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Abstract

We consider families of one and a half degrees of freedom rapidly forced
Hamiltonian systems which are perturbations of one degree of freedom
Hamiltonians with a homoclinic connection. We derive the inner equation for
this class of Hamiltonian system which is expressed as the Hamiltonian—Jacobi
equation of a one a half degrees of freedom Hamiltonian. The inner equation
depends on a parameter not necessarily small.

We prove the existence of special solutions of the inner equation with a
given behaviour at infinity. We also compute the asymptotic expression for the
difference between these solutions. In some perturbative cases, this asymptotic
expression is strongly related with the Melnikov function associated with our
initial Hamiltonian.

Mathematics Subject Classification: 37J45, 37G20, 35B40, 34E10, 34M99

1. Introduction

The phenomenon known as splitting of separatrices has been widely studied by several authors.
This phenomenon arises, for instance, when we consider a differential equation in R? with a
fixed point having coincident branches of stable and unstable manifolds and we perturb it by
a periodic or quasi-periodic function on time.

The simplest framework—the regular case—is when the perturbation is regular with
respect to the perturbation parameter, ¢. For such a situation, Melnikov [18] (developing
some ideas by Poincaré) gave a tool, which is called Poincaré—Melnikov function, to provide
asymptotic expressions of the distance (and other related quantities) between the perturbed
invariant manifolds when ¢ — 0.
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If the perturbation is not regular for ¢, for instance, because it depends periodically on¢/e,
then the Poincaré—Melnikov function does not give, a priori, the right estimate of the measure
of the splitting of separatrices, which in the Hamiltonian case is always exponentially small
in ¢ (see [10] for the periodic case). These singular cases are also known as rapidly forced
systems. The phenomenon of exponentially small splitting of separatrices had already been
discovered by Poincaré [21] in a near integrable case.

In 1964, Arnold [2], when studying the diffusion on the action variables of the near
integrable systems ho(1) + ehi (@, 1, ¢), realized that the splitting of separatrices associated
with partially hyperbolic tori was exponentially small in ¢.

In the setting of planar systems with high frequency periodic perturbations, upper bounds
of the splitting of separatrices have been given in [10, 11, 16]. If we restrict ourselves to one
and a half degrees of freedom rapidly forced Hamiltonian systems, under suitable conditions,
asymptotic expressions validating the prediction given by the Poincaré—Melnikov function can
be found in [3,7, 8, 13] (see also references therein). Two of the more important techniques
used in these studies are the suitable flow box coordinates around the stable invariant manifold
and the extension lemma. In [25] a more general perturbation of the pendulum is considered.
The author uses a different method, based on a continuous averaging procedure, for proving
an asymptotic formula of the splitting of separatrices which differs from the one predicted by
the Poincaré—Melnikov function.

In the examples above the given asymptotic expressions are of the form &"e~/¢, but it is
possible to find systems where the true asymptotic formula does not have this form (see [24]).

This problem can also be studied for planar maps. Lazutkin wrote the first study on
this subject, [17], in which he gave an asymptotic formula for the splitting of separatrices of
the standard map. The complete proof of this can be found in [14]. In this context in [12]
exponentially small upper bounds for the splitting of separatrices are proved for analytic
families of diffeomorphisms close to the identity. In [6] is proved an asymptotic expression
for the splitting of separatrices for some perturbations of the McMillan map, which is also
exponentially small and, in fact, coincides with the prediction given by the Poincaré—Melnikov
function.

In [23], the author introduces a new method to study the splitting of separatrices in
Hamiltonian systems which is illustrated in the generalized Arnol’d model with d+1 degrees of
freedom (d > 2). Inthe model considered in [23] a fixed torus with stable and unstable invariant
manifolds is left invariant after perturbation. The stable and unstable invariant manifolds are
given as solutions of the Hamilton—Jacobi equation. The main tool for studying the splitting
of separatrices is a characteristic vector field, which is defined on a part of the configuration
space, has constant coefficients in good variables and acts on the difference of the stable and
unstable manifold by zero. Actually upper bounds of the splitting of separatrices are given in
a general setting and also lower bounds for special cases are proved.

Recently, resurgence theory (see [5,9]) has also been used in the problem of the
exponentially small splitting of separatrices. In [22] the author studies the rapidly forced
pendulum by using parametric resurgence. Resurgence theory can also be used in the study
of the exponentially small splitting of separatrices for a map, see [15], where the authors deal
with the Hénon map.

The study we present in this paper is close to another strategy based on matching complex
techniques (see [4]). This method will allow us to study the splitting of separatrices in the
singular case, for instance in the case of one and a half degrees of freedom rapidly forced
Hamiltonian, H,, . of the form

Hye(x,y,t/€) = ho(x,y) + phi(x, y,t/e, i, &), (1.1)
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where A is 2w -periodic with respect to 7/¢. Suppose that Hy . has a homoclinic connection
and that it can be parametrized by a complex parameter u € {z € C : |Imz| < a} for some
a > 0. Assume that this parametrization has only two singularities on {z € C : |Imz| = a}
located at points # = =ia. These hypotheses are satisfied, for instance, by the pendulum.
Roughly speaking, the method is as follows.

(1) To simplify the exposition, we consider the Hamilton—Jacobi equation associated with
equation (1.1). The perturbed invariant manifolds will be described by means of two
special solutions of the Hamilton—Jacobi equation, ¢, satisfying an asymptotic condition.

(2) We prove the existence of parametrizations, ¢, of the perturbed invariant manifolds
in the so called outer domain, O. In this domain, the invariant manifolds ¢* are well
approximated by the homoclinic connection.

(3) Welook for good approximations of the perturbed invariant manifolds near the singularities
of the homoclinic connection. For this, we derive the inner equation, which is independent
of ¢. These approximations are merely special solutions, ¢iﬁ, of the so called inner
equation and they are useful only in a small neighbourhood of the singularities: the inner
domain, I. In the inner domain the homoclinic connection is not a good approximation of
the invariant manifolds. It is necessary that I N O # Jand OUI = {z € C : |Imz| < a}.
We also compute the asymptotic expression of the difference between ¢; and ¢, .

(4) By using matching complex techniques, the functions qbii; in the inner domain must be
connected with the invariant manifolds ¢* in the outer domain.

(5) Finally, it is necessary to prove that the dominant term of the splitting of separatrices,
¢~ — ¢*, is given by the one obtained in the inner domain, ¢, — ¢3

mn*
By using this strategy it seems possible to deal with larger perturbations. See [19] for a good
summary.

In this work we perform step (3) mentioned above by considering an inner equation which
comes from a quite general one and a half degrees of freedom rapidly forced Hamiltonian.
In [20], an inner equation derived from an example of a rapidly forced pendulum is studied
by using equational resurgence. Note that we will not use resurgence theory; our approach is
close to the one given in [23].

Using the results of this paper, we plan, in a forthcoming work, to give an asymptotic
expression for the splitting of separatrices for one and a half degrees of freedom rapidly forced
Hamiltonian systems having more general perturbations than the ones considered up to now.

The paper is organized as follows. In section 2 we explain the problem and the motivation
to study it. In section 3 we introduce notation and state the main results. Sections 4-6 are
devoted to the proof of the results of section 3. Finally, even though the proofs we will present
in this work deal with the analytic case, we have included an appendix where we state and prove
results similar to the ones given in section 3 for Hamiltonians which are only differentiable
with respect to time. We distinguish between the analytic and the non-analytic dependence on
time in order to clarify the exposition.

2. Context and motivation

2.1. The problem

Consider the Hamiltonian H = H, + wH;, where p is a not necessarily small parameter,

N
1 ,, 1 1 5 o
H()(Z, U)) == szzz - zzzr [l Hl(za wa T’ l’L) = Z7 Aj(f, M)wjzz j5 (21)

j=0
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r>1,¢£ € R, N € N. Moreover {A;}co,..,n) are arbitrary analytic functions in (z, u),
2m-periodic and having zero mean with respect to t.

Our goal is to study the existence and properties of two special solutions ¢>$ of the
Hamilton—Jacobi equation associated with the Hamiltonian H:

d:¢ +H(z, 3.0, T, 1) =0, 2.2)

satisfying that dﬁ are analytic in some complex domain E¥, d)ﬂf are 2w -periodic with respect
to T and have the asymptotic property
. + _
Relﬂm 0.0, (z, T, ) = 0. (2.3)
We are also interested in computing the asymptotic expression of the difference 9, (¢, —
o)z, T, n)as u — 0and Imz — —oo.
To shorten the notation, along this work we will denote qﬁ simply by ¢*.

2.2. The model: an inner equation
The Hamiltonian defined by H arises naturally from Hamiltonians of the form

H,.(q,p,t/e) = 3p*+V(q) +ue"hi(q, p,t/e, 1u, &) (24)

such that the unperturbed system (given by Hy ) has a homoclinic connection. Indeed, assume
that V is an analytic function, 4, is analytic with respect to (p, g, u) and 27 e-periodic with
respect to 1. Moreover assume that the Hamiltonian system given by H,, ., when p = 0 has
the origin as a saddle fixed point, that one branch of the stable invariant manifold coincides
with one branch of the unstable one, giving rise to a homoclinic connection, which can be
parametrized by a complex parameter u. We denote it by yp(u) = (qo(u), po(u)) and we
suppose that yo(u) is analytic in the complex strip S, = {u € C : |Imu| < a}, that it has
singularities at u = Zia, that it has no other singularities in {u € C : |Imu| = a} and that in
a neighbourhood of +ia, there exist r > 1, C+ € C and functions g, & with g(0) = h(0) =0
in such a way that y; can be written as

Cs ) .
(r—1) (uFia)—! m(l +h(u Fia)). (2.5)

Without loss of generality we can assume that V (0) = 0. Hence

qo(u) = — (I+g@ Fia)), po(u) =

2 C2
Vigo) = 20 = - == (14 fu Fia) (2.6)
2 (u Fia)*
with f(0) = 0.
We now consider the symplectic change of variables given by

t v

T=-, q = qo(u), pP=—
& po(u)

which is well defined, in a neighbourhood of ia intersected with S,. We notice that the
homoclinic orbit can be expressed locally in the new variables as (u, pé (1)) and the new
Hamiltonian is merely I:I,Lya(u, v,7) = eH, (qo(m),v/po(u), ). With this change of
variables we have control over the definition domain of the variable u (which will be a
neighbourhood of #ia intersected with the complex strip S,). Moreover, since in these
variables the homoclinic connection y, can be written as the graph of a suitable function,
we expect that the invariant manifolds of the new Hamiltonian also will be expressed as the
graph of adequate functions.
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We are looking for a new Hamiltonian 7 which will be a good approximation of H,, .
in a neighbourhood of the singularity u = ia (one can proceed in an analogous way to study
the singularity u = —ia). For this reason, we perform the change of variables given by
2= (u—1ia)/e, w = &% C;zv. This change has constant determinant and therefore the new
system is also Hamiltonian with Hamiltonian

Hye(z,w, ) =" 'C77H,, o (ez +ia, we > C%, 1)

4.2

— o2 Ciw

=&\ o
¥ py(ez +ia)

+ V(go(ez + ia)))

+C2ue™ 2 hy | go(ez +ia) Cf—w T, U, &
+ T2 po(ez+ia)’ T )
We assume another condition over 4;: h; is a polynomial in the (g, p) variables, that is,
hi(qg, p,T, 1, 8) = Zogi,iéM a; j(t, i1, €)q' p’. Therefore we can define

£ =max{(r — 1)i +rj : Yo, &0 > 0,3(z, u, &) € [0,27] x [—po, 1ol x (0, &)
s.t.a; j(t, u, e) #0}.

