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ARTICLE INFO ABSTRACT
Keywords: Motivated by the practical interest in the third-body perturbation as a natural cleaning
Space debris mechanism for high-altitude Earth orbits, we investigate the dynamics stemming from the
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secular Hamiltonian associated with the lunar perturbation, assuming that the Moon lies
on the ecliptic plane. The secular Hamiltonian defined in that way is characterized by two
timescales. We compare the location and stability of the fixed points associated with the secular
Hamiltonian averaged with respect to the fast variable with the corresponding periodic orbits of
the full system. Focusing on the orbit of the Galileo satellites, it turns out that the two dynamics
cannot be confused, as the relative difference depends on the ratio between the semi-major axis
of Galileo and the one of the Moon, that is not negligible. The result is relevant to construct
rigorously the Arnold diffusion mechanism that can drive a natural growth in eccentricity that
allows a satellite initially on a circular orbit in Medium Earth Orbit to reenter into the Earth’s
atmosphere.

1. Introduction

The third-body gravitational perturbation on a bounded orbit at the Earth is known to yield a long-term variation in eccentricity
(e.g., [11). In the past years, a specific interest on this phenomenon has arisen, as a possible mechanism to facilitate the disposal
of artificial satellites at the end-of-life and dilute the probability of collision (e.g., [2]). Special emphasis in this regard is given to
high-altitude orbits, in particular to Medium Earth Orbits (MEQ), where the Global Navigation Satellite Systems (i.e., GPS, Galileo,
Beidou and GLONASS) are located.

Considering an equatorial geocentric reference system, the eccentricity growth has been investigated mostly associated with
resonances that involve the argument of pericenter and the longitude of ascending node of the orbit of the satellite and the longitude
of the ascending node of the orbit of the third body, namely, Moon or Sun. Pillar works on the identification of these resonances,
the corresponding phase space and their practical role on high-altitude orbits are [3-8]. Several numerical studies (e.g., [9-11])
have highlighted that indeed there exist regions in the phase space such that a circular orbit can become very eccentric in the limit
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to reenter to the Earth’s atmosphere without the need of any propulsion system. However, from the theoretical point of view, a firm
conclusion on how to explain analytically the numerical results is still missing.

Motivated by this need, in [12] we show how an Arnold diffusion mechanism can be built to explain the phenomenon. That
work lies in the same context of a series of works that are based on the analysis of the Kaula’s expansion of the third-body
perturbation [13], that is averaged over the mean anomaly of the orbit of the spacecraft and the one of the orbit of the third
body in order to bring out the secular dynamics. We can say that these studies follow two main different, but related, concepts: (1.)
the eccentricity growth is due to a chaotic behavior because more than one resonance is important in a given region [8,141; (2.)
the growth is due to a single resonance, whose phase space is modified by other terms of the Kaula’s expansion [15-17].

In [12] we follow the latter, by considering the full quadrupolar secular expansion of the lunar perturbation. The aim is to show
how to construct an Arnold diffusion mechanism, starting from the analysis of an autonomous reduced model. That is, we analyze
first what we call the “full coplanar Hamiltonian” (namely, assuming that the Moon lies in the ecliptic plane) and use it as a first
order for the full model. Then, we analyze the secular Hamiltonian perturbatively taking the inclination of the Moon as a small
parameter. Note that Arnold diffusion can only take place for Hamiltonians systems of at least 3 degrees of freedom and therefore
the coplanar Hamiltonian has too low dimension. However, it is a good first order to detect the hyperbolic structures that enhance
the drift of eccentricity for the full secular Hamiltonian.

The main difference between our work in [12] and previous ones is that the first order that we consider does not neglect the
fast oscillations of the coplanar dynamics. Let us explain what we mean by that.

As already mentioned, the mechanism considered to achieve eccentricity growth is to drift along a resonance. More concretely
we consider the 2 : 1 resonance between the argument of the pericenter and the longitude of ascending node of the orbit of the
satellite. Then, the coplanar model has two timescales: the slow one of the resonant angle and the fast one which is given by the
oscillations of the argument of the pericenter or of the longitude of the ascending node.

In order to gain a better understanding of the full coplanar model, one can consider as an effective model its average over the
fast oscillations along the resonance, which is integrable. We refer to this model as the “h-averaged Hamiltonian”. This averaged
model has been widely analyzed in literature (see [16-18]). It already presents hyperbolic orbits and invariant manifolds which are
the “highways” to achieve eccentricity growth.

The purpose of the present paper is to analyze “how good” this h-averaged model is, by comparing it with the full coplanar
model. That is, to understand how the dynamics and, more specifically, the hyperbolic invariant objects in phase space of the full
coplanar Hamiltonian deviate from those of the h-averaged model. In other words, how the fast oscillations in the full coplanar
Hamiltonian affect its global dynamics.

More concretely:

1. We analyze rigorously the dynamics of the h-averaged Hamiltonian. It turns out that one can describe analytically in a
rather precise way the location and character of all the critical points of the Hamiltonian for a rather large range of values of
semi-major axis (which includes that of Galileo). Of major importance for [12] are the critical points with eccentricity equal to
0.2 Therefore, we also analyze the eigenvalues of this critical points and show that they are hyperbolic in a small interval of
energies, parabolic at the endpoints of this interval and elliptic otherwise. See Section 3.1.

2. We explain the need of overcoming the h-averaged approximation when studying the full coplanar model.

The main result that we will present in this direction is to show that, at a fixed energy level, the distance between hyperbolic
periodic circular orbits of the h-averaged system and that of the full coplanar Hamiltonian is proportional to a° /ai,I with
a the semi-major axis of the orbit and ay; the semi-major axis of the Moon. This is done through a perturbative analysis,
that is, assuming a*/a}; small enough. Note, however, that for the semi-major axis of Galileo, a*/a;, is not so small. That is,
for these values one should expect that the dynamics of the h-averaged Hamiltonian are rather “far” from that of the full
coplanar model even at short timescales. In particular, the inclination of the periodic orbits presents a significant difference.
See Section 3.2, in particular Corollary 3.12 and Remark 3.13.

3. We analyze the eigenvalues of the circular periodic orbits (i.e periodic orbit with eccentricity equal to 0) of the full coplanar
model. In particular, we perform a perturbative analysis in o>/ a13v1 of the eigenvalues of the periodic orbits emanating from
the origin and we show that, at a given energy level, the eigenvalues of the periodic orbit of the h-averaged and the full
coplanar present a significant difference of order (a/ay;)*/?. See Section 3.3.

The results in the present paper confirm the heuristic analysis done in [16-18] which already explains the necessity of overcoming
the h-averaged model. However, we want to emphasize that in the present paper we do not provide heuristic arguments but rigorous
results.

The development presented is focused on the orbit of the Galileo constellation, but the results are general and can be applied to
other cases.

The paper is structured as follows. In Section 2 we introduce the models that we consider and a suitable set of coordinates to
analyze it. We follow closely the exposition of the companion paper [12]. In Section 3, we state the main results of the paper.
Sections 4 and 5 are devoted to prove, respectively, the results concerning to the circular and non-circular (eccentric) equilibrium
points of the h-averaged system. Finally, in Section 6 we prove the results related with the periodic orbits for the full coplanar
Hamiltonian system.

2 In the following they will be referred as circular critical points
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2. From the secular to the averaged Hamiltonians

Let us consider a spacecraft that moves under the gravitational attraction of the Earth, the perturbation due to the Earth’s
oblateness and the lunar gravitational perturbation. Assuming a geocentric equatorial reference system, the so-called orbital
elements, namely, semi-major axis a, eccentricity e, inclination i, longitude of the ascending node £ and argument of pericenter w,
that define the ellipse where the motion occurs, change in time because of the perturbations. The orbit of the Moon is defined in
the geocentric ecliptic reference system by the corresponding orbital elements (ay;, ey, in, £2v, @y), Where

ay = 384400km, ey =0.0549006, iy = 5.15°,

while the longitude of the ascending node of the Moon with respect to the ecliptic plane varies approximately linearly with time in
a period T, of 1 Saros (about 6585.321347 days [19,20]) due to the solar gravitational perturbation, namely,

Q@) =y +ng, 1 noy =2x/Tg,. 2.1)
In Delaunay action-angle variables (L,G, H,Z?, g, h), see, for instance, [21], considering as small parameter of the problem
a
a=—,
am

which characterizes the distance of the Moon with respect to the orbit of the satellite, the secular dynamics, see [8], is described
by the non-autonomous (recall (2.1)) Hamiltonian

H(L,G, H, g h, Qy;iy) = Hg (L) + Hy(L, G, H) + &’ H (L, G, H, g, h, Q3 iny), (2.2

where each term is defined as follows.
The first term,
1.
212
is the constant term associated with the Earth’s monopole, being

1 = 398600.44 km? /s? (2.3)

Hg (L) = -

the mass parameter of the Earth.

The second term,
1p0 G*>—3H?
i G
is the perturbative term associated with the Earth’s oblateness, averaged over the orbital period of the spacecraft, being p, = u*J, R?,
with J, = 1.08x 1073 the coefficient of the second zonal harmonic in the geopotential and R = 6378.14 km the mean equatorial radius
of the Earth.

Finally, the (truncated) secular perturbative term due to the Moon (see [22,23]) corresponds to

H(L,G, H,g, h, Qy;iy)

Hy(L,G,H) = , 2.4

2 2 2
_p N .
=T LIZ Z Z Dy p(L. G, H) z ,Cm,sFZ,s,l(lM) (2.5)

m=0 p=0 s=0

X [US" () cos (W .5 (82 s @pp)) + UL (€) cos (W —s(85 1 24)] -
In the expression above,
+ the function Uz”":S (e) corresponds to the Giacaglia function (see Table 7 in Appendix) being ¢ = 23.44° the obliquity of the

ecliptic with respect to the equatorial plane.
* One has that

D, ,(L.G.H)=F, (G, H)X,(L,G), (2.6)

5 H > 22-2, G?
Fop(G H) = By (arccos ) Xy (L.G) = X077 <\ [1- E)’

where F,,, (i) are the Kaula’s inclination functions (see [22]), X 3’2_2” (e) are the zero-order Hansen coefficients (see [23]) and

we have used the definitions of inclination and eccentricity in terms of Delaunay coordinates, that is

with

H =Gcosi and G=LV1-eé2. 2.7)
» The angle
Vs (8 s 2yp) = 21 = p)g + mh + s (.QM - %) —y® (2.8)

defines the relative orientation satellite-Moon.
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» The other constants are defined as

o= Him . _{ 1 ifn=0
1= PEECANY N n - : b}
1—e2)3/? 2 ifn#0
o o (2.9)
= (DS CI [0 dsiseven
) 2 2+m)! 1/2  if s is odd

where uy; = 4902.87km? /s? is the mass parameter of the Moon.

Remark 2.1. By Kaula’s inclination functions (see [22]), one obtains that

1 .

-~ ifs=0
Fy,(0) = 2 ’
2610) { 0 ifs=1.2

That is, assuming that the Moon lies on the ecliptic plane (i.e., iy; = 0), the Hamiltonian H in (2.2) is autonomous, because the angle
Ui p.s (8 1, 2yp) does not depend on £, for s =0 (recall (2.1)).

In what follows, we will omit the Keplerian term of the Hamiltonian Hg, since it does not contribute to the variation of the
orbital elements. Similarly, we omit the dependence of the Hamiltonian on the variable L, since it is a constant of motion.

2.1. A good system of coordinates

The Galileo constellation orbits at an inclination, i ~ 56°, such that the dominant term in the lunar perturbation is the 2g + h
resonance. This resonance is defined by the unperturbed Hamiltonian Hy in (2.4) (i.e., « = 0) and the condition 2¢ + i = 0. Namely,
20,H, + 0,H, = 0. This is satisfied provided that

5H>-G*-HG =0,
that is, for all G # 0 (i.e., e < 1) and H = G cosi, that satisfy
5X2—1—X=0, X =cosi,.

Hence, we can distinguish two situations:

» the prograde case for i, = arccos < 1+l\({i> ~ 56,06°,

S

1—

1 o
m > ~ 110,99°.

+ the retrograde case for i, = arccos (
In what follows, i, will be mentioned as the inclination of the “exact 2g + h”-resonance and we will focus on the prograde case.

The unperturbed Hamiltonian highlights that x = 2g+# is constant when i = i, while it circulates for i # i, . Moreover, in a small
enough neighborhood of the exact resonance the angular variables evolve at different rates: g and h are “fast” angles compared to
x which undergoes a “slow” drift of order O(i —i,).

Slow-fast delaunay coordinates (y,x). Instead of using the Delaunay action-angle variables, in order to take advantage of the
timescales separation, we introduce the symplectic transformation (G, H, g, h) = YPel(y, I, x, h) where
=9 r-um-9, x=2g+h. (2.10)
2 2
Note that, the resonant action y does not depend on the inclination. Hence, the action—-angle variables (y, x) are associated with the
variation in eccentricity.

In slow-fast Delaunay variables, the secular Hamiltonian can be written as
H(y, T, x, b, Q3 ig) = Ho(, 1) + o« Hy (0, T, X, b, Qg3 i)
where
py y* — 6yl =3I
128 135 (2.11)
H (7, T, %, b, Q3 ing) = (H oY PN, T, x, b, Q3 i)

Ho(y, 1) = (HyoYPY(y, I') =

In the coordinates just defined, the 2g + h-resonance becomes the x-resonance, which is defined by
OHy(y.I) 3 po SI>+8yl —y*

= — =0.
ay 128 3 ¥

oy, I') =

This resonance takes place at the two lines

= +5\/E and -4 —5\/5’

= r=y (2.12)

with (y, I') # (0,0), that are associated with prograde and retrograde orbits, respectively.
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Poincaré coordinates (n,&). The slow-fast variables (2.10) derived from the Delaunay variables (as happens with the original Delaunay
variables) are singular at e = 0. Thus, in order to study the dynamics of the secular Hamiltonian in a neighborhood of circular orbits,
i.e., 0 < e < 1, we introduce the Poincaré coordinates (y, I', x, h) = Y®(y, I, &, h) where

5:\/ﬂcos(%), n=\/2L—4ysin(§>,

which are symplectic. Notice that ¢ and 7 are respectively equivalent to e cos(x/2) and esin(x/2) for quasi-circular orbits.
In these coordinates, the secular Hamiltonian becomes

Hn, T, &, b, Qs ing) = Hon, T, E) + & H (1, T, & hy 213 i) (2.13)
where
Hy(n, I,&) = (HypoY ™)y, I', &) (2.14)
o QL =& —y?)? —24QL - & —n>)I" — 4817
2 LQL-& -y
H (1, T, & h, Qs iyg) = H oY), T, E, b, Q13 i) (2.15)

2.2. The hierarchy of models

In the present paper, we consider a hierarchy of models which stems from the secular Hamiltonian (2.13). They are what we call
the full coplanar (secular) Hamiltonian and the h-averaged (coplanar secular) Hamiltonian. To construct these “intermediate models”,
we rely on the fact that the model depends on two parameters: the inclination of the Moon with respect to the ecliptic plane, iy,
and the semi-major axis ratio between the satellite and the Moon, a.

In the companion paper [12], using the same hierarchy of models, we construct Arnold diffusion orbits for the secular
Hamiltonian (2.13), that can lead to a drastic increase of the eccentricity of the satellite. A crucial point in our construction is
the analysis of certain hyperbolic structures (normally hyperbolic invariant manifolds, stable and unstable invariant manifolds) of
the coplanar secular Hamiltonian (iy; = 0) which are persistent in (2.13). Comparing the full coplanar model with the full inclined
one (iy; > 0) allows us to construct the drifting orbits.

On the contrary, in the present paper we focus on the comparison between the full coplanar and the h-averaged Hamiltonians.
There is now an extensive literature (see, e.g., [16,18]) analyzing the hyperbolic critical points of the h-averaged Hamiltonian
and its invariant manifolds as a sign of existence of unstable motions for the full Hamiltonian (2.13). In the present paper, we
compare analytically certain dynamics of the h-averaged and full coplanar models focusing both on what dynamics persist and
which “deviations” has one model with respect to the other.

First reduction: the full coplanar model. Since the inclination of the Moon with respect to the ecliptic plane is relatively small (that
is, iy = 5.15°), the first reduction that one can do to have an intermediate model is to take iy; = 0, which corresponds to assume
that the orbit of the Moon is coplanar to that of the Earth.

When doing this reduction, the Hamiltonian H in (2.13) becomes £,,; independent and thus autonomous (see Remark 2.1).
Starting from (2.13), we define the 2 degrees of freedom Hamiltonian

Hep(n, T'E,h) = H(n, T,&, h, 2),:0), (2.16)

where the subscript CP stands for coplanar. Since this Hamiltonian is autonomous, Hcp is a first integral of the system. Moreover,
it can be written as

Hep(n, T, & h) = Ho(n, T,&) + &’ Hep i (1, T, €, ),
where H, is the Hamiltonian introduced in (2.14) and Hcp is the Hamiltonian M, in (2.15) with iy = 0, that is,

Hep(n, I',E,h) = H(n, I, &, h, Q2y; 0). (2.17)
See Appendix, and in particular (A.1), for the explicit expression of Hcp ;.

Second reduction: the h-averaged problem. When «a is also taken as a small parameter, the autonomous Hamiltonian Hp in (2.16)
has a timescale separation between the slow and fast angles. Indeed,

né~a®>  whereas A~ 1.

A classical way to exploit this feature is to simplify the Hamiltonian Hp by averaging out the fast oscillations with respect to the

longitude of the ascending node A. That is,
2
1
Hav(, I,8) = p Hep(n, I', €, hydh.
7 Jo

This Hamiltonian coincides (after a canonical transformation) with the Hamiltonian Hy considered in [16] (see equation (26)).
Note that, since H,, in (2.14) is h-independent, H,y can be written as

Hay(, T,8) = Hy(n, T,8) + a*Hyy (0, T, 6), (2.18)
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with
1 2r
HAv,l('I’ r.y= Z 0 Hcp,l('l, I, hydh.

More specifically, the particular form of Hcp; in (A.1) implies that

Hay (1. T, £) = % [%Uﬁ’“vo,lw, I.8) (8L + 12L& + 1) = 3(E% +1)?)

(2.19)
+ 2ULD . T OE = 1) |
where the constants Uz'"’O and the functions D,, , are given in Tables 7 and 9, respectively, in Appendix. See also this appendix for
the deduction of this expression.

To analyze the dynamics of the h-averaged Hamiltonian, it will be also convenient to consider it in the slow-fast Delaunay
coordinates (2.10). In these variables, it reads

Hyy (0, I, x) = Hy(y, T) + «*Hypy 1 (0, T, X) (2.20)

where H,, is the Hamiltonian introduced in (2.11),

1 1
Hay 0o Tox) = 2L (LoD (1) + gUzl’ODLO(y, F)cosx] ,

121272

and the functions D,, , are given in Table 8. We also refer to Appendix, for the deduction of the expression of Hyy ;.

