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ABSTRACT. The Restricted Planar Circular 3-Body Problem models the mo-
tion of a body of negligible mass under the gravitational influence of two mas-
sive bodies, called the primaries, which perform circular orbits coplanar with
that of the massless body. In rotating coordinates, it can be modelled by a two
degrees of freedom Hamiltonian system, which has five critical points called
the Lagrange points. Among them, the point L3 is a saddle-center which is
collinear with the primaries and beyond the largest of the two. The papers [3, 4]
provide an asymptotic formula for the distance between the one dimensional
stable and unstable manifolds of L3 in a transverse section for small values of
the mass ratio 0 < p < 1. This distance is exponentially small with respect to
w1 and its first order depends on what is usually called a Stokes constant. The
non-vanishing of this constant implies that the distance between the invariant
manifolds at the section is not zero. In this paper, we prove that the Stokes
constant is non-zero. The proof is computer assisted.

1. Introduction and main result. The Restricted Circular 3-Body Problem
models the motion of a body of negligible mass under the gravitational influence of
two massive bodies, called the primaries, which perform a circular motion. If one
also assumes that the massless body moves on the same plane as the primaries one
has the Restricted Planar Circular 3-Body Problem (RPC3BP).

Let us name the two primaries S (star) and P (planet) and normalize their masses
so that mg =1 — p and mp = p, with p € (0, %] In a rotating coordinate system,

the positions of the primaries can be fixed at gs = (u,0) and gp = (u—1,0). Then,
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the position and momenta of the third body, (¢, p) € R? x R?, are governed by the
Hamiltonian system associated to the autonomous Hamiltonian
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For p > 0, it is a well known fact that (1) has five critical points, usually called
Lagrange points (see Figure 1). The three collinear Lagrange points, L1, Lo and
L3, are of center-saddle type whereas, for small u, the triangular ones, L, and Ls,
are of center-center type (see, for instance, [17]).
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FIGURE 1. Projection onto the g-plane of the Lagrange equilibrium
points for the RPC3BP on rotating coordinates.

The invariant manifolds of the (unstable) Lagrange points are of fundamental im-
portance for understanding the dynamics of the RPC3BP. In particular, those of the
point L3 (more precisely its center-stable and center-unstable invariant manifolds)
act as boundaries of effective stability of the stability domains around L, and Ls
(see [8, 16]). They also allow to create transfer orbits from the small primary to Ls
in the RPC3BP (see [9, 18]) or between primaries in the Bicircular 4-Body Problem
(see [10, 11]).

In understanding how the invariant manifolds of L3 structure the global dynam-
ics, it is fundamental to know whether they coincide or not. The purpose of the
papers [3, 4] and the present one is to prove that these invariant manifolds do not
coincide the first time they hit a suitable transverse section. This is the content
of the Theorems 1.1 and 1.2 below. This fact has several dynamical implications,
which are proven in the paper [5] and are explained in Remarks 1.3 and 1.4 below.

The manifolds W"(L3) and W*(L3) lie in the so called 1 : 1 mean motion reso-
nance and have two branches each. One pair, which we denote by W™*(L3) and
WS’+(L3), circumvents Lg whereas the other circumvents L4 and it is denoted as
W™= (L3) and W~ (Ls), see Figure 2. These branches are symmetric with respect
to

\D(q’p) = (q17 —q2, _p17p2)-

Thus, to compute the distance between the manifolds, one can restrict the study
to the first ones, W% (L3) and W™ (L3). We measure this distance in symplectic
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polar coordinates, defined as
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where r is the distance of the third body from the origin, € its argument, R is the
radial linear momentum and G is the angular momentum.
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FIGURE 2. Projection onto the g-plane of the unstable (red) and
stable (green) manifolds of L, for x = 0.0028.

We consider as well the 3-dimensional section
2={r0.RG)eRXxTxR : r>1,0=7}
and denote by (r}, 5, R}, GY) and (r3, T, B3, G3) the first crossing of the invariant
manifolds with this section (see Figure 2). The next theorem, proven in [3, 4],
measures the distance between these points for 0 < p < 1.

Theorem 1.1. There exists o > 0 such that, for p € (0, o),

A

1 1
P RY,GY) — (75, R, G| = VA pse v {@ +0<)],
II( ) —( )i I O] Toe ]

where

e The constant A > 0 is given by the real-valued integral
vz

2 T
A= ~ 0.177744. 2
/0 1—x\/3(x+ 1)(1 —49U—4x2)dng 0.1777 @)

o The constant © € C is the Stokes constant associated to the inner equation
analyzed in [3, Theorem 2.7] (see also Theorem 2.2).

Theorem 1.1 provides a first order for the distance between the invariant mani-
folds of Ls, at the first crossing with ¥, provided the Stokes constant © is not zero.
The main result of the present paper is the following.
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Theorem 1.2. The constant © € C introduced in Theorem 1.1 satisfies
0 #0.

The proof of this theorem relies on recent techniques developed by some of the
authors in [2]. Note however, that the models considered in that paper are rather
simple unfoldings of the Hopf-zero singularity whereas here we deal with a Celestial
Mechanics model, which makes the analysis considerably more delicate.

Remark 1.3. Theorem 1.1 and Theorem 1.2 imply that the unstable and unstable
manifolds of Lz do not meet at their first encounter with the section . This
is expected as, in generic systems, homoclinic connections are likely to breakdown
when subjected to small perturbations. However, this does not prevent the existence
of homoclinic connections. Indeed, in [5], by relying on the results in the present
paper and [3, 4], some of the authors of this paper construct homoclinic orbits to
L3 for a sequence of mass ratios p tending to zero. These homoclinic orbits are two
round, that is cross the section ¥ twice.

Remark 1.4. A fundamental question in dynamical systems is to prove that a sys-
tem exhibits chaotic dynamics. One of the classical ways to prove this it is to show
the existence of transverse intersections between the stable and unstable manifolds
of a particular invariant object (see [7]). In the case of Ls, its stable and unstable
manifolds are 1-dimensional and, therefore, they have too small dimension to allow
for transverse intersections. However, in [5], we are able to prove that the splitting
of the invariant manifolds of L3 imply that there exist transverse intersections be-
tween the stable and unstable manifolds of certain periodic Lyapunov orbits close
to L3. This proves the existence of chaotic dynamics close to L3 and its invariant
manifolds. Moreover, we are also able to prove that some of these Lyapunov peri-
odic orbits possess quadratic homoclinic tangencies, which imply the existence of
Newhouse domains in the RPC3BP.

The paper is organized as follows. In Section 2 we summarize the main steps
to prove Theorem 1.1, performed in the previous works [3, 4]; we present the inner
equation, which is independent on the small parameter u, and, finally, we describe
the relation between the Stokes constant © and suitable solutions, Z"* of the inner
equation (see Theorem 2.2) below. The (short) Section 3 is devoted to explain the
strategy to prove Theorem 1.2 which consists in two main steps: characterization
of the complex domains where Z"* are defined (Theorem 3.1) and analysis of its
difference (Theorem 3.2). Then, in Section 4, relying on the approach developed
in [2], we prove Theorem 3.1. In Section 5 we give the proof of Theorem 3.2, which
in part is computer assisted’.

2. The invariant manifolds of L3 and the inner equation. Theorem 1.1 falls
into what is usually called exponentially small splitting of separatrices. That is, on
the perturbative analysis of the distance between the stable and unstable manifold
of an invariant object when it is exponentially small. Its proof follows the original
approach proposed by Lazutkin in his seminal work on the Standard Map [14]. Note
that the papers [3, 4] are the first ones where such approach has been implemented
in a Celestial Mechanics model. We refer to [3] for a detailed list of references on
the exponentially small splitting of separatrices phenomenon.

IThe code for the computer assisted part of the proof is available on the personal web page of
M. J. Capinski.
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Let us summarize the main steps of this proof and explain where the Stokes
constant arises.

Note first that, in the limit problem H in (1) with u = 0, the five Lagrange points
and the associated invariant manifolds “collapse” into the circle of (degenerate)
critical points ||g|| = 1 and p = (p1,p2) = (—qo,¢q1). Therefore, to analyze the
invariant manifolds, it is convenient to perform a singular change of coordinates to
obtain a “new first order” Hamiltonian which has a saddle-center equilibrium point
with stable and unstable manifolds that coincide along a separatrix. This change
of coordinates boils down to a suitable (singular with respect to p) scaling of the
classical Poincaré planar elements (see [15]). These coordinates are explained in full
detail in [3].