In other words, £ is the greatest order of the singularities =ia among all the monomials of /;.
This quantity £ was also defined in [8].

Using expressions (2.5) and (2.6) of go(«), po(u) and V (go(u)) and taking into account
the definition of £, we conclude that

Hue(z, w, T) = Ho(z, w) + ue" " Hi(z, w, T, (1 + fo) + ge 2.7
where Hy and H; are of the form (2.1) and fy = go = 0.

Remark 2.1. It is not difficult to see that we also obtain a system of the form (2.7) if both V
and h are trigonometric polynomials with respect to ¢, and /; is a polynomial with respect
to p. In this case we allow r > 1.

Taking m = € — 2r, and considering system (2.7) for ¢ = 0, we get a Hamiltonian system
with Hamiltonian 7. Hence, the study of the existence and properties of solutions ¢* of the
Hamilton—Jacobi equation (2.2) is strongly related to the study of the invariant manifolds of
Hamiltonian systems of the form (2.4). Obviously, if m > £ — 2r we can rename ue” > by
wu and proceeding as in the case m = £ — 2r. The case m < £ — 2r remains unknown.

Remark 2.2. Consider system (2.7) for 4 = ¢ = 0. In this case, the approximation of the
piece of the stable (or unstable) invariant manifold we are dealing with can be represented in
the new variables (z, w) as (z, 1/z%).

Remark 2.3. The previous procedure is a generalization of the idea given in [20] for obtaining
an inner equation for a perturbed pendulum. In our case the homoclinic connection is not
a Lagrangian manifold, thus we cannot deal with the Hamilton—Jacobi equation from the
beginning as in [20].

3. Main results

Before presenting the precise statement of the results, let us fix some notation.
For any b > 0 and p¢ > 0 we introduce the complex strip S, = {t € C : |Imt| < b} and
the open ball B(ug) = {n € C: |u] < pol-
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Let y, p > 0. We define the complex domains

D;‘p={ze(C:|Imz|>—yRez+,0}, D;pz—D;p,

E,, =D}, ND;,N{zeC:Imz <0} @3.1)

To shorten the notation we write D}fp’b = D)fp x 8p x B(io) and &, , p, = E, , x Sp x B(1o).
The first result is related to the existence of analytic solutions, ¢, of the Hamilton—Jacobi
equation (2.2), satisfying that limge ., +o0 9,0 = 0 and that are 27 -periodic with respect to T.

Theorem 3.1. Consider the Hamiltonian H = Hy + uH,, where

N
Ho(z, w) = %wzzzr — 2112r and  Hi(z,w, T, n) = zlg jzo Aj(r, pywi 227, (3.2)
withr > 1, £ € R, N eN.

Assume that {A}jeo,..ny are analytic functions on Sp, X B(o) for some by > 0 and
o > 0 and that they are 21 -periodic, with zero mean, with respect to T.

Then, if £ > 2r, for any y > 0and 0 < b < by there exists py = po(y, b, £, r, o) > 0,
such that the Hamilton—Jacobi equation associated with H

O +H(z,0:¢, 7, 1) =0 (3.3

has solutions ¢+ : D;:/t,pg,b — C of the form

1
¢i(Z, T,,U«)=—m+ﬂ¢li(& T, /«L)+§i, Si eC,

where ¢f are analytic functions in all their variables and 2m-periodic with respect to T.
Moreover the derivatives qubli are uniquely determined by the condition

sup 271807 (z, T, )| < +oo. (34)

+
(z,7,10€Dy 0

Remark 3.2. We define ¢, = (by — |Imt|)/2 and the complex set
Dy(t,u) ={z€C:|Imz| > —yRez+po(y, Imz|+e&, L, r, )}

It can be proved that the solutions of the Hamilton—Jacobi equation given in theorem 3.1, ¢,
are analytic functions in (z, 7, u) € D, (t, u) x Sp, X B(uo), respectively, and therefore we
do not lose the analyticity domain with respect to (z, ) provided z € D, (7, u).

The proof of theorem 3.1 is given in section 4.

Let ¢ be two solutions of the Hamilton-Jacobi equation (3.3) satisfying the conclusions
of theorem 3.1. Our goal now will be to give an asymptotic expression for the difference
between d9,¢~ and 9,¢* as Imz — —o0.

To state the next result properly we need to introduce some notation. We write

Tk
JIANEDY (J) A, w),  j=0,...,N
k=j
and we define F{ such that 9, F, = Qg and (Fy) = O where (-) denotes, as usual, the mean
with respect to 7.

Theorem 3.3. Under the conditions of theorem 3.1, there exist py = p1(y, b, £, r, ko) = po,
an analytic function C (1) defined on B(uo) and an analytic function g : &, , , — C such
that, for any two solutions ¢* of equation (3.3) given by theorem 3.1,

3.(p~ —dN)(z, T, ) ~ —ipC(n)e \ETHHEETI) as Imz — —oo. (3.5)
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We also have that
*° Qo(t +1,0)
oo (Z + t)f+l

where {A} jeqo,... ny are defined by (3.2).
Moreover the function g satisfies that

—iC(0)e @D ~ ¢ dr as Imz — —oo, (3.6)

sup |Z€—2r

(2, T,WEEy, oy b

gz, T, w)| < o0 if £ > 2r,

sup |(log |z|)’1g(z, T, 1W)| < 00 if £ = 2r and either Q; # 0 or (Fy - Q,) # 0,

(Lf’/i)egy,pl‘b

sup |zg(z, T, W)| < 00 if £ =2r, Q) =0and (Fy- Q) =0.

(@, T,WEEy, oy b

Remark 3.4. We emphasize that the function g given in theorem 3.3 does not depend on the
choice of ¢*. In fact we will see that g only depends on 3.¢* which are determined uniquely
by condition (3.4).

The proof of theorem 3.3 will be left to section 5. The main idea of proving this theorem
is to exploit the fact that the difference 9,(¢p~ — ¢*) satisfies a linear equation with suitable
properties. This idea was already introduced in [23] although the way we deal with this linear
equation is different.

Let us denote a* (i) the k-Fourier coefficient of Qq(z, i). The following corollary gives
an explicit asymptotic formula of 3,(¢~ — ¢*) as u — 0 and Imz — —o0.

Corollary 3.5. Under the same assumptions of theorem 3.1 and the condition a'(0) # 0, the
following asymptotic formulas hold.

(i) If either £ > 2r or £ =2r, Q1 = 0 and (Fy - Q») =0,

2l .
d.(p™ — ¢")(z, T, ) ~ it ﬁa‘«))e—‘“—”, Imz — —o0, u — 0.
(ii) If £ = 2r and either Q1 # 0 or (Fy - Q2) # 0,
2l .
8.0~ — ") (2, T )~ it g ()T Imz — —o0, t — 0.
C+1)

We will check corollary 3.5 in section 6.
If there is no danger of confusion, we will omit the dependence with respect to the
parameters 1 and o in the notation. Throughout the paper this dependence will be analytic.

3.1. Remarks

e We stress that theorems 3.1 and 3.3 apply for not necessarily small values of (.

e Note that our results are only valid if £ > 2r. The case £ < 2r must be treated differently.

e Our results agree with those on the difference between ¢* and ¢~ given in [20] for the
particular case

L, 2. 41 .
09 — =z°(0;¢0)" +2— (1 — usint) = 0.
8 72

Performing the linear change ¢ = —4v we obtain equation (3.3) forr = 1,£ = 2 and
Hi =z 2(sin7)/2. In this case, N = 0 and hence Q; = 0 and (F, - Q») = 0.
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e We notice that the asymptotic expression given in corollary 3.5 is closely related to the
Melnikov function M of the Hamiltonian system H,, ., defined in (2.4). In this case we
are considering p to be a small parameter. In fact, assuming the hypotheses of section 2.2
if either £ > 2r or £ = 2r, Q1 = 0 and (Fy - Q,) = 0, we have that

netM(u, g) ~ 2Re(C9,(¢p* — ¢ )((u —ia)/e, 0)). (3.7)

Indeed, let J(q, p, t) = {ho, h1}(q, p, T) and let Jy(q, p) be its k-Fourier coefficient. It
is clear that there exist functions h,f satisfying hf(O) = 0 such that

+
‘Ik,O

m(1 +hE(u +ia)),

Ji(go(u), po(u)) =
in a neighbourhood of u = Fia, respectively. We note that Jk’" 0= K}). In [3] and [8] (for
£ € N) it is proved that, if ]17,0 # 0, then

4 ;
e'M(u, &) ~ —Re(i“lJl_Oe*’“/E)e*“/S.
re+1) '
Following the changes of variables given in section 2.2, tedious but easy computations
show that

N

1 — ikt
D AE W= Jioe™T
i=0 + keZ)\{0}

Thus Jiy = a'(0)¢C?2. Finally formula (3.7) follows from the asymptotic expression
given in (i) of corollary 3.5.

e In the case £ = 2r and either Q| # 0 or (Fy - Q) # 0, the difference 9,(¢~ — ¢*) has an
extra term given by the function g which is not related (a priori) to the Melnikov function.
We expect that, in the cases where g be of order log |z|, the Melnikov function will not
measure the splitting of separatrices even when the parameter u is small.