3. Main results

In this section, we present the main results of the paper, which deal with both the h-averaged Hamiltonian and the full coplanar
Hamiltonian.

Remark 3.1. Along the paper we also present some numerical results. As a rule, the variables will be taken in non-dimensional
units defined in such a way that the semi-major axis of the satellite (equal to 29 600 km) is the unit of distance and the corresponding
orbital period is 27.

However, in some places, with the purpose of keeping the exposition clear, we have kept the standard unit system. It will be
pointed out along the text.

It is important to mention that the purpose of these numerical computations are presented just to illustrate the theoretical results
along this work.

The results for the h-averaged Hamiltonian, in Section 3.1, are related with the existence and stability character of the stationary
points. To be more precise,

» We study the stability character of the origin of the h-averaged Hamiltonian in Theorem 3.2. Then, in Proposition 3.4, we
provide some properties of the eigenvalues of the linearization of H,y at the origin (in Poincaré variables).

» Theorem 3.7 deals with the existence and the linear stability behavior of the eccentric critical points of the h-averaged
Hamiltonian H,y. We state this result in Delaunay coordinates.

These results are proven for a specific range of the semi-major axis a, namely, we prove the results for values of a € [a;,, apax]
with

A = 6378.14 km and Apax = 30000 km. 3.1

max

The minimum value corresponds to a collision orbit with the Earth assuming e = 0. Note also that this interval contains the
semi-major axis of Galileo a = 29600 km.

The full coplanar Hamiltonian Hp can be seen as a perturbation of the h-averaged Hamiltonian H,y. From this point of view
and recalling that the origin ¢ = # = 0 is a fixed point of H,y, in Sections 3.2 and 3.3, we state the results for the Hamiltonian Hp
related to the periodic orbits emanating from the origin. Some of these results are perturbative results with respect to the parameter
5 defined as

5 =pa’L?, with a= i, p= ,0_1 L= \/ﬁ (3.2)
am Po
with py, p; introduced in Section 2.
In particular, in Section 3.2, we study the existence and main properties of the periodic orbits of the coplanar Hamiltonian:

+ In Theorem 3.9, we characterize the energy levels E such that the coplanar Hamiltonian Hp contains a periodic orbit lying
in {&=n=0}L
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« For these values of energy, E, Corollary 3.12 relates the I" value of the point of the periodic orbit at the energy level {H-p = E}
at the transverse section {h = 0} with the corresponding parameter I" such that the h-averaged Hamiltonian has the same
energy level, namely {H,y = E}. We see that, for small enough 6, the two values are order 6 separated. Since for Galileo
6 ~ 0.11 (computed in the unities specified in Remark 3.1), this shows that the h-averaged model differs significantly from the
full coplanar one. At circular motions, deviations in I' are equivalent to deviations in (the cosine of the) inclination.

» Proposition 3.14 computes a first order approximation with respect to § of the periodic orbits and their corresponding periods.

Even when there is no physical meaning for values of a < a,,,, these results hold true for values of a € (0, ay,].
In Section 3.3, we perform the analysis of the stability character of the periodic orbits. This is the only study that requires the
parameter § to be small enough. In particular:

« Theorem 3.17, and its refinement Theorem 3.21, give an approximation, at least of order &(53/2), of the eigenvalues of the
monodromy matrix associated to the periodic orbits by means of the eigenvalues of the linearized part at the origin for the
h-averaged Hamiltonian. As a consequence we are able to elucidate, for small values of §, the character of the periodic orbits.

3.1. The critical points of the h-averaged system

We now present the results about the critical points of the h-averaged Hamiltonian. We notice that, to simplify the exposition, we
state some results referred to the h-averaged Hamiltonian in Poincaré variables (see (2.18)), and others referred to the Hamiltonian
expressed in slow-fast Delaunay variables (see (2.20)).

The specific range of the semi-major axis [a,,,, a4y ] i given in (3.1). We also introduce the notation

a

_ _ _ “max _ 3 4
Lmin =V Hamin- Lmax =V HAmax» ®Fmax = ’ 6max - pamax Lmax’ (33)

am

where u has been introduced in (2.3). Finally, we define

—4+4/21
m:T

~0.116515138991168, 3.4

the slope of the resonance prograde line, which is given by I' = my (see (2.12)).
In addition, we notice that, since we want to study the prograde resonance we keep our analysis to I" > 0 and, from the
expressions of D, , in Table 9, we deduce that

L
0<Ir<-—.
-T2

The first result deals with the character of the origin in Hamiltonian (2.18). Its proof is carried out in Section 4.2.

Theorem 3.2.  The origin is a critical point of the h-averaged Hamiltonian H,y, see (2.18). Moreover, there exist two functions
I_, Iy ¢ [Lyn Lpad = (O, %), such that the character of the critical point is described as follows for L € [L,;,, L.

- if either ' € (0,T_(L)) or I' € (F+(L), g) then (0,0) is a center.
< If T € (I_(L), I'.(L)), then (0,0) is a saddle.
*IfI'=TI_(L)or I = I, (L), the origin is a degenerated equilibrium point with nilpotent linearization.

In addition, L‘lfi(L) can be expressed as
I, (L)

=1.0), &§=pdL?

where I, : [0,8,,,,] = R, see (3.2) and (3.3), and there exists a constant C, such that for all L € [Ly,, Loy,

SUL (m +3)V3 = 2m — 4m?
s

<cC,8%. 3.5
3(16 + 20m) - (3-5)

nm—%:

Remark 3.3. The values of IAZ_,(&) are consistent with those of i (@), in.(@) in [16]. Indeed, recall that H = Gcosi and
G = LV'1 —¢e2 (see (2.7)). Therefore, at circular motion one has G = L, then equation (2.10) and I" = LI give rL=!'=:f=cosi— %

For [,(0) = %, the corresponding inclination is i, ~ 56.06°. That implies that the inclination is a decreasing function with
respect to I", when I is close to % Therefore, the range of inclinations when the origin is unstable corresponds to [i, (8),i_(6)]
where i, (6) are the corresponding inclinations for r ,(6). In [16], using a truncated version of the h-averaged system, such values

for the maximum and minimum inclination were computed numerically and also it was given an approximation of the form

5 5
i % 56.06 — 0.00134 (%) , ~ 56.06 + 0.00134 (%) . (3.6)

imax
Using Theorem 3.2, we can also provide an estimation for i (6) as
951.(0) 360

=25+ Os?). (3.7)
sini, 2m

i) =i, —
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Table 1
The values i,,i_ are the ones obtained with the perturbative scheme proposed in this work (the truncated up to O(6?) formula

in (3.7)), meanwhile i, ,i .. are the ones obtained in [16].

semi-major axis (km) 1 i inin i Inax

19000 0.012205013268684 55.84 55.75 56.28 56.38
24000 0.012205013268684 55.37 55.05 56.75 57.06
25450 0.052627069157991 55.13 54.76 56.99 57.41
29600 0.112002781052611 54.08 53.44 58.04 58.87

We obtain i, (6) = 56.06 + 17.64526 and comparing with the estimate (3.6)
5
i - a
i,.(6) ~ 56.06 F 0.00091805 (R )

The small discrepancy is because the model used in [16] is a truncation of the h-averaged model. To compare our results with
the ones in [16], in Table 1 is shown our approximations (discarding the O(6%) terms of (3.7)) for the maximum and minimum
inclination at some values of the semi-major axis a.

We denote by +4,y(I'; L) the eigenvalues of the linearization around the origin of the Hamiltonian system associated to (2.18).
We assume that, in the saddle case, A,y (I"; L) > 0 and in the center case, —iA,y(I'; L) > 0. Notice that A,y(I'_(L); L) = A,y(I',(L); L) =
0 where I'_(L) and I' (L) are the functions defined in Theorem 3.2.

Proposition 3.4. For any L € [L,,;,, L,,.<] we have the following.

« There exists a unique I',(L) € (I'_(L), ' (L)) such that for all I' € (I'_(L), I',(L)), Apy(I'; L) < Apy(I.(L); L) and T,(L) can be
expressed as I',(L) = LI, (5) with
2 25U, Y mm + 32

<G8,
36 (m+4)2 i

HORESY

for some constant C, depending only on Ly, max- In addition,

125p0(U10)3 2m+3)
(m+3)\/3 2m—m?+8°

288L7(1 — m)3 (m + 4)°

Aav(I(L); L) 5

+ (9(54),

with O(5*) uniform with respect to L, and

5 15
20 U105(m +3)V/3 = 2m — P < Ay (T(L); L) < 15V/3p9 uls.

16L7 16L7

« For I € (0, I'_(L)) the function |A,y(I"; L)| is smooth and decreasing with respect to I' (and L fixed).
e ForI' € (F+(L), %), the function |A,y(I'; L)| is smooth and increasing with respect to I'.

Finally, there exists a function FIE [0, %] X [0, 8,ax] = C such that

zAV(F 5), 5= pa’L?.

Aawy(I5 L) = T

4L7
This result is proven in Section 4.3 where we also provide some numerical computations to illustrate the results.

Remark 3.5. The eigenvalues 1,y (I"; L) can be explicitly computed, see Remark 4.1, as function of I', L whilst I',(L) has to be
computed numerically. In Fig. 1 it is depicted 4,y (I'(L); L) as a function of the inclination i for some values of the semi-major axis
a. Notice that, as claimed in Remark 3.3, I' = Lcosi — %

Remark 3.6. Proposition 3.4 provides a proof of the heuristic analysis performed in [16] (see, in particular, formulas (48)-(50)).
Note however that their analysis is carried out for a truncated version of the Hamiltonian H,y (called Hy in [16]) and therefore the
location of the maximum of the eigenvalue is slightly different in these works. Indeed, in [16] the maximum eigenvalue is located
at i,, meanwhile in our analysis the difference between i*(6) and i, is of ®(6%), namely

0aF (0) 360,

+ 08 = i, +0.2554963360004895% + O(5°).
siniy, 271:

*) =i, —

In Table 2 are computed the first order approximation of the values of i*(5) for some values of the semi-major axis.
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54.5 55 . : 57

Fig. 1. In the figure, the eigenvalues A,y (I'(i); L) corresponding to the semi-major axis a = 19000 (in blue), a = 24000 (in red), a = 25450 (in orange) and
a=29600 (in magenta) km. The black straight line corresponds to i, = 56.06°. The unities are the ones specified in Remark 3.1. Notice that, through a change
in the unities, it resembles Figure 2(c) in [16]. See also Fig. 9.

Table 2

The values of i*(6) (inclination having the maximum positive eigenvalue) for
several values of the semi-major axis. They have been numerically computed
just to illustrate the variation of i*(5) — i, with respect to &.

semi-major axis (km) 82 i*(8)

19000 0.000148962348889 56.06466
24000 0.001540468844889 56.06501
25450 0.002769608408160 56.06533
29600 0.012544622963519 56.06782

To finish with the results related to the equilibrium points of the h-averaged system, we state the following theorem concerning
“non-circular” critical points, namely, those critical points of the h-averaged system (2.20) (in slow-fast Delaunay coordinates)
satisfying e # 0.

Note that we are interested in a region of the phase space satisfying the following conditions:

» We want the satellite to be in a prograde “elliptic regime”. Equivalently, we want the Delaunay coordinates to be well-defined
and, therefore, we consider

(x,y) € Tx(0,L/2). (3.8)

We want the actions y and I" to be close to the resonance (see, for instance, the first resonance (2.12)), namely the prograde

resonance, so that the h-averaged Hamiltonian is a good approximation of the coplanar model. For this reason, we consider
Lefol), 39)
y 2

We recall that the resonance prograde line is I' = my with m defined in (3.4) and we notice that, from Table 8 the values of

I,y are restricted to I' < y.

To avoid collision the semi-major axis a and the eccentricity e have to satisfy a(1 —e¢) > R=aq

R
min- 1hen e < 1— =. Moreover,

since < 1- e2

2> 1 2R 2— - © Pou = 0.308224183446436. (3.10)
L~ 2 a A nax
However, to understand the dynamics of HAV, we go further in our analysis and we consider values of § >

= j’min with
Peol > Pmin > O, such that §,;, is the unique value satisfying that, for I" = mJ,,,, the h-averaged Hamiltonian H,y, has an
equilibrium point at (-, ,;,). Such value can be explicitly computed as (see (5.6))

R 30U m(1 + m)V/3 — 2m — m2 + 20U, (3 + mym?
Ymin =
24U2°(1 = 3m)V/3 = 2m — m2 + 20U} °(3 + m)(12 — 8m) (3.11)
=0.116589071022807.

The complete proof of Theorem 3.7 below relies on elementary analytic tools. However, due to the complexity of the expression
of the functions involved in the definition of the Hamiltonian (2.18), it is not straightforward at all and it is postponed to Section 5
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Table 3
Summary of the results in Theorem 3.7.
L €Ly L)
r/iLe h.hy | (hhl (Fy, 131
Saddle One at x=7
Center [ One at x =0
L=1L,
r/Le Ul | D) 7, 4y, 1y
Saddle One at x =7 Par. at x =7
Center [ One at x =0
Le(L,.L,,]
r/Le ST [ h1 i, (4. 1)
Saddle One at x =17 Par. at x=7
Center [ One at x =0 [ Two at x=0,7 One at x =0

Theorem 3.7. There exist two constants®

L, ~97590.90325766560, Iy ~0.013584391815073,

two decreasing functions I’ (L), fz(L) and one increasing function f}(L) defined for L € [L ;. Linax] Such that the Hamiltonian (2.20) has
the following critical points satisfying (3.8), (3.9), (3.11):

« For Le[L LJand I € (0,L/2],

min>

1. if I ¢ [LI\(L), LI3(L)], has no critical points.

2. If I e [LI(L), Lfo), has a unique critical point that is a saddle and of the form (z, y).

3. If I € [LI,, LT5(L)], has only two critical points (0, y,), (x, y,), which are of center and saddle type respectively, except when
L=L,and I = L, [5(L,) that (x, y,) is parabolic.

4. If I € (LI5(L), LT5(L)], has a unique critical point that is a center of the form (0, y).

« If Le(L,, Ly,] and I' € (0, L/2), there exists a function I',(L) € [I5(L), I5(L)] such that,

1. if I ¢ [LI\(L), LT5(L)], has no critical points.

2. If I € [LI'\(L), LIy), has a unique critical point that is a saddle and of the form (x, ).

3. Ifre [LT 0 sz(L)), has only two critical points (0, y;), (7, y,), of center and saddle type respectively.

4. If I € [LI%(L), LI,(L)), has only three critical points (0, y), (7, y1,) where y, > y; > 0 with (0, y), (z, y,) centers and (x, y;)
a saddle.

5. If I' = LI,(L), has only two critical points (0, y), (x,y,) with (0, y) a center and (r, y,) parabolic.

6. If I' e (LI(L), L@(L)], has a unique critical point that is a center and of the form (0, y).

In addition, since in a one degree Hamiltonian system two saddles cannot coexist without a center, I'_(L) = sz(L) and I' (L) = Lﬂ(L)
with I', (L) in Theorem 3.2.

This result classifies the number and character of the eccentric fixed points (e # 0) for the h-averaged Hamiltonian. Before stating
the results for the full coplanar Hamiltonian, we provide some clarifications of Theorem 3.7:

+ In it is written an schematic summary of the result.

« For different values of L (or a) and I', the families of fixed points (0, y), (z,y;), (x,,) and their stability can be computed
numerically. The numerical results are in agreement with Theorem 3.7 and are depicted in Figs. 2. To be more concrete, in
Figs. 2(a), 2(b) 2(c) there are two families of fixed points of the form (0, y) and (r, y) and there are no fixed points (r, y) of
center type (in green) because the corresponding L is less than L,. Compare with Figs. 2(d), 2(e) and 2(f) where such family
of fixed points appears.

See also Fig. 3 for a more accurate picture where it can be seen that the red and blue curves are different in concordance with
the case I' € [LI}, LI,(L)) and moreover, there are values I" € [LI(L), L) having a unique saddle fixed point located at
(z,y) as in Theorem 3.7.

In Fig. 4 we show the phase portraits of the h-averaged Hamiltonian for different values of I'/L and « = 29600 km (the
semi-major axis corresponding to Galileo). They correspond to some of the different cases in Theorem 3.7 and are also in

3 The value L, (in international unities) corresponds to a semi-major axis a, ~ 23893.56218133389 km. This value is not used along the proof of Theorem 3.7;
it has been computed numerically just for completeness.

10
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0.5
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(a) a = 10000 km
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0.05

0.02

(b) a =15000km

0.03 0.04

0.05

0.1

0.02
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(c) a =20000km

0.06

0.02

(d) a = 24000 km

0.03 0.04 0.05

0.06

0.02 0.03 0.04 0.05

(e) a =27000km

0.06

0.07

0.02 0.03 0.04 0.05 0.06 0.07 0.08

(f) a = 29600 km

Fig. 2. Evolution in the (I'/L,y/L) plane of the three families of fixed points in Theorem 3.7 for different values of semi-major axis, a. In red, the family of
fixed points of the form (r,y) that are saddle points, in green the points of the form (z, y) that are of center type and in blue the fixed points of the form (0, y)
of center type. The black and gray dotted lines correspond to j., and y,;, respectively.

0.1167 0.1167
0.11668 0.11668
0.11666 0.11666
0.11664 0.11664
0.11662 0.11662
0.1166 0.1166
0.013586 0.01359 0.013594 0.013586 0.01359 0.013594
(a) a = 10000 km (b) a = 15000 km
0.1167 0.1167
0.11668 0.11668
0.11666 0.11666
0.11664 0.11664
0.11662 0.11662
0.1166 0.1166
0.013585 0.01359 0.013595 0.01358  0.013585 0.01359  0.013595

(d) a = 24000 km

(e) a =27000km

0.1167

0.11668

0.11666

0.11664

0.11662

0.1166

0.1167

0.11668

0.11666

0.11664

0.11662

0.1166

0.013586  0.01359  0.013594

(¢) a = 20000 km

0.01358 0.013585 0.01359 0.013595

(f) a = 29600 km

Fig. 3. A zoom in the (I'/L,y/L) plane of Fig. 2 for the fixed point location (in red the saddle fixed points (x,y) and in blue the center fixed points (0, y)).

agreement with Theorem 3.2. We have plotted the phase portrait in coordinates (e cos x, e sin x) which are a good choice when
e is not close to 1. However, when e ~ 1 the phase portrait is unclear. In Figs. 4(a) and 4(f) the origin is the unique fixed point
(see Theorem 3.2). In Fig. 4(b) there are three fixed points, two centers at (0,0) and (0, y), and one saddle (at (x, y)). In this
case the fixed points (-, y) are both close to e = 1. When I'/L = 0.037 (Fig. 4(c)), there are four equilibrium points, two saddles
and two centers. Finally, in Figs. 4(d) and 4(e) there are one saddle fixed point at the origin and one center at (0, y).