In these coordinates, the proof of Theorem 1.1 relies on the following steps.

A. We perform the aformentioned change of coordinates which captures the slow-
fast dynamics of the system. The new Hamiltonian becomes a (fast) oscillator
weakly coupled to a 1-degree of freedom Hamiltonian with a saddle point and
a separatrix associated to it.

B. We analyze the analytical continuation of a time-parametrization of the sepa-
ratrix. In particular, we obtain its maximal strip of analyticity, which is given
by |Im¢| < A where A is the constant introduced in (2) and ¢ the time of the
parametrization. We also describe the character and location of the complex
singularities at the boundaries of this region.

C. We derive the inner equation, which gives the first order of the original system
close to the singularities of the separatrix described in Step B. This equation
is independent of the perturbative parameter u.

D. We study two special solutions of the inner equation which are approximations
of the perturbed invariant manifolds near the singularities. Moreover, we
provide an asymptotic formula for the difference between these two solutions
of the inner equation. This difference is given in terms of the Stokes constant
O introduced in Theorem 1.1.

E. We prove the existence of the analytic continuation of suitable parametriza-
tions of WW*(L3) and WS+ (L3) in appropriate complex domains (and as
graphs). These domains contain a segment of the real line and intersect a
neighborhood sufficiently close to the singularities of the separatrix.

F. By using complex matching techniques, we compare the solutions of the inner
equation with the graph parametrizations of the perturbed invariant mani-
folds.

G. Finally, we prove that the dominant term of the difference between manifolds
is given by the term obtained from the difference of the solutions of the inner
equation.

Steps A, B, C and D are performed in [3] whereas the Steps E, F and G are
performed in [4]. In particular, [3] showed that the constant © € C exists but no
proof of its non-vanishing is provided.

To prove that the Stokes constant © is not zero, we have to perform a deeper
analysis of the two special solutions of the inner equation mentioned in Step D.
To this end, we first introduce the so-called inner Hamiltonian, the computation of
which (Step C) is explained in full detail in [3], given by

HUW,X,Y)=W + XY + KU, W, X,Y), (3)
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with

Wl

KU, W,X,Y) = —Suiw? — L ! -1 (4)
4 3Us \/1+J(UW,X,Y)

and

X,Y)= -
j(U7VV, ’ ) QU% 27U% + 81U2 + 9U 2

aW?  16W 16 4(X+Y)(W 2>

3U3
(5)
CHX-Y) X2 N 10XY
3U3 3U5 oUs

and the symplectic form
Q=dU NdW +idX NdY.

Let us now summarize the main features of the analysis of the inner equation
performed previously in [3] (see Theorem 2.2 below). Following the approach pre-
sented in [6] (see also [1]), we look for two suitable solutions of the Hamiltonian
system associated to H, analyzing their orbits as graphs over U. That is, we do not
analyze the trajectories of H directly. To this end, we introduce Z = (W, X,Y’) and
the matrix

0 0 O
A=10 7 0
0 0 —

With this notation, the equation associated to the Hamiltonian H can be written
as

{ U:1+9(U72)a (6)
7= AZ+ f(U.7),

where f = (—0uK,i0y K, —i@XIC)T and g = Ow K. Therefore, to look for solutions
of this equation parametrized as graphs with respect to U, we search functions

Zo(U) = (W), X°(U), Y°(U))",  foro=nu,s,

satisfying the invariance condition given by (6), that is

OuZ°® = AZ° +R|Z°, for o = u,s, (7)
where HU.2) (U, ) A
) —glU, 9)Ap

Rlp|(U) = . 8
(Alw) = F= 2T (3)
The special solutions Z° we are interested in, satisfy the asymptotic conditions

li A = li Z® =0.
Re Ulglfoo (U) O, Re Ulgl+oo (U) 0 (9)

In fact, for a fixed v € (0,%), we look for functions Z" and Z*° satisfying (7), (9)
and defined in the domains

respectively, for some k > 0 big enough (see Figure 3).
As a consequence, the difference AZ = Z"—Z% can be analyzed in the overlapping
domain
E,={UeC : ImU < —p(k,7v), ReU =0},

where
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FIGURE 3. The inner domain, D}, for the unstable case (see (10)).

Remark 2.1. The domains used in [3] are bigger than the ones consider in the
present work and they have an open overlapping domain. We have chosen these
smaller domains, D} and Df. The resason is that, on the one hand, we will see that
it is enough to analyze the difference Z" — Z% on &,, = D N D5, (contained in the
imaginary axis) and, on the other, to restrict the analysis to smaller domains, makes
the explicit computation of all the constants that appear in our analysis easier.

The following result is proven in [3].

Theorem 2.2. There exist ko, b1,ba > 0 such that for any k > ko, equation (7)
has analytic solutions Z°(U) = (W°(U), X°(U),Y*(U)T, for U € D2, o = u,s,
satisfying

USWOO) <, UIXC(U) Sbye USYO(U)] < o
In addition, there exist © € C and bs > 0 independent of k, and a function x =
(X17X27X3)T such that

AZ(U) = 2°(U) - Z*(U) = eV ((0,0,1)7 + x(U)) (12)
and, for U € &,
USxa(U)] <bs,  [UPxa(U)| <bs,  [Uxa(U)] < bs.

Moreover, © # 0 if and only if AZ # 0.

Remark 2.3. In the paper [3], the authors compute numerically the constant ©
which is approximately © ~ 1.63. To compute it, it suffices to take into account
that © = limyy, 0o AY (U)e!V. Then, we consider

0, = [AY (~ip) ¢,

which, for p big enough, satisfies ©, ~ |©|.
Notice that, as we already claimed in Remark 2.1, we only need to analyze the
difference on &, contained in the imaginary axis.
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Theorem 2.2 is proven in [3] in two steps. First, for © = u,s, one proves the
existence of the functions Z° in domains Df, with « large enough. This is achieved
through a fixed point argument of Perron type. Once the existence of the two
functions in a common domain is proved, one looks for an equation for its difference
that is used to derive the asymptotic formula (12).

Next section specify the concrete steps for proving Theorem 1.2.

3. Strategy to prove the main result. To prove Theorem 1.2, we follow the
strategy developed in [2] to prove that the Stokes constant associated to unfoldings
of the Hopf-zero singularity does not vanish. However, note that in [2] the strategy
is tested on rather “simple” unfoldings of the singularity. On the contrary, in the
present paper we deal with a given model of Celestial Mechanics, which requires
more accurate estimates.

The first step to prove Theorem 1.2 is to provide a more quantitative version of
Theorem 2.2. It provides a larger domain of definition of the functions Z° given by
Theorem 2.2 and relies on carrying out a more detailed analysis of the two solutions
Z° for o = u,s.

Theorem 3.1. The functions Z°(U) = (W°(U), X°(U),Y°(U))T, o = u,s, intro-
duced in Theorem 2.2 are defined in DS. with (see (11))

*

1
K*=6.24, = 3 and p* = p(K*,v) = < po="7.12. (13)

cos 7y
The proof of this theorem is deferred to Section 4. It follows the approach
developed in [2] for the inner equation associated to the Hopf-zero singularity.
The second step we perform to prove Theorem 1.2 is to analyze the difference
AZ (see (12)). This is provided by the next theorem, whose proof is computer
assisted and is deferred to Section 5.

Theorem 3.2. The function AZ(U) = Z*(U) — Z5(U) introduced in (12) satisfies
AZ(=ip) £0, (14)
for a p > po, where pg is the constant introduced in (13).
By Theorem 2.2, AZ(—ip) # 0 implies that
O#0
and this completes the proof of Theorem 1.2.

4. The domain of the solutions of the inner equation. The proof of Theorem
3.1 relies on a fixed point argument, and follows the same lines as the proof of the
first part of Theorem 2.2 in [3]. The main difference between the two proofs is that
now we need explicit estimates for the fixed point argument. Moreover, they have
to be rather accurate so that we obtain the x* given by Theorem 3.1. Note that a
larger x* would lead to a larger p* and pg (see (13)), which would make harder to
prove Theorem 3.2, since the difference AZ is exponentially small with respect to
Po-

We denote the components of all the functions and operators by a numerical
sub-index f = (fi1, f2, f3), unless stated otherwise. Moreover, we deal only with
the analysis for Z". The analysis for Z® is analogous and leads to exactly the same
estimates.
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4.1. The fixed point equation and the functional setting. The invariance
equation (7) can be written as £LZ" = R[Z"] where L is the linear operator

Lo = (0u — A)e.

