independent of py. Therefore, if v is small enough,

cos (Vlog (g) — 907,,> > cos (V log (%) — g + v+ O(V2)> = sin <V log (%) + v+ O(V2)>

> —_ l 0

Then, from expression (161)) of K/ (z)
172 (1 2 1
x? sinh v 2 v 2

if po > 2¢* and v small enough, independent of py. Therefore, we have just shown that
K!'(z) > 0if # > ppe~2. This result along with the asymptotic expressions (I60)) provides the
sign for K, and Kj,,. O

APPENDIX B. THE DOMINANT SOLUTIONS IN THE INNER REGION. PROOF OF
PROPOSITION

We now prove the asymptotic properties of fi* vi" defined in (40). As we have already
pointed out, the properties of fy = fi* and 9, f}* are all provided in [ABI1]. With respect to
the properties of v (r) = quo(r) in the second item, in [ABMS16] was considered the function

— _ 1 ' 2 o r2
() =~ [ SR - € e

and were proven the same asymptotic properties of 7y as the ones stated in the second item
but for all » > 0. Since v* = qug with vy in (39)), we introduce

1 "
e [ e

Avg(r; k) := vo(r; k) — To(r) = k2
Note that, if r ~ 0, using that fo(r) ~ aor™

Avg(r; k) ~ k*r, 0. Avg(r; k) ~ ke

2n + 2

for some constant c. Then it is clear that, for 7 ~ 0, the properties of vi*(r; k, q) are deduced
from the analogous ones for Ty(r) proven in [ABMS16].
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When kr < n/+v/2 and r > 1, we have that 1/2 < fo(r) < 1. Then
|Avo(r; k)| < ME?r.

As a consequence |Auvg(r; k)| < Mg—j < Mllogrlr—' if kr < n/v/2. In [ABII] was already
proven [vy(r)] < M|logr|r~!. Therefore this property (and analogously the one for vj) is
satisfied.
It only remains to check that UO < 0. From its definition (39) it is enough to check that
k* — f5(r) > 0 for 0 <r < - We first notice that there exists ro > 1 such that

2
1—f0<>_2”2,

Therefore, for kr < n/+/2 and r > rq, we have that 1 — k% — f2(r) > 0. Since f; is an increasing
function, we have that 1 — &% — f2(r) > 0 for all » > 0 such that kr < n/v/2.

Now we prove the third item. We first deal with the asymptotic expression of vl = qu.
We use the asymptotic expressions of fo(r) already proven in the first item, namely fo(r) =
1— 2 +O@r*) as r — co. We write

! ep —f2 B [T = vb(r) + vi(r
wlr) = = = [ ERO0 = )t + s [ €30 a6 = wdr) + 80

Take r, > 1. It is clear that
k? T 5 k2 Tx )
ng(?”) \/0 ng(g) g T'fo(?") /0 ffo(f) f

" _ 12091
= | ensac-roe)
and, using that f2(r) =1 — % + O ) if r,r, > 1,

r>19.

Notice that

k2 T _art =12 EPnflogr 4.
ol / o) de =k — — — +EO(r ™).
Consider now r, > 1 and let us define
2
Auafrr) =eblr) + s tog (£ ) 4 / ER(E)(1 - 12(6)) de

- d log  —
s [ R0 - R+ o ()
It is clear, using again that fZ(r) =1 — W +O(r )

1 Tx Tl2 2 r
Awlnr) =rmey | ¢ +O<£3) W+ 2 o8 (r)
= O(%) + O(1r?).
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Therefore, taking r, — oo, we have that

Or™?) =vp(r) + —5—~

2

Tfo (r)

1
rfg(r)
2 C
=vy(r) + n7 logr + Tn +O(r3logr)

g+ 1 (—athogr.+ [ erto - site)ae)

(n*logr + Cy) = vy(r) + % (n*logr+C,) (1+0(r?))

= vp(r) +

with C), as defined in Theorem . Collecting all the estimations, the proof of is complete.
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