11
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Fig. 4. Phase portrait of the h-averaged Hamiltonian for different values of I'/L in the (ecosx,esinx) plane.

Remark 3.8. Along the proof of Theorem 3.7, we check some extra properties of the functions involved. In particular, we deduce
that

(e [%fo,fo], L) e [%m %m] (L) e [%m,%m].

The constant [}, is defined as Iy = m$,y;, with ,;, defined in (3.11).

3.2. Periodic orbits of the full coplanar hamiltonian

The full coplanar Hamiltonian Hep = Hy + a*Hep; (see (2.16)) can be seen, when o® is small enough, as a perturbation of the
h-averaged one. Enlarging the dimension, one can ask if, in some way, the equilibrium points of the h-averaged system, survive as
periodic orbits in the coplanar system and, in this case, if they conserve the character (saddle or elliptic type) of the equilibrium
point.

From expressions of H in (2.14) and Hcp, in (A.1) in Appendix, IT = {n = £ = 0} is invariant by the flow associated to the full
coplanar Hamiltonian H-p. From now on, we focus our analysis on these types of periodic orbits, which are the ones used in [12]
to obtain drift in eccentricity in the secular Hamiltonian (2.13).

The results presented in this section attempt to give a theoretical framework of the previous numerical study in [12] by means
of perturbative arguments with respect to the (small) parameter 6 = pa’ L* defined in (3.2).

We emphasize that on the invariant plane IT = {¢ = n = 0}, the eccentricity is e = 0. Therefore, G = L (see (2.7)) and taking (2.10)
into account, one has that

L L
I'=H—- - =Lcosi— —. 3.12
> cosi ) ( )

Then, since L is a constant for the secular Hamiltonian, one can recover the inclination from the variable I'. In particular, deviations
in I" correspond to deviations of cosi. We express our results (and figures) by means of the variable I" in general, because this is
the variable used in the theoretical proofs.

The following result rigorously proves the existence of periodic orbits for a uniform set of initial conditions and also describes
the suitable energy level of the Hamiltonian H.p where they lie. It is proven in Section 6.1.

12
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Fig. 5. Examples of periodic orbits for Hc, in the case a = 29 600km (Galileo semi-major axis) in non-dimensional units. On the left "= L~'I" as a function of
h and on the right, the inclination along the period orbit, as a function of 4. The colorbar reports the value of Hp.

Theorem 3.9. For L € (0, L,,,,], the functions E,;, ..., defined by

Epax(L) = Hep(0,0,0,0),  Epin(L) = Hep(0,0.49L,0, 7)
can be written as

Epun(D) = 08B (®). Eyn(L) = 200y (6)
with § = pa® L* introduced in (3.2), and Epiy max [0, max] = R-

Then, for any energy level E such that E,;,(L) < E < E,,, (L), there exists a periodic orbit (0, I'(t; L), 0, h(t; L)) satisfying that h(0; L) = 0,
I'(t; L) €[0,049L] forall t > 0,

Hep(0, I'(#; L),0,h(t; L)) =E
and the differential equations

_dh __3p(L+2D)  53p1 L2 —4LT 417

(UOO(L+2F)+ Ul Rt cosh

dr 4L8 8L4 (L-2I)GBL+20)
1
- 3U3°w+2n) cos(2h)>
s _dl 3 Pl 1,0\/— -
[=" =i (2U2 (L—2I)(3L+2I)Q2r + L)sinh

+ UYL —-20)(BL+20) sin(2h)).
Remark 3.10. The values E_,;,(L),E, (L) can be easily computed. For the case a = 29600 km these are
E,; (1) = —2.558100888960067 - 1075,  E,, (1) = 2.477266122798186 - 10™°.
Recall that the units are the ones in Remark 3.1, namely the semi-major axis of Galileo is a = 1 and the period of Galileo is 2x (this
implies L = 1). Compare with the numerical results in [12] for hyperbolic periodic orbits in Fig. 5.

We emphasize that, by Theorem 3.9, the initial conditions I'(0; L) = Iy and h(0; L) = 0 for a given value L € (0, L,,,] of a
periodic orbit are the ones satisfying

Epin(L) £ Hep(0, 15,0,0) < Eppy (L), (3.13)
with E i, 1. (L) defined in Theorem 3.9.
For o € |0, %), we define
Gy(638) = —1—-20 — 5%U0’0(1 +20), (3.14)
o(0; L0a=2 26)(20 + 1 201 -2 2
(o38) = =37 5)[U VI =20)3+20)20 + 1)+ U3 (1 = 20)3 +20)]

Remark 3.11. After some tedious computations (see Section 6.1.1) one can check that

. (T 417
iy (Fiea’L?) = 3 It 0.0,

13



E.M. Alessi et al. Communications in Nonlinear Science and Numerical Simulation 142 (2025) 108498
N (]" 3L4> p Hcp,](O,F,O,O)—HAVJ(OaF,O)

Co | = pa = —

L IE 0r Hay(0, T,0)

The next result is a corollary of Theorem 3.9.

Corollary 3.12. There exists a constant C,, > 0 such that for a given L € (0, L,,,,] and an energy level E € [E;,(L), E,,, (L)], if 'E e L
satisfy

E = H,y(0,T%,.0) = Hep(0, TE,,0,0)

AV? CP’

then there exists a function y, : (0 1) X [0, 8ax] = R such that,

E _ rE
Iy, =I5+ Loéy (T,

[E:6) + L&%yy(TE:6), TE =L7'TE,. §=pa’L*,

cp’

with é, in (3.14) and |y,( CP,(S)l <C,.

The proof of this result is postponed to Section 6.1.1.

Remark 3.13. Corollary 3.12 gives us a first order in § correction of the constant value of I' to consider in the h-averaged
Hamiltonian with respect to the initial condition of the periodic orbit in order to conserve the same energy level. Such a correction
will have a relevant role when the stability of the periodic orbit is analyzed.

As already mentioned, for Galileo 5 ~ 0.11. Then, Corollary 3.12 shows that the two periodic orbits have a significant separation.
Namely, Corollary 3.12 implies that the inclination between the two periodic orbits is significantly different, see (3.12).

Our next goal is to provide a first order approximation, with respect to the parameter §, defined in (3.2), of the periodic orbits
(0, I'(t; L), 0, h(t; L)) of the full coplanar Hamiltonian system H.p emanating from the origin of the h-averaged Hamiltonian (2.18).

To keep our analysis as concrete as possible, before stating the result, we introduce the functions defined for ¢ € [O, %)

b4(038) = ( U2 V=206 +20)20 + 1),
&(0;0) = mUz (1-20)(3 +20),
d (6:6) = 1 10_5—120 — 1262 (3.15)
BT T Bag(036) 2 T —20)3 1 20)
2
dy(618) = 1 U0 1-120 — 120

244,(036) 2 1+2c

Proposition 3.14.  There exists a constant C, > 0 such that if L € (0,L.,,] and I satisfy (3.13), then the periodic orbit
(0, I'(t; L), 0, A(t; L)) of Hcp with initial condition I'(0; L) = I := Lfo and h(0; L) = 0 is of the form

3pg ~ [ 3p
IreL) = (4 716) h(z;L):h(4 716)

where § = pa®L* as in (3.2) and the functions I',h : [0,8,,,] = R are of the form

[(s5;8) = Ty + 61(5:8) + 82 15(s38),  h(s) = ho(s;8) + 6k (55 8) + 82y (53 8)
with | T(s; 8)|, |hy(s; 8)| < C, and

F1(s38) = 8y(Fy; 8) + &, (I3 8) cos (dg(Fy; 8)s) + &y(Iy; 8) cos(28,(Fy; 6)s),

ho(s;8) = ay(Fy; 8)s,

7y (536) = 0pag(LFy; 8)6y(Fy; 8)s + dy (Fy; 8) sin(dg(Fy; 8)s) + dy(Fy; 8) sin(2dg(Fy; 8)s).
The constants dy, ¢, » and d, , are defined in (3.14) and (3.15).

The period T (I'y; L) of the periodic orbit satisfies that

21+ 62T5(Fy: 6)

T(Iy:L) = —T<r0,6> T(Fy;6) = —— - .
|a0(r0; 8) +80pay(Fy; 8)6y(Fy: 6)

(3.16)

with T (o, %) X [0, 6,1 — R and |75(Fy: 6)| < M.

This proposition is proven in Section 6.2.1. Notice that the inclination i(h) along the periodic orbit with initial condition
(', h) = (I,0), I = LFO, satisfies
1.0 2,0
cosh— 5% cos2h) + 0%, L' Iy).

cosi(h) = Fo + 6¢y(Iy; 8) —

1
=+ 1
2

14
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Fig. 6. On the left, for a = 29600, km, the approximated period Tapprox i (3.17) of the hyperbolic periodic orbits as a function of Hp, indeed, Hcp(0, I3,0,0) =
implies that (I3, 0) is the initial condition for the hyperbolic periodic orbit lying in that energy level. On the right, the absolute value between the approximated
period, Tawproxand the period computed numerically Tmum (with the obvious scaling). The quantities are in the unities of Remark 3.1. Notice that for Galileo,
& = 0.112002781052610 and the maximum error computed in the left panel is ~ 1.8 - 10~ which is (5?). The maximum error when the period is computed in
years is about 3 days.

Letting i, be such that cos iy = % + Iy + 86y(Fy; 6), that is, iy = 60° + O(f, §), one deduces that
10 U20
ith) = ip + 5% cosh+6

cos(2h) + O(8%, 6L Iy)

5 5
iy 0L 0 (2 2 -1
= iy +54398 - 10 (M) cos h +3.0638 - 10 (M) cos(2h) + O(8%, 6L~ Iy).
Compare with (66) in [16].

Remark 3.15. We notice that the dependence on L of the periodic orbit comes through the dependence on suitable functions with
respect to the “small” parameter §. In [12], the period of the hyperbolic periodic orbits are numerically computed by some values
of I'/L for Galileo (L = 1). Indeed, in Fig. 6 there is the comparison between the numerically computed value of the period and
the approximated value, Tapprox , given by formula (3.16) with Tz = 0, namely

Favwrox (o 1) = 2z (3.17)

ag(£o; 8) + 80 pa0(Fy; 8)¢y(Ly; 5)(

Remark 3.16. From definition (3.14) of 4,, we obtain that, if § is small enough

T(Fy;8)= == L+ O0) € (z + 0®), 27 + O)).

0+

3.3. Character of the periodic orbits of the full coplanar Hamiltonian

Our last result is the comparison between the stability of a periodic orbit of the coplanar Hamiltonian Hp and the stability of
the origin in the h-averaged Hamiltonian belonging to the same energy level (see Corollary 3.12).

In order to analyze the character of the periodic orbits, we denote by Xp the vector field of the Hamiltonian Hcp. For
(0, I'(t; L), 0, h(t; L)), a periodic orbit with initial conditions I"(0; L) = I}, and h(0; L) = 0, the variational equation around the periodic
orbit is given by

2= DXcp(0, I'(t; L), 0, h(t; L))z.
Let @&(t; I, L) be the fundamental matrix satisfying the initial condition @(0; Iy, L) = Id. The monodromy matrix is defined just by
&(T (Iy; L); Ty, L) (3.18)

with Iy = I'(0; L) and T (I}); L), the period of the considered periodic orbit. Since Hp is a 2-degrees-of-freedom Hamiltonian, the
eigenvalues of the monodromy matrix are of the form

(e(Tos L, (uep(To; )™ 1,1)). (3.19)

We are interested now in comparing the eigenvalues of the monodromy matrix with the ones coming from the constant linear
part around the origin of H,y, the h-averaged Hamiltonian (2.18). That is, we want to compare ycp with e*av” where 1,y has been
analyzed in Proposition 3.4.

15
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n . . . . .

61 Q 0:l E) 5 Q,G)
Py s i\ \5*'\0 o
Hcp

Fig. 7. The value of ycp (the eigenvalue greater than 1) as a function of M, for the hyperbolic periodic orbits. In orange, the numerical computations performed
in [12], and in blue, the corresponding approximated value y(colﬂ in Theorem 3.17.

In the following result, we provide a first order (up to an error of order ()(53/2)) approximation of the eigenvalues of the
monodromy matrix.

Theorem 3.17. For L€ (0,L, Jand I' € (0, %), we define

Ly = LEG(F:6) := L(F + 66,(1":6)). (3.20)
with ¢, defined in (3.14) and & = pa® L*. We also introduce
3p 2
WO L) = exp(TOW; Day (15 D), 7O L= 20 22 (3:21)
417 |4 Is
ao( ;0)

where 4, is defined in (3.14) and A,y (I'; L) (see Proposition 3.4) is an eigenvalue of the linearization around the origin of the h-averaged
Hamiltonian H ,y for constant values I, L.

Then, there exist 5, > 0 small enough and a constant C,, > 0 such that, if L € (0, L), Iy = LT, o satisfy (3.13) and 6 = padL* € [0, 8ol
we have that

luce(Tys L) = g (T (s L): L)| < €82,

where pucp(Iy; L) is an eigenvalue of the monodromy matrix in (3.18) (see also (3.19)) corresponding to the linearized system around
(0, I'(t; L), 0, h(t; L)), the periodic orbit of Hcp with initial conditions I'(0; L) = I}y and h(0; L) = 0, given in Theorem 3.9.

The proof of this result is postponed to Section 6.2.2 and relies on a first order perturbation analysis.

Corollary 3.18. For any [ € (0, %) there exists &, > 0 such that if L, I, = [L satisfy (3.13) and 6 = pa’L* € [0,5,], then the
periodic orbit with initial condition I}, = T oL is of saddle type if I 0 € (I ), r ' (8)), with I . (8) defined in Theorem 3.2, and of elliptic
type otherwise.

In addition, there exists &, > 0, uniform for I}, € { % } u (o, %] u [m, %), such that the periodic orbit with initial condition Ty = LI} is

of saddle type if [y = 5 and of elliptic type if I, € (0, %] U |m, %)

This result is a direct consequence of Theorems 3.17 and 3.2.

The theoretical approximation result in Theorem 3.17, agrees with the ones computed numerically in [12]. Indeed, in Fig. 7,
we present the comparison between the first order approximated eigenvalue ;48: and the numerical computation of ucp performed
in [12]. The analysis is restricted to values of I}, close to % ~ 0.058257569495584 so that the periodic orbit could be (and from the

numerical point of view is) hyperbolic.
Remark 3.19. By Corollary 3.12, we obtain that
Hep(0. T, 0,0) = Hay (0. TS (Iy: L), 0) + O5%)

with I é?,) defined in (3.20). Therefore, as a straightforward consequence of Theorem 3.17 we conclude that the eigenvalues of the
monodromy matrix of a periodic orbit of period 73 lying in an energy level E are well approximated by ¢’E*E with iy an eigenvalue
associated to the origin as critical point of the h-averaged Hamiltonian in the energy level {H,y = E}.

16
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Fig. 8. Approximated value of the eigenvalue greater than 1 associated to the monodromy matrix as a function of the value L~'T" of the periodic orbit at the
section i =0. On the left, for the Hamiltonian M, at the energy level Hp(0,1,0,0) and on the right the corresponding one for the h-averaged Hamiltonian at
the energy level H,y (0, I',0). Note that the range of L™'T" in the two cases is different.

Table 4
The values of f(('k). For k =3, I"\l?) =1/2 and for k > 4, the values

of f(ik) are out of the interval (0, %)

k Gl

0
1 0.189897948556636
2 0.338516480713450

Note, however, that, in terms of the initial condition of the periodic orbit, namely I'(0; L) = I}, the information about the
eigenvalues of the monodromy matrix associated to a periodic orbit with initial condition I}, of the full coplanar Hamiltonian
comes from the h-averaged Hamiltonian corresponding to the corrected value of the parameter I" given by I’gg(l" v L) in (3.20). To
show this discrepancy, for L = 1, in Fig. 8 they are represented the eigenvalues of the monodromy matrix associated to the periodic
orbit with respect to the initial condition I'/L as well as ¢’ /3D4av(I:1) the eigenvalues of the linearization of M,y corresponding
to the same parameter I'/L.

For Galileo, which corresponds to Hcp = 0 and semi-major axis a = 1 (in the normalized units). The value f“o = 0.058788134221194
corresponding to the initial condition Hcp(0, L},0,0) = 0, can be numerically computed. Then the corrected value for I is
0)(1‘0; L) =0.079342370619096. Therefore, we have that the approximated eigenvalue is

(
TCP
PRI SN(Iy: Ly; L) = 1.610955038638576.

However, if the correction in I is not considered in the h-averaged Hamiltonian and the period is only approximated by the averaged
Hamiltonian, we obtain

AavUTpDTToL) = 2 038395173606618.

Therefore, the difference between the eigenvalues of the monodromy and the corresponding orbit in the h-averaged system, namely
with the same initial condition I, cannot be a priori neglected.

The last result of this work can be seen as a refinement of Theorem 3.17. It gives a more accurate bound for the eigenvalues of
the monodromy matrix for the most part of the values of L, I},. In order to state such a result, we introduce the values fék) € (0, %)
satisfying that

2z

) kN2 —
a(i—*\To)ll_l6FO —ZO(FO ) |—kﬂ', k—1,2 (3.22)
0\%p ~

That is |1 — 16f(§k) - 20(fék))2| =2(1 +2f(§k))k. These values, fék), can be analytically computed (see Table 4 for the numerical value)
because they are the zeros of suitable polynomial of degree 2.
We also introduce the constant C; defined through (3.5) in Theorem 3.2, as

5UL (m + 3)V3 - 2m — 4m?

C .2
0 3(16 + 20m) (3.23)

in such a way that I',(L)L™! = g F Cyd + O(6?). We recall that Ay (I, (L); L) = 0.

Lemma 3.20. There exists 5, > 0 such that if L satisfies that 6 = pa®L* € [0, §,] then, there exist I®¥(L), k = 1,2 such that
o (r®(L); L) = (=Dk,

17
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where T'W(L) = LI'W(5) (with § = pa3L*) satisfy
@) - 1P < M,
with the value f" (k) defined by (3.22) (see also Table 4) and the constant M is independent of L.
In addition, lf either I' # I'O(L) or I # I',(L), then ;4(0)(1" L)+ +1.
This lemma is proven in Section 6.2.3.
Theorem 3.21. Assume that we are under the conditions of Theorem 3.17 and denote I’ (0)(1“0, L)= F(O)(I" 0:6), as in (3.20).
Fix C € (0, Cy) (see (3.23)), v € [1,2] and consider the sets, for k = 1,2, defined for 6 > 0 as
10) = {o €R,

m
- —FCyo
o 7 ¥

~ 1+v
< c&V}, 1%(5) = {a eR |o-1}Y| < c(s%}.