To construct a fixed point equation from (7), we consider the following left inverse
operator of L,

glelu)
0 0 ' o T (15)
= </ w1(s+ U)ds,/ e pa(s+ U)ds, / e’ ps(s+ U)ds) ,
(see Lemma 4.4 below). We look for a fixed point of the operator
F=GoR, (16)

in a suitable Banach space.
Given v € R and k > 0, we define the norm

el = sup [U"o(U)],
UeDy

where the domain D} is given in (10), and we introduce the Banach space
XY ={p:D; — C : ¢ analytic, ||¢|, < +o0}. (17)

A solution of Z" = F[Z"] belonging to &' x A} x A} with 5, > 0 satisfies
equation (7) and the asymptotic condition (9). Then, to prove Theorem 3.1, we
look for a fixed point of the operator F in the Banach space

Xy = X8 x X x XE, (18)
3 3 3
endowed with the norm

Il = max {llealls, llozll s, lesls } - (19)
Theorem 3.1 is a direct consequence of the following proposition.

Proposition 4.1. For any k > k* where k* is the constant introduced in (13), the
fized point equation Z" = F[Z"] has a solution Z" € X}.

We devote the rest of this section to prove Proposition 4.1. Note that our goal is
to compute explicit estimates throughout the proof to obtain a “not too large” x*.

Let us explain the main steps of the proof, which are carried out in the forth-
coming sections.

e In Section 4.2, we provide properties of the Banach spaces introduced in (17)
and give explicit bounds for the norm of the linear operator G in (15).

e In Section 4.3, we give estimates for F[0].

e In Section 4.4, we provide estimates for the derivatives of R (see (8)) in a
suitable domain.

e In Section 4.5, we provide explicit expressions for the Lipschitz constant of the
operator F in a suitable region of the Banach space (18). Finally, we prove
that the Lipschitz constant is smaller than 1, and therefore F is contractive
and has a unique fixed point.

To have accurate estimates in these steps, we rely on explicit formulae for the

non-linear operator R in (8) and its first and second derivatives. They are given in
Appendix A.
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Note that in [3], we were not able to prove that F is contractive. Instead, we
considered a slightly modified operator which had the same fixed points as F and
a smaller Lipschitz constant. Since the estimates in the present paper are more
accurate, we are able to prove that the original operator F is contractive.

4.2. Banach space properties and the integral operator. Throughout this
and the forthcoming sections we use without mentioning the following remark and
lemma.

Remark 4.2. Let U € D}, then |U| > k.

Next lemma, proven in [1], gives some properties of the Banach spaces X, intro-
duced in (17).
Lemma 4.3. Let k > 0 and v,n € R. The following statements hold:

1. Ifv >, then X C X} and [lo|ly < &7V [0y

2. If p € &} and ¢ € X!, then the product p¢ € X}y, and [[¢Cllv+n < [l lIC]5-

Now we provide estimates for the integral operator introduced in (15).

Lemma 4.4. Consider the linear operator G[¢] = (G1[w1], Galw2], G3lws])T as de-

fined in (15) and fixn > 1, v > 0 and k > 1. Then, G : A X A} x X} —

Xy X X X X is a continuous linear operator and is a left-inverse of L.
Moreover,

1. For j =1,2,3 and n > 1, the linear operator G; : X} — X'y is continuous
and satisfies that, for ¢ € X,

vaT (15)
1G;lelln-1 < Gyllelly, Gy=~+—27
A )

2. For j =2,3 and v > 0, the linear operator G; : X} — X' is continuous and,
for all0 < o <~ (see (10)) and ¢ € X, satisfies that

lell

ng[@]”u < m~

The proof of this lemma follows the same lines of the proof of [2, Lemma 2.1].
We first state the following lemma.

Lemma 4.5. Let n > 1. Then,

JRiC
s S ()

Proof. Considering the change of coordinates s = tan,

0 0 us
/ ds _ g/ dx - = /2 cos" 2 (x)dx.
oo (14 8%)2 —z= (1+tan(x)?)2 cos?(z) 0

To complete the proof of the lemma, it only remains to recall that

s

/05 cos" % (x)dx = %B (77;1, ;) = \/ZFFE;?),

where B is the classical beta function. O
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Proof of Lemma /.4. To prove the first item of the lemma, we consider n > 1 and
¢ € A Then, for j =1,2,3 and U € Dy, one has that

0 dS
GO <ol [ =

Moreover, for s € (—o0, 0], one has that |s 4+ U|* > s2+ |U|*. Then, by Lemma 4.5,

0 el lelly [© _ds _ lelly V7T (%)
. — ' _ds= .
Gl S/,Oo (2 +|U[)? |U"1/ T+f Supt 2r (3

Next, we prove the second item. By the geometry of D)} and using the Cauchy’s
theorem, we can change the path of integration in the integral (15) to te'?, t €
(—00,0], with 0 < o <~. Then, for v > 0 and ¢ € X

0
Qg[go}(U) :/ 6_itcosg€tSinU(p(U+tew)eiadt.

— 00

Notice that U + te’® € DI. Then, the function f(t) = |U + te'”| has a minimum at
—|U]cos(argU — o) and f(t.) = |Usin(argU — o)|. Notice that, since argU €
[Z,2F] and ¢, is negative only if argU € [F, 5 + o], one has that

|U +te'| > |U| sin (5 - O’) = |U|coso.

Therefore,
lelly /O s el
U < 14 Sin Udt — |14 .
19200 < T cos oy | [U[sin o (cos o)
The norm for Gs[y] can be treated in the same way changing the integration path
to te=%. 0

4.3. Estimates for F(0). The next proposition gives estimates for F(0).
Proposition 4.6. Fiz k > 1. Then, the operator F in (16) satisfies

IF 005 < aote), D00l < o), G =23
and

IF10][[x = max{ao(x), Bo(x)},

where ap(k) and Bo(k) are decreasing functions satisfying that

ao(k) = i_’_ 32\/7?F(§)1< 16 N Ca(k) 16 Ca(k) )

243 T29T(1) w2 \BI2—Go(n) | 8- gg +81n2 16 — Ca(r)
2 14ymT(3) TI() 1 Z\ff

Poe) =5+ 1T(T) ( T(3) n @ BIL( 13 >2

with

°°\a

@m—£60+3 )

/ 128
42( - < 81 Q2 81 2>

1 16 128
1 6
Galr + 81k2 to+ 81k2 |’

<1+3\/1+76>,

81&2
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32 256 29 16 368 297
= 10 1 12 ).
Glv) = 12 < TR T TV T R < TRt 3%4))

We devote the rest of the section to prove Proposition 4.6. We first provide

estimates for R[0].

Lemma 4.7. Let the operator R be as defined in (8). Then,

6
RA0)(U) = 3627 (14 R(U)),
Ra00) = (~ 55 = gz ) (1 RE(0).
RO = (=55 + ooy ) (1 RE(0).
where
o 3 2 1 21+ %)%\
R0 =3 (3\/>1+\70(1+\/71—|—\70) i (1+Jo)3) (2(1+J0)3 —Jo> b
2
0 _ _
RQ,B(U) - 2(1 +jo)% - jo ]-7

with jo = jo(U) = %
Proof. By the expression of R in (8), one sees that

L[ —0uK(U.0)  idyK(U,0)  —idxK(U,0)
RIOI) = (1+8WIC(U, 0’ 1+ 0wk (U,0)’ 1+8WIC(U,O))'

Notice that, by the definition of 7 in (5), one has that Jo(U) := J(U,0) =

Moreover, using the formulae in Appendix A for function [J, one sees that

32 16
Ay T (U,0) = — OwI(U,0) = ———
Uj( ) ) 81U37 Wj( ) ) 27 %

43 8 41 8
OxT(U,0) = ——0 - > Oy T (U,0) = - .
X IO =307~ ru W0 =307~

In the same way, using the formulae in Appendix A, one obtains that

duK(U,0) = — 2 1 2 1
_ 24 ( 2 N 1 )
CUE BVIF R +VIE ) (1+%)F)
OwK(U,0) = ——> 1 Jo

B (14 7)F 201+ 70)3

aK(UO)< 2 4 ) 1
AT swi) 1+ ¥

2 4 1
oyK(U,0) = [ - —
V.0 <9U3 81U§> (1+J0)2

(20)

16

81U2"
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Finally, applying these expressions to (20),
24 ( 2 . ) 201+ Jo)?
U \BVI+H(1+VI+Th)  (1+7)F) \20+5)F-% )’

RaO0) = (-~ - o) oo
’ O\ Ut 8wE) 20+ 7)) -

2 47 2
Rs[0|(U) = | — .
s010) ( 9U +81U§)2(1+J0>3—Jo

Ra[0)(U) =

ol

Notice that, for |[U| — oo,

13, 13 13 104 1
0 __ 2 3y
fU) = =150 + 5350 +00) = g7 +6561U4+0(U6>’
5 16 160 1
0 _ 2 72 3y _ _
Ros(U) = =Jo+ S5+ OT3) = ~ g5 + gagrn + © <U6) :

Next lemma provides explicit estimates for these functions in terms of the parame-
ter K.