This case is fulfilled, for instance, if we look for the inner equation for the perturbed
pendulum

H,¢(q, p.t/e) = 1p>+ (1 — cosq) + u(p* cos(t/e) + cos g sin(t/¢)).
Indeed, the homoclinic orbits are given by
(go(u), po(u)) = (£2 arctan(sinh u), =2 sech u).

Letus consider the + sign. The second component has poles of order 1 atu = =+in/2+2kr.
Hence, following the notation given in section 2, one has that r = 1, a = /2 and
C, = —2i. Writing h(q, p, T, i, &) = p*cos(t/e) + cos g sin(t /&), we obtain

2

g Cw 1 /1
—h sz+ia), ——F— 1, u,e )| = = [ =sint +w?z*cost | (1 + O(s
o2l (qo( z+ia) poezria) " H ) = (2 wz ( (e2))

and consequently,

1 /1 . 2 4
Hi(z,w, T, 1) = — | zsint +w g cost ).
72 \2

Obviously, in this case, £ = 2r, Qo(t) = % sin T + cos T and hence Fy(t) = —% COST +

sint, Q1(r) =2costand Q,(t) = cost. We have that Q(t) # Oand (Fyp- O») = —%.
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4. Solutions of the Hamilton-Jacobi equation

In this section we prove theorem 3.1. To do so we look for solutions of the Hamilton—Jacobi
equation (3.3):

3" +H(z,0.¢%.7) =0 4.1)
of the form

¢ (2, 7) = po(2) + ey (2, T) +E7, £*eC. 4.2)
where ¢o(z) = —1/(2r — 1)z¥~!) with the condition that, giveny > 0,0 < b <

+
v.p,b’

by and p big enough, qjli is analytic on D
Sup(Z,T)EDj:_P‘b |Z€+laz¢it(zs 7)| < o0.

We observe that both +¢y are solutions of equation (4.1) for © = 0, but since, by
remark 2.2, the homoclinic orbit of Hy . can be approximated by (z, 9,¢o) in the (z, w) variables
we choose the + sign.

Below we split the proof of theorem 3.1 into five steps which are developed in
sections 4.1-4.5.

Our strategy for proving theorem 3.1 will be to apply a suitable version of the fixed point
equation. For that first we define the Banach space we will work with. Actually, such Banach
spaces are functional spaces of Fourier series having Fourier coefficients with potential decay
when |z| — oo. The precise definition and properties of these Banach spaces are given in
section 4.1.

In section 4.2 we deduce a partial differential equation for both ¢* := Bzdf. Such an
equation can be expressed in the form

0rg™ +0.0" = F(¢™) 43)
with F' a known analytic function.

Clearly the operator L(v) = 9.V + 9,V is not bijective but has left-side inverse in the
Banach spaces introduced above, which are studied in section 4.3. We denote them by B~.

In section 4.4, we prove that the fixed point equations ¥ = B*(F(y)) deduced from
equation (4.3) have two solutions ¢ (one for the + case and another one for the — case) such
that sup(_ )cps | 12'¢™(z, 7)| is bounded.

Finally it only remains to show that there exist solutions ¢* of the initial equation (4.1)
such that 3,0 = 9,¢0 + ne*. This is done in section 4.5.

We denote by (-) the mean with respect to 7.

2 -periodic with respect to 7 and

4.1. The Banach spaces: definition and properties

This subsection is devoted to introducing the Banach spaces that we will deal with. We also
state some of their useful properties.

On the one hand, we observe that all the 2 -periodic with respect to t solutions of the
unperturbed Hamilton—Jacobi equation 9 ¢ + Ho(z, 9;¢) = 0 going to 0 as |z| goes to 0o, do
not depend on 7 and they satisfy that 3,¢(z) = 2z~>". On the other hand we are looking for
2m-periodic solutions of the Hamilton—Jacobi equation (2.2); hence we will consider spaces
of Fourier series with Fourier coefficients having potential decay to 0 as |z| — oo.

Now we give a precise definition of our Banach spaces.

Forv € Rand y, p > 0, we write Ejp = D}jf,p X B(ugp), with D;fp defined in (3.1), and
we define the functional spaces

X =1{h: B;p — C: hisanalyticand sup |7"h(z, n)| < +00}.
(z,u)eﬁjp
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It is clear that X equipped with the norm
il = sup [2"h(z, 4.4
(z,u)eﬁjp

is a Banach space.

Now we define the space X b of Fourier series with coefficients in X}. That is, a
function f : qu x S, X B(up) — C belongs to X, p b if and only if

(i) f is analytic on Dy’p X S, x B(uo).

(i1) f is 2m-periodic with respect to its second variable.
(iii) Let f; be the k-Fourier coefficient of f. We ask f to satisfy:

fi € X\ and D I fillve™? < oo
keZ

We endow X b with the norm

e — Ikl
1z, = D I fellve

keZ

and it becomes a Banach space. The proof of this fact can be found in [23].

We will write X}, = X’ v ».» When we will state common properties of both Banach
spaces. If there is no danger of confus1on about the definition domain Di X Sp X B(ug), we
will denote

I los =1 llx,, and X=X,

Remark 4.1. We emphasize that checking that a 2 -periodic function f belongs to XV is
equivalent to proving that it is analytic with respect to u, that the k-Fourier coefficient belongs
to X} for k € Z and that || f||,,, < +00. In other words the analyticity with respect to 7 is an
immediate consequence of (ii) and (iii).

Remark 4.2. Assume that f € XV. We denote its k-Fourier coefficient by f;. We note that

sup (2" f (@ T )| < D12 fiz ek < 1 fllv

@ T.WeD;,, keZ

Conversely, if f : DV » X Sy x B(up) — C is an analytic function, satisfying that
sup(z’t,ﬂ)epy.p.b, |z" f(z, T, w)| < +oo, thenforall b < b/, f € X}f’p’b. This fact follows from

the estimate

Ifilly < sup 12" f(z, T, w)le M7, for b <b" <b
(z,T.w)€D;,,

which is obtained by using the equality

1 [ ; 1 i
fiow) =— | f e dr=e M — f fz, T +ib", we * dr,
27'[ 0 27'[ 0

taking the + sign if k < 0 and if k¥ > 0, we choose the — sign.
The next lemma provides fundamental properties of the Banach spaces X™.

Lemmad4.3. Lety,p,b > 0andv,n € R.
(i) If v > n, XY C X". Moreover denoting a,, = (1 + y2)~172
Ihllne < (pay)" " llllvp, if heX” 4.5)
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(ii) If h € XV and g € X", the product hg € X" and

g lvens < IAllvpliglln.s- (4.6)

(iti) If h € X , ., then there exists a constant A, such that for | € N{O} we have that

ihe X', and 18R llins < l!C;lAy,v||h||XVvypyb. 4.7)

Proof. We observe that, if z € D, then |z| > p(1 + y>)~!/2 and therefore, formula (4.5)
follows easily from the definition of the norms.

Now we check (ii). Leth € X” and g € X7. We denote by Ay, g and (hg); the k-Fourier
coefficients of h, g and hg respectively. It is clear that, for z € le 0

2@ < Y12 hi @128 @] < Y i llullgi—i ly < +00.
i€l i€l

Therefore, since |k| < |k —i| +|i],
k|b
Ihglvens < D Ihillollge—illye™” < IAllln.0
k,i€Z

and we obtain bound (4.6).
Finally we prove (iii). Let / € N\{0}. It is clear that Béh satisfies conditions (i) and
(ii) of the definition of the Banach spaces Xé;’j ob- To checking condition (iii), we introduce

the constant C,, = y(4(1 +y)H2(1 + 4)/2)1/2)71 < 1/4. Geometric arguments allow us to
deduce that

fueC:lu—z<Clzl} C Dy, if z€ D, ,,. (4.8)

Let iy be the k-Fourier coefficient of 4. By Cauchy’s formula,

noo i lel1!
lh(z g—/ he(z + |2|C, e do < ,
OIS oerer f, M EHRIGEI S  e a(+ Cyr = ¢
forz e Dziy’ 4, and hence, summing the corresponding Fourier series, we deduce (4.7). |

The following lemma deals with the composition of functions belonging to the spaces X'
and XV of the form F(z + uf (z, 1), 7).

Lemmad.d. Lety,p,b >0,veRandx > —1. Wefix F € X)f_p_b and f € X;’/(,p,b'
Assume that p satisfies the inequality

1 0 K+l
—1 - =
oGy If g, < 5 ( TT /2) 4.9)
with C,, satisfying property (4.8). We define the formal expression
1
Tr(f)@ o) =) 0@ D' £z, 0). (4.10)
>1

Then there exists a constant B, , such that
Te(f) € X5 NTr(Dllserrs < 0Byl Fllay, I fllas, . (1D)

Moreover, the function F(z,7) = F(z + uf(z, t), T) belongs to Xz"y’4qu.
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Proof. We fix y, b, p,v > 0 and k > —1. From now on we will denote A, , , simply by

A" and consequently we will write || - ||, = || - [l 2 FEE
Given F € XV b by (iii) of lemma 4.3, we get that for all [ € N\{0}
F € x™ and 0L F llisp < 11C,T A, vl Fllx,, (4.12)

Letnow f € AT, C X*. Since k +1 > 0, by (ii) lemma 4.3 and property (4 12), we have
that 3.F - f! € X”"*”*” C XV Denoting p, = p(1+y?)~"/? and using again lemma 4.3,
we have that

102F - fllesrsns < o5 D NOLF (10 £
<UA,LC (5 C) T F L

v.0.b

l
1f -

Then we have that 75 (f) is a series of functions belonging to X**!*¥. Moreover, since p sat-
isfies condition (4.9) and || fl«.» < ||f||XK , the constant p, satisfies ,0”‘ I/LQC;1 N fllep <
1/2 and therefore we have that

1
ITe (D et < D010 IOF - et

I>1

< Ay G IF N, Y (s C) ™ gl L,
>1

<24,,C ol Fll

Vb

1N, 4.13)
and property (4.11) is proved.
Finally, we note that since the condition (4.9) is fulfilled by f and p, by remark 4.2,
14f 0 DI < [z woll Fllo < 1210y oll Fllay,, < Cyl2l.
Hence by property (4.8), z + uf(z,t) € D, , forall (z,7) € D2y 4p X Sp. Then it is

clear that, by Taylor’s theorem F = F + Tz(f) and therefore by (4.11), F € X" provided
TF(f) c X}(+1+v C XV, [ ]

—k—1

From now on we deal only with the + case, the — case being analogous. For this reason
we will skip the + sign of our notation in the remaining part of this section.

