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Abstract

In this paper we study the existence and regularity of stable manifolds associated to fixed points of
parabolic type in the differentiable and analytic cases, using the parametrization method.

The parametrization method relies on a suitable approximate solution of a functional equation. In the case
of parabolic points, if the manifolds have dimension two or higher, in general this approximation cannot be
obtained in the ring of polynomials but as a sum of homogeneous functions and it is given in [4]. Assuming
a sufficiently good approximation is found, here we provide an “a posteriori” result which gives a true
invariant manifold close to the approximate one. In the differentiable case, in some cases, there is a loss of
regularity.

We also consider the case of parabolic periodic orbits of periodic vector fields and the dependence of the
manifolds on parameters. Examples are provided.

We apply our method to prove that in several situations, namely, related to the parabolic infinity in the
elliptic spatial three body problem, these invariant manifolds exist and do have polynomial approximations.
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1. Introduction

Parabolic fixed points of maps (or parabolic periodic orbits, in the case of flows) appear in
general as bifurcation points but they are also present for all values of the parameters in important
problems. For instance, the “parabolic infinity” in several instances of the three body problem.
See [29,27,30-32,20,11].

The purpose of this work is, given a map with a parabolic fixed point, that is, a point where the
map is tangent to the identity, to provide conditions under which the parabolic point possesses a
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stable invariant set (which in general will not contain a neighborhood of the fixed point) which
can be parametrized as a regular invariant manifold. This is the first part of a two papers work,
being [4] the second. In the second one, we study the existence of approximate solutions of the
invariance equation that the parabolic invariant manifold should satisfy. Here we are concerned
with the existence of the actual manifold.

The existence of invariant manifolds of parabolic fixed points and their regularity has been
considered in [28,13,30], when the dynamical system is analytic and the stable manifold set is
one dimensional. Invariant manifolds of parabolic fixed points with nilpotent linear part were
studied in [9,10,18]. In [26] the authors use the manifolds of a parabolic point as pieces of the
boundary of regions with regular and ergodic behavior respectively for a specially chosen family
of two dimensional symplectic maps. The case of stable manifolds of higher dimension, but
still in the analytic category, was considered in [2]. All these works share the use of the graph
transform method to obtain the parabolic invariant manifold.

The problem of parabolic fixed points in the context of holomorphic maps has also been
studied in a completely different approach by [22,14]. See also the survey [1].

When the map is not analytic, but C¥, 1-dimensional stable manifolds of parabolic points have
been studied in [3]. In this work, unlike the previously cited ones, the parametrization method is
used [6-8,24,25]. See also [23].

The procedure here is as follows. Let F : U C R” x R”™ — R" x R™ be a map and assume
(0,0) € U is a parabolic point, i.e., F(0,0) = (0,0) and DF (0,0) = Id. Assume furthermore
certain conditions on the first non-vanishing nonlinear terms which imply some “weak contrac-
tion” in the (x, 0)-directions and some “weak expansion” in the (0, y)-directions, to be specified
later. Even if our conditions are more general and in fact do not always imply “weak expansion”
in the (0, y)-directions, for the sake of simplicity of this introduction, let us assume that there is
this expansion. Then one looks for an invariant stable manifold W* of the origin as an immersion
K :V CcR" - R" x R™, which we call parametrization of the manifold, with K (0) = (0, 0),
DK(©0)=1d,0)T, range(K) = W* and satisfying the invariance equation

FoK=KoR, (1.1)

where R : V — V is a reparametrization of the dynamics of F on W¥. In general, V is a domain
which contains 0 on its boundary. The procedure to find such K and R has two steps. First, find
functions K= and R solving approximately the invariance equation, that is, satisfying

FoK=(x)— K=o R(x)=0(x], (1.2)

for some £ large enough, depending on the degree of the first non-vanishing nonlinear terms of F
at (0, 0). Once these functions are obtained, the invariance equation can be rewritten as a fixed
point equation for a perturbation of K= and solved in appropriate Banach spaces.