Lemma 4.8. For k > 1 and U € D? (see (10)) one has that

(k) C35(r)
RY(U)| < =57, =,
O T o’

|RS 5(U)| <

where CY (k) and C3 3(k) are decreasing functions satisfying that

08,3("{) _ Cl (FL) CO(H) _ C3("€) 16 16 <3("€)

TG TR LM TRIE =) TR 16— Ga(n)’

with

32 256 29 16 368 297
- 10 14— (124 22 4 20 ),
alr) = g2 < TR T TV TR ( TR T 38/<c4)>

Proof. First, we compute C§ 3(x). By Lemma 4.7,

24T 20+ %)2 (D)

RYL(U) = : = :
o 2+{2(1+j0)% —2—50} 2 +70(J0)
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Then, by the mean value theorem,

Iro (o)l < 1] sup [3v/T+ 0o — 1| <[5l (3vIF 1Tl +1).

o€l0,1]
I (Jo)| < |l sup ‘173\/1+0\70‘<|j0 (1+3«/1+|j0)
UE 1

Since, U € D}, one has that |[U| > k. Then, |Jp(U)| <

|
16 16 \ 2
Iro(Jo)l < 573 (3 (1+ 81”2) +1> = Go(k),

16 16 \*
|11 (J0)U?| < o (3 (1+ 81H2> +1> = Gi(~k).

Notice that (p(k) and (;(k) are decreasing functions for positive x and (p(1) < 2.
Therefore, applying the triangular inequality, we denote

_G(k)
2—Co(k)

which, by construction, is a decreasing function as well.
Analogously, we compute C¥(k). By Lemma 4.7,

16
51z and, as a result,

Cya(k) =

ROU) = 3( 2 1 ) 1+5)% )
WIF B0 +VIT %) (14307 \201+ )% - %

< (1+Jo)+3(1+M)> 21+ %)\
31+ Jo)2(1++/1+ D) 2(1+j0)%—j0

4 (1+‘70)+3(1+\/;1+‘70) 41+ To0)2(1+VIT D)
3(1+70)2(1+vVI+ )

_3
4
( 201+ Jo)? — 2 (1+jo)g+Jo>_1

200+ J0)? — Jo
and
RY(U)
:< +1+3M—4<1 )2—6J0—4J()2> (1+ Jo_ )_1
A1+ )2 (1+VI+ Jo) 2(1+J0)2 = Jo
_ 1+3\/m—4(1+J0)f—6Jo—4J02 Jo
A1+ T+ VIt h) 2004+ J0)? — Jo

) L4+ 3VI+ Jo — 401+ Jo)? — 6T — AT¢
414+ T0) (1 +vVI+ ) (2(1 +J0)% — .70)

__r3(%) Jo r3(J0)
8+1r2(Jo) 2+ 710(Jo) 016+7‘4(~70).

Then, the function

ro(J0) =41+ o) (1 + 1+ Jo) —8 =4(1+ Jo)? — 4+ 8Ty + 472,
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by the mean value theorem and taking into account that | Jo(U)| < satisfies

81 27

Ir2(J0)] < |70| sup ‘6\/1+Ujo+8+8070‘ < %] (6\/1+|Jo +8+8|7%]),

c€0,1]

16 16 128
1 - .
81r2 (6 t g2 T8 g ) Ga(r)

Notice that, | Jo(U)| <

< 1 for k > 1. Then, the functions

81n2
r3(Jo) =143 1+Jo—4(1+Jo)5—6Jo—4jo,

ra(To) =40+ Jo)} (1L + VI + o) (201 + T0)F - 7o) — 16

—A(=24 5T +ATE + T3) +A(1+ Jo)? (2 + 3T + 2T2),
satisfy

Ir3(Jo)| < |Jo| sup — 61+ 0T — 6 — 80T

o€[0,1] 2v1+ .7
|Jo|< — +6\/1+|jo +6+8|Jo>,

16 3 16 128
U? < = | —==———=+64/1 6+—— | =
|ra(J0)U%| < o T + +toE 6t gz | =G0

81k2

and

V1+oJ

5+ 80 +30° T3 + 5

Ira(Jo)| < 41To| sup
c€l0,1]

< 2|7| (10416 17| + 61761 + v/T+ (7] (12 + 2317 | + 14151 )
32 256 29 16 368 297

< 1 T+ — (12422 4+ 20

~ 81k2 ( 0+ 81k2 * 37k4 * * 81k?2 < * 81k2 * 38,‘@4))

= <4(I<L).

Notice that (y(k),(2(x) and (4(x) are decreasing functions for positive x and one
can easily checked that {y(1) < 2, ¢2(1) < 8 and (4(1) < 16. Then, we denote

(12 + 230 Ty + 1402 J§)

Cg(lﬁ) 16 1 16 Cg(l’i)

CY(r) = —

M) = g ) T 812 Golm) T BIR 16— Ca(r)’

which, by construction, is a decreasing function for x > 1. O

Proof of Proposition 4.6. Let us recall that 7 = G o 'R. Then, by Lemmas 4.5, 4.7
and 4.8, and proceeding as in the proof of Lemma 4.4,

1F1[0] |—/ Ru[0](s + U)ds
26 0
) e ) TN
<

26| 3
3 [8Us

26 0 ds
Z oY / -
+36 l(ﬁ) - |5+U|%
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< —%

35|U|§
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26 0 0
+3601(K)/_00(

ds
s2 4+ |UP)%

2°CP (%)

35|U|%

_l’_
8
+

ds
14 s2)%

14
36‘U| 3

0
[
2000 (x >fr<

Rk

36‘U| 3

Then

32 L(5) CY(x)

F
| 1””*—243“L 72T () k2

Following the same ideas, one has that

| F2[0](U)| = /0 e B Ry[0](s + U)ds| < 5 ‘/ er:')dS’
i S, Sz

Notice that the first integral in the inequality satisfies that

0 —is
/ B
—so (s+U)3

o—is 1570
[(5+U)§ 3
i 4i [0 el

_U§+3/oo(s+U)§

Then, proceeding as in the proof of Lemma 4.4,

2 8 [0 _ds  2083(n) [0 ds
Fl0)(U)] < u;/ o+ 2 / _
9|U|3 —00 |5+U|3 o |8+U|3
R
8l J o |s+ U|? 81 o |5+ U|F
2 28 0 d 200 (k) [0 d
< T+ é/ S + 2,3(7)/ s é
9|U|3 8]_|U|3 o (1+82)6 9|U|3 o (1+82)3
+4CS,3(/<J) /0 ds
SLIU Jooo (14 52)%
_<2 14ﬁF(§)> 1 VAT(E)CY4(k) 1
U ORIk o) )
27 T(3)Co3(k) 1
810(%) |U|%'
Then
2 14y70(3) Val(% 1 2/FT(E)C0, (k) 1
Bl < 24 MVTLE) | VATE)CEs() L (B)C85) 1
39 81F(6) 9F( ) K SH‘(F) o

An analogous result holds for F3[0].

ds| .
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4.4. Estimates for the derivatives of R. Let g1, 00 > 1 and denote

Oé(/ﬁ}, Ql) ZQO(H)QM B(K}v QQ) :/80(53)1925
where functions ag and fy as given in Proposition 4.6. Notice that, for k > 1, the
functions a(k, 1) and S(k, p2) are positive functions decreasing in x and increasing
in g1 and g9, respectively.
Then, we consider the closed set defined by
Ro(01,00) = {(W™, X", ¥™) € X2 : [W"]ls < alr, 00), |X"12, IVl 5 < Bk, 02)},

where X! and ||| x were defined in (18) and (19), respectively. The next two lemmas
give estimates for the functions J and K, introduced in (5) and (4) respectively,
and their derivatives for functions in the closed domain R (01, 02)-

In the following, we omit the dependence of certain functions in g1, 02 and & to
simplify notation.