There exists a constant C,, > 0 and &, > 0 small enough, such that, for § € [0,6,], if I, (0)(1’0, ) &I, (0) HCX, ISU ®)u 152)(5) then
|uce(Tys L) = k& L | < €577

As a consequence when I')(1:6) ¢ I(O) ) U1V U 17 (5), then
|Hep (o L) = i (rey s L L>1 <8

This result is proven in Section 6.2.4.
The remaining part of this work is devoted to prove all the results stated in this section.

4. The circular critical points of the h-averaged Hamiltonian

In Section 4.1, we rewrite the averaged system in a more suitable way to analyze the critical points. This new expression will
be used both to study the circular critical points and the eccentric ones. After that, in Sections 4.2 and 4.3, we prove Theorem 3.2
and Proposition 3.4 respectively.

4.1. Rewriting the h-averaged system

We start with the h-averaged Hamiltonian in slow-fast Delaunay variables (y, x). That is, we consider (see (2.20))
Huay (I, x; L) = Hy(, T3 L) + e Hpy 1 (0, T, x5 L)

_ P Y-yl =37 3&[1

1
= T o2 U Dy (v, ) + 5UQ"’D,,O(y, F)cosx].

272

with Dy, and D, as given in Table 8. In order to rewrite it in a more concise form, we introduce the following polynomials in
(y, I'), which depend implicitly on the parameter L,

Py(y, ) =y*—6yl =317, Oy L) =L - 12y7)y°,
P(y.I =0-DGy+1D), 0,(y3.T;L) =Q@y+I)(L-2y(L+2y)y°,
and their derivatives with respect to y,
Pi(y,I) =2(y-3D), O,(»; L) = 15(L = 2y)(L +2y))%,
Pl(y.I) =2Qy-1), Q. I5L) =y |3(L =2y)(L +2y)@dy + ) - 8y*By + I)|.

Hence, the h-averaged Hamiltonian as well as its derived equations of motion can be written as follows

Hay O I35 L) = 128 L4y5 (Ao )+ & VPG TIA . T L cosx)
and

S S S

=TT e [ VPGB0 ay. T3 1) + o By (3, T L cos x]

4.1)
v= 128 L4 5\/P1T¢41(J’,F L)sinx,

where the functions
Ao = Py (L+0dy0Qy).
Ay =4d,0y,
By, = 10P) (L +a?dyQy) — 2y(L + &> dyQp) Py — 2> yd Py 0},
By =d;(10P,Q; — yO, P/ - 2yP, Q")

18
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are polynomial in (y, I'), with

P1 1,0 P1
dy =202 g, =20U02L (4.2)
0 2 )y 1 2 o
and we recall that
Uy’ =0762646, U0 =0547442,  p:= 21 1762157978551987 - 10718, (4.3)
Po
To analyze the circular critical points (i.e., at e = 0), we work with Poincaré variables. In this case, the h-averaged

Hamiltonian (2. 18) as well as its derived equations of motion can be written as follows

Hav(Em = 135 715 (Aoa + @ VROLE 1)
and
N S _ 3 _
f= ST U | VPiBo, — 8ya’d PO, +a* By x (&2 = )|
1 po 4.4)
— e — 2_
512L4y \/—[\/_BOa+8yadPlQ1+aBl><(‘}: '])]
with
B £_ §2+”2
y= 5 2 s
and
0,= =2~ Layi oy,

T4y 2

0 %yz 3L +4y) + 2y(15y + 4I) |,

B, = d,(10P,0, - yO, P —2yP, Q).
For future purposes, we also decompose

Byo = By+a’B, (4.5)
with

By = L(10P, - 2yFy), B, = dy(10P\Qy — 2yQy Py — 2yPy Q).

We recall that a,,,, = 30000 km is the maximum semi-major axis we are going to consider and that a;, = 6378.14 km (the radius of
the Earth) is the minimum one.
Along the proof of the results this notation will be used extensively without an explicit mention.

4.2. Circular critical points: Proof of Theorem 3.2

The origin, (¢,7) = (0,0), is clearly an equilibrium point of system (4.4). To prove the statements in Theorem 3.2, we only need
to study the linear part of the averaged system at the origin and elucidate the values of the parameters L, I" for which the origin is
either a saddle, an elliptic point or a degenerated (parabolic) fixed point.

We observe that, since

y=y&n = ———(éf +17)

satisfies y(0,0) = L/2 and 0,)(0,0) = 9,y(0,0) = 0, the variational equation of the averaged system around (§,7) = (0,0) is
z = M(I'; L)z where

o 0 —X'(I'; L)
M(F,L)—g(L)< X D 0 ) (4.6)
and
__Po
g(L) 3L10
sr-my=n (L r. sg (L r L o £
X(F,L)_Bo(z,F,L)+aB1(2 +4adL\/Pl(2,F)Q1 %,
L 3 L .\~ L
n . — = = =
X(F,L)—BO(2 FL)+aBl<2 405[1114/191(2,1F)Q1 3
Therefore the eigenvalues 1 of M (I'; L) satisfy
W =—gX ()X (T; L) - X"(I'; L) 4.7)
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so that, to determine the character of (&,7) = (0,0), we need to study the sign of the product X¢(I'; L) - X"(I'; L) with respect to the
parameters I', L. To this end, we perform the scaling

I'=Lo, with 0<0'<%
and compute X¢(Lo; L) - X"(Lo; L). One can check (after some tedious computations) that

Xé(Los L) = %E [ﬂ(L)a(o-) + 1—12d1a3L4b(a)]

3 1 (4.8)
AT Ty = 373 R S Yt

X'(LoiL)= 3L [ﬂ(L)a(o-) Sl b(a)]
with

a(o) = 1 — 160 — 2002, b(c) = 20 +3)V3 — 40 — 4062 (4.9)
(note that p(c) :=3—-40—462>0if0 <o < % andp(%) =0) and

dya’ L*
pL) =1+

Remark 4.1. Notice that the eigenvalues 4 = A(s; L) can be explicitly computed. Indeed, using (4.7) and definitions (4.2) and

(4.3) for dy,d, and p respectively
2

2 _ o 314 314
A= ~ 3561 [ae) + pa® LUc_(0)] [a(0) + pa’ L¥c, (0)]
with
UO,O UI,O
c.(0)= %a(o‘)i 32 b(o).

Lemma 4.2. Consider

X, (o; L) = f(L)a(o) + %d|a3L4b(a).

For L € [0, L], the function X, (-; L) is strictly decreasing for ¢ € (0, %) and X_(-; L) is strictly decreasing for ¢ € (0, %)
Moreover, there exist two functions o, : [0, L,,] = (0, %) such that for any L € [0, L,,] X,(o; L) = 0 if and only if 6 = 6,(L). In

addition, o, (0) = % and for L >0

cmreo8). mme()

where m, defined in (3.4), is the slope of the prograde resonance (see also (2.12)).

Proof. First we notice that a,b are decreasing functions for ¢ € (0, 1/2). Indeed, we only need to compute

2 3
a,b(c) = —8& <0
V3 — 45 — 462
(for a is obvious). Therefore, X, (c; L) is an strictly decreasing function (with respect to o) and has at most a unique zero. Using
that a (%) =0 we obtain that
X, (E;L> = Lol (ﬂ) >0
2 12 2
and

53

1 o1 1
X (-;L)< -) Laed 1t (-):—.744 70111437 < 0,
. (3 _a( + 354 b(; 3.744000070111437 < 0

4 max —max

with a,, = apac/aum, and by Bolzano theorem we obtain the conclusion for X,.
Concerning X_(o; L), we have that

X (%;L) = —édlaﬁL“b (%) <0

and

3,4
X_(0:L) = p(L) - %dla3L43\/§ =1+ “4L (do —d, \/5)
Therefore, since d, — d, V3~ —17.4387p < 0,

a3, L
X0 L) > 14 e (do —d, \/5) > 0.477808830620940 > 0.

20
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Again there exists 6_(L) € (0, %) such that X_(6_(L); L) = 0. In addition, one can easily check that 9,X_(¢; L) <0 if 6 € (0, %) S0
that ¢ = 6_(L) is the only solution of X_(s; L) = 0 belonging to (O, %)
To finish with this analySIS, we point out that, for ¢ € ( > ;)
X_(c; L) = p(L)a(o) — Edlw 3L%(c) < 0

provided A(L) > 0, a(s) < 0 and b(s) > 0 if o € (g %) O
From formula (4.7) of the eigenvalues and the previous lemma, recalling that I" = Lo, we have that

» If either I' € (0, Lo_(L)) or I" € (La+(L), %), then (&,7) = (0,0) is a center equilibrium point.

* If I' e (Lo_(L), Lo (L)), then (&,n) = (0,0) is a saddle equilibrium point.
+ Using that X, (-;L) and X_(:; L) are not zero simultaneously, we deduce that, when I' = Lo_(L) or I' = Lo, (L), then
(&,1) = (0,0) is a degenerated equilibrium point with nilpotent linear part.

Therefore, in order to prove Theorem 3.2, we only need to prove the expansions of ¢,(L) in (3.5). Indeed, o, (L) satisfy

X, (0, (L); L) = f(Lya(o,(L)) + édloﬁL“b(ai(L)) =0. (4.10)

We rewrite condition (4.10) in a more suitable way. To do so, denoting 6 = pa’ L*, we introduce the functions

UO,O SUI,O
A.(0:6) :=a(o) <1 + %5) + 32 5b(o),

which are smooth for (¢, §) € (0, 1 ) %(0, ). Then, by the definition of dj,,d; in (4.2) and also (4.3), we have that, X, (c; L) = A, (0;6)
so that expression (4.10) is equivalent to

A, (6,(L);8)=0
Since A, (%;0) =0 and
m m
0,A, (5,0) =0,a (5) = —16—20m # 0,
by the Implicit Function Theorem, o, (L) is, in fact, a smooth function of 6 = pa® L*, namely 0,(L) =6,(6) with 5(0) = % Therefore,
0.(L)=6,(6) = + .6+ 05

with

A m, 00 10
- s+ (2 ’0) 1 m\ Uy U, m
€ = 08,00 = = =teram (2 (3) T ==50(5)

e L (my
“164+20m 3 2

Using that, by Lemma 4.2, X, is a strictly decreasing function (with respect to ¢) and that X_ is also a strictly decreasing function

ifoe (O, %), we conclude that &, are well defined for 6 € [O, pa,

max L] and the proof of Theorem 3.2 is complete.

4.3. Modulus of the eigenvalues: Proof of Proposition 3.4

We use, along this section the notation introduced in Section 4.2. We first define, from (4.7) and (4.8),

Mo L) = g2 [ﬁz(L)az(a) P )], (4.11)
with g(L) = si%’ ﬂ(L) d‘“ L and X, were introduced in Lemma 4.2. It is not difficult to check that
9, M(0: L) = 256L1 . [2ﬂ2(L)a(0')a (0) = 2L ()] (4.12)
256L1 . [ﬁZ(L)(16000 +19200% + 4326 — 32) + F2(L)(160(20 + 3)2)]

Therefore 9, M, for any fixed L, is a degree three polynomial such that its derivative has no positive zero (all its coefficients are
positive). That implies that d, M(-; L) can at most have one zero for any value of L. Since, by definition, M(c(L); L) = M(c_(L); L) =
0, by Rolle’s theorem, there exists o,(L) € (o_(L), c +(L)) such that o, M(o,(L); L) = 0. Moreover, since a( ) =0,

0,MO0;L)>0,  d,M (%;L) <0,
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we conclude that, for any L,,;, < L < L., the function M(c; L) has a maximum at ¢, (L). Therefore, for a fixed value of L,

+ on the interval [6_(L), o, (L)], the function 1,(s; L) = y/M(o; L) has a maximum at ¢ = o, (L).
* When ¢ € (0,0_(L)) the function 4/ ‘M(a; L)) is decreasing with respect to o

« and when ¢ € (a+(L), %), \/lM(a; L)| is an increasing function.

We notice that, from (4.11) and using that b is a decreasing positive function, we deduce that, if ¢ € (6_(L),0,(L)), then the
corresponding eigenvalues +A4(c; L) satisfy

po 3L3 3L e 3L43\/_ 15\/_.170 U003

374 4
0< Ao; L) <g(L)—d1a L'b(0) < —— 3L 24 oL U, pa’L",

with p = p, /p,. In addition, since A(o,(L); L) > ,1( (ﬂ) : L),

] 303 3.4 (m\ _ 5P 10 4 V3 —2m—m2.
A(a*(L),L)Zg(L)EdIaLb<E> U0 Lo m + V3 —2m—m

To finish the proof of Proposition 3.4, we prove the first order approximation for o,(L) and we compute an approximation of

A4 (o (L); L). From (4.12) and using that
0,0
pLy=1+6——.  pL)= 53U21 ‘, (4.13)

we deduce that 6, := o,(L) satisfies
00y’ 25
(1 + 5%) a(c,)d,a(c,) — 3(Uzl,o)z(;zb([;*)agb([;,ﬁ,) =0

We introduce the notation
25

y00\ 2
9 <1 +5%>

so that F(s,,5) = 0. Since a (%) = 0, we note that F (% 0) = 0. Then, by the implicit function theorem, ¢, := 5,(5) depending

5= U,"?%6%,  F(0.8) = a(0)d,a(0) — 5b(c)0,b(0)

analytically on § and, in addition, E*(E) = % + E;(O)g +0(@6") with

% (5:0) b(5)ab(%)  mesp

E;(O)=_06F(§,O>= [6521(%)]2 T T Amra

As a consequence o, (L) = E*(E), satisfies that

1.0
52 250,70 m(m + 37

9 dmiar &)

o, (L) = 8>k(5) =5

for some analytic function 5. Therefore, using that a( ) = 0, expressions (4.13) of p(L), B(L) and formula (4.11) for (A Lo 0)? =
M(o,; L) one can check that
[o-b

2
>]2 +06].

S1E

4
9LSg*(L)

(4, (0, L) = 29—5(Ui0)252b2 (%) 1462 25(U )’ |
Jd;a

o

w3

Therefore, using that g(L) z Lm

2
U2y (m+3)V3 = 2m - m2<1+5225 _0)2M+0(53)>

Ao L) = (1= m)(m +4)?

16L7
and the proof of Proposition 3.4 is finished.
Remark 4.3. We emphasize that the values of ¢,(L) are close to % = 0.058257569495584 which is the only positive zero of the

polynomial a(c)a’(6) = 16006> + 1920062 + 4326 — 32. This is because (L) ~ 1 for all the values of semi-major axis a considered,
meanwhile the range of values for f(L) goes from O(10719) to O(10~7). Therefore, the zeros of 9, M are close to the ones of a(c)a’(c).

Remark 4.4. As a consequence of our study, if we want to analyze the value of M(c; L) at some interval ¢ € [6,iy, O max] C
[6_(L), o, (L)], its minimum value is located either at ¢ = o,,;;, OF 0 = 6,,,-
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Fig. 9. These figures show 4,(c; L) > 0 as functions of ¢ for a = {10000, 15000, 20 000, 24 000, 29 600, 30000} km, when the origin is a saddle point (the units are

the ones made explicit in Remark 3.1).

Table 5

Values of ¢, and o, for some choices of semi-major axis a (km).

a

o_(L)

o,(L)

o.(L)

10000
15000
20000
24000
29600
30000

0.058130693719535
0.057294284878483
0.054201084378365
0.048177348389369
0.029613649805289
0.027639200647529

0.058384404707503
0.059218520762404
0.062272995357407
0.068087985206979
0.084971418151141
0.086680627913961

0.058257569492108
0.058257569455989
0.058257569273126
0.058257568831379
0.058257567158286
0.058257566962293

Remark 4.5. Using L = /ua and « = ﬁ, we write from (4.7), M(a;a) = M(o; y/pa) as

— 903 dga3L4\* 1
P 0 20y L 0 6,82
M(osa) = T56L1 (1 + ) ) a“(o) 144d1a L°b"(0)
2 2 10,4
- P 2 do@w?  dyah 1 5, . aOut
——W a (O’) 1+—3 —6 —mdlb (O’) 3
Ha 2ay, l6aM ay,
2 ) 2 3 4
" 20 L+ dow” GO Ldzbz(a)“3”4 .
25647 a’ 2¢%al, 1645, 14471 a8,
We have that 9, M(c;a) > 0 provided that, for a < a,,,,
2 2 4 24
_7_do w1 dop? s 3K @7 <o
ad a3ai/! 16a?w at a?w aﬁ/[

(the associated degree two polynomial has a unique positive zero which is greater than a,,,,). Therefore, for a

we have that

0< M(a;amin) < ﬁ(a; a) < M(O’; Anax)-

‘min <

a<la

We present now some numerical results. In Fig. 9 it is depicted 1, (c; L) > 0 as a function of ¢ for some values of a.
We can also compute numerically ¢, and ¢,. We compute o, using that X, (c,; L) = 0 and o, as the unique positive zero of

BA(L)(16006° + 192062 + 4326 — 32) + FA(L)(166(26 + 3)3).

We show its values in Table 5.

max

= 30000

To finish, in Table 6, we present the maximum value of the positive eigenvalue in the saddle case, namely 4, (c,.(L); L).
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Table 6
Maximum value of the positive eigenvalue associated to the
origin in the saddle case for some values of the semi-major axis

a (km).

a A (o (L) L)

10000 0.97568857909377 - 10~°
15000 1.79245437499162 - 10~°
20000 2.75966404251617 - 10~°
24000 3.62767259360406 - 10-°
29600 4.96876878785117 - 10~°
30000 5.06982657623624 - 107

5. Eccentric critical points of the h-averaged system

We devote this section to prove Theorem 3.7 and analyze numerically the results obtained in this theorem. Along this section,
we will use the notation introduced in Section 4.1 without any explicit mention.

The first step to compute the location of the equilibrium points of the h-averaged problem (4.1) is to analyze the equation y = 0.
It implies that a fixed point exists if it satisfies one of the following conditions:

x=kn, k=0,1 or +/PQ,=0. (5.1)
However, since we are assuming that y € (0, L/2) the latter condition cannot happen. That is, all critical points of (4.1) must be of
the form

(km,y) with ye(0,L/2).

For given L and I', Eq. (5.1) implies that an eccentric orbit can be a critical point if it satisfies the condition x = 0,x. The
location of the critical point (equivalently its associated eccentricity for a given I') is obtained by solving the equations

VP (3. DBy, (v, ;L) +a*By(», I3 L) =0, for x =0,
VP (. DBy, I L) — a* By (3, ;L) =0, for x =z,

where P;, B, and B, are polynomials. Notice that they are roots of the following polynomial in (y, I')

(5.2)

Py (v, )(By oy, T'; L))* — a®(B, (y, I'; L))* = 0.

5.1. Existence of eccentric critical points: Formulation of the problem

To prove Theorem 3.7, we have to analyze the existence and character of the fixed points of the form (0,y) and (x,y) with
O<y< %

First, let us now rewrite condition (5.2) on the fixed points. Using the decomposition in (4.5), the condition (5.2) can be rephrased
as
3 By, I'; L) _

VP, I)

where the sign + corresponds to x = 0 and the — sign corresponds to x = z.
We introduce the scaling

F.(, T3 L) := By(y, [ L)+ B (3, ;L) + 0 (5.3)

y=1LJp, I'=ys=Lys.