4.2. The partial differential equation 9,¢, satisfies

Since ¢ is a solution of equation (3.3), for u = 0, ¢ = ¢y + ¢, will be solutions of the
Hamilton—Jacobi equation (3.3) if and only if ¢, satisfy the equation:

dep1 + 3,01 + Hi(z, 3,0 + 1,1, T) + %z”(azqsl)z =0. (4.14)

In order to shorten the notation, we introduce

Ny i
JIGEDY (j) A(T), X1 @0 = =5 Qo(®), (4.15)
k=j

N
1 n 1 .
4 2r 4 2r, .2 2r
X2 (2w, 7) = Z Qu(D)uz"w, X3 w. 7) =27 +Z7§__:Qj(f)(ﬂz w)’

and we recall that {Ag }xe(o,..., vy are determined by H;(z, w, 7) = Zk —0 Ap(T)wkz2rk=t,
Finally, differentiating equation (4.14) with respect to z and denoting 9,¢; by ¢, it is not
difficult to check that ¢ must satisfy

3+ 3.0+ x (2, T) + 3. (X3 (2, 0, T) + X5 (2, 0, 7)) = 0. (4.16)
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4.2.1. The case £ = 2r. We study the particular case £ = 2r. Since Q; has zero mean, the
function determined by 9, F; = Q; and (F;) = 0 is 2z -periodic. Performing the change of
variables given by

u=z—puk(o, P, ) =+ pnFi (1), 1)
and denoting again ¢ by ¢ and u by z, equation (4.16) becomes

B+ 0.0+ XL (Z(z 7). T) + 0. (X2 (Z(2, 7). 9. T)) = 0, (4.17)
where Z(z,t) = z + uF (7).

4.2.2. The final equation for 9,¢; in the case £ > 2r. To write equations (4.16) and (4.17)
in a unified way we introduce the functions

Y] .
Xz, 1) if ¢ > 2r,
vi(z,7) ={ . _ (4.18)
—xi (Z(z,7),7)  ifL=2r
and
¢ ¢ .
—Xx(z,0,7) — x3(z, 0, T) if £ > 2r,
Vi) (2. 1) = { > ’ . (4.19)
—x3 (Z(z,7),9,7) if € =2r.
With this notation, equations (4.16) and (4.17) become
0 + 0.0 = Yi + 3, (Y3 (9)). (4.20)
4.3. The operator B
In this section we will study the operator 3 formally defined by
0
B(h)(z, 1) = / h(z+t, T +1)dt. 4.21)
+00

Remark 4.5. We note that, differentiating formally under the integral sign, 9, B(h) +9.B(h) =
h. Hence the operator 5 is a (formal) left-inverse of L() = 9. + 9, ¥.

The next lemma ensures that the operator B is actually a left-inverse of Lin X .

Lemma 4.6. Let p, y,b > Oandv > 1. Then
(i) The operator B : X' — X'~ is well defined. Moreover, there exists a constant K.,
depending only on v and y, such that

1B w16 < Koy lllvp it hea”.

(ii) Let h € XV. Then 0,B(h) € X" and there exists a constant C, ,, such that
0:B(A)llv,p < Coy lAllvp-

(iii) For h € XV with (h) = 0, we have that B(h) € X", (B(h)) = 0 and
I1BMlvs < Cuoyllihllvp- (4.22)

Proof. First we observe thatif h € XV, forall (z,7) € D, , X Sp, |[h(z, T)| < |z| 7 [kllv,p-
Therefore, if v > 1, using Fubbini’s theorem, we can express the k-Fourier coefficient
of B(h) as
0
Bh))i() = / My (2 + 1) dr, @.23)

+00

where &, denotes the k-Fourier coefficient of £.
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We fix p, y,b > 0,v > 1 and h € X”. First we deal with (i). On the one hand,

+00 l 1
—dr<K,,—— ifze D, ,, 4.24
A 2+ 1] A " (29
where K, = 2(1 + y2)=D/2y1=v [#°°(1 4+ 2)=/2 dr. Bound (4.24) is straightforward by
using the fact that if Rez < 0 and z € D, ,, y|z| < (1 +y?)"/?|Imz|. The case Rez > 0 is
obvious.
On the other hand, using |h;(z + )| < ||hkllv]z + £]7" in equation (4.23) and applying
bound (4.24) we deduce

1 .
dr < Kv’y”hk“v'ZlT, if z e Dy,p'

+0o0
W) < Il [
0 |z +t]Y
Hence ||[(B(h))kllv—1 < Koy 7k, and by using the definition of || - ||, , we conclude that
IBMW)lv-1 < Ky yllhllvp-
Before checking (ii) and (iii) we claim that if » € X",

1Bl < Coplkl™ gl for k € Z\{0} (4.25)

with élW = (siny)™""!and 7 = (arctan y/2). Indeed, we fix k > O and z € D, ,. Clearly,
z+tel’ e D, ,, for t > 0. Then, since Ay is analytic in D, , and limge ;400 z[zk(z) =0,
Cauchy’s theorem implies that we can move the path of integration z + ¢ to z + te'”:

0 0

el iy (z + 1) dt = / ke b (7 + el )el” dr. (4.26)

+00

® e = [
+00
On the other han_d: using the fact that arg(z) € (—m + arctan y, w — arctan y), it is easy to
check that |z + re'’| > |z| sin y and therefore, bounding the last integral in equation (4.26),

—ktsiny

ummmwgnmm/ | dr < gl 27)
0

Z+ e’ |k|z|" (sin 7)»+1"
In the same way, if k < 0, we choose the path of integration 7 = se™”, s > 0in equation (4.23)
and we obtain the same bound as in (4.27). This proves bound (4.25).

Next we prove (ii). We have already seen that B(h) € X"~!. Therefore, integrating by
parts in equation (4.23), we obtain an expression for the k-Fourier coefficient of d,5(h) which

is 3, (B(h)x = hy — ik(B(h))z. Now bound (4.25) implies (ii):

0. B vy < kllvp + Z kI (BU))ell,e™ < (1+Cy ) IRl p-
keZ)\{0}

To check (iii) is straightforward. Indeed, by (4.23), if hy = (h) = 0, then (B(h)) = 0.
Finally, bound (4.22) follows from (4.25). |

Remark 4.7. Given v > 1 and h € XV, if ¢ is a solution of £(¥) = h such that
limge ; 400 ¥ (2, T) = 0, then ¢ = B(h).

Indeed, let ¥ be a solution of £(¥) = h. By lemma 4.6, B(h) is a solution of
L(¥) = h; thus there exists a function x such that ¥ = B(h) + x(z — ). Moreover, since
Y and B(h) are 2m-periodic with respect to 7 and they both satisfy limge ;400 ¥ (2, T) =
limge ;400 B(h)(z,T) = 0, the function x is 2m-periodic and it also satisfies that
lim;_, o x(¢) = 0. This implies that y = 0.



One and a half degrees of freedom rapidly forced Hamiltonian 1429

4.4. Existence, uniqueness and asymptotic properties of 0,¢;

We have seen in section 4.2 that ¢ := 0,¢; has to be a solution of the partial differential
equation (4.16). This subsection is devoted to proving that equation (4.16) has only one
solution with the properties required for d,¢;. Concretely we will prove the following.

Proposition 4.8. Let y > 0and 0 < b < by. If £ > 2r, there exists py depending on y, b, r
and £, such that the partial differential equation (4.16) has only one solution ¢ 21 -periodic with
respect to T and with the asymptotic property limge ;100 (2, T) = 0. Moreover ¢ € Xft}o b
and ¢ — B(l//f) € XU withny =0 —2r if € > 2r and ny = 1 if £ = 2r.

Let us consider equation (4.20).

O+ 0,0 = I//f +0; (sze(ﬁa))

(We recall that {x[ff},-=1,2 were defined by formulae (4.18) and (4.19)). We also stress that
equation (4.20) was deduced from equation (4.16) simply by performing a change of variables
if £ = 2r. If £ > 2r both equations are the same.

We observe that equation (4.20) can be (formally) written as a fixed point equation. Indeed,
we only need to take into account that the operator B is linear and by remark 4.5, B = £~
Moreover B o 9, = 9, o B (differentiating formally under the integral sign). Hence equation
(4.20) can be formally expressed as

@ = B + 3B (9)). (4.28)

To prove proposition 4.8 we perform two steps. The first is devoted to proving that
equation (4.28) has a fixed point ¢ belonging to X, e+1 .. With po large enough.

Later we will check that ¢ is a solution of equatlon (4.20) provided that (after restricting
our definition domain D, j, ,, if necessary) the linear operators d, and B actually commute.
Note that this fact implies that equation (4.28) is equivalent to

¢ = B(y| +0.(¥(9)))

and hence by remark 4.5, ¢ is a solution of equation (4.20). The uniqueness of this solution
comes from remark 4.7.

Finally, taking into account the relation between equations (4.20) and (4.16) we will
conclude that ¢ is a solution of equation (4.16) if £ > 2r. If £ = 2r, we will need to perform
the change of coordinates given by ¢(z, t) = ¢(z — nFi(t), t), with F| a suitable periodic
function, to obtain the solution of equation (4.16) that we are looking for.

4.4.1. The fixed point equation. Before dealing with fixed point equation (4.28), we state an
auxiliary lemma which works in a more general setting.

Lemma4.9. We fix y, b, p > 0, v > 1 and hy € XV and we define Ry = 8||hollvp + 1/2. We
denote by B(R) the open ball of XV of radius R > 0 and centred at the origin.
Let R be an analytic operator R : B(Ry) — X° such that there exist C, n > 0 satisfying

!
(2Ro)/’
Then there exists p1 = p1(y, b, v, n, p) big enough such that the operator

F(h) := ho + 9. B(R(h))

RO)=0, 8RO)ex™U™D and ||} RO)|,)—(j—1yos < C or j > 1.

has a fixed pointh € X | .
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Proof. To shorten the notation, along this proof we will denote X} |, and || - || X simply
by XV and || - ||,.», respectively.

We take p; = max{p, (1+ )/2)1/2(16CR0_1 Cw)l/”} where C, ,, is the constant defined in
(i) of lemma 4.6. This choice will be justified below.

In [1] it was proved that if f is an analytic operator defined in a complex Banach space,
satisfying that f(B(R)) C B(6R) forsome 6 < 1/2,then f has aunique fixed point belonging
to B(OR). Since the operator F is analytic, we are allowed to use this result. Specifically we
will see that F(B(Ry)) C B(Ry/4).