Lemma 4.9. Let k > 1 and g1, 02 > 1 and define the functions
_ 16+2168 | 168 16a + 4832  8apf  4a?

So = 81 27k 27k2 93 | 9rt’
£ = 32 + 14473 N 808 | 64a +1928%  8af 8o’
S| 8lk S1k2 9K3 | 27K’
16 83 Sa
2=t o Tow

3737 27k T 9k2 T 9k3’
64 83 16a
=51 T on T o
>T 9 " 8lk | 27kZ " 9r3’

which are positive functions decreasing in k and increasing in 01 and 02.
Then, for Z" € Ry (01, 02), the following estimate for J(U,Z") in (5) holds,

1T Z2%)l2 < &o-

Moreover, its first and second derivatives satisfy

||8Ut.7(7Zu)||3 §§17 ”aWJ(aZu)H% §€27 ||8X\7(7Zu)||%7“8yj(7Zu)||%7§£37

and
||6UW\7(7ZH)”% < £4a HaUXj(aZu)H§7 ||3UYJ(7ZH)”% < 557
u 8 u u 4
103 T (-, 2|z = 9’ 10w T (5 Z9) 1 lowy T, 2%l = 5,
u 10 " u 2
loxy T, 213 = - 10%T (-, Z) |4, 105 T (-, Z2%)|| s = 3
Proof. The estimate for J is a consequence of the following,
4o 16 16 8a 16 8 232
|T(U,Z")| < s T+ 7T 5 T B5+ ﬁ3+ 62+ ﬁ4
9|U] 27|U] 81|U]| 9|U] 27|U] 3|U] 3|U]
1052
9|U"
1 16 +2168 | 16/ 16a + 4832  8af3 4;042 &
U 81 27x 2752 953 9kt) T |UF
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The first derivatives can be bounded by

8a? 64a 32 8a3 808 164
OopJ(U,Z")| < + + + + +
190 (U, 2%)] orlul” st o stwf 9w ostut 9o
832 402
9|U> 27U
_ 1 (3241448 808 | 64a+1928> 8af  8a®\ &
Up 81 81k 81k2 953 2Tk ) U
| 8a 16 80 1 /16 88 8a 3
owT(U, 2 <—2 p 0 8 4<27+9+92> - &
olul= 27|U|*  9UIF |UJ® o gR Ul®
4 4 2 1
oxJU <o, 8 4 2 105
o|UIT  27|UIE  3U)F 3|UIF 9|U)®
1 (4 8 168 4da\ &
N |U|% <3 + 27K + 0k2 9m3> o |U|%,
Oy T (U, 2%) <
Ul|®
and the second derivatives by
. 16a 64 88 1 (64 88 16a
0w T (U, Z")| < =+ 7+ = 7<81+9+272>
27|UIT  8L|UIE 9U|®  |U|® ko 2Tk
_ &
ulF
4o 40 8 88 408

lovx T (U, Z")| <

T gt 7t T I
9lUls 81U 9| 9|U|F 2r|Ul®
1 (8 40 648 4a) &

|U\% 9+817/1+27n2+9? = |U|%7
Doy TV, 2] < =,
Ul
038, T, 2] = —— ok T, 2| = e Oy T, 2] = o
9|U|3 91U 91U
2 u 2 u 10 2 u 2
|0x T (U, Z%)| = - |oxyT(U, 2V = —, |03 T (U, Z%)| = .
3|UP 9|U® 3|UJ®

Finally notice that, k > 1 and g1, 02 > 1, by Proposition 4.6, a(k, 01) = 0100(k)
and (K, 02) = 0200(k) are positive functions decreasing in  and increasing in g;
and go. Therefore, the auxiliary functions &, .., &5 are as well. O

Lemma 4.10. Let o; € (1,60), g2 € (1,3) and k > 3. Then, for Z" € Ry (01, 02),
the derivatives of the Hamiltonian IKC in (4) satisfy

100K, 2 <y 0wk Zs < mey 05K 21, 105 K, 2915 < g
and
1Ouw K (-, Z2%)[ls < 1, 10ux K, 29z [10uy K(-, 2|l
103 K (-, Z)]| 2 < 76, 10w x K, 29| 10wy K(, Z%)||
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10xy K(-, Z")|l2 < ms, 10XK (-, Z%) |2, 105K (-, Z%)]|2 < no,
where
o = &o . 480 &1 n o?
o=y1-% YT One(4— Eong Tk2) | 63 2w2
_3a, & _ &
T2 9 67’]3, 73 6778”
_ &2 &4 §162 & &s §183
=adt 93 + 615 + 4np K2’ = g 6mg  Angk?’
O DR T R )
6 2Tnak? - Angkt ’ 2703 Angk’
SR 1 SRR . 1
23 Ang’ g 4Ang

Moreover, for k > 3, 01 € (1,60) and o3 € (1,3), the functions 0, ..,ng are positive
functions decreasing in k and increasing in 01 and 92.

Proof. Let us consider first lower bounds for 1+ 7 (U, Z"). By Lemma 4.9, one has
that

Tz <5,

Notice that, by Proposition 4.6, ag(x) and (k) are decreasing for positive values
of k. Therefore, a(k, p1) and S(k, 02) are decreasing for k > 0 and increasing for
01, 02 > 0. Then, by the definition of £, in Lemma 4.9,

50 <1. (21)

£=3,01=60,02=3

|T7(U,Z"| < =

Therefore, by the triangular inequality,

VITIW 29 > VT I0. 2] > 1~ 5 =,

Next, we consider lower bounds for the denominator 1+ /1 + J (U, Z*). Notice
that, by the mean value theorem and taking into account (21),

(22)

1
‘\/1 Y I, 2 - 1‘ <|J(U,Z%)| sup
o€l0,1] |24/ 1 + o T (U, Z1)
< So 1 < So )
282 1= 1T (U, Z%)] ~ 2moK?
In addition, one can see that,
‘M1+jUZu 1‘ <2.

2 0&2
1 r£=3,01=60,02=3

Then, by the triangular inequality,

‘1+\/1+JUZU

>2— (23)

277()/12
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We estimate now the first derivatives of L. By the formulae in Appendix A,
Lemma 4.9, (22) and (23), one has that
a? 280 &

1 + 11 +
20U1F  9no(2— &2 1y w2 [U1T 6nd U

|0 K(U, Z%)| <

1 4
< i ( 5071 2 +£13.+2> = mg
s \9no(4—&omy £72)  Omg 2k Ul

and
30é 62 72
owkK(U, Z%)| = + = ’
T R T
OxK(U, Z%)| = Es B
Ul 6ng UJE
v kU, 2] < B
ul?
Finally, we consider estimates for the second derivatives of I,
o §2 &4 &6
0w K(U, Z")| < + 4 4
Ul ong U eng (U 4ng U
<1<a—|— & + 54 €4 + §1§2>.: 4
TP Ig - 6mg  Angk® lofhe
|OuxK(U, Z%)| < 353 =+ 365 =+ 51532
Ing [U[* 6y [U[* 4ng [U]®
1
< — <€3+£5+ 515532) =
|U|® ang - 6ug  Angr UE
|0y K(U, Z%)| < iz
\U?
and
2
3|U|3 4 2
o, 7] < 2 -
203 (U g U]
2 (3 4 £2
< (2 =2 : 2
<|U] (2+27T]:03H2+4778K4> U|® ne,
|8WXIC(U’ Zu)| S ’ 5 T 28 8 < lé < 23 5253) = 777§7
2003 (U1 ang U UIS \2T0 AR/ o
Owy K (U, 2| < -1
uft
and
5 & 18
loxy K(U, Z")| < + = ,
23 U 4ng U |UP?
1 2
|6§( UZu)| + 553 = 77927
L U 1o

M9

|03 K(U, Z2")| < i
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Since &g, - - -

21

, &5 are decreasing functions for k and increasing for g, by construction

one can see that the functions 7y, .., 79 are increasing for p; € (1,60) and g2 € (1, 3)

and decreasing for k > 3.

O

The two previous lemmas provide the necessary bounds to estimate the deriva-

tives of the function R.

Lemma 4.11. Assume o1 € (1,60), 02 € (1,3) and K > 3.