Of course, if the invariance equation does have solutions K and R, they will not be unique,
since for any diffeomorphism 7 : V — V, the functions K o T and T~ o R o T also satisfy the
same equation. The same claim holds for the approximate invariant equation (1.2) if, for instance,
T (x) = x + o(J|x|]). The parametrization method aims to obtain the “simplest” parametrization
(or the parametrization that provides the “simplest” R).

There are two important reasons to use the parametrization method to obtain the invariant
manifolds of a parabolic fixed point. The first one, from the theoretical point of view, is that
is better suited to deal with cases of finite differentiability than the graph transform method
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since the operators involved are more regular. The second one is related to the computation
of the approximate solutions of the invariance equation. From a computational point of view,
it provides a way to explicitly obtain such approximations. And reciprocally, if one is able to
produce functions K = and R that are approximate solutions of the invariance equation, then there
exists a true solution close to the given approximation. This is a type of a posteriori argument
(see [12,24,25,19,15-17]).

The parametrization method is used in [6,7] to find nonresonant manifolds of fixed points of
maps in Banach spaces. In such setting, the approximations K = and R can be taken as polynomi-
als. The degrees of K= and R depend on the spectrum of D F (0, 0). The homogeneous terms of
these polynomials are found recursively. The homogeneous term of degree j must satisfy a linear
equation which depends on the terms of degree i, for | <i < j — 1. In solving these equations,
K= and R play different roles and are not unique, even in the class of polynomials. A possible
criterium to determine them is to look for the “simplest” polynomial R, in the sense that the
majority of its coefficients vanish. This fact only depends on the spectrum of D F'(0, 0).

In the case when the origin is parabolic and n = 1, in [3] it is shown that it is also possible to
find polynomials K= and R which are approximate solutions of the invariance equation. Again,
these polynomials are not determined uniquely, but there is a choice in which R is the “simplest”.
Its degree only depends on the degree of the first non-vanishing term of the contracting part. A
related result was obtained in [5] where the Gevrey character of the manifolds is established for
analytic maps.

The situation changes drastically when one considers invariant manifolds of parabolic points
of dimension two or more. Although these cases were successfully dealt in the analytical con-
text [2] by means of the graph transform method, a simple computation shows that generically
there are no polynomial approximate solutions of the invariance equation. In the spirit of the
parametrization method, if it is not possible to find approximate solutions, the fixed point part of
the argument cannot be carried on. We remark that this fact implies that, generically, the invari-
ant manifolds obtained in [2], which are analytic outside the origin, do not have a polynomial
approximation.

In the present paper, we deal with the actual existence of the invariant manifold and we study
its regularity and dependence on parameters, assuming that a suitable approximate solution of
the invariance equation is known. In the companion paper [4], we derive a method to find such
approximations and their regularity. However, since, in general, these approximations are not
polynomials but sums of homogeneous functions of increasing degree, we reproduce in Sec-
tion 3 the algorithm derived in [4] to obtain them. It should be remarked that, in general, these
homogeneous functions need not be rational functions. We also remark that the conditions under
which these approximations can be found allow several characteristic directions in the domain
under consideration (see [22,1]).

When considering parabolic points, one has to look at the first non-vanishing homogeneous
terms of the Taylor expansion of the map at the parabolic point. One looks for “contracting” and
“expanding” directions (in certain subsets) in the dynamics generated by the polynomial map
obtained by truncating the Taylor expansion of the map at the parabolic point at the lowest non
vanishing order in each component. We will assume that the degree of all the “contracting” di-
rections is N, the degree of all the “expanding” directions is M, without assuming that N = M.
The fact that N # M has consequences both at a formal level, when solving the approximate
invariance equations, and at the analytical level, when considering the fixed point equation that
provides the manifold. In particular, the behavior and regularity at the origin of the formal ap-
proximation and the invariant manifold depend on the relation between N and M.
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We remark that, as it is often the case, the hypotheses to carry out the fixed point procedure
are milder than the ones required for solving the approximate invariance equation. The reason is
that to solve the fixed point equation it is enough to start with an approximate solution having an
error of prescribed high enough order depending of the first non-vanishing nonlinear terms. Of
course, some care is required to deal with the regularity of the involved objects.