We fix h € B(Rp). We claim that,

R(h) € X" and IR lv+np < € (4.29)

with C the constant given in lemma 4.9. Indeed, since R is analytic and R(0) = 0, we
have that, formally

Y
_ j
R(h)y =) 8hR(O)ﬁ.
>l
Since BZR(O) e x"=U=Dv using the fact that h € B(Ry) C X" and (ii) of lemma 4.3, we
have that for all j > 1, 9] R(0)h/ € A7~U=Dv+/v = X7 and moreover, taking into account
that |||, < Ro and [|8] R(O)[ly—j—1yvp < ||3ZR(0)||X;;<£4W < Cj(2Ry) ™,

. A . . 1
197 RO (|5 < 119 RO y—i—1ywpllfell] , < CJ!E'

Hence, R(h) € X"*" and
IR g < Y C27 =C.

jz=1
This proves property (4.29).
On the one hand, we observe that, R(h) € X**" C X, therefore, by property (4.29) and
(i) of lemma 4.3 we obtain

IRM e < oy "(L+ Y HRM) sy < Coy "(1+y )12 (4.30)

On the other hand, since R(h) € AV, we deduce that 3,B(R(h)) € X" using (ii) of
lemma 4.6, and hence F(h) € XV. Again by (ii) of lemma 4.6, we can bound the norm of
9;B(R(h)) and finally using the definitions of R and p; and bound (4.30) of || R(h)||,.», We
obtain that

Ry _ Ry Ry Ry
IFM)ve < Nhollve + 10:BRM)) b < i CoyCpy "(1+yH)"? < e % <7
and the lemma is proved. u

Lemma 4.10. Forany y > 0, 0 < b < by, there exists py = po(y, b, £, r) such that the fixed
point equation

¢ = F(p) == BW) + 3.B(Ys (@) (4.31)

. e+1
has a solution ¢ € Xf%lo ,- Moreover 1//2( (p) e X1

' Fob withne =€ —2r if £ > 2r and ny = 1
if € =2r.

Proof. The notation used along this proof was introduced in section 4.2.
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Wefixy >0,0 <b <bpand p = (1+yH)!/?2+ SMOC;/lz(l +y)HY2 | Fillos > 0.
Such a choice will be justified later. We notice that since F; does not depend on z, || Fi|lo» 1S
independent of p.

In order to prove this result, we are going to check that the hypotheses of lemma 4.9 are
satisfied for v = £+ 1,7 > 0, hg = B(y{) and R = y%. If the hypotheses of lemma 4.9 are
fulfilled, check that ¥} (¢) € Xf;;;;” is straightforward from property (4.29).

We note that since the functions Q; are 2w -periodic and analytic in Sj,, they belong to

X;),S’b forall s > 0.

First we deal with the case £ > 2r which is simpler. By definition (4.18) of 1//{3, it is clear
that wf e xX“!. Moreover, (Wf) = 0. Therefore, by (iii) of lemma 4.6, B(iﬁf) e X% Asin
lemma 4.9, we define Ry = 8||B(1pf)||4+1,b +1/2.

On the other hand, definition (4.19) of 5 implies thatit is analytic (in factitis a polynomial
in @), ¥4 (0) = 0 and moreover,

0,¥3(0) = —p Qi)W e X,

Y5 (0) = —puz™ — 2’7" Qs (1) € X7 C XD

393 (0) = I (1) € XY ¢ -G, i£3< ) <N,

993 (0) =0, if j > N,

provided ¢ > 2r. We also note that, since p > (1 + ¥?)!/2, by (i) of lemma 4.3,
1095 Ol e—2r—G-nyesny < o+ jl Qo if 1< j < N.

Hence, the hypotheses of lemma 4.9 are satisfied by R = I/If withn, =€ —2r,v=£+1and

C = maxogj<n (o + 131l Qjllo.p) (2Ro) .

Now we deal with the case £ = 2r. First we check that B(zpf’) e A+, Looking
at definition (4.18) of wf’ one deduces that 1//12’ = —x1 + 71_,,(F;) where x; was
given in definition (4.15) and 7_,, is the operator defined in lemma 4.4. Hence, since
X1 € Xf;;‘p/ékb, again using lemma 4.4, we have that 7_,,(F;) € X**? provided that
p = 8,u0Cy_/'2(1 + (y/2)2)1/2||F1 llo,o. Therefore, by (i) of lemma 4.6, B(7_,, (F})) € XL
Finally, we observe that (x;) = 0. Thus (iii) of lemma 4.6 implies that B(—x;) € X**! and
henceforth, B(xpf’) e xx+l,

Now we check that R = 3" satisfies the hypotheses of lemma 4.9 with n, = 1 and
v = 2r + 1. Indeed, we note that %2’(0) = 0 and, since z + uF (1) € X!,

9,93 (0) =0,

35%%(0) = —u(z+uF (0)” = 2%z + uFi ()7 0a(z) € xX'~@+D,

8;; 20) = —j 1l (z + wF (1) D 0 (1) € X1=U=Der+D i£3< <N,
UYF(O) =0  if j> N.

Therefore, using the definition of p, we realize that

. . €.\ 2D . ’
9, 3OV h—G-nern < (ro+ gl Qjllos) (1 + %) , if1<j<N

and the proof is complete. |
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4.4.2.  Proof of proposition 4.8 We fix y > 0,0 < b < by and we define py =
max{4(4 + y2)1/2C;/12||F1 llo.», 800(y /4, b, €, r)}, where py was given in lemma 4.10. This
choice of py is justified by the following computations.

By lemma 4.10 the fixed point equation (4.31) has a solution ¢ € Xﬁi 00/8.5 SUCh that

@ — B e Xg;ri;’f/&b. We claim that

y

B3 (@) = B@:Y5(9))  on Dy poa X Sp. (4.32)
Indeed, since ¥/5 (¢) € Xf;:,t)?/& »» using (iii) of lemma 4.3 we get that 9,/ (¢) € Xf;’zzrot’)'m b
Therefore, by remark 4.2,

1895 (9) (2, 7)| < |z|‘H‘”f||8z1ﬁf(<p)ll,(;;zz+n[/4, for all (z, T) € Dy 2,p4 X S,
.00

and we obtain formula (4.32) by differentiating under the integral sign B (wzl (©)).
Equality (4.32) implies that ¢ is a solution of equation ¢ = B(y{) + B(3,¥'s (¢)) and
hence, since (9, + 9;) o B = Id (remark 4.5), ¢ is a solution of equation (4.20) belonging to
C+1+
X;f72],p/4,f:~ Moreover, ¢ — B(l/ff)' € Xy abe ' o '
Taking into account the relation between equations (4.20) and (4.16) given in section 4.2,

clearly, if £ > 2r we deduce that ¢ is a solution of equation (4.16) belonging to Xf;}l po/4b C
Xyt , and in this case we are done.

In the case £ = 2r, the function ¢(z, T) = ¢(z—uFi(t), T)is asolution of equation (4.16).
Moreover, since ¢ € Xfﬁlpo /a5 applying lemma 4.4 we obtain that @€ Xf’;}l , provided that
0o = 44+ yz)'/ZC;/IZHFl llo.»- We also note that, since ¢ — ¢ = T,(F1) € X'+, we have
that ¢ — B(yi") € x¥*2

¥-p0,b*
Finally, the uniqueﬁess of the solution ¢ follows from remark 4.7.

4.5. End of the proof of theorem 3.1

Given y > 0and 0 < b < by, let ¢ be the solution of equation (4.16) belonging to X}fﬂn’ b
where pyp = po(y, b, £, r) is the constant given by proposition 4.8.

We claim that the solutions of equation (4.14) such that their derivative with respect
to z belong to X;f:}[),b are defined up to constant. Indeed, let @', ¢ be two solutions of
(4.14). Clearly 3.¢"', 8.¢> are solutions of equation (4.16). Assuming that they belong

to X)ffplo’b, by proposition 4.8, 3.¢' = 9,¢>. Hence 3,(¢' — ¢?) = 0 which implies that

#'(z, ) = ¢%(z, T) + $(2) and thus, using that 3.¢' = 9,¢2, we conclude that 3,¢ = 0.
For any &£ € C, we define

0
o1(z, r):/ ez +t,7)dt +£. (4.33)

oe}

Obviously d.¢1 = ¢ and moreover the condition ¢ € X! , implies ¢ — & € X, ,. We

note that, by remark 4.2, we have that sup, ;). 12419, ¢1 (2, T)| < +00.

y.p0 X Sb

From the fact that ¢ are solutions of equation (4.16) and ¢ € X}ff"foq p» it is straightforward
to check that ¢; defined by formula (4.33) are solutions of equation (4.14) for any &. This ends
the proof of theorem 3.1.

5. Distance between 9.¢* and 8. ¢~

Lety > 0and 0 < b < by. We fix ¢T = ¢ + ;ubf satisfying the conclusions of
theorem 3.1.
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In order to prove theorem 3.3 we define A¢; = ¢; — ¢7. This function has the following
immediate properties which come from those of ¢f.

(i) A¢, is 2 -periodic with respect to 7.
(ii) Itis analytic on E, ,, X S, x B(uo). This is due to the fact that E,, ,, C D, , N D;,po.
We recall that E,, , was defined in (3.1).
(i) SUp(. 1)k, s, 127 0 Ad1| < +o0.

Since ¢ft are necessarily solutions of equation (4.14), subtracting equation (4.14) for ¢
and ¢7, respectively, we obtain that A¢, satisfies a partial differential equation of the form

3.0+ (1 +uG'(z,1))d.90 =0, (5.1)

where G* is an analytic function on E, ,, x Sj, 27-periodic on 7, depending not on ¢>fE but
on 8z¢]i. Later on, in section 5.2, we will write it in a more detailed way.

Next let us assume that equation (5.1) has a solution ¢ such that ¥y (z, 7) = (¢o(z, T), T)
is injective in E,, , x S}, for p > po big enough. We claim that any solution of equation (5.1)
defined in E,, , X S, can be written as ¢ = x (¢o) for some function yx (this is a well-known
property of homogeneous linear partial differential equations). Indeed, we note that, since
Yo is invertible, 0.¢¢ o ¥ U'~£ 0in E, ,; hence using that both ¢ and ¢, are solutions of
equation (5.1),

d(poyyh) = (= 0oy dpoovy +dpoyy  dpoy,')=0.