R, (01, 02), one has that
[OwRA[Z"]||5 < v1,
[OwR2[Z"]]|2 < vs,
[OwRs[Z]]|2 < ws,

loxRa[2%]17 < va.
|0xR2[Z"]]l2 < va,
l0xRa[Z"]]l2 < vs,

Then, for Z%" €

10y Ru[Z%][]7 < wa,
10y Ra[Z"][]2 < ws,
10y Rs[Z"][|2 < va,

where
_ 72\ 2
w=(1-3)"
v = N4 + 772772 + 771776’
1%0) K 1%0)
N5 | 1275 mnz
va =" 2 3
140 4% 14 a
_ o, menr |, Bns | 2Bnmens | st
vy = — 3 - 2 + ’
ok VoK 140 4 140)
2 2
u4:@+”2’7§+@ n22+@ 5172;77 LUy
1Z0) IZaY 1% 2% IZaY IZaY 1ZaY
LMo meto P 280217 | nsng
T W wK? | ok vok3 Vvok

Moreover, for o1 € (1,60), o2 € (1,3) and k > 3, the functions vy, ..,vs are positive
functions decreasing in k and increasing in 01 and 0.

Proof. Let us first look for a lower bound for the denominator 1 + ow (U, Z").

Notice that,

[OwK(U, 2%)| <

13
I€2

Then, by the triangular inequality,

1+ ow k(U 2 = (1-

2
2

2
) =1.
K

<1

£=3,01=60,02=3

We now analyze the derivatives of R1[Z"]. Indeed, by the formulae in Appendix A,

one has that

T4 1274 Mne
low R [Z"](U)| < :
wlU®  wl|UP  wl|UP
1 v
<L (774+ 772773 771776> S
[U|I” \"o kK Vo |U|
\8XR1[Z“](U)\ < 5 . 772775E "71777E
V()|(]|3 V0|U‘3 V0|U‘3
1
< _ Uj+ M2fs | 17 — 1/277
U5 \“o vor? K3 U|3
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10y R [2°)(U)] < —25-.
Ik

The derivatives of Ry[Z"] satisfy

0w Ra[Z2"](U)] §1< LA 5"2) <1+"2> +1< B4 5"?0>n6|U|5
5 2 2 4 10
v \|U]? |U|? U] v \[U[z [U[®

1 2 v
i (777+772n; L Bns ﬁ7727276+773776> -
ok ok 40 oK 140 ‘U|§

s

L[ ns ne | Br 72
OxRa[Z"|(U)] <— + + 1+ —>
9xRa|Z7)(U) vy <|U|2 P P U

L[ B
L= 3é i UiO 777§
o \|ulrulE ) ulE

A\

< L (ns mems M2 mo . Bur | 2Bmenr mang
_|U|2 Vo | vok2 17+1//{2+ﬁ+ VK3 +l/l£
0 0 0 0 0 0 0
vy

u*

1 1
19y Ra[ 24 (U)| <— ”—92+B—”§ /I RN (i 5’7; s
v \|U[" U] U] Y \|U|® |UI® ) |U]®

< L (mo memo B 2Bmenm  msmr) v
TP \w  wk? vk wkd wk ) U

An analogous procedure leading to the same estimates holds for the derivatives of
Rs.

Finally, since 71, --- , 19 are decreasing functions for k£ and increasing for p; and
02, one can see that the functions vy,--- ,v5 are increasing for g; € (1,60) and
02 € (1,3) and decreasing for x > 3. O

4.5. The Lipschitz constant of 7. The next lemma gives estimates for the Lip-
schitz constant of the operator F in (16) with respect to each variable.

Proposition 4.12. Assume v € (O,arctan @), k>3, 01 € (1,60), 02 € (1,3).

Then, for any Z*, ARS R (01, 02), one has that
4 ’17 17 -~ u ~Ll -~ u Nu

1712 = F[Z905 < pIW* = W5 + 5l X — Koy + 7Y™ = P,
u ~u 53 u u ;4 u vu ;;5 u v u

17l2) = Bl 290y < 2IW* = W lg + T3 X° = X0y + 2y = ¥y,
u ~u 53 u TI/u 175 u vu ’174 u v u

I Fal2) = FalZ¥]llg < S2IW* =g + 3 X% = R0y + 22|V = V),

where
AT

Vi =Vi———, fori=1,2, v =
2r'(4) !

and vj are the functions introduced in Lemma 4.11. Moreover, for k > 3, o1 €
(1,60) and o2 € (1,3), the functions v;, i = 1...5, are positive functions decreasing
in Kk and increasing in 01 and Q3.

—— . forj=3,45
siny(cos )3
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This implies that
IF[2"] = FIZ"llx < LI|Z" = 2% x,
where

L:maX{V;H;z,WM}.
K

K2

(24)

Proof. In order to estimate the Lipschitz constant, we first estimate each component
R,[Z"] — R;[Z"] separately for j =1,2,3. By the mean value theorem we have
R,2) - R, (2" = [/01 DR, [s2" + (1 - S)Zu]ds] (Z%— 7%,
Then, for j = 2,3,
IRA(2%] - Ra(Z*]l]s

<[WH = Ws sup [[Ow R [ellh
® p€B(0)

X=X sup [OxRalgllly + 1Y =TV sup [0y Ralellls,
0eB(0) pE€B(e)
IR;12%] = R;[2"]| 4
< W =Wy sup [ow R[]l
p€B(0)
X = X sup [9xRlelllo + Y™ = Pols sup 19y R;lllo-
0eB(0) »€B(0)

Applying Lemma 4.11, we obtain

~ Ij — ~ ~
IRA[Z%] = Ra[Z[[ 2 < 5 WY = WU|s + 2o X = X5 + waf[Y™ = Y4,
3 K2 3 3 3
u ~u V3 u _ 1ru Va u v u Vs u v u
IRal2) — Ra[Z7]1y < L3I0 — W0l + 240 = Ko+ v — 7],
u ~u V3 u _ 1i7u Vs u v u Vs u v u
IRs[2"] = Ra[Z%]lls < SIW* = WH|g + S X" = X¥s + Y =Y.

Finally, applying Lemma 4.4, for all 0 < o < v, we obtain the following estimates

=~ ﬁf(%) vy frnd
uy __ u < XY 3|22 u u
I173(2) = FZ < Sredy [ W - 7
Fra | X = Xy 4wV - U]
u ~u 1 V. u Nu
17027 = Fol2%ls € ————— [ W™ = W5

sino(coso)s
X = Xy + Y - POy
K2 3 g2 3]’
1
sino(cos )3

14 =~ 1% ~
FISIX = Xy + Y - Py ]
K K

|F3[Z%] — F31Z2")||4 <

3

v u Nll
[ —

Let us notice that f(0) = ——2—— has a minimum at o, = arctan(v/3/2) and is
sino(coso)3

decreasing for o € (0,7) since we are assuming that v € (0, arctan(v/3/2)).
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Then, defining

5 ﬁr(é)y S ﬁr(%)y
1 2]:‘(%) 1, 2 21—‘(%) 2,
vz = f(7)vs, vy = f(7)va, vs = f(7)vs,

one has that

IF1[2"] = Fa[2"]]| s S?”W —WHs + v X" = X|a 4+ o[V = Y|4,
I1Falz) — FlZ0ly < B o + B = o+ B -9,

~ 2 —~ U5 =~ Uy ~
1F3[27) = F5[2¥]llg < S IW™ = W¥ls + S| X" = XP|g + S|V = Y4
O
From now on, we emphasize that all the constants &;,7;,v; and v; are in fact
functions of g1, 02, k and . From now on we will write this dependence explicitly.

To apply Proposition 4.12 we first need to impose that F : Ry(01,02) —
R (01, 02) is well defined.

Proposition 4.13. Assume o1 € (1,60), o2 € (1,3), K > 3, v € (O,arctan(@))
and denote
vi (K, 01,0 ~
g1(k, 01,02,7) = <91 —1- 1(/<;212)91> ao(k) = 2va(K, 01, 02) 020 (K),
v4(K, 01,02,7) + Vs(K, 01, 02,7
g2(k, 01, 02,7) = (Qz —-1- 01, 0 )Kz sl 1, 03 )Q2> Bo(k)
v3(k, 01, 02,
Bl en) o
Then, F : Ry(01,02) = Ry (01, 02) is well-defined provided
g1(K, 01,02,7) > 0 and  ga(k, 01, 02,7) > 0. (25)

Proof. Let Z" € Ry (01, 02). Then, by Propositions 4.6, 4.12 and for j = 2, 3,
3

702015 < 17312 = A0l + 170 < (14 Zher) aole) + 2aeasi(o),

1551250 s < 17512 = F5(00ll s + 175 (011 4

IN

v Uy + Us
%—391&0(/{) + (1 + 4,€2 92) Bo(k).