The values of the variables and parameters we are interested in are 0 < y < %, Apin < a<ap,, and s € (0, %)

We rewrite F in these new variables (s, ), namely f’i(s, $; L) := F.(Ly, Lys; L). Tedious but easy computations lead to
Fo(s, 91 L) = — 6L752(55% + 85 — 1) + 12dga® L7 97 (45% — 55 — 1259 — 55%)
2 Q2 2
i4d1a3L7j15 3+ 5)(129~ — 859~ — 57)
V3 —-2s5—52

where d;, and d, were introduced in (4.2). We define

G.(5, 3 L) :=55 + 85 — 1 +2dya’ L*7* (557 + 1255 + 55 — 45%)

2 2 194
£ 2d, LA (3 + $)(s? + 8s¥ 12y2)‘
3V3-25—52

Then, recalling that y = Ly and I" = ys = Ljs,

Fon T30 =0 Fo(s, 5, L) =0 & G, (s, §; L) = 0. (5.4)
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(5.5)

The function G, can be expressed as
G.(s,9: L) = a(s) + 2a° L* p[b_ ()5 + €. (5)5°]

with

a(s) =55 +8s—1
1.0
200,73+ ) 2

b (s) = 10U s(1 + 5) =
3y/3 25— 52
20U,°(3 +5)

—2 (85— 12).

e, (9)=8U2@s -1z
- ? 3V3-2s5- 52

Lemma 5.1. The functions a, b,, c, are strictly increasing functions at [0, %] As a consequence, for ,L > 0, we have that

0,G,(s,9; L) > 0.
In addition, a(m) = 0, a(s) <0 if s € [0,m) and a(s) > 0 if s > m.

Proof. The statements related to a are immediate. We compute now d;b,,d,c,,
259 —4s2 = 5)
= 10U2°(1 + 2s) + 20U,
d;b,.(s) = 10U, (1 + 2s) + 20U, 3625
8s?

0,c,(s) =240 zo0u 0 —— =2
’ ? ? 3(1—5)V3—-2s—5s2

The function s(9 — 45> — 5%) is an increasing function for s € (0,0.7) provided
9-12-0.7-4-.0.7° = 1.748 > 0.

Therefore, denoting s, = 0.35, if s € (0, s,],
1,0 25(9—4S2—S3) 1,0 25*(9_453 _Si)

+20U. <
2 3(3-2s—s2)3/2 2 33 -2s, —s5,2)3?

=6.731992451918273.

Since IOUS’0 = 7.62646, we conclude that d;b, (s) > 0 if s € (0,5,]. When s € <s*, 2],
_ 42 _ 3
+20U,° 25O =457 =5 | _ 15 414817621987043
3(3 — 25 — 52)3/2
and 10U5°(1 +2s) > 10U5(1 + 25,) = 12.96498200000000. Therefore, we conclude that d,b, (s) > 0 if s € [o, %] On the other hand,

if0<s< i, then

<3
2
F20U, o 8  |< 200, 2 11.035393441766260
3(1-5)V3—2s—s2 % %

and 24U, = 18.303504. Therefore d,c, (s) > 0.
When s > 0, d;a(s) = 8 + 10s > 0 and thus 9,G, (s, y; L) > 0 provided y, L > 0. O

5.2. A preliminary existence result
The next step to compute the eccentric critical points is to solve the equations in (5.4). We look for zeros of the functions G, in

S.
Lemma 5.2. Let L be satisfying 0 < L < L,.,,, L = +/ua, and
(5.6)

Pmin = —M—0116589071022807
ymm - C+(m) - Y '

We have that G, (m, §,; L) = 0 and
1. Forany 0 < y < %, there exists a unique analytic function s (; L), which belongs to (0, %m), satisfying G, (s, (L), 9 L) =0. In

addition, for p.;, <y < L the function s_(; L) belongs to (m, §m> and when 0 < § < 00, s, (93 L) € (0,m).
2. Forany 0 <y < %, there exists a unique analytic function s_(§; L), which belongs to (ém, m), satisfying G_(s_(9; L), §; L) = 0.
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Proof. To prove the existence of solutions of the equation G, (s, y; L) = 0, we fix , L (or a) in the ranges 0 < y < % and 0 < a < apy,
and we use a Bolzano argument (with respect to the s variable).
We deal first with the + case. Since b, (0) =0,

C4(0,9; L) = =1 +2a° L*$°¢, (0).

It is clear from the definition of ¢, that ¢, (0) < 0 so that G, (0, ; L) < 0. For fixed L, now we prove that the function G, (%m ¥ L)
is positive. We introduce

C.() =G, (%m,ﬁ;L) —a+2d°L% [i)j +é+§15]

with
d=a (%m) = 0.550909166052992, b, =b, (%m) = 1.784508217583372, (5.7)
& =c, (%m) = —78.794344798569341. (5.8)

For a fixed L, the function C,(y) has the minimum value either at the points j = 0,9 = 4/ 753;* = 0.116570155823739 or j = %
+
Evaluating at these points, we obtain that C,(0) =a > 0, from the fact that €, < 0:

_3b 6b2 | —3b
C, —*|=a-2410—= >0
5¢, 25¢, Sc,
and finally, using that 4b, + ¢, <0,
1 1~ NNTLEN
Cp(5) =a+aLip b, +8) 28+ p b, +¢,) 59
2 16 16a3,

=0.014481715549738 > 0.

The previous analysis proves that
o 3 .
G.0.5:1)-G, (5mF:L) <0

and therefore, there exists s, = s, (57 L) € (0, %m such that G, (s,,5; L) =0.

By Lemma 5.1, 9,G, (s, L) > 0 so that, for fixed y,L, s, = s,(J; L) is the unique solution of G (s,y; L) = 0. By the implicit
function theorem, the dependence on , L of s, (§; L) is analytic.

To finish the result related to the + case, we consider now

Gy(m,$; L) =20 L*p [b, (m)3* + ¢, (m)7"] .
Notice that its sign does not depend on L. We have that
b, (m) = 1.085189654741836, ¢, (m) = —79.834380790596938.

Therefore, for 0 < $ < Pin» G4 (m, ;L) > 0 and when § > .., then G, (m, $; L) < 0. We conclude that for any 0 < a < qa,, and
Pmin <P < % the function, s, (5; L) € (m, %m) and when 0 < § < y,,;,, we have that s (§; L) € (0,m).

For the — case, we proceed analogously. We study the function G_(m, $; L). Using that a(m) = 0,
G_(m, $; L) =2’ L*p [b_(m)5 + c_(m)"]

max

with

b_(m) = 0.899076688965464, c_(m) =71.897315415767750,
and hence G_(m, $; L) > 0 provided J, L > 0. Moreover, we have that

a (%m) = —0.616290933136957,  b_ (%m) = 0.357833740529904 (5.10)
and

( 2

c_ gm) = 70.608271414680971. (5.11)

From these values we have that

. (%m L) <G (%m %; Ly ) = —0.076994095997652 < 0.

As a consequence, for any 0 < y < Lando<acx Amax, there exists s_ = s_(§; L) € (%m, m) such that G_(s_, ; L) = 0. Then, for fixed

9, L, since by Lemma 5.1, 9,G_ > 0, s_(y; L) is the unique zero of G_(s, §; L) and by the Implicit Function Theorem s_ is an analytic
function. [
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Remark 5.3. We stress that if the semi-major axis a — oo (that is L - ), C, (%) in (5.9) is negative provided 4b . +¢, <0.In
order to be a negative quantity, the maximum semi-major axis has to satisfy

a 164 a3
[4b, +¢C,|p [4b, + &, |pu?

that corresponds to a < 1.018927642887850 in the units specified in Remark 3.1. This fact leads us to think that a,,,, is (almost) the
optimal value for our arguments to be true.

Lt <

1/5
> = 30160.25822948035 km,

Remark 5.4. We have that b,(%m),c,(%m) > 0. Then for semi-major axis satisfying
1

5

16a(%m)a?w
= 29700.20301662558 km

as|- 1 1
M2P(4b_(§m) +c_(3m)
(corresponding to a < 1.003385237048162 in the units in Remark 3.1) we have that g‘,(%, 9; L) < 0 and therefore s_(§; L) € (%m)

A straightforward corollary of this preliminary analysis is the following result, see (5.4).

Corollary 5.5. Let a be a semi-major axis satisfying 0 < a < a
analytic functions I, (y; L) such that
I'y(y;L)
my

max- Ther, given LY . <y < % with L = \/ua € (0, L,,,], there exist two

c (1%) %y“ c (%1) Fo0.To(v: L) L) = 0.

For y, L fixed, I'y := I',(y; L) are the unique solutions of F,(y, I'y; L) = 0 belonging to (O, g) We also have that o F.(y, I'; L) < 0 for

re (0%)

Proof. For the existence and regularity of I',, we only need to define I',(y; L) = ys,. (% L) and to apply Lemma 5.1. In addition,
using (5.4), we have that

oL =7, (L. 2.0) =-6ry’g, (L. 2.1

= “\y L “\y L

and then

0rF.(y, T L) = -6Ly*9,G, (5, %;L) <0,

- “\Y

where we have used that, by Lemma 5.1, 9,G, (s, ; L) > 0. [

Corollary 5.5 proves the existence of critical points. However, we cannot elucidate neither the range of the parameters I', L for
which they exist nor how many critical points the system possesses for given values of the parameters. To do so, let us study the
functions

A I.(Ly; L)
b L) = -
+(P L) T
where s, (; L) are defined implicitly by the equations G, (s, L) = 0 (see Lemma 5.2). That is G, (s, (9; L), 5; L) = 0. Therefore,
writing s, = s,(J; L) and taking the derivative with respect to y in the equation G, (s, ; L) = 0, we have that

050, (54, 9: L) +0,G, (5. §: L)ys,(5: L) = 0.

=Ps, (9 L),

We recall that by Lemma 5.1, 9,G, > 0. This fact allows computing d;s..(9; L) in terms of s, and, consequently,
%11()7; L) = 5,9 L)+ 993s.(P; L)

1 ™ & — 50 e
= m [542(9; L)0,G (s, $; L) — $0;G, (54, ; L)] . (5.12)

We want to study the possible changes in the sign of 0911 . We notice that, following the same kind of computations,
010, (sy, 9 L) |

0, () L)y=——2E"" "5
(P L) 3., 1.5 L)y

(5.13)
Remark 5.6. Notice that the value j,;, defined in Lemma 5.2 satisfies that §,.;, < J., the collision value j ., in (3.10). For that
reason, from now on, we will restrict our analysis to values of j € [ﬁmin, %)

As we will see below, it turns out that the analysis of the functions I , and I'_ are quite different, being the corresponding to
I"_ more involved.

We start with the result for the fixed points of the form (0, y), which corresponds with the + case, in Section 5.3, and we postpone
the study of the fixed points of the form (z, y) to Section 5.4.
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5.3. The fixed points of the form (0, y)

For any L, < L < L, we define

min =

I = §im = 0.013584391815073,

min
. ~ (1 1 1
D=1 (3:0) = 354 (371):

We emphasize that, by Lemma 5.2, s, <% L) (S (m, %m) and therefore

It (Le [%m, %m] =[0.058257569495584,0.087386354243376]. (5.14)

max

Proposition 5.7. The function I'* (L) is strictly increasing on [L,,, L,x) and therefore

max

It (L) €T (L), I (Lina)] = [0.058270961487710,0.086680627913961]

where these values have been computed numerically.* Moreover,

M@ Ly el I+ (D), foral fp, <9< %

min’ ~ max

and I'*(-; L) is an injective increasing function.
With respect to the equilibrium points, for any L € [L,;,, Ly,

1. If I ¢ [t [+ (L)), system (4.1) has no fixed points of the form (0, L§) satisfying 9, < § < % and I (0, %j})

min’ ~ max
2. Ifle [fm+m, I+ (L)), there exists a unique $, = §,(I"; L) such that (0, Ly,) is a fixed point of the system (4.1). In addition, $,(-; L)

is a strictly increasing function.

Proof. We start with the statement related to fm+ax. Using (5.13), we have that
0,4 (s+, %;L)

20,G, (s+, L L)

o F* (L)=0, " (%;L) =

max
The sign of 9, G, (s+, %; L) is the sign of b, (s,) + £c+(s+) (see definition (5.5)). Then, since by Lemma 5.1, b_,c, are increasing

functions and by Lemma 5.2, s, € (m %m)

b, (s,) + %ch(er) <b, (%m) + %ch (%m) <0,

where we have used (5.7) and (5.8) to estimate b, (%m) + ic+ (%m) Therefore, d; G, < 0 and, using that 9,G, > 0 by Lemma 5.1,

or+ >0.

max
Now we prove the rest of the properties. We write

093G, (5, 9; L) = 20 L*p [3b, ()77 + 5¢,()7"] -
By Lemma 5.1, b, c, are increasing functions and, by Lemma 5.2, s, € (m, %m) Therefore, for s € (m, %m),
050 (5, 9: 1) < 20°L4p [3b, (3m) 4 3¢, (3m) ]
Using the values of b, <%m> ¢y (%m) in (5.7) and (5.8), if
3b, (§m>
B 5S¢, (%m

we have then 9;G, (s, $; L) < 0. In particular, the same happens if > J,, (see Lemma 5.2 for the exact value of ;). As a
consequence, from (5.12), 0ﬁf“+(ﬁ; Ly>0if ppyy <9 < % and L, < L < L, so that f+(~; L) is an injective (strictly increasing)
function for any fixed L € [L,, Lyax])- The range of values of I', for a given L is then

<>
v

=0.116570155823739,

PG 1) € [ oG D1y (351

4 Notice that there is not a significant difference with the estimates in (5.14).
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We notice that, since G, (m, §;,; L) = 0 (see Lemma 5.1),
Iy Grins L) = FuninS4 Grnin; L) = P = 7.
For a given L, let 5,.(I'; L) be such that
LoD D=1
It is clear that ,(-; L) is an increasing function and it is defined for I" € [I};,, ['¥, (D). O

max

Remark 5.8. If we want to control the range of I for Voot <P < %, we notice that, since f“+(-; L) is an increasing function, the
“new” I'*. = I* (L) = I';(yoor; L). Then, since I’y (§eors L) = PeorS4 Feots L)

- R ~ 3

it (De [ymlm, ymlzm] = [0.035912783574701, 0.053869175362051].

We emphasize that I, (., ) is also an increasing function. Indeed, writing s, = s, (J; L), the sign of —d; I, (§; ) is the sign of

) 3\, o (3
by (5,) + e, (s,) < by (Sm) +32e, (Sm) = =5.701123730321832 < 0

where, again, we have used (5.7) and (5.8) for b, (%m) and c, (%m) Therefore, we numerically obtain that

£ (L) € 1, Weor: Lunin) s ot Lmay)] = [0.035913449550478, 0.037427016836718].

We notice that in this case, the numerical computation induces a more accurate range of values of fr:in(L).

5.4. The fixed points of the form (x,y)

Now we pay attention to the — case. In this case, I"_ is not an injective function and for that reason, for studying the behavior
of I"_, we must control the existence of critical points, namely the values of §, L such that aﬁf_(y; L) = 0. To this end, we introduce
. H(s_,y; L)

H(s,9; L) :=s50,G_(s,9; L) — y0,G_(s,9; L), 0,I_(J; L) = ——————— 5.15

(s, ;L) 1= 59,G_(s,9; L) — $9;G_(s,9; L) 5 I_(9; L) 3065 D) (5.15)

with s_ = s_(9; L). By the uniqueness statement in Lemma 5.1, we have that ¢_(s, $; L) = 0 if and only if s = s_(J; L). Moreover
s_(; L) e <§m m). Therefore, the equation

o I_(§; L) =0

is equivalent to the existence of solutions of

H(s, 9, L) =0, G (5,9, L)=0
min? Lmax]'
From expression (5.5) of G_, we write the system in a more suitable way
H(s, 9; L) = a(s) + 2a° L*p[b()7* + ©(5)7°] = 0
C_(s.9: L) = a(s) + 2a° L*p[b_(5)7" + ¢_(5)7°] = 0

under the restrictions s € %m,m > ¥ € | Pmins %] (see Remark 5.6), L € [L

(5.16)

with
a(s) = sd,a(s) = 2s(5s + 4)
20U, 752(s? + 45 — 3)
3(1 —5)V3 =25 —s2 (5.17)
80U, *(85% + 552 — 605 + 45)
3(1 —s)V3—-2s—s2
Hence, in order to solve system (5.16), we write from the second equation

a(s)
b_(5)5% + c_(5)5°

b(s) = s0,b_(s) — 3b_(s) = —10U5"s(s +2) —

€(s) = s,e_(s) — Se_(s) = 8US (5 — 125) —

2a3L4p =-

and substituting this value into the first equation, we obtain that

Mg Ly = PO a9b(s) + 5 (As)e_(5) — a(s) _
B b_(s) + c_(5)2 =

so that
5 _ a(s)b(s) — a(s)b_(s)

a(s)e_(s) — a(s)e(s)
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Fig. 10. On the left, §,(s) and on the right a,(s). Only the values of s such that j,(s) € [0, %] are considered. In this figure, the semi-major axis a is measured
in km.

Therefore system (5.16) has a unique solution for those values of s € (%m m) such that the following restrictions hold

1
a(s)b(s) — as)b_(s) \ 1
a(s)e_(s) —a(s)es) | ~ 27

1
3 5
P . a(s)aM <
Amin < a=a,(s) 1= < Gpax-

)A’min < j>= j\’*(s) = <
(5.18)

" 212p(b_(5)53(s) + €_()53(5))

Lemma 5.9. For those values of s such that 9,(s) € ( Pmins %], 9.(s) is an increasing function and a,(s) is decreasing. Defining implicitly

Smin and sgp., such that

X 1
a*(smin) = Gmax» y*(smax) = 51

we have that, for s € [syin, Smax b I'_(9; L) has a unique critical point at (§, L) = (J.(s), L,(s)) with L,(s) = \/ua,(s). The values of s,
and s, and L, (Spa), 9. (Smin) can be computed numerically:

=0.096577225237580, Smax = 0.096796816334740,

Smin
and then a,(s,,,) = 23893.56218133389 km,

L.(s 97590.90325766560 km? /s, Vo (Smin) = 0.397273020602216.

max) =

In addition, if L € [Ly,, L.(5;,x)] there are no critical points of I'_(-; L) belonging to [ymin, %)

Proof. One can perform an analytic thorough study of J,(s),a.(s) as a function of s. However, we have preferred just to draw
the explicit functions J,(s),a,(s) in order to convince the reader about this result. For those values of s such that §,(s) € R with
0<P.(s) < %, we draw the corresponding semi-major axis a, see Fig. 10.

These figures illustrate that indeed j,(s) is an increasing function of s meanwhile a,(s) is decreasing.