0:¢0 0 %_1
Therefore, ¢ o ¥, (&, 1) does not depend on 7 and this implies that there exists a function
such that p oy 1, 1) = x (&) and the claim is proved evaluating this equality at§ = ¢y(z, 7).

Section 5.4 is devoted to proving the existence and useful properties of such a solution
@o of equation (5.1). Specifically we will prove that there exists a solution of the form
wo(z,7) = 7z — 7 + nug(z, ), with g 2mw-periodic with respect to 7 and satisfying all the
properties stated in theorem 3.3. We will also prove that limyy,, . — 9;8(z, T) = 0. Finally
we will see that (¢o(z, 7), T) is injective in E,, , with p; > pg big enough.

In section 5.5, using this fact and properties (i)—(iii) that A¢; satisfies, we will end the
proof of theorem 3.3. We sketch below the process that we will follow.

On the one hand, since Ag; is a solution of equation (5.1) analyticin E, , x Sp x B(uo)
(property (ii)), there exists an analytic function x such that A¢(z, 7) = x(z — T + ug(z, 7).
On the other hand, A¢; is 2w-periodic with respect to . This implies that x; has to be a
2m-periodic function in such a way that A¢; has to be of the form

Adi(z.T) = ) xu(uye T,
keZ

(We notice that, x; are analytic functions in B(ug).) Finally, using that A¢; goes to O as
Imz — —oo (property (iii)), one can check that x; = O for ¥ > 0. Henceforth

0:A¢1(z,7) = Y ik () D (14 10, (2, 7)) (5.2)
k<0

and since limpy; o 3;8(z, T) = 0, we obtain the asymptotic expression (3.5) of theorem 3.3
as a consequence of (5.2).

In order to obtain asymptotic expression (3.6) we need only to look for the independents
of u terms of the functions qubli and compute their difference.

The subsection below is devoted to introducing the notation we will use throughout this
section.
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5.1. Notation

As in section 4, we will denote by (-) the mean with respect to t. For any 27 -periodic function,
h, we also introduce {h} = h — (h).

Now we introduce the Banach spaces we deal with during this section. These spaces
will be analogous to the ones defined in section 4.1 for functions defined on the domain
E, , x Sy x B(uo) (we recall that E,, , was defined in (3.1)). We observe that the function
A¢; = ¢, — ¢ is defined on such a complex domain.

For any y, p, b > 0 and v € R, to shorten the notation, we will write

E,,=E,, x B(uo), Eypb = Eyp x Sp x B(o).
We define the spaces
={h:E,,— C:hisanalyticand ||h], ;== sup [z"h(z, u)| < +00}
(z.WEE,y,
if v # 0 and
—_— h b
YO={(h: E, , — C: hisanalyticand ||A|lo ;== sup M < 400}
(Z,M)Efy,p | IOg |Z||
for v = 0. It is clear that the functional spaces Y equipped with the norm || - ||, are Banach
spaces.
We also introduce the spaces of Fourier series
;j,p,h = {f : gy,p,h - C : analytica f(Zv Ta H’) = Z .fk(za M)eikrv fk S Yv
keZ
and [ fllus = Y [l felloe™? < +oo} (5.3)
keZ

The functional space y;’ . of Fourier series endowed with the norm || - ||, is a Banach space.
We also define the auxiliary Banach space

=0 . ;
Vyps = {f 2 €ypp — Cranalytic, f(z,7, 1) = ) fi(z, we*
keZ
and | fllg, =Y sup |felz, wle"’ < +oo}.
keZ (mEE, ,
For notational need we introduce i;,p,b = y;,p,,, and || - |lvp = |l - llvp if v # 0.

Remark 5.1. We note that X"+ C )" and X% ¢ 3.

Let ¢p* = ¢+ ¢>1 satisfying the conclusions of theorem 3.1. We note that, by remark 4.2,
31¢1 S X}ft; bi , respectively, for any y > 0, p > pp and 0 < b < by. Hence the function
A¢ = ¢y — ¢ satisfies that 3. A¢; belongs to Y*) .

We will denote V), , , simply by J” (and yy b by Y") so that there is no danger of confusion
on the definition domam We will also write || - ||yv =|-1vpand] - ||y = |- Is.», when
it is necessary to empha51ze the complex domain where the functions are deﬁned

The Banach spaces y (and henceforth, )V for v # 0), satisfy the same properties as the
ones given in section 4.1 for XV. Specifically we have the following lemma.
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Lemma 5.2. Lety,b,p > 0andv,n € R.
(i) If n = v, then Y7 C V¥ and 77 C 7). Moreover we have that
Ihllss < p* hlgs, — if hed.
(ii) If h € Y’ and g€ V', then the product hg € V" and
gl < IAllsblIgll.b-
(iii) If h € y;,p,b, then there exists a constant A, ,, such that for | € N\{0} we have that

—l+v

’hedy ., and 1827, < 1127'CL Ay bl

where the constant C,, was defined by property (4.8).
(iv) Assume thatn > —1. We fix F € i;’p’,, and f € ?qu,,,. Let p be such that

woCy S Ny, < o™ (5.4)

We define the formal expression

Tr () 7) = Zl, OLF (2, D [z, 1),

21

Then there exists a constant B, ,, such that

—v+n+l

Tr(f) € Voypr WD livirs < 0Byl Flly 1 fllye

Moreover, the function F(z, 1) = F(z+ uf(z, 1), ) belongs to iz%zm.
(v) Letn > —1, F € ygqqu and f € ?Z’p’b with F satisfying that 0, F € y;,pyb. If p satisfies
condition (5.4), then
Te(f) €V ITe(Hllyern < moByolld-Fllyy 1 fln .

Moreover F(z, 1) = F(z + uf(z, 7)., 7) belongs to ygy,zp,h

Proof. The proof of (i)—(iii) of lemma 5.2 is completely analogous to the proof of lemma 4.3.
We only have to take into account two facts: the first is that if z € E,, ,, then |z] > p; the
second we need is that

{fueC:lu—-zl <2Czl} CE,,, 2 € Enyp. (5.5)
Item (iv) is proved as in lemma 4.3 by using property (5.5). To check (v) we apply (iii) to
d, F and we proceed in a way completely analogous to the one in (iv) of lemma 4.3. |

5.2. The equation for ¢; — ¢y

Lety > 0and 0 < b < by. According to theorem 3.1 there exist infinitely many solutions
ot = ¢o + ,u(ﬁ of the Hamilton—Jacobi equation (3.3) analytic on the domain D}Jj o0 X Shs
2m-periodic with respect to T and such that aquli are the unique possible choices satisfying that
sup 219,97 (2, 1) < +o0.
(@T)ED} , XS)

We recall that pg = po(y, b, £, r) was given in theorem 3.1.

For any two of those solutions ¢ we denote A¢; = ¢, — ¢ which is defined on
E, , xSy C Dy o0 N Dy oo X Sp. Since, qbli are solutions of equation (4.14), subtracting
equation (4.14) for both ¢;” and ¢7, respectively, we get

3 A+ 0, Ady +Hi(z, 8,07, T) — Hi(z, 3,0%, r)+“ 2[(3.¢7)° — (3.)*] =0



1436 I Baldoma

Denoting

N j—1
. . . 1
G'z.t) =Y w07 (@) @00 + zz”(azqs; +0.97), (5.6)
k=0

J=1
it is straightforward to see that A¢; satisfies the equation

3¢ + (1 +1G (2, 7))d.90 = 0. (5.7

Lemma 5.3. The function G* — Qz~%?" belongs to Y*~** and it can be written in the form

— r 1 r — — r —t
G'(z,1) = Q1@ + 227 @9y + 09D (14227 p02(1) + G (2, 7) (5.8)
with Q| having zero mean with respect to T and EZ € Y3202 Moreover
V? if £ =2r, =0and (Fy - =0,
(G . 0 (Fo - Q2) (59
P2+l otherwise,

where Fy is such that 0, Fy = Q¢ and (Fy) = 0.

Proof. Formula (5.8) is straightforward from the definition of G*. Moreover, using that
3,07 € X1E, we easily get that G' e yre-me,

Now we deal with the statement related to (G*). We observe that G* — Q2672 € Yt=2+1,
Hence, since Q; has zero mean, in any case we have that (G*) € Y*~¥*!. It only remains to
check that if € = 2r, Q; =0 and (Fy - Q,) = 0, (G*) € V2. First we claim that, in this case,

Fo
g

3.0  —2 € Y2, (5.10)

Indeed, we deal with the + case, being the — case analogous. By proposition 4.8,
3,97 — B(yi) € X223+ Trivially,

0
B(wIZr) — 2}’/ QO(T + t) =9 FO(T)

—2r=2
+wm = rzer+2r(2r+ I)B(F()Z )

and therefore, B (1#12’) — 2rFy(1)z7 21 € xX%+2+ C Y¥+2 because F, has zero mean.
Looking at expression (5.8) of G*, and using property (5.10), we deduce that

G' —4rz7"Fo(1+ nQ,) € )?

and henceforth, property (5.9) is proved provided that (Fy) = (Fy - Q2) = 0. |

Remark 5.4. Since G* depends on qubli, but not on (}51i themselves, it is independent of the
choice of the solutions ¢*.

As we pointed out at the beginning of this section, the next step in proving theorem 3.3
is to find a solution of the partial differential equation (5.7) of the form ¢y(z,t) = 7z —
T + g(z, t). To obtain such a solution, we will need to solve explicitly the linear equation
dch + 9.h = with ¢ € V¥ aknown function. The next subsection is devoted to studying this
equation.
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5.3. An explicit solution of equation :h+9:h =y in}y, ,,

We fix b, p,y > 0,v > 0and ¥ € Y. We denote by i the k-Fourier coefficient of ¢ and
we consider the operator G formally defined by

Gz, 1) = ) (G2, (5.11)

keZ

where its Fourier coefficients are given by

GWNo@ = | o) dr ifo<v<I (5.12)

i
(GW¥)o(2) = f Yo (1) dt ifv>1 (5.13)
(GW))i(2) = / eIy () dr if k>0 (5.14)

i
G (2) = f Dy ik <0, (5.15)

The following lemma proves that, under suitable conditions, G () is well defined. This implies
that & = G(v) is a solution of equation 9.4 + 3,7 = V.