We need to impose that F[Z"] € Ry (01, 02), which leads to the conditions
IF1[Z2%]]s < era0(k) and || F5[Z"][|s < 02060(k).
O

Remark 4.14. Let 9 = 40, oo = 2 and v = 0.5 and consider the functions g; and
g2 considered in Proposition 4.13. Then,

91(6,40,2,0.5) ~ —0.0626, 92(6,40,2,0.5) ~ —0.0665,
91(7,40,2,0.5) ~ 0.1613, 92(7,40,2,0.5) = 0.1836,
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91(8,40,2,0.5) ~ 0.2851, 92(8,40,2,0.5) =~ 0.3226.
Notice that we take p; = 20p2. This ratio is considered because

Bo(k) 243 (2 14ﬁf(§>> N
— <9 + 781 F(%) ~ 20.3323.

However, other ratios may be considered.

I
nﬁlr}rloo ap(k) 8

Now we are ready to prove Theorem 3.1.

Proof of Theorem 3.1. The first step to prove the theorem is to choose suitable
constant so that we can apply Proposition 4.13.

Indeed, choosing xk = k* = 6.24 (see (13)), v = 0.5, 01 = 2002 and g2 = 1.9, one
has that (25) is satisfied. Indeed

gl(K/7 01, 02, 'Y) > 0.0371 and 92(’%) 01, Q27’y) > 0.0047.

These values are chosen to obtain a small value for p*(k*,~) (see (11)).
Moreover, the constant L in (24) satisfies

0<L<093<1

and therefore, by Proposition 4.12, the operator F is contractive from R, (91, 02) to
itself.  Thus, it has a unique fixed point. This completes the proof of
Theorem 3.1. 0

5. Difference between the solutions of the inner equation. To prove Theo-
rem 3.2, the first step is to provide for a good approximation of the solution of the
inner equation “close to infinity”. To this end, we define the domains

D:’n:{UEDEZReUS—n}, DZm:_Du

K,m?

where D, D! are the domains introduced in (10) and n > k.
We provide an analogue of Theorem 3.1 in these smaller domains with large 7.
This will provide lower values for the constants by, bs.

Proposition 5.1. The functions Z°(U) = (W°(U),X°(U),Y°(U))T, o = u,s,
introduced in Theorem 2.2 are defined in Dy .. for

1
K*=6.24, ~= 3 and n* = 1000.
In addition, they satisfy that, for U € D¢

USWeU)| <by,  |USX°(U)| <bo,  [USY(U)| < ba,

where ) i
by <0.7, by < 0.71.

The proof of this proposition follows exactly the same lines as the proof of The-
orem 3.1. Indeed, it is enough to point out that the only difference is that to prove
the theorem we strongly used that

dist(Dp,0) > &,

whereas now

dist(Dj; ,),0) > 7.
Taking this fact into account, the proof goes through verbatim replacing « by 7 in
the estimates.
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To validate the condition (14) from Theorem 3.2 we use the bounds on Z" and Z*
from Proposition 5.1 which are valid in the domains D;l. . and Dj. , ., respectively,
and propagate them to the section {ReU = 0} by means of an interval arithmetic
integrator, and establish that the distance between them is non zero. Our tool of
choice for this task is the CAPD? library [12].

The CAPD integrator can work with vector fields defined in reals, so our first
step is to rewrite the vector field for the inner equation (6) in real form. The method
for doing so is to separate the real and imaginary parts of the equations. To achieve
this aim we consider two additional complex variables

A 1
V1+ T (U W, X,Y)
With these variables we can introduce the following notation

H(W,X,Y,A,B) =W + XY + K (W, A,B)

and B=U"%.

and

_ 1 1
/C(W,A,B):—Zﬁwth2 (A-1). (26)

Remark 5.2. Notice that, by introducing A and B, we have achieved that

H(U,W,X,Y)=H(W,X,Y,A(UW,X,Y),B(U)).
with H as given in (3). In addition, # is polynomial with the only exception of
the term involving B~2. This term will not present problems in the separation
of the real parts from the imaginary parts of the vector field in the coordinates
(U,W,X,Y, A, B), since it is easy to separate complex numbers z~2 and z~3 into
their real and imaginary parts.

We also write
16

1 4 , 2
wBt 4 Ops 5 (X +Y)B? (W 332>

- 4
X,Y,B) = -W?B? —
j(Wﬂ b b ) 9W 27 81

4 1 1
— (X =Y)B? = o (X?+Y?) B + §OXYB4.

Note that

J(UW,X,Y)=J (W,X,Y,B(U)),
where J is given in (5)
To derive the formulae for the vector field with the two additional variables A
and B, we first observe that

%A:_% ! Qg—j(W,X,Y,B)
S (R A(US S )
. (27)
:_1 38;7(1/[/7)(,3/,]3), for x € {W, X,Y, B},
2" Ox
0A  0A 0B oB _ 1y

2http://capd.ii.uj.edu.pl
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We can now write the ODE (6) in the new variables as
G O _on onoA
0w oW QAW
. oH OH OB  OHIA
W = - — = — _— + R — ,
oUu 0BOU  0AO0U
. OH  [OH  9HOA
AT (ay 8AaY>’ 2%)
Yffiainfi @4,%%
00X 0X  0A9X |’
. OA .  0A . OA . OA.
A= GpUVtawWrax Xt
) B .
B= —=U.
oUu

Before we discuss expressing (28) as a vector field on reals, let us sidetrack to
make a useful comment. To do so, let us introduce a function S : C® — C8 defined
as

S(UW,X.Y,AB) = (-U,W,-X,-V.A,~B).
(In the above, for z € C we use Z for the complex conjugate.) It turns out that (28)
has a time reversing symmetry with respect to .S. This will be useful later on, and
is expressed in the following lemma and a resulting corollary.

Lemma 5.3. Let F : C® — C® stand for the right hand side of the vector field (28).
Then
SoF=—-FolS.

Proof. The result follows from (lengthy but elementary) direct validation. O

Corollary 5.4. The manifolds Z* = (W™, X" Y") and Z° = (W* X5, Y*®) are
symmetric in the following sense: for U € D

y* (~0) = -V (0).

W (-0) =T, X (-0) = —XT O,
Let us also observe that from (27) it follows that the right hand side of the
vector field (28) do not depend on U, which means that we can consider only the
five coordinates W, X, Y, A, B obtaining an ODE in C®; instead of an ODE in CS.
The right hand side of (28) is ‘almost’ polynomial, with the exception of the
terms involving B~2 and B~3, (these terms come from K and its derivatives, see
(26)). Since for a complex number z = a + ib we have explicit formulae for the real
and imaginary parts of 272 and 273, namely

22 =(a+ib) ? =z (a® — b* —i2ab)
(29)
23 =(a+ib) 7 =|2|7° (a (a® —3b%) +ib (b* — 3a?)),
we see that a computation of elementary sums and products of complex numbers,

combined with (29), leads to the separation of the real and complex parts on the
right hand side of (28).
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7 : : : 7 T T T T
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FIGURE 4. The bound on the domain on U within which our
trajectory resides is depicted as the black box. The red line is
ImU = —pg. In blue we have a non-rigorous plot of the trajectory,
which is added to the figure as a point of reference.

Such computation is laborious. (Especially for the formula for A) We have
not performed it by hand, but have used Wolfram Mathematica [19] to perform
these manipulations. We emphasise that this does not require any sophisticated
computations apart from multiplying complex numbers and grouping the resulting
terms into real and complex parts. We treat the results returned by Wolfram
Mathematica as reliable; in fact more reliable than if they were performed by us
by hand. We enclose a short Wolfram Mathematica script, together with our code,
with which we have performed the symbolic derivation of the separation of (28)
into the real and complex parts®. We use the resulting vector field for our CAPD
interval arithmetic computations.

Our objective is to compute a bound on ||[AZ (—ip)| for some p satisfying that
p > po = 7.12. To do so, we first observe that by the S-symmetry of the system
(see Corollary 5.4) we have

1AZ (=ip)|| = [Re (AY (—ip))| = 2[Re (V" (—ip))| - (30)
So, it is enough to show that
[Re (Y™ (=ip))| > 0, (31)

for some p > py = 7.12.
To compute a bound on Y" (—ip) we proceed as follows. First, we choose an
initial point
Uo = —2000 — ipo.