If we only consider the values of s such that ,(s) € [JA’mm’ %] and a,(s) € [@pin. 9max] (Which are the ones we are interested in)
we observe the behavior in Fig. 11.

Summarizing, for the values of s, S in the lemma we have that for any s € [s

3T (5,(5); L,(5)) =0

with L,(s) = \/ua,(s) and ,(s), a,(s) defined in (5.18). In addition, these are the only possible critical points of I".. []

min> smax]’

We introduce now the boundary values of I'. We first define, for L € [L,(Smax)> LmaxJs
I-(L)=9,(s)s, with s=s(L) suchthat L= L,(s).

Then we introduce, for L € [L;,, Lyax]

. A . A (1

D= G D [ =1 (3:L) (5.19)
that, by Corollary 5.5, satisfy

. 2
- (Le [ymmgm, ymmm] = [0.005433756726029,0.013584391815074] 520
I~ (e [%m %m] = [0.023303027798234, 0.058257569495584].

max
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,x104

05/ 3 []
048 29}
0.46/ 287

27}
0.44 |

26}
042/ 25
0.4 . v . ‘ ‘ ‘ ‘

0.0966 0.09665 0.0967 0.09675 0.0966 0.09665 0.0967 0.09675

Fig. 11. As in Fig. 10, p,(s) (left) and a,(s) (right). The values s considered as the ones such that j ;, < ,(s) < % and a,;, <a < ay, in km.

‘min = ‘max

By Lemma 5.9, J,(s) is an increasing function whereas L,(s) is decreasing. Let L;! be its inverse. We have that f‘*‘(L) =
P, (L7HL)L;N(L) is a decreasing function. Therefore

F7(L) € 7 (Ligy)s I (L (5100500

and, by definition of s in Lemma 5.9,

min» Smax

F7(L) € |9, (Smin)Smin» %smax] = [0.038367525991514, 0.048398408167370].

Next lemma studies the monotonicity properties of the function I"_.

Lemma 5.10. For j;, < J < %, the function I'_(§;-) is strictly decreasing (with respect to L) on [Lpins Limax)- Therefore, f;in,max(L) (see
definition (5.19)) are also decreasing and moreover

I~ (e[l (L I-

min min max)v min

(Lpin)] = [0.013575332545548,0.013584387878826]
and

I~ (el (L I~ (L)1 = [0.027639200647529, 0.058244177051364]

max max max )’ max

where the values have been computed numerically.

The function ' (-; L) satisfies, for §,,, <9 < 2

< 5, that

1. For L € [Lyp, L, (syay)), the function I'_(-; L) is strictly increasing and moreover I'_(§; L) € [~ (L), I, (L)].
2. For L € (L, (Smax)> Linax)s I'_(-, L) has a maximum at Pmax (L) = jz*(L;l(L)). In this case,
I ;Lell

min

(L. I (D)L
Remark 5.11. The statement of Lemma 5.10 can be graphically represented as in Fig. 12.

Proof. From formula (5.13) of 9, I"_ and using that, by Lemma 5.1, 0,G > 0, we have that the sign of 9, I, is the same as for
—-0;G_(s_, 9, L) or, in other words, the same as —b_(s_) — $>c_(s_) with s_ = s_($, L). Again, from Lemma 5.1, we have that b_,c_
are increasing functions and using their values (5.10) and (5.11) at s = %m, we conclude that b_(s_) + ?c_(s_) > 0 and so I"_(§;-)
is decreasing.

By Lemma 5.9, when L € [Lyy,, L,(s5max)] there are no critical points of I in the interval [9mm, %) That implies that I"_(-; L) is
either increasing or decreasing. Notice that, by definition (5.19) of fr;in,max and bounds (5.20),

PG L = (L) < o (L) = I (%;L)
and therefore I'_(-; L) is a strictly increasing function in [L,;,, L, (Syax))-
When L = L,(s,,,) we have that the corresponding critical point is = y,(s.) = % Therefore, the same argument as before
allows to conclude that also in this case I"_(-; L) is strictly increasing for §,,;, < § < %
Take now L € (L,(Spmax)s Limax] @nd let s = L71(L) € [spin, Smax] be such that L = L.(s). By Lemma 5.9, we already know that
$,(s) is a critical point of I'_(;; L) and that I'_(5,(s); L,(s)) = I’ (L). So we only need to check that

AT (9. (L7 (L)L) =03 (9,(); L(s) <0, s=L7'(L).

We first recall expression (5.15) of I in (5.15):
H(s_(9; L), 9, L)

S = e DD
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Le [Lmim L*(Smax)) L= L*(Smax)

Fmax Fmax

Flllill

Fmin

1 - . 1
§ ylnlll 5
Le (L*(Smax)y Lmax]

Ymin

I

Fmax I

Fmin T A A s
L

Ymin

(=3 [ R

Fig. 12. For a given value of L, the figures represent qualitatively the function I (§, L) (as a function of §). There are depicted the three different behaviors
depending on the value of L. See also Fig. 13 for numerical computations.

Then, using that, by construction, H(s, $,(s); L,(s)) =0 and s_($.(s); L.(s)) = s

93H(s, §.(5); L,(5)),

0,G_(5,5,(s); L,.(s))’

and, since by Lemma 5.1, 9,G > 0, we need to compute the sign of 9;H(s, §,(s); L.(s)). From (5.16) we have that

05M (s, §; L) = 2a° L*p[3b(5)5* + 5¢(5)7].

a;f_(ﬁ*(s); L.(s) =

Then, using that H(s, §..(s); L,(s)) = 0, we deduce that

O5H(5, 9,8 Lo(9) = 5 l(s) (=3a(s) + 40’ L* ()3, (5))°) .

On the other hand, from expression (5.17) for ¢,

«s) < 8ULO(S5 - 129)

where we have used that 45 — 60s + 552 + 85> > 45 — 60s > 45 — 60m > 0. Therefore, using again that s € (%m, m), 0 < P,(s) < % and

Amin < @ < apae, We obtain
P.($)05H(s, §: L) < —65(5s +4) + 320 L* p(5,(5)° U (5 — 125)
3
2 a; 24
<=6 ZmCm+4)+ a;x 4, o (5 - ?m)
M

= —0.778057059724233 < 0.

As a conclusion 9;H(s_, §; L) < 0 if (§, L) = (9.(s), L,(s)) and that implies that 6§f_(ﬁ*(s); L.(s)) < 0 so that .(s) is a maximum of
PG L) O

Remark 5.12. The values of I'_(; L) can be numerically computed for any fixed , L as I'_(§; L) = s_(y; L)y with s_ the zero of
the function G_(s, §; L). In Fig. 13 we present some representative values of a (recall that L = y/ua) where we can find the different
behavior described in Lemma 5.10.

Remark 5.13. We first notice that I77(L,(Sp)) = I, (L, (5max))- Then, using that by Lemma 5.10, '~

max is decreasing (in its
variable L), we also have that for L € (L, (Spax)s Linax )

X

r

max

(L) < I7(LD).
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a = 22000
0.05
0.05
.04
0.04 0.0
0.03 0.03
0.02 0.02
0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5
a = 26000 a = 29600
0.04 ¢

0.04 0.035
0.03+

0.03
0.025 ¢

0.02 0.02}

0.015¢
0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5

Fig. 13. The function I'_(§, L) for a = 22000, @, (sy,)> 26000, 29600, km. Notice that for a = 22000, a, (s,,,) the function is strictly increasing but when a = a, (s,
I (5; L,(s,,)) has a critical point at j = % The black dotted line is for I- (L) meanwhile the orange one is for I'~(L).

max

Moreover, since s, = s_ (% L*(Smax))’ we have that s,,,, < m. Therefore, using that by (5.14), I’ D) = %m, we have that

—_

A 1 A
FI(L) < Sy < 3m < B (L),

max — 2 max
From (5.20) it is also clear that the constant f;in = Pminm satisfies that

re(y<r+ <r (L.

min max

From this analysis, it is straightforward to deduce the following result about the existence of equilibrium points of the form (z, y)
(that is, the existence results of Theorem 3.7).

Proposition 5.14. Let L € [Lyyy, Ly ). If I' € [I7 (L), Ty (L)), there exists a unique $_(I'; L) such that system (4.1) has a fixed point

of the form (z,y) = (z, Ly_(I"; L)). The function $_(-; L) is strictly increasing.
In addition, for L € [L;,, L,(spa0)):

1. If I ¢l (L), [ (L), system (4.1) has no fixed points of the form (x, L$) with $p, < § < % and I € (0, %)7)

min

and when L € (L,(Spay)> Limaxl, we have that

1. If [ e [I'7, (L), [,(L)), there exist only two functions $"-2(I; L) satisfying

max

LIS L) < Pran(L) < 525 L)

with $..«(L) defined in Lemma 5.10, such that system (4.1) has two fixed point of the form (x,y) = (=, LpL2(F; L)). In addition,
$L(-; L) is strictly increasing and $? (-; L) is strictly decreasing.

2. If I'=I',(L), there exists only one fixed point (7, $.x (L)) With 9, (L) a decreasing function.

3 Ifl¢ [fn:in(L), I, (L)}, system (4.1) has no fixed points of the form (x, L$) with p,;, < < % and I € (O, %j})

5.5. Linearization around the critical points

To complete the proof of Theorem 3.7, we are going to study the character of the fixed points of the form (0, y), (z, y). Using the
decomposition of B, in (4.5), we write system (4.1) as

x =-g(y; L)[X1(y,F;L) + Xz(y,F;L)cosx]
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y=h(y, I';L)sinx
with

| )
iL)=-————.  hQ.I;L \/ : I L
g L) = >~ iy 0. 5L = 128 L4 VPG, DA, T L)

and
3B1(y, ;L)
P Bt bl el

VPI(ysF).

X\ L) = By, [ L)+ &®By(3, 5 L), Xo(p, I3 L) =

By Corollary 5.5, we can characterize the fixed points as the sets
{0,y I (y; L), L)}, {(z,y, I_(y;L); L)}
with L € [L;,, L] and § L <y < % They satisfy F,(y, I,(y; L); L) = 0, where F, are defined in (5.3), the sign + corresponds
to (0,y) and — otherwise. Equivalently we have that
Fo, I(y; L); L) = X, (y, T.(y; L) L) £ Xp(y, I'.(y; L); L) =
The variational equation at the fixed points (0, y, I (y; L), L) or (z,y, [_(y; L), L), z= M*(y)z, is given by
ML(y) = < 0 -8 D[0,X (0, Iy; L) £ 0, X5y, Ty L)) > )
+h(y, I',; L) 0
where I', = I',(y; L). The eigenvalues of ML then satisfy
A= =g LAy, Iy D)[0, X5 (y, T L) + 0, X, (y, Ts L)].
Since clearly g(y; L)h(y, I'; L) > 0, we need to study the sign of
E(r L) = (0, X, T (s L); L) £ 0, X, (3, T (y; L); L)) = F0,F . (y, [ L)

for L € [Lmin’ Lmax] and ﬁminL <ys %
On the other hand, from F, (y, I'.(y; L); L) = 0, we have that

OF (I (y; L); L)+ 0pF (v, [ .(y; L); L)d, I, (y; L) =0
and then

E, L) =% 0rF,(y, I.(y; L); LYo, I’ (y; L). (5.21)
Proposition 5.15. We have that

1. For L € [Lyyjy, Lyl and I' € [LI‘Jr LFm+ax(L)], the unique fixed point of the form (0, y) satisfies that y =y (I'; L) := Lj, (% L)
and it is a center.

2. For L € [Lyy. Lyax]l and I' € [LF‘ 2D LFr;aX(L)), the unique fixed point of the form (x,y) satisfies that y = y_(I'; L) :=
Ly_ (Z’L) and it is a saddle.

3. For L € (L,(Spu)s Lnax) and I' € [LI- (L), LI, (L)) there are two fixed points of the form (z,y) with y = y'2(I'; L) :

max

Lyl? (% L). Assume that y' < y,... < *. Then (z,y'(I'; L)) is a saddle whereas (x, y*(I'; L)) is a center.
4. When L € [L,(Spax)s Lnax] and I' = Lf"*‘(L) the unique fixed point (z,y_(I'; L)) is parabolic.

Proof. It is clear that if £, > 0, the corresponding fixed point is a saddle and if £, <0, it is a center.

Note that (5.21) implies &, = F9,F,d,I', and Corollary 5.5 implies 0,7, < 0. Then, when 9,I", > 0 the fixed point will be a
center and if 9,I"; < 0 the fixed point will be a saddle. Conversely, when d,I"_ > 0 the fixed point will be a saddle and if 9,I_ <0
the fixed point will be a center.

From Proposition 5.7, we have that 9, Iy > 0 which proves the first item of the lemma.

For the values of L, I' in the second item, by Lemma 5.10 (see also Fig. 12), 9,I_ = Laﬁf_ > 0 that implies that £ >0 and the
result follows.

With respect to the third item, we have that I"_(-; L) has a maximum at §,,, so that %IA“,( 9, L) > 0 for y < 9., and negative if
$ > Pmax and the result holds true since $' <y, and > > Puna-

The last item follows from the fact that, if L = L_(s) and I" = I',(L), then 9 I (9,(s); L,(s)) = 0 where we recall that ,(s) = 9.
and F (L) =9.(s)s. O
Theorem 3.7 is a straightforward consequence of Proposition 5.15 keeping track of the range of values of I'* and I,. Indeed,

mln max
we only need to rename I = me, = ) S Iy = le , Iy = Fmax, I, =T, L, = L,(spy) and to rewrite Proposition 5.15 in the

terms of Theorem 3.7, that is fixing the values of L. Notice that by Remark 5 13 we have that
Fy(L) < Ty < Fy(L) < F(L) < (L),
with the convection that I,(L) = I, (L) when L € [L;,. L.(smax)]- To finish, we note that by Proposition 5.7, I 5 is increasing and

by Lemma 5.10 I, are decreasing.
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6. Periodic orbits of the full coplanar hamiltonian
6.1. Existence of periodic orbits. Proof of Theorem 3.9

Consider the full coplanar Hamiltonian Hcp = H,, + a37-[cpy,. We first emphasize that, by expressions of  in (2.14) and Hcp
in (A.1) in Appendix, (y,&) = (0,0) is invariant by the flow of Hp and every orbit of the form (0, I'(t; L), 0, h(t; L)) has to be in an
energy level Hp(0, I',0, h) = E for some energy E with I'(z), h(r) satisfying the differential equations in Theorem 3.9.

We now prove that for a certain range of energies E (to be determined), the solutions (0, I'(t; L),0, A(t; L)) are periodic orbits
which are a graph over the variable A.

Fix E € R and L € (0, Ly, ]. Writing I' = LT,

0,0
o~ A ._ P A 53 3p1U2 P 2
E = Fgp(0, 1,0, h) := 1—12F =120 + a® —2(1 — 12 — 12
crl T ARETTER )
1,0
Uy N .
- a3;T22\/(1 —2/)3 +20)QF + Dcosh (6.1)
2,0
3»01(-/2 \ A
—a (1 =213 + 21 cos 2h.

3212

We impose that d fﬁCP(O, I',0,h) # 0 for all A, in other words i # 0. This condition will give a set of possible values for L, I.
From the differential equations in Theorem 3.9, we need that

3pp(1+21) 5 3p,

S A Sl : Yol &

4L7 8L3

3 A _ar2

—dd P1 (4U1’0 1-4I —4I"

% oo
2413 V(=203 +20)

for all n € [0,27] or equivalently

h = Uy +21)

cosh— U1 +21) cos(2h)> <0

N N AP a2
(1+20)+ %pamugﬂa 2+ époﬁﬁu;o% cosh

V(=203 +26) 6.2)
1

-z po® LUT(1 + 21) cos 2k > 0,

where p has been introduced in (4.3).
To avoid cumbersome notations, we introduce
A=A Ly =1+2D)+ %pa3L4U2‘0(1 +21)
1—41 —41?

V(=203 +26)

C=C(f;L)= —épa3L4U22"0(1 +20),

B=B(L)= %pa3L4U21’°

so that condition (6.2) reads as
f(hy=f(h; I, L) :== A+ Bcosh+ Ccos2h > 0.

With respect to 4, f(h) has its global minimum either at 2 =0, z or, if ‘%‘ <1 at hy, satisfying
B
hy =coshy=——.
cos hy = cos h, YT
Using that cos 2h = 2cos? h — 1, we have that,
f(h)y=A+ Bcosh+ C(2cos* h— 1)
B
and then when ‘E‘ <1 .
B
h)=flh)=A- = —C.
S(hy) = f(hy) 3C

Since A > 0 and C < 0, f(h;), f(h,) are positive. Therefore we only need to impose f(0), f(x) > 0 Notice that f(0) = A+ B+ C and
f(x) = A— B+ C so that both conditions can be written as

A+C > |B|.
When |B| < 4|C|, this last condition is satisfied provided a,,,, = 30000 km. Indeed, in this case
3

B L Us (14217 = 0.023691360650697(1 + 21°) < A
=
M

max
a

5
5|C| < =
|I_6p
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and then |B| < 4|C| < 5|C| + C < A + C. Summarizing we only need to impose

. B
A+C—-|B 0 if —|>1 6.3
+C-1B|>0 i LC'_ ©6.3)

Lemma 6.1. For I €[0,0.49] and L € [L,;,, Ly, ], we have that §|B(ﬁ, L) <1<A

Proof. It is clear that
3 A A2 3
” a — A — 4T a

§|B(r,L)I s %,,ﬂﬁ gro_L-4l -4t 2/, max ;4 10 !

3 max ~ 2 ~ — =3 3 max = 2 \/:
M (1= 2F)3 +27) ayy 31 -2.049)

Computing this value, we have that |B(I", L)| < 0.446157052927936 and we are done. []

Lemma 6.1 implies that condition A + C — | B| > 0 is always satisfied if I" € [0,0.49] and | B| > 4|C| because |B| — C < %|B| < A.
As a consequence of the previous analysis,

0pHcp#0  for L € [Lyjn, Lol b € 0,271, [ €10,0.49].

Therefore, any energy level ﬁcp = E which belongs to the cylinder & € [0,2x], I" € [0,0.49] is a closed curve, which is a graph over
h and moreover its dynamics is periodic. Then, it only remains to characterize such energy levels.