Lemma 5.5. Let y,b,v > 0 and p > max{2v, 1}. Forany ¥ € y;,p,b we have that
(i) G(¥) € y;fpfb and 9,G(Y) € y;.p.b. Moreover, there exists a constant C,, only
depending on v and y such that,
IGW)Iv-1.0 < Coyll¥llve and 0GP Lvp < Coy ¥ llv,p (5.16)
(ii) If W has zero mean with respect to t, then G({) € y;’p’b, (GW)) =0and
G Mvs < Coyll¥llvp-

Proof. We write 1 = G() and we denote by &y its k-Fourier coefficient. To prove (i) and (ii)
we have to bound ;. We claim that forall z € E,, ,,

(a) Ifeitherk <Oandv > 0,ork=0andv > 1,

0 —kt
he(@)] < o | ———dr. 5.17
[k (@) < (¥l /_Oo R+ 127 (5.17)
(b) Otherwise, denoting ¢, = ' (1 + y2)'/2,
[Imz+p| e—kz
@ <ol [ 5.18)
0 [t + Imz|¥

Indeed, in the case (a) & is defined by equation (5.15) and equation (5.13), respectively. The
condition € Y}, , implies that ey (s) is analytic on E,, , and limymy— oo €% 595 (s) = 0
(either if k = 0 and vy € y;,p,b withv > 1,ork < Oand ¥ € JJ}‘,”p’b with v > 0). Thus, by
Cauchy’s theorem we can change the path of integration to z + it and therefore

0 . 0 efkt
i - +ir)dr| < v /
[ emerina] < [ S
Finally, since |z +it|? > |z|> + t? if t < 0, we get bound (5.17). In the case (b), bounding the
integrals in definitions (5.12) and (5.14),

|Z+i,0| |Im z+p| efkt
h(@Q < —— ——dt
@) < |Imz+p|”wk”v/0 e
and, since |z +ip||Imz + p|™" < ¢, (5.18) holds.

|hi(2)] <
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Now we claim that
Il < 257 kI el for k # 0. (5.19)

Indeed, let z € E,, ,. First we deal with k < 0. Obviously, bound (5.17) implies that

0
2" (2)] < ||wk||v/ e dr = [k lvelly < 2e) 1K el

provided that ¢, > 1. If k > 0 we define I, = follm @l e=ki|¢ + Imz|~" dr. Integrating by
parts I,, it is easily checked that 1, < k~'(|Im z| ™" +vp~"'1,). Thus, since p > 2v, we obtain
bound (5.19) from (5.18) by using the fact that |z| < ¢, [Im z].

We prove (i). Let v > 0. We define the constants B, , = (1—v)7'¢, ifv < 1, B;, =¢,
and B, , = 0+°°(1 +52)7"/2dys if v > 1. With this notation

”hOHV—l < Bv,y”‘/fO”v' (520)

Proving bound (5.20) is straightforward by computing the integrals in formulae (5.17) and
(5.18) in the corresponding cases. We take C, , = max{l + 26;”, B, ,} and we notice that
bounds (5.20), (5.19) and (i) of lemma 4.3 imply

k|b
Mrllv-1p = lhollo—t + D Whelly—re

keZ\(0)
< Buy Yol +2¢5" 07" 3 llyndlve” < Coy 1 llus
keZ\{0)
provided that p > 1. In this way we get the first bound in property (5.16).
Next we prove the second bound in property (5.16). Taking derivatives in
formulae (5.12)—(5.15),
0. hy = —ikhy + Yy, forall k € Z. (5.21)
Hence we have that 9,7y = v and, from bound (5.19), ||9,A]l, < (1 + 2c;+1)||wk||u for
k # 0. From the Fourier series of d;4 and the definition of the norm | - ||, ,, we get

”azh”v,b < Cv,y ”wnvb
Finally, we prove (ii). Let v > 0. We observe that, (1) = 0 implies 7y = 0. Thus (ii)
follows from property (5.19). u

Remark 5.6. By using equality (5.21) one checks that G(i) is a solution of equation
oh+0,h =1.

5.4. A solution ¢y of equation (5.7) of the form ¢o(z,t) =z — T + ug(z, v)
Our goal in this subsection is to prove the following result.

Proposition 5.7. Let y > 0 and 0 < b < by. There exists p; = p1(y, b, £, r) such that the
equation (5.7)

3.0+ 0.0(1 +uG% =0 (5.22)
has a solution g of the form ¢o(z,T) = 7z — T + ug(z, T) with g satisfying that g € yﬁ;}lfb
and 0,8 € yﬁ;jf;‘.

In the special case that £ = 2r, Q1 = 0 and (Fy - Q;) = 0, then g € y;,pl,b and
d;8 € y}%’plqb.

Moreover, Yro(z, ©) = (¢o(z, T), T) defines an injective map on E,, ,,.
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A function ¢ is a solution of equation (5.22) of the form ¢y(z, 7) = z — 7 + ug(z, v) if
and only if g is a solution of the equation
3.8 +0,8(1 +uGH = —G*. (5.23)
To check that equation (5.23) has solutions satisfying the conclusions of proposition 5.7 we
state a technical lemma which will be proved later.
Lemma 5.8. We fix y,b,p > 0. Let H € y;]/qu!b be such that G(H) € y]‘/’/qu!b for some
n>0andv > 0.
If either v > 0, or v = 0 and n > 1, there exists po = p2(y, b, v, n, p) such that the
equation
oh+0.h(l+uH)=—H (5.24)

has a solution h € yv J.b satisfying that 9,h € 3%12 b

To prove proposition 5.7 from lemma 5.8 we have to check that in each case G* satisfies
the hypotheses of this lemma.

Proof of proposition 5.7. We fix y > 0 and 0 < b < by. We are forced to distinguish the
following three cases.

e Case £ > 2r. By lemma 5.3, G = Q,z7"% + G with G' € Y:"F!. Therefore

V.po,b
Gt € yﬁ—pﬁ’ »- Moreover, since Q; has zero mean with respect to 7, by lemma 5.5,
G(GYH € yﬁ;ﬁf,, and lemma 5.8 can be applied in this case with H = G* and

v=n=4£—-2r >0.

e Case £ = 2r, Q1 = 0 and (Fy - Q;) = 0. Again using lemma 5.3 one deduce that
G' = (G") +{G"} with (G") € Y, 7 0b and {G'} € V), , ,, having zero mean with respect
to . Using similar arguments as in the previous case, we conclude that we can apply
lemma 5.8 with H = G¢andv =15 = 1.

e Case ¢ = 2r but either Q; # 0 or (Fp - Q») # 0. The change of coordinates

z=u+pFi(7), gu,7) =gu+pnki(7),7)
transforms equation (5.23) into
3:8+3,8(1+uG) =-0, -G
with GY(u, 1) = G'(u + uF (), 7) — Q1(t). We note that, by lemma 5.3, G — Q, €
yy/g sus.pe With po = max{8pp, SMOC},—/ISHF]IIO,;,}. Therefore, by (iv) of lemma 5.2,
¢
G €Yy u s
3.8+ 0,8(1 + uG* = -G*. (5.25)

This equation is under the hypotheses of lemma 5.8. Indeed, we have already seen that

Gl e y1/4p /4.~ Moreover by lemma 5.5, G(GYH e ymp 145+ Hence lemma 5.8 works

in this case with H = G, p = 1 and v = 0.

Let g be the solution of equation (5.25) given by lemma 5.8. We have that g € y;) 12.00.b

and 0,g € 37; 2. 00b° Going back to the original variables (z, 7), it is clear that

8z, 1) = —Fi(1) +g(z — uki(7), 7)
is a solution of equation (5.23). Moreover, since by lemma 58 g € )? v /2.00,p ANd

We take ¢ = —F) + g and we notice that g has to satisfy the equation

g € yy /2.00.p» @PPlying (v) from lemma 5.2, we have that g € y b1 with p; =

max{20;, 2M0Cy/2||F1 llo.»}. We also have that 9,g € y1 B . This is due to the fact that
0,8(z,t) = 0,8(u — wF (1), t) and hence we are allowed to apply (iv) of lemma 5.2 to
0B € Vyp i C Vyp i



1440 I Baldoma

We have proved that equation (5.22) has a solution ¢y of the form ¢y(z,7) = z —
T + ug(z, v) with g satisfying at least that g € yO pand 9:g € y‘ .»- Now we check
that ¥o(z,7) = (@o(z, ), T) is injective in E,, , >< Sy if p; is b1g enough Indeed, let
(z1, 1), (22, ) € E, , X S be such that ¥y(z1, T1) = Y¥o(22, 72). Clearly 71 = 75. Assume
that z; # z,. Then by the mean’s value theorem,

21 — 22l < Inlld:glhslar — z2loy ' <21 — 22
if p1 > max{p;, 214019;g|l1.»}, which is a contradiction. |

5.4.1. Proof of lemma 5.8. 'To prove lemma 5.8 we will find an explicit solution of equation
(5.24) by means of a suitable linear operator.

We fix y, b, p > 0 and v, n, H satisfying the hypotheses of lemma 5.8 and we define the
linear operator

F(f)=—-0.9(uH - f). (5.26)

Lemma 5.9. There exists py = p2(y, b, v, n, p) = 2p such that the operator (Id — F) is

. N PTG
invertible in ym,,,

Proof. Let p, = max{2p, (2u0Cs1,y ||H||y;pb)l/"} where C,.1,, is the constant defined in
lemma 5.5. We denote |, , , and || - Iy, simply by Y and || - |5, respectively.
Fe P2

Since F is a linear map we only need to check that || F||,+1., < 1. Let f € Y"*'. We have
that H € y” vob C V", hence by (ii) of lemma 5.2, we deduce that H - f € il o v+l
provided n > 0. Moreover, ||H - f|ly+1.6 < p2"||H||,,,b||f||v+1,b. Therefore, by lemma 5.5
and using definition (5.26) of F, we have that
IF 1o < 10Cost2p 1 H - fllvers < 140Cus1,29 05 NH Lyl fllvsrs < 31 F llverp
provided that || H ||, » < ||H||yn and ,o2 > Z/LOCUH,]/HHH),;M. |

We claim that if either v > Qor,v =0and n > 1,

9.G(H) e V"), (5.27)

with p, defined in lemma 5.9. Indeed, first we deal with the case v > 0. By hypothesis
G(H) e y;/z o.b> therefore using (iii) of lemma 5.2, 9,G(H) € “+21p » C y" b provided that
v > 0. Inthe case v = 0 and n > 1, we recall that H € yy 12.pb" Thus using lemma 5.5
we conclude that 9,G(H) € y; /2.p.5- The claim is proved in this case taking into account that
N>l
Now we define the functions

H=(1d - F)" (~3.G(H))
and

h=—G(H) = G(uH - h). (5.28)

We notice that, by (5.27) and lemma 5.9, € y;fp‘z’,,.
It only remains to check that 4 so constructed is a solution of equation (5.24). First we

note that, since F(h) = h + 3.G(H), we have that
0:h =—0.G(H) — 3.G(uH - h) = —3,G(H) + F(h) = h.