Then, from Proposition 5.1 we know that Z" (Up) is inside of the set
~ _8 ~ _4 ~ _4
7% (Uy) € Zo = {(W,X, Y)W < b |Uol ™3, |X] < ba|Uo| ™3, [Y] < bo |Up } .

Let us write I' = {I'(¢)} for the trajectory starting from (Uy, Z"(Up)). Such tra-
jectory is contained in the unstable manifold. We have obtained a bound on I" by
integrating the ODE (28) in interval arithmetic, with the initial condition chosen

3The code for the computer assisted part of the proof is available on the personal web page of
MJC.
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re(U) re(U)

FIGURE 5. A closeup of the crossing of the trajectory through the
section {ReU = 0} projected onto U on the left (compare with
Figure 4), and onto coordinates (Re U,ReY on the right. In black
we have the interval arithmetic bounds. In green, we have singled
out the bounds on the trajectory for two disjoint time intervals, to
demonstrate that it indeed does cross {Re U = 0}. In blue we have
a non-rigorous plot of the trajectory, which is added to the figure
as a point of reference.

as the set Zg x Ag x By, where

1 _
Ay = ‘Zez0 and By :i= {UO 1/3}.
V1I+ T (U, Z)
We make sure that the interval arithmetic bound on I' is always in {ImU < po}
(see Figure 4) and that it passes through® {ReU = 0,ImU € [—7.186, —7.18]} (see
Figure 5, left). We also obtain the following bound (see Figure 5, right)

Renmy (I'N{ReU = 0}) € [-0.00075, —0.0005] ,
where 7y denotes the projection into the Y coordinate, which means that
Re (Y (—ip)) € [-0.00075, —0.0005], for p € [—7.186,—7.18].

This implies (31) and we thus obtain (30). This concludes the proof of Theorem 3.2.

The computer assisted computation took a minute on a standard laptop. The
vast majority of this time was spent to integrate in interval arithmetic from Uy, to
reach the section {ReU = 0}. (Such integration requires to move along the flow for
a time roughly equal to 2000; equal to the distance between Uy and the section).

Appendix A. Explicit expressions for the remainder R. We devote this
appendix to provide formulas for the derivatives of the function R introduced in (8).

4In our computer program we have validated that we cross the section {ReU = 0} by using
the Bolzano type argument, which is visualised in Figure 5. The CAPD library does have a built
in method for obtaining bounds for a flow reaching a prescribed section, which is transverse to
the flow [13], but these have failed in the case of our problem. This is why we have obtained the
bound for crossing of {ReU = 0} without their use. With our present technology the integration
to the chosen section is close to the limit of what is achievable for us. This in particular means
that the bounds obtained in Proposition 5.1 can not easily be extended beyond the chosen surface
of section.
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We denote Z = (W, X,Y) and assume U € D} (see (10)). The function R is
defined as

RIZ)(U) =

1+9(U,Z2) 1+9(U,Z2) 1+9(U,2Z) )’

where

(U, 2)= f2(U,Z2) —iXg(U, Z), f3(U, Z) = f3(U, Z) +iY g(U, Z)
and
f=(—0uk,ioyK,—ioxK)",  g=owk
and K is the Hamiltonian given in (4) in terms of the function J (see (5)).
To give formulas for the derivatives of R, we first compute the second derivatives

of J and K.
Formulae for J (U, Z). The function [J given in (5) is defined as

4W? 1 1 4X+Y 2
w 6W 6+(+)(W )

U,7Z) = —
JU2) =t g tam T~ oo e

4i(X-Y) X?+Y? 10XY
- 2 - 4 + 1 -
3Us 3Us 9U s
Then, its first derivatives are given by

8W?2  64W 32 AX+Y)W

Oy T(U.Z) = — _ _
vIU.2) ==~ o5 T i e 9072
AKX +Y) | S(X —Y) | 4(XP+Y?) 40XY
81U5 U3 U5 27U5
SW 16 4(X+Y)
8 U,Z - - ’
wIWU2) =507 ~ g oU
AW 8 42X 10Y
T, Z) = S - 7
xIU2) =955 = 570% " 30 3ut T oud
W8 42y 10X
dIWU,2) =~ — e

U  27U3  3US 3Us 9Us
and the second derivatives are given by
16W 64 4X+Y)

) U Z)=— — ,
UWJ( B ) 27U% + SIU% 9U2
AW 40 8i 8X  40Y
) UZ)=— —— -
vxIWU.2)=-gm+gus Yot T ok " 7R
AW 40 8i 8Y 40X
) UZ)=— — - — ,
oI, 2) == g5z + SIUS Ut oud  omUd
02, 7(U, 2) = —> OwxT(U,7) = —+ Oy T, Z) = —
W ) - QU%’ WX ) - 9U’ WYy ) - 9U7
%I, Z) = — 2 IxyJI(U, Z) = 10 02 J(U, Z) = —
X 5 - 3U%7 XY ) - QU%’ Y ) - %
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Formulae for K. The Hamiltonian I introduced in (4) is given by

3 2 1 1
KU, Z)=-"UsW? - —; —1].
0. 2) 4 3U3 <\/1+‘7(U,Z) >

Then, its first derivatives are

w2 2 ( 1 > 1 ouJd
ovk(U,Z2) = —— + - 1)+ ——,
WMD) = s T\ g 6U5 (1+7)2
w2 2 J I
= - T 5 + p 3
2Us  9Us VI+JT(A+VI+T) 6Us (1+J)2
3. 2 1 owJ
wK(U,Z) = —UsW + —5 —————,
Wi 2) = 6UF (1+7)%
ONK(U, 2) = — 5T
6U3 (1+J)2
oK (U, Z) = — T

6U3 (1+7)3

and its second derivatives are

W 1 0 1 0 1 0 -0
aUW’C(U7 Z) =1 5 Wj 3 + 2 Ust - 2 Uj ngv
Us 9Us (1+J)z 6Us (14+J)2 4Us (1+J)2
1 15) 1 9 1 0 -0
aUXK:(U7 Z) = - 5 Xj 3 + 2 Ust - 2 Uj X§j7
9Us (14+7)2 66Uz (1+J)2 4Us (1+J)2
1 oy J 1 vy J 1 OuJ - -ovT
duyK(U,2) = - B > 7+ z L 3 3z — Yg )
9Us (14 J)2 6Us (14+J)2 4Us (1+J)>
3 1 0% 1 (OwJ)?

% KU, Z) = —US + —; -— 5
wkit:2) =3 6US (1+7)F  4U% (1+J)%

1 owxJ 1 owJ -0xJ

0 ’CU,Z = 2 3 2 5
wxk(U,2) 6U3 (1+7)% 4U3 (1+J)%
aWYK(U’Z): 12 6WYj3 - 128Wj.8y5ja
6Us 1+J)2 4Us (1+J)>
2 2
8§(IC(U’ Z) = ! 2 aXJ 3 ! 2 (BXJ) 5
6Us (1+7)2 4Us (14+7J)2
8XYIC(UaZ): 12 aXYjs - 128XJ.6Y;7’
6Us (1+7)2 4Us (14+J)2
2 2
RKw z) =~ &I 1 (vT)

6U3 (1+7)2  4US (1+J)3

Formulae for the derivatives of R
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By the expression of R = (R, Ra, R3) in (32), one obtains
_3leC(1 + 8wlC) — oy - 812/V]C

OwRL[Z|(U) = (1+ awK:)2 )
OuxK(1+ owk) — K - Owx K
oxR[Z)(0) = -2 o a)w,c)‘; =,
Oy K(1 + 0wK) — 0y - Owy K
oy Ra[2)(U) = — U ( wK) — duK - Owy .

(1 + 3wlC)2
Analogously, for Re and Rj

OwR[Z)(U) = Z(awylc -X- 812,VIC)(1 +owk) — (Oy K — X&WIC)8§VIC

(1+0wk)?
OxRa|Z)(U) = (OxyK — 0wk — X 8wxlfl)(+1 ;Vfl‘g)’g) — (8yK — X0wK)dw xK
Oy RalZ)(U) = (K~ X - owy K)(1 Eiwa?/c_)z(am — XOwK)dwy K
OwRs[Z)(U) = (OwxK —Y - a%vlc)(t(wlt ivgs)]&(ax/c — YowK)d3, K
OxRs[Z)(U) = (%K -Y - awxic)u;lafécvi ,;)(zaxic — YowK)owxK
Oy Ry Z)(U) = (OxyK — dwkK —Y - awylic()l(l+ +a V%I)C?) — (9xK — YowK)dwy K
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