We include in our study the dependence on parameters of the invariant manifolds, which is
rather cumbersome but useful for the applications. In particular, it allows to derive the analogous
statement for flows from the one for maps. This is performed separately for the actual manifold, in
the present paper, and for the approximate solutions of the invariance equation, in the companion
paper. The dependence on parameters of the invariant manifolds in the case that they are one
dimensional and the map is analytic is already done in [21], where it was used to find regular
foliations of the invariant manifolds of some parabolic cylinders.

As a side application of our method, we prove that, in several instances of the three body prob-
lem, namely in perturbations of the restricted spatial elliptic three body problem, the “parabolic
infinity” is foliated with parabolic fixed points with stable manifolds of dimension two that have
polynomial approximation at the origin. This fact is rather surprising, since to be able to solve
the approximate invariance equations in the ring of polynomials, one obtains a larger number of
obstructions than coefficients at each order. Then, the fixed point machinery works at any order
and as a result one obtains the invariant manifolds of the “parabolic infinity”” and their expansion
at the origin.

The structure of the paper is as follows. In Section 2.1 we present the setting and hypotheses
as well as two theorems of existence of invariant manifolds for maps. In Section 2.2, we present
the result concerning the regularity with respect to parameters and in Section 2.3 we deal with
the results for flows. In Section 3 we describe the algorithm from [4] developed to compute the
approximate solutions of the invariance equation. In Section 4 we apply the algorithm to the
elliptic spatial restricted three body problem to obtain the invariant manifolds of the “parabolic
infinity”. In Section 5 we provide two examples that show that our hypotheses are indeed nec-
essary and that the loss of differentiability can take place. We remark the differences between
one-dimensional and multidimensional parabolic manifolds. The rest of the paper is devoted to
the actual proofs of the results.

2. Main results

This section is devoted to present all the results of this work related to the existence and
regularity of parametrizations of invariant sets. There are three settings we consider: the map
case in Section 2.1, the dependence on parameters in the map case in Section 2.2 and the periodic
flow case in Section 2.3.

2.1. The map case

The first result is a posteriori type theorem which assures the existence of an invariant mani-
fold close to a sufficiently good approximate solution of the invariance equation (1.1). Then we
provide sufficient conditions to ensure the existence of an invariant manifold by means of the
results in [4] about approximate solutions of the invariance equation, that is, solutions of (1.2).
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2.1.1. Set up
Let U C R" x R™ be an open set such that 0 € U. We consider C" maps F : U — R"*™" with
r to be specified later, of the form

x+px,y)+ f(x,y)

Feoy) = ( y+qx,y)+glx,y)

), xeR", yeR™, 2.1

where p and g are homogeneous polynomials of degrees N > 2 and M > 2 respectively,
Fx,y) =0, WIVtTY and g(x, y) = O(l(x, y)|M*1). With these conditions, the origin
is a parabolic fixed point of F.

We introduce the constants

L =min{N, M}, n=1+N-L. (2.2)
We denote the projection onto a variable as a subscript, i.e. X, and by B, the open ball

centered at the origin of radius o > 0.
Given V C R" such that 0 € 3V and o > 0, we introduce the set

Vo=V N B,.
We will consider sets V' star-shaped with respect to 0, i.e., 0 € 3V and, for all x € V and A €

O, D, »xeV.
We define the stable set of F over V associated to the origin 0 as:

WS ={(x,y) eU:Frx,y)eV, k>0, F*(x,y) = 0ask — oo}
and its local version, when we restrict V to the set Vj:
Wy, =1(x,y) €U : Fi(x,y) €V, k=0, F¥(x,y) > Oas k — oo}. (2.3)