We notice that, since LI(t; L), h(t; L) satisfies the differential equations in Theorem 3.9, one deduces that I =0 if and only if
h=0,r,2x. Indeed, I = 0 is equivalent to

s1nh< Sar + 1)+U %/a —2ﬁ)(3+2f)cosh> =0

and since

u,” 2F +1 u,”
22 + <- = —1.331627517097770 < —1

u;* Va-2mha+2r U V3

the conclusion is obvious. Clearly & = z corresponds to a maximum and 4 = 0 corresponds to a minimum of I as function of h.
We denote by I},;,(E), I',,,.(E) the values of I" such that

HCP(O, I"min(E), 0,00=FE, ﬁCP(O, fmax(E), 0,7) =
The level curves E = HCP(O [,0,h) cannot intersect and, since d Hcp # 0, we have that 05 I, (E), 0 [ax (E) # 0. Therefore, in
order to check the range of E allowed in our analysis, we compute

Enu = Enu (D) = Hep(0,0,0,0),  Ey =E i = (L)Hep(0,0.49,0, 7)

and Theorem 3.9 is proven, taking into account that, from (6.1), we easily deduce that

Epa (L) = <2 Epin(®)

16L6 max(a) mm(]-’) 16L6 ml

for some function ﬁmin,max defined for § = pa®L* € [0, 6,,,,,] (recall that 6,,,, is defined in (3.3)).
To obtain the values in Remark 3.10, it is enough to recall that, for Galileo, a = 29600 km (equivalently L = 1), and therefore

Emin,max(l) with

max max

Ea(1) = 2.477266122798186 - 107, E,n(1) = —2.558100888960067 - 107°.

6.1.1. Proof of Corollary 3.12

We fix E, a given energy level, and let I be such that Hcp(0,

Hep(0, LI,0, h) one has that
16L°

CP,0 0) = E. Then, using formula (6.1) for HCP(O I,0,h) =

E =0, 75,00+ 67, 0,15,0,0, 75 =L7"TF,
Po
with 6 = pa®L4,
16 0,0
Hay(0,1,0) = L° HAV(O LF,0)=(1-12F - 12r2)<1 +5%>,
~ A 16L%
Hp (0, 1,0,0) = == (Hcp,1(0, LT',0,0) = Hpy 1 (0, LT,0))

2,0

1
N . U . .
=20\ -2D3+20)Ql + 1) - %(1 —2@3 +20).
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FE
Let I'y, be6such that
1L g = 71,0, FE,. 0).
Po
One has, from definition (3.14) of 4, ¢, that

7y FE
HéPJ 0,15,,0,0)

-rE =—5

————————— 4+ 0(6%) = =56y (I, 6) + O(8%)
0pHay (0. IY,.0)

and the proof is finished.

6.2. Perturbative analysis

We fix L € [L,,, L,,,x] and we consider the Hamiltonian Hcp in (2.16). Let (4, I",&, h) = (0, I'(t; L), 0, h(t; L)) be a periodic orbit
satisfying I'(0; L) = I, and h(0; L) = 0 (see Theorem 3.9). We recall that in (3.2) we have introduced the parameter § = a3 L.

6.2.1. Proof of Proposition 3.14
The proof of Proposition 3.14 relies on a simple perturbative analysis. In order to make our analysis independent on L, we
perform the change

r=r/L, s =3pot/(4L7)
to the differential equation in Theorem 3.9 and we obtain the new system

n =a0(f; L)+5al(f,i1; L)

A A _— A —_ A2 A
= 1-2f— a3L4§U§’0(1 +20)+ 5%(4%‘”% cosh
\/ (1 =203 +20)
- UM +26) cos(ziz)> 6.4)

= 5% <2U21"0\/(1 —2M)@ +20)QF + Dsinh+UX(1 - 213 +21) sin(zil)).

By the analyticity of system (6.4) with respect to §, we have that
F(s)= Ty +60(s) + 82 F5(5,8),  h(s) = ho(s) + 6k (s) + 67 hy(s, 8)

with I}, € R the initial condition and

ilé) =a0(f0; L),

= é ( 20,00/ (1 = 263 + 200)@1 + D sin h(s)

+ U201 = 213)(3 + 26y) sin(ry(s) )

Ry =0pay(Fo: LI\ () + a;(Fy, hy(s); L).
Then, imposing that h(0) =0 and I'(0) = I 0, that is I 1(0) = 0, we have that
ho(s) =ag(Fy; L)s
Iy (s) =co(Fp; L) + ¢ (Fy; L) cos(ag(Fy; L)s) + ey (Fy; L) cos(2ag(Fy; L)s)
hy(s) =0pag(Ly; Lyco(Fy; L)s + dy (Fy; L) sin(ag(Ly; L)s) + doy(Fy; L) sin(2ag(Fy; L)s)
where it is straightforward to check that the constants ay, ¢y | 5. d, , correspond to dy, &y 5.d) 5, the ones defined in (3.14) and (3.15),
taking into account that the dependence with respect to the parameter L comes from the fact that
ag(Fy; L) = 4y (Fy; pa® L*) .
With respect to the period of the periodic orbit, if iz(? I 0:6)) = 2, that is ?(f" 0:6) is the period of the periodic orbit, then

27 + O(82) _ 2+ 0(5)

T(Fy:6) = — 0 =
[@y(Ty; 6) + 60pa0(L; 6)Co(1: 6)|  |dp(L; )|

Undoing the change of coordinates we have that 7 (I; L) = T (I,L™ 6)% and
) ~(300 . 3.4 . 300 3.4
F(t,L):LF(mt,pa L"), h(t;L)y=nh mt,pa L ).
This completes the proof of Proposition 3.14 .
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6.2.2. Proof of Theorem 3.17
Along this section, whenever there is no danger of confusion we will omit the dependence on L € [L,;,, L., ]-
It is convenient to introduce the (small) parameter ¢ = «® and X(&,7, I', h; €),° the vector field associated to H, := Hyy +e(Hep —

Hpv,1)-
The first step is to characterize the variational equation of X around the periodic orbit, (0,0, I'(r), h()). Note that
0:,X:,(0,0, (1), h(t);€) 0
DX(0,0,T(t),h(t);e) = | o178 2x2 )
(0. 1), hte);e) < O 05 4 X 1.4(0,0, T(0), ht); )

Then, if @(t;¢) is the fundamental matrix of the linearized system
z=DX(0,0, (1), h(t);e)z

satisfying @(0; ¢) = Id, it has also the block form

@(t;e):( Fie) Do

O P(6) > ’ ¥(0;¢) =¥(0;¢) =1d. s

Since the system is Hamiltonian, det®(s;¢) = 1 for all + and therefore we also have that det¥(t; ¢) = detP(t;e) = 1.
The character of the periodic orbit (0,0, I'(¢), A(t)), is determined by the eigenvalues of the monodromy matrix ¥(7;e), with
T =T (I'(0); L) the period of the periodic orbit. To study the monodromy matrix, we first notice that

Pl =
0gy X (0,0, T@), (1) €) = 05, Xy (0.0, (1) + €75 B(O)

where X,y (&, 7, T) is the vector field associated to the h-averaged system H,y and, using formulas (2.19) and (A.1) of H,y; and
Hcp, respectively, it is not difficult to see that the matrix B has the form

B(t)—( zjzl B (@), Lsin jh(t) 23:1 B, (I'(t), L) cos jh(t) >

¥ B, (F@), Lycos jh(t) =X, B}, (I'(0), L)sin jA(t)

The elements 13,- y depend on L, I' through the functions D; (0, 1,0; L) (see Table 9). For future computations, we note that B{ . are
linear functions on D, (0, I',0; L), namely

B{k(r’ L)= b{k({Di,k(Q I,0;L)}20,12,k=02: L{D; 10, T,0; L)}, 2), (6.6)
with b{k linear functions. Therefore the matrix ¥(z;¢) (see (6.5)) is the fundamental matrix of the two dimensional linear system

&= [agynx,w(o, 0,I(1) + e%f}(t)] ¢, such that ¥(0,¢) = Id, det¥(r, ) = 1. 6.7)

Lemma 6.2. Let (0,0, I'(t), h(t)) be a T -periodic orbit of the coplanar Hamiltonian Hp with I'(0) = I}y, h(0) = 0.
Consider the new variable I' = I /L, the new independent time s = 3pyt/(4L"), the initial condition I o = I'y/L and the parameters 6
and o, defined by

s=eL'p= a3L4Z—1, 00 = 09(Fy; 8) = Iy + 86(Fy; 6)
0

with é, introduced in (3.14). Then

1. In the new variables, the variational equation (6.7) becomes
T
o= [X(O’O) +5B(s)+ (9(52)] 2 / B(w) du = 0@), (6.8)
0

where X(o) is defined as
.47
X(69) =30, Xav(0,0, Lo)
Po
1 ( 0 —(a(oy) + de_(oy)) >

T4\ a(og) + e, (o) 0

(6.9)

where a(c) = 1 — 160 — 2002 has been defined previously in (4.9) and c,. have been introduced in Remark 4.1:
0,0 1,0
U, 5 B >
b(o), b(o) = (20 +3)V3 —40 — 40-. (6.10)

2

ci(a)= Ta(a)i 3

2. The fundamental matrix l?’(s, ) of (6.8) satisfies that
ET

4L7” p L*

l?f(s,&):w( > P0,6)=1d,  detP(s,6) = 1.

5 With this new order in the variables the linearized vector field around the periodic because has block structure.
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Remark 6.3. The change of variables, presented in the previous lemma, allows to keep our perturbative analysis uniform in
Le [Lmin’ Lmux]'

Proof. Performing the change [ = I'/ L and s =4L"t/(3p,), system (6.7) becomes

¢ = ‘;iamx,w(o 0. LF(s)C + 62 3 Lg <‘;ﬁ0 ) <. (6.11)
Using Table 9 for the explicit expressions of D, ;, we obtain that

D0, LF,0; L) = %d,,k(ﬁ), 1=0,1,2,k=0,2

D, ,(0,LT,0;L) = éd,’l(f), 1=0,1,2,

for smooth functions d, ;. Then, by formula (6.6) of b;; (we recall that the functions b;; are linear), we conclude that Eq. (6.11) can
be rewritten as
= 4L’

%agg,,x,w(o, 0, LI'(s))¢ + 8B(s)¢ (6.12)

with
B(S)=< i b (P(s)sinjhts) X7, b’lz'(f"(s))cos Jh(s) >
Xi_1 b5, (D) cos jhls) =T, b, (£ (s)sinjh(s)

As a consequence, the fundamental matrix P (s, 8) of (6.12) satisfies that

~ 75
tP(s,&):lP<4i ”°>

,—2 P0,6)=1d,  detP(s,8) = L.
3p0  piL*

This proves the second item in the lemma, provided that system (6.12) coincides with (6.8).
Now we study 0; , X oy- By (4.6),
0 —X"(LI; L)
sy Xav(0.0, LI = SLm < LR D) o >

Then, using the expressions (4. 8) for Xé1(LT; L) and the formulas for dy,d, in (4.2), we conclude that

—0¢V,XAv(0 0.LF) = < 0 —@(LT)+dc_(LI)) )

3po a(Ll) + e, (LT) 0 (6.13)

with a(o) = 1 — 160 — 2002 (and b(c) = (20 + 3)V3 — 40 — 402) defined in (4.9) and
U090 splo

c,(0)= %a(a) +

b(o).

On the other hand, since Proposition 3.14 implies that I'(s) = FO + 66, ( fo) + 8b(s) + O(62), with
2r

PS
/ b(s)ds = / ol pisyds + O6) = O),
0 0

we have that the variational equation for ¥ in (6.12) is of the form

?
= [“ 9:1 X av(0,0, L(Fo+5C0(Fo)))+5B(S)+(9(52)] ¢, / B(s)dt = O)
0

where d; , X (0,0, L(Iy+8¢,([}))) is a constant matrix (see (6.13)) studied in Section 4.2, and the ©(6¥) are uniform in I}, L. Taking
6y = oo(ly; 8) = Iy + 6¢4(I) and using again (6.13) the result holds true. [J

We write the fundamental matrix ¥ as

P (s:6) = Py(s;00) + 0P, (5360) + 67, (s: 64, 5),

where, P, (s; 00)s @1(5250) depend on § through the parameter ¢, and ¥, is bounded.

The matrix ¥,(s; 6,) is the fundamental matrix of the constant coefficients linear system

¢ =X, with  Py(0;00) =1d

with eigenvalues ex%(0) satisfying, from expression (6.9) of X(ay),

1Ao(o0)] = %\/ latog) + ¢, (50| [ao0) + 5e_(o)| (6.14)
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The matrix ¥, (s; o) satisfies
P!(s:00) = X(00)P, (5:00) + B(s)Py(s:09).  #1(0:69) =0
and therefore

P, (s3060) = Py(s: 00) / @ow; 60)”" B@)Py(u; 69)du. (6.15)
0

Whenever there is no danger of confusion, we will omit the dependence on fo,ao,ﬁ. In particular, we write T =T (fo,é),
@0 = f’o(? ,00), 5?’1 = 'f’l (f ,00) and P = f’(? ,6). In addition, we will denote by M a generic constant, independent on fo,é that,
along the proof, can change its value.

In order to prove Theorem 3.17, we need to compare the eigenvalues of ¥ with the ones of f’o. To do so, we first compare the
trace of ¥ with the one of 7.

Lemma 6.4. Let A, = dy(cy) be such that the eigenvalues of X(c,) are +A,. Then, there exists &, > 0 such that, if § € [0, 5,],
tr(P) = tr(Pp) + OLS?) + 6°T(5)

with T'(5) bounded on [0, §,] and
L := min{I7 ] - #kI).

T';‘)l € N satisfies

Remark 6.5. The quantity L is well defined and 0 < L < ’2—” Indeed, for a given T |4], the integer part k' = [—

T1Ay| =K'z € [0, ). Therefore if
Tl -Kre [o, %] ., implies  L=T|i|-k'r< %

On the contrary, when 7|iy| — k'z € [g,n), L =171l - (& + Da| < Z.

Proof. Let x > 1 big enough (its value will be determined later). We distinguish two cases, namely L > «6 and L < «6.
When |T/10| < k48, from (6.14) and Remark 3.16, we deduce that |a(cy)| < M. Then, since a(c) = 1 — 166 — 2062, its unique

positive zero is %, with m defined in (3.4) and therefore the condition |7 i,| < xé implies that
oy — o < Mks

for some constant M. Therefore, using that
m
X(op) = X <5> +0O(5) = O®)
we obtain that
Py(T100) = P, (?; %) +06) = 1d + O6).

If |?|20| — kx| < k6 for some k € N\{0}, by Theorem 3.2 the eigenvalues of X(c,) are of the form =+i| 4|, if § is small enough.
Therefore, if P is such that PX(cy)P~! is a diagonal matrix,

- eilhol™ 0 L =D+ 06) 0 .
lP"‘P< 0 eilhl? >P _P< 0 (-DF +0@) >P

= (=D*1d + O(5).

Therefore, if k is such that L = |?|ZO| — kx|, @0 = (=1)*Id + O(8). Then, from (6.8) and (6.15),

S
P, = (-D*1d + O6)) / (=D¥Id + O6)) ™' Bw)((=1)*1d + O(5)) du
0

T
= ((-D¥1d + 0(8)) </ (~D*B(u) du + (9(5)) =0O(5).
0

Therefore ¥ = ¥, + O(6%). We write
g b\_ ag+8%a; + O©B3) by + 8%by + O(S3)
c d o+ 6%, + O3 dy+8%d, +0O63)

where the elements a by, ;. d; are the corresponding ones for f’j, j =0, 1. Imposing that det(’f’ )= det(f’o) =1, we have

82(agd, + ady — byey — bycg) + O) = 0.
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Then, since a,,d, = 1 + O() (in fact 1 + O(5%)) and by, ¢, = O(5), we obtain that d; + a, = O(5). As a consequence
tr(P) = tr(Pp) + O°)
and, because we are assuming that L < x4, the lemma is proven for this case.

Now we deal with the case |? Aol > L > k6 with « a large enough constant. If 6 is small enough, by Theorem 3.2, the eigenvalues
of X(oy) are of the form +i|i,| with |1,| in (6.14) and moreover, again by Remark 3.16,

0'0—%|2MK6

for some constant M. As a consequence, recalling that a <§) =0 and d,a(c) < 0, for ¢ > 0, we have that

la(op)] > |a (% + ms) > M«s.
In addition, it is clear from the definition of ¢, in the second item of Lemma 6.2 that, |c,(cy)| < M. Then,
le4 (o)
a(oy) + 8¢, (00) 1= G0 LM a(og) +6¢.(00) _ M’
a(oy) + 6¢;(0p) 1+5|Cx(50)\ - K’ a(oy) + 6¢;(0p) — K
|a(og)l

for some constants M, M’ and « large enough. This trivial fact implies that, P(c;6), the constant linear change of variables that
transforms X(o,,) in its diagonal form satisfies that || P(cy; )|, || P~ (6y; )| are bounded uniformly in . After this (constant) linear
change of variables, ¥ = P¥ P~! = ¥ + 6, + O(52) with %,

. eilhol” 0 of € 0
TO_( 0 emilholT ‘(_”< 0 e—"L>

and ¥, = 17’1(?; oy) with

P, (s3060) = Py(s: ) /0 o 60)"' P~ (64, 8) B(w) P04, 8)Po(u; o) du.

Using the bound for B in (6.8) and the fact that P, P~! are uniformly bounded with respect to 5, we obtain that
7 T
/ P~ (6y: 5)B(u) P(cy; 8) du = P~ (5; 5) [ / Bw) du] P(cy; 6) = O6).
0 0

Then, one easily checks that

P =, + 6%, + OG>

iL -
1k e 0 0 bi,(I;6) )
=D < 0 e )[Id+5< by (I3 6) 0 >]+O(5)

with, writing P~ Bu)P = (b, @),
7 ’ 7

by ([ 8) = / byywe™ M du, by (F);6) = / by (we?™ du.

0 0

Therefore, using (6.8),

5 & 0 BTy ) 2]
Y=Y |1 L N
0[d+ 5< By(Fy) 0 + O(67)

for some constants f;, f,. We emphasize that, when L > M, namely is not small when § is small, this expression still holds true. We
write now
P = (1) el +a,5° LS + b, 8%
LS+, e+ d,8%

Therefore det(f’) =1 implies that
1=14+8%erdy + eMay) — p f,L26% + O°L) + O6*).

Then, since e’ = 1 + O(L)
ay +dy = O(L) + O(L) + O(6%) = O(L),

where we have used that L > «§. As a consequence,

tr(P) = tr(¥) = tr(Fy) + OLS?) = tr(P,) + OLS?)

and the lemma is proven. []
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We denote by u = eﬁ one eigenvalue of P, Denoting 7 = tr(f’) and using that det(f’) = 1, we can assume that

U= l‘r+l\/‘r2—4.
2 2
Let yy = %7 be such that

ﬂ0=50+5 ‘L'O—4.

with 7, = tr(%,). Then

2|lp = pol <t =10l +

By Lemma 6.4, |7 — 15| < M§2, therefore, to prove Theorem 3.17 we have to analyze

Ap =

-4 - 13—4

Lemma 6.6. Take C|,C, > 0 two constants. There exist 5, > 0 and a constant C, > 0 such that, for é € [0, 5,], we have that

« When L > C,6, then Ay < C,5%.
« If 832 <L < Cy6, then Au < C,8°L7! < C,83/2C; 1.
« Otherwise, that is if L < C,6%/2, then Au < C,63/%.