Therefore 9,/ € y;;}z, »- Moreover, substituting h by 9.k in equation (5.28) we obtain that
h=-G(H)—G(uH - 9:h).
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Consequently % is a solution of equation (5.24). Finally, using that H € y;’ /2.p.p» that

G(H) € V,), ,, and lemma 5.5, we conclude that h € V) » , |, N J};:;b C Y, ,,, and the
lemma is proved.

5.5. End of the proof of theorem 3.3

Wefixy > 0,0 < b < by. We write ¢y(z,T) = z — T + ug(z, T) where g is the function
that satisfies the conclusions of proposition 5.7. As we claimed in the previous subsection this
implies that ¢ is a solution of equation (5.7). Moreover ¥y(z, T) = (¢o(z, T), T) is injective
on £, , where p; is given by proposition 5.7.

Therefore as we pointed out at the beginning of this section, any solution of equation (5.7)
can be expressed as a function of ¢y. In particular, there exists an analytic function x such that

A¢1 = x (o).

5.5.1. Proof of the asymptotic expression (3.5) of theorem 3.3. We claim that d, x ()
goes to 0 as Im¢ — —oo. Indeed, we notice that, if z € E, , with |Imz| big enough,

[Rez| < —y~'Imz and [Im7| < b < —Imz/3. Then, since g € yf;}lf,,, we have that
[Im pg(z, t)| < —Imz/3, if |Im z| is big enough, and thus
SImz/3 <Im(z — v+ pug(z, 7)) < Imz/3.
Moreover, from the fact that 9, A¢;(z, 7) goes to 0 as Imz — —oo:
lim 9, x(¢)= lim 9 x(z—7+pngz 1))
Im¢——o0 Imz— —o0
=, lim  8,A¢(z, T)(1 + pud,g(z, v))~" = 0. (5.29)
mz— —00

In the last equality we have used that 9, g € yﬁ;ff;‘ and that A¢; = x (o).
On the other hand, since A¢; and g are 27 -periodic with respect to 7,
X@Z—1t+ugz, 1) =x(z—7— 27w +ug(z, v +2m)) = x(z — v — 27 + ug(z, 7))

which implies that x is 27 -periodic. Hence, d; x can be expressed as a Fourier series of
the form

0 x () =) k(e (5.30)
keZ

where {xx }rez are analytic functions in B(ug). A
Finally the property 9, x () — 0 as Im{ — —oo implies that y;(1)el*¢ goes to 0 as
Im¢ — —oo and hence y; () = 0 for k > 0. Then, since 9, g € y;,ph,, at least, we have that

BZA¢I(Z7 7:) — Zika(M)eik(27‘[+ﬂg(z,‘[))(1 + H’azg(za .[))
k<0

~ — iy (n)e 1ETTHrET) as Imz — —oo. (5.31)
This gives asymptotic expression (3.5) taking C(u) = x—1(w).

5.5.2. The asymptotic expression (3.6) for C(0). Since Bz¢f satisfy equation (4.16) we
have that

[0:(3.07) — 3,(3,)](z. T) = £Qo(T)z "' + O(w)
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X@+1,:I:

and therefore, from the fact that qubli are the unique solutions of (4.16) belonging to &, ",

respectively, we obtain that
T Qo(T +1)

R0 oD@ =t | P

Finally formula (3.6) follows from the asymptotic expression (5.31) and the fact that
az(¢_ - ¢+) = H/az((l’]_ - ¢T)

dt + O(p).

6. Proof of corollary 3.5

First we state a technical lemma.

Lemma 6.1. Let k € Z*\{0}. For any y > 0, p big enoughand z € E,, ,,
e e dr = ikl 2T e 1+ O(Imz|~! 6.1
fm e 4 = e 0Gima ™), 6.1)
where T is the Gamma function.
Moreover, ifk < 0,

+00 eikl
s
o (Z+D)E

where Ky, , is the constant defined in lemma 4.6.

1
—2[k||Im z
< 2Kph1,e ||[Im \W forzeE,,

Now we prove corollary 3.5. Substituting the definitions of a* in expression (3.6) and
using the asymptotic expressions of the integrals in lemma 6.1 we get

. 2T .
—iC(0)e ™™ ~ £ ——— 3 "k [k|’eT* (1 + O(|Im 2| 1)) as Imz — —oo.

re+1) =
Therefore, since a' # 0,
2l
C(0) = —i° L£0. 6.2
0) i F(€+1)a # (6.2)

Finally (i) from corollary 3.5 follows from the asymptotic expression (3.5), (6.2) and the fact
that g goes to 0 as Im z — —oo and (ii) is proved from equations (3.5) and (6.2).

Proof of lemma 6.1. Let z € E, ,. First we deal with k < 0. By Cauchy’s theorem we can
move the path of integration obtaining

+00 eikr +00 eikt
/ — dr = e~ 2KImz / —— dt. (6.3)
oo (ZHDE —oo (z+1+2ilmz)t*!

Let 7 = z + 2ilmz. We note that 7, —7Z € D;,p N D, , and |Z| > |z|. Using bound (4.24) in
formula (6.3) we get the result.
Now we deal with k > 0. Performing trivial changes of variables we have that

+00 eikt e—ikRez +00  oikt|Imz]
/ g dr = K/ 7 dt. (6.4)
oo (2+ D) Imz|¢ J_oo (¢ —1)%
In [3, p 80, formula (6.28)], the following expression is given:
+00 eikt/e k t 27
——dr =i (= ket 0 6.5
/_oo T e <g> resne  droeE ©.5)
with e > 0, ¢ > 0 and k > 0. Putting ¢ = |Imz|~' and ¢ = 1 in expression (6.5) we get

formula (6.1) from expression (6.4).
We point out that, if £ € N, the asymptotic expressions of this lemma can be easily
obtained by using residues theory. |
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Appendix

In this study, we have restricted ourselves to the case in which our initial Hamiltonian
H = Ho + pwH; is analytic with respect to t, but this hypothesis is, in fact, not necessary.
The purpose of this appendix is to justify that our proofs are also valid in a more general
setting: the differentiable case with respect to t.

First we present the precise statement of the results which ensures that, with the obvious
changes, theorems 3.1 and 3.3 and corollary 3.5 are also valid in the differentiable case.

Theorem 6.2. Consider the Hamiltonian system H = Ho + uwHy with

N
1 1 1 o
Mo w) = Jw’e = o Hiw,0) = = 3 A,z w
j=0

wherer > 1, £ € R, N € Nand {A} e, ny are arbitrary 2m -periodic functions with respect
to T, analytic with respect to | in B(lo), for some o > 0, C? with respect to T and such that
the Fourier series of A is uniformly convergent for all j € {0, ---, N}.

Then, if ¢ > 2r, forall y > 0 there exists po = po(y, q, £, r) > 0such that the Hamilton—

Jacobi equation associated with H has solutions ¢~ : D; pob C of the form ¢p* = o+ /quf,

C%*' and 2m-periodic with respect to T, and analytic with respect to (z, ). Moreover 8Z¢1i
is determined by the condition

sup  |2%10.7 (2, T, w)] < +o0.

+
(Z,Te/i)EDy‘po,b

Theorem 3.3 and corollary 3.5 are also true in this new setting taking into account the new
regularity of g with respect to t, that is, g is C4, analytic with respect to (z, u) € E,, , X B(jp)
and such that the Fourier series of g is uniformly convergent.

To justify this result we take advantage of the fact that our results are valid for spaces of Fourier
series satisfying the properties given in section 4.1 (and consequently in section 5.1).

The appropriate Banach spaces in this case are defined as follows. Let y, p > 0 and
v € R. We define the space Z;:;f of Fourier series f(z, T, 1) = Y iy fe(z, weT, with
fr € X analytic with respect to (z, 7) € fo , X B(0), C° and such that the Fourier series

of f is uniformly convergent. We endow Z}‘j:f with the norm

1f oo =Yl filly

keZ

and it becomes a Banach space. This fact can be proved as in [23].

It is straightforward to check that the Banach spaces Z;:f satisfy the properties given in
lemma 4.3 and lemma 4.4. (We only need to take b = 0 and replace analyticity with respect
to T by continuity.)

Without any change in the procedure given in section 4 we can check that there exists a
solution, ¢* € fo’;* of the fixed point equation ¢* = B(yr{ + 3,4 (¢*)) and hence ¢* is
C! with respect to T since 9, ¢* = Y| + 9, ¥1(¢") — 8, (B(wf + 0,95 (¢™)). If either £ > 2r,
or { = 2r with Q; = 0 and (Fy - Q) = 0, we have that 9,¢] = ¢* and therefore 9.¢7 is
differentiable with respect to 7. Moreover, using definition (4.33) of ¢ we conclude that ¢
is differentiable with respect to 7, differentiating under the integral sign. In the special case
£ = 2r and either Q; # 0 or (Fy - Q2) # 0, we have that 9.¢7 (z, 7) = ¢*(z — nFi (1), 7).
Hence ¢* is C! with respect to T and henceforth, we have the same property for 9,¢} and ¢;.
We deal with the — case in an analogous way.
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Therefore we conclude that there exist solutions ¢ = ¢ + mﬁ of the Hamilton—Jacobi
equation 8, T +H(z, 3.¢F, 1) of the form stated in theorem 6.2 and satisfying that they are C°,
that their Fourier series is uniformly convergent.

Finally we observe that, since ¢= = ¢ + qﬁt with azqﬁli S fol}'i, then 9.¢* € Z)%’ ;Oi. In
particular, we have that 3,¢* is C° and the Fourier series of ¢* are uniformly convergent. On
the one hand, we notice that since ¢* are analytic with respect to z, .¢* and consequently
H(z, 3.¢F, 7) are C° (here we have used that H is C?). On the other hand, since ¢¥ is a
solution of the Hamilton—Jacobi equation associated with H, 9.0t = —H(z, BZd)i, 7) and
thus ¢ is C!. An inductive argument allows us to conclude that ¢+ is C9*!,

For the second part of theorem 6.2, we follow the same steps as in section 5. We omit the
details of the proof because they are quite analogous. section 6 works without any change.
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