Let V C R" be an open star-shaped with respect to 0 set. Take o > 0, some norms in R” and
R™ and consider the following constants:

a4, =— sup lx + p(x, 0 — x| b — lpCx, Ol
e xI¥ ! (A T
A I1d + Dy p(x,0)|| — 1 I1d — Dy p(x,0)]| — 1
p=—Su N1 s B, = su N1 ,
xeV, llx I xeV, flx ]|
2.4
. I1d — Dyg(x, 0)]| — 1 4
T B
xeV,
ap, if B; <0, J ap, if A, <0,
Cp = =
P by, otherwise, P bp, otherwise,

where the norms of linear maps are the corresponding operator norms. We emphasize that all the
previous constants depend on . Nevertheless there are some straightforward relations among
them.
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Lemma 2.1. The constants Ay, By, By, a, and b, are finite. They satisfy |a,| < by, By > Ap,
ap,>Ap/N and B, > Na, > 0.

In addition, if 0 < ¢ < o and denoting by A_p, B_p, B_q, ap, E the corresponding constants for
0, we have that

A,>A, B,<B, B;>By ay>a, b,=b,

This lemma is proven in Section 3.1 of [4] (in a slightly different set up).

As usual for parabolic points, their invariant manifolds are defined over a subset V' such that
0 ¢ intV. For this reason, in order to study the regularity of the invariant manifold at the origin,
we define the following natural concept:

Definition 2.2. Let V C R/ be an open set with xg € V and f : V U {xo} C R/ — R¥. We say that
fis Clatxgif fis C'in V N (Be(xo) \ {x0}), for some & > 0 and limy_, xy, xev Df (x) exists.

We finally introduce a quantity related with the minimum differentiability degree we require
to F':

By Ap
lo:=N—-1+—+max{n——,0¢. 2.5)
ap dp

Note that {g >2N — 1> N + 1.

2.1.2. A posteriori result
Let V C R" be open, star-shaped with respect to 0. Assume that there exist appropriate norms
in R” and R™ and ¢ > 0 small enough such that

H1 The homogeneous polynomial p satisfies that a, > 0,
H2 ¢(x,0) =0, for x € V,, and

B, >0, ifM <N,
B, > —Nay,, ifM=N,

H3 There exists a constant ay > 0 such that, for all x € V,,,

dist(x + p(x,0), (V)¢) > ay||lx||V.

Remark 2.3. It is easily checked that if hypotheses H1, H2 and H3 hold true for ¢ > 0, they also
hold for any 0 < ¢ < g, so that we will take o as small as we need.

Theorem 2.4. Let F : U C R"™™ — R"™ pe a C" map (the case r = oo is also included), of
the form (2.1) with U an open set such that 0 € U.
Assume that, there exists an open set V and oo > 0 such that:

(a) Hypotheses HI, H2 and H3 hold for oo > 0.
(b) The degree of differentiability satisfies r > Lo with £ defined in (2.5).
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(c) There exist K= : Vo, — U and R : Vo) — Vy, cr functions, for some r= > 1, of the form

AK=(x):=K=(x) = (x,0 = O(lx>).  D/AK=(x)=O(Ix|*™),
AR() = R(x) —x = p(x,0) = O(lx |V, D/ AR@) = O(lx|¥*17),

for 0 < j <r<, satisfying the invariance equation up to order £ for Ly < £ <r, i.e.:
FoK=—K=oR=0(x|".

Then, there exists ¢ > 0 small enough and a unique function K= : Vo, — U such that K~ (x) =
O(Ix1*=N+1Y and K = K= + K> satisfies the invariance equation

FoK=KoR. (2.6)

Moreover, Rk(x) — 0 as k — 00, K is invertible and, as a consequence,

{K(x)}xe(KX)—l(VQ) C W;,Q' (27)

Concerning regularity, the parametrization K and the reparametrization R on Wy, o are C!

functions at the origin in the sense of Definition 2.2. Moreover, they are C