As a consequence Au < M &%/ for some positive constant M.

Proof. We recall that, by Remark 6.5, L < ’5’ Assume first that L > k6 for some « big enough. Then by Theorem 3.2, the eigenvalues
of X(f) in (6.9) are of the form +i| 1| with || in (6.14). Then, 7, = ¢/l%!7 4+ ¢=/1hI7 satisfies
2 — 4] =4 —4cos? (T Ay) = 4sin®(T 4y) = 4sin’ L.

In view of Lemma 6.4, t = 7, + Lé%z; with |7;| < M. Then

262Lty7 +54L2r2. 282L
AM:|1/T§—4‘ 1= |1+ o1 Ll ¢ ZElml | sy
2
75 =4 \/73—4

In the last bound we have used that 4 /rg —4=2sinL > ML, provided 0 <L < ’2—'
Now assume that L < k6. By Lemma 6.4, 7 = 7, + 6°7, with |7;| < M. We notice that, using that either 7, = (e + ¢™*) or
75 = (e + ¢7'L). Then

lzg — 4] = 2L% + O(LY).

< Mé&%|7,|.

When L2 > M 83, for some suitable constant
2837y7) + 807}

2_
=4 |22 4|

M3 |Tl|

Apu=| ‘r—4|1— 1+

< M&L 7.

On the other hand, when L? < M &3, clearly,
Ap < 24/172 =41+ 672\ 20oll7y [ + 8|7y | < M8 |72 O
Theorem 3.17 is a straightforward consequence of Lemma 6.6 just taking into account that, using definitions (3.16), (3.20) and
(3.21) of 7, 7O and I (0) we have that, by Taylor’s theorem,
TOUN [ :6):6) = T(O)(I"(O)(FO,L) L) =T (Fy;6) + O@>).
Therefore,
ei|jo‘?(0) = eiljol? +0(5%).

6.2.3. Proof of Lemma 3.20
To prove this result, by expressions (3.21) and (6.14) of |4,| and ;483 respectively, we need to solve the equation

m4\/‘a(a)+5c+(a)”a(g)+5c ©)| = kx.
ay(o;
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with 4, defined in (3.14), for k = 1,2. Using definition (6.10) of c,, we rewrite it as
Hy(0:6) = a%(0) + 62> (@)U + 6%¢, (0)e_(0) — 4k>a2(0: 6).

Let flﬁo) be the values such that this equation holds true for § = 0 (see Table 4 for the exact values of FIEO)). One can easily check
that o, H k(féo); 5) # 0 and therefore, by the implicit function theorem, there exists I} «(8) such that H, k(fk(é); 5) = 0 and the lemma
holds true. In addition a simply computation proves that

0;H,(I'?;0)

9, H (F?;0)

and therefore }(8) = I” + O(6?).

6.2.4. Proof of Theorem 3.21
The proof of Theorem 3.21 is a nontrivial consequence of Lemma 6.6. Fix §, > 0 small enough (to be determined later) and
consider é € [0, 6y]. By Theorem 3.2 and Lemma 3.20, there exist 6, and o;, k = 1,2 such that

27| Ao (o)l

A6 =0,  TO(cy;8)dg(op)| = YWERT]
0\Ck>

=kn, k=12

with 4, defined in (3.14). Notice also that

m NG
oL =75 £6C+ 06%, o =1 +C5+0).
Therefore, since 1 < v < 2, we can assume that the parameter ¢ satisfies, taking 6 small enough,
14+v
o —0.] > Cé", lo =0yl 2C6772 .

We now observe that, using the definition of c, in (6.10)

1614(0)|” = a%(0)(1 +5U2?) + O(5%) (6.16)
with a = 1 — 160 — 2002 In addition
7O0(:6) 1= —2F = T(6:6) + O?). 6.17)
ldo(o;6)|

We distinguish the cases |a(c)| > §|log 5| and |a(s)| < 5| log §|. We recall that a (%) = 0. Then, the cases considered are equivalent
to )o‘— %| > k8| log 8| and ‘o‘ - %‘ < k68| log 8| for some constant .

We start with ’0' - §| > k6| log §|. From (6.16) we have that
4130(0)] = la(@)| (1 + O(| log 5]™)). (6.18)

cIf 6 € (0, % —ké8|logé| ), by Proposition 3.4, the function |ZO| is decreasing. Therefore, taking into account (6.17) and
definition (3.14) of 4, if § is small enough,

1> (m ~(m A ~ 3 . ~
—_ —_— —_ . < . < = .
> ,10(2 5|10g5|)'7(2 a|1oga|,a)_Mo(a)ma,a)_2|Ao(0>|r(o,5>

Then |j,0(o’)|?(0';5)| < 3—”(1 + M) and |20(a)|?(a;5) > M§|log§|. Those bounds imply that, for all &
||J10(a)|?(a; 8) - kﬂ‘ > M§|log 8|
and, in conclusion,
L > Mé§|logé|.
By Lemma 6.6, |u — py| < M 6> and the result follows for this case.
e If o > % + 8| log 8|, we notice that, using (6.17) and (6.18),

T (0;8)139(0)] — kx =T (6 8)| do(0)] — T (61: )l A ()|

[, (1_law)l SN

= [66 (4—|ﬁ0(s;0)|> + O(|log 6| )] o — oyl
1 a0
4 |ay(t; 0)

T (0 8) Ag(o)] = [a< >+(9(|log5|"1)] lo — ol

with s € 6,04, t € 5,0, and 4, defined in (3.14). Since o,0y,0, > % (see Lemma 3.20),

9, <1 a)l > = 402 +405+18) > M.
4 |dy(s; 0| 4]ag(s; 0)|?
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I+v I+v 3
Therefore L > M min {El logé|,6 2 } = M52 > M§é2. Therefore, Lemma 6.6 assures that
3y -1 S5—v
[ —pgl <ML < Mé 7.

Now we deal with the case ‘o‘ - %) < k8| log 8|, which in particular implies that |)(¢)| < M§|log|. Then, by continuity, in this

caseL=T7 |20(a)|, if 6 is small enough. We first observe that, o, = IZ_,L‘l with I', defined in Theorem 3.2 and 0, = % +Cyb +0O(6?)
for some constant C, (see (3.23)). Therefore |0 — o, | < k6| log§| for a (different) constant «.
Assume now that C6¥ < |o —o6_| < |o — 0, | < k6|log 5|. We have that (see Theorem 3.2)

a(o_) +dc_(o_) = 0.
Taking 4 = o — o_ = O(8] log §|), we have that
1o@)]” = |0,a(c_)4c + AcO(6))|

0,4(0_)40 +5(c,(0.) - ¢_(0.)) + 400(5)|

= ‘ [662(0_)]2 (46)* + d,a(c_)(c,(6_) — c_(6_)) 465 + AcO(5?| log 5|2)| .

We note that |d,a(c)| = 16 + 406 > 16 and, therefore, we can write Iio(cr)l2 as
o)’ = [0,a(0_)]" A

where A, using formula (6.10) for c,, formula (3.23) of C; and that o_ = % + O(5), is given by
A= |(AO')2 —2640Cy + AcO(82| log 5|2)| = |4o]| |Aa —26C, + O(82] log 5|7 .

Since [ —0_| < |6 —0,| and o, = % + Cyd + O(6?| log 519, 46 < 26C, and then, using that |46| > C§Y with C < C, for § small
enough

A = |46|(26Cy — Ao + +0O(8%|log 6|%)) > C5"(26C, — C8" + O(8%|log §|%) > M &'+

A A 1+v
for some constant M > 0. Therefore, since 1 +v <3, L =T |4y| > M > M&3/2 and by Lemma 6.6,
5-v
| —pgl <C,677 . (6.19)

An analogous analysis can be done if C6¥ < |6 —0,| < |6 —0_| < k6|logé| and, as a consequence, (6.19) holds true for
Cé" < |o —o,| < kb|logdl.
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Table 7
The Giacaglia function Uz’”'”(e) for the moon perturbation (see [24]) where
C=cos 5 and S =sin § and its value for ¢ =23.44°.

m UZ”"O(e) ~

0 1-6C2 +6C* 0.762646
1 -3CS71 (204 -3¢ +1) 0.547442
2 6C2872 (C2 1)’ 0.237353

Appendix. Expression of the Hamiltonian

This appendix is devoted to obtain the expressions for the full coplanar and h-averaged Hamiltonians introduced in Section 2.2.

Slow-fast delaunay coordinates (y,x). Analogously to the definition of the coplanar Hamiltonian Hcp; in Poincaré coordinates
(see (2.17)), we define

Hep (0, I, x, h) = Hy(y, I', x, h, 2 0).

Recall that, by Remark 2.1, H, is independent of 2y, when iy; = 0. Then, by (2.5) and (2.11), one has that

2 2
4 N
Hep, 00T x. 1) = 25 30 3 607Dy (3. T 05 (Wi, )).
m=0 p=0

where D,,, = D, ,oYP, y, o=, ,,0YP, with D, , and ,, , defined in (2.6) and (2.8) respectively, and
N N 1 N 1
€ =Cos = 7 L =Cs= 3 G =05 =
Notice that these last definitions are possible since, for s,m € {0, 1,2}, the constants c,, ; as defined in (2.9) do not depend on s. In
addition, Uzm'o(e) is the Giacaglia function given in Table 7.

Applying the slow-fast change of coordinates, one obtains that
Vi pox, ) = (1 = p)x — (1 = p—mh.

See Table 8 for the explicit expressions of Wi po(Xs 1) and D, ,(y, D).
Now, we consider the h-average of Hep |,

2
1
HAv,l(y, I',x)= 2—/ Hcp,l(y,F,X, h)dh
7T Jo

The definition of y,, ,((x, h) implies that the only terms independent of h are for the couples (m, p) = (0,1) and (m, p) = (1,0) (see
Table 8). As a consequence, we obtain the expression of the averaged Hamiltonian presented in (2.20).

Poincaré coordinates (n,&). Taking into account that the Poincaré change of coordinates satisfies that

a2 9 2_ .2
- i T (L-2p)cosx=" —=. (L-2ysinx=gn,

one has that
2

4 N .0
Hep, = 77 Z enUy"

m=0
52 _ 7]2
[ Do T.0) ( - cos((1 = m)h) +&nsin((1 - m)h)> A1
+ D, (1, I, &) (8L + 12L(E* + n%) — 3(E* + #7)?) cos(mh)

e —n
2

+ Dm,z(n,l",f)< cos((1+myh) + Ensin((1 +m)h)> B

where the functions (D,, ,),, ye(0,1,2) are given in Table 9.
Let us now consider the h-averaged Hamiltonian H,y ; as defined in (2.18). Analogously to H,y |, one sees that the only terms
independent of h are for the couples (m, p) = (0,1) and (1, 0). As a consequence, one obtains the expression in (2.19).

Data availability

No data was used for the research described in the article.
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Table 8
Computation of the functions (D, ), e(0,1.2) @0 (W, ,0)mpe(0.1,2) fOr the prograde case.

” p Dy, (3. 1) _—
0 0 ~B Ly 2y = DGy + N (L= 2y) (L +2) T
0 1 L(Ly)y2? - 6yI = 317) (517 - 12¢?) 0

0 2 2Ly 2= DBy + DL =2y (L+2y) x—h
! 0 g(LY)_zm(3y+F)(L—2y) (L+2y) X

! ! — W2V = DBy + XL +) (5L - 12)%) n

' 2 ~E @y O=DG D (= DL =29)(L+2) Cxt2h
2 0 2Ly Gy + TP (L=2)(L+2y) x+h
2 1 (Lyy2(y = NGy + I (512 = 12)7) o

2 2 5Ly (v = 1P (L= 2) (L +2y) -
Table 9
Computation of the functions (D, ), ,c(0,12) With M := &+,

i P D,,01.T.8)

0 0 -2 L2QL - M)2QL - M - 4I)6L - 3M +4I)(4L - M)

0 1 A L2QL - MY 2(QL - MY - 24Q2L - M)I" = 481'%)

0 2 —%L‘Z(ZL—M)‘Z(ZL—M —4r)6L —3M +4I)A4L - M)

1 0 SL7?QL - M) QL =M —4T)6L - 3M +4TV2(4L - M)

1 1 2L722L - M)2\/@L— M —4T)6L - 3M +4D)Q2L - M +41)
BL2QL - M)?QL- M —4I)>\/6L = 3M +4I'(4L — M)
2L722L - M)(6L —3M +4TP(@4L - M)

éL‘Z(ZL — M)22L— M —4I')6L —3M +4I)
gL‘Z(ZL - M)2QL—-M —4I'*(4L - M)

N NN
N = O N

References

[1]

[2]

[3]
[4]
[5]
[6]
[7]
[8]

[91
[10]

[11]
[12]
[13]
[14]

[15]
[16]

[17]

[18]

[19]
[20]

[21]
[22]
[23]
[24]

Chao C. Applied orbit perturbation and maintenance. Chao, C., ‘Applied Orbit Perturbation and Maintenance’, American Institute of Aeronautics and
Astronautics/Aerospace Press, Reston, Virginia/El Segundo, California: American Institute of Aeronautics and Astronautics/Aerospace Press; 2005.

Jenkin AB, Gick RA. Dilution of disposal orbit collision for the medium earth orbit constellation. In: Proceedings of the 4th European conference on space
debris. ESA SP-587, ESA/ESOC; 2005, p. 309-14.

Musen P. On the long-period lunar and solar effects on the motion of an artificial satellite, 2. J Geophys Res 1961;66:2797-805.

Cook G. Luni-solar perturbations of the orbit of an earth satellite. J R Astron Soc 1962;6:271-91.

Hughes S. Earth satellite orbits with resonant lunisolar perturbations. I. resonances dependent only on inclination. Proc R Soc Lond A 1980;372:243-64.
Breiter S. Lunisolar resonances revisited. Celest Mec Dyn Astron 2001;81:81-91.

Rossi A. Resonant dynamics of medium earth orbits: space debris issues. Celest Mech Dyn Astron 2008;100:267-86.

Daquin J, Rosengren AJ, Alessi EM, Deleflie F, Valsecchi GB, Rossi A. The dynamical structure of the MEO region: long-term evolution stability, chaos,
and transport. Celest Mech Dyn Astron 2016;124:335-66. http://dx.doi.org/10.1007/510569-5015-59665-59.

Alessi EM, Rossi A, Valsecchi GB, Anselmo L, Pardini C, Colombo C, et al. Effectiveness of GNSS disposal strategies. Acta Astronaut 2014;99:292-302.
Radtke J, Dominguez-Gonzélez R, Flegel SK, Sanchez-Ortiz N, Merz K. Impact of eccentricity build-up and graveyard disposal strategies on MEO navigation
constellations. Adv Space Res 2015;56:2626-44.

Pellegrino M, Scheeres D, Streetman BJ. The feasibility of targeting chaotic regions in the GNSS regime. J Astronaut Sci 2021;68:553-84.

Alessi EM, Baldoma I, Giralt M, Guardia M. On the arnold diffusion mechanism in medium earth orbit. J Nonlinear Sci 2025;35(8).

Kaula WM. Development of the lunar and solar disturbing functions for a close satellite. Astron J 1962;67:300-3.

Rosengren AJ, Alessi EM, Rossi A, Valsecchi GB. Chaos in navigation satellite orbits caused by the perturbed motion of the Moon. Mon Not R Astron Soc
2015;449:3522-6.

Gkolias I, Daquin J, Skoulidou DK, Tsiganis K, Efthymiopoulos C. Chaotic transport of navigation satellites. Chaos 2019;29:101106.

Daquin J, Legnaro E, Gkolias I, Efthymiopoulos C. A deep dive into the 2g + h resonance: separatrices, manifolds and phase space structure of navigation
satellites. Celest Mech Dyn Astron 2022;134:6.

Legnaro E, Efthymiopoulos C. A detailed dynamical model for inclination-only dependent lunisolar resonances. Effect on the ‘“eccentricity growth”
mechanism. Adv Space Res 2023;72:2460-80.

Legnaro E, Efthymiopoulos C, Harsoula M. Semi-analytical estimates for the chaotic diffusion in the Second Fundamental Model of Resonance. Application
to Earth’s navigation satellites. Phys D 2023;456:133946.

Roy AE. The use of the saros in lunar dynamical studies. The Moon 1973;7:6-13.

Perozzi E, Roy AE, Steves BA, Valsecchi GB. Significant high number commensurabilities in the main lunar problem. I: The Saros as a near periodicity of
the Moon’s orbit. Celest Mech Dyn Astron 1991;52:241-61.

Szebehely VG. Theory of orbits : the restricted problem of three bodies. New York [etc.]: Academic Press; 1967.

Kaula W. Theory of satellite geodesy: applications of satellites to geodesy. Blaisdell Publi. CO.; 1966.

Hughes S. Earth satellite orbits with resonant lunisolar perturbations I. resonances dependent only on inclination. Proc R Soc A 1980;372(1749):243-64.
Giacaglia GEO. Lunar perturbations of artificial satellites of the earth. Celest Mech Dyn Astron 1974;9:239-67.

46


http://refhub.elsevier.com/S1007-5704(24)00683-X/sb1
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb1
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb1
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb2
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb2
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb2
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb3
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb4
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb5
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb6
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb7
http://dx.doi.org/10.1007/s10569-015-9665-9
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb9
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb10
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb10
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb10
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb11
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb12
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb13
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb14
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb14
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb14
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb15
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb16
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb16
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb16
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb17
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb17
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb17
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb18
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb18
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb18
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb19
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb20
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb20
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb20
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb21
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb22
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb23
http://refhub.elsevier.com/S1007-5704(24)00683-X/sb24

	On the role of the fast oscillations in the secular dynamics of the lunar coplanar perturbation on Galileo satellites
	Introduction
	From the Secular to the Averaged Hamiltonians
	A good system of coordinates
	The hierarchy of models

	Main results
	The critical points of the h-averaged system
	Periodic orbits of the full coplanar Hamiltonian
	Character of the periodic orbits of the full coplanar Hamiltonian

	The circular critical points of the h-averaged Hamiltonian
	Rewriting the h-averaged system
	Circular critical points: Proof of Theorem 3.2 
	Modulus of the eigenvalues: Proof of Proposition 3.4 

	Eccentric critical points of the h-averaged system
	Existence of eccentric critical points: Formulation of the problem
	A preliminary existence result
	The fixed points of the form (0,y)
	The fixed points of the form (π,y)
	Linearization around the critical points

	Periodic orbits of the full coplanar Hamiltonian
	Existence of periodic orbits. Proof of Theorem 3.9 
	Proof of Corollary 3.12 

	Perturbative analysis 
	Proof of Proposition 3.14 
	Proof of Theorem 3.17 
	Proof of Lemma 3.20 
	Proof of Theorem 3.21 


	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgments
	Expression of the Hamiltonian
	Appendix. Expression of the Hamiltonian
	Data availability
	Appendix . Data availability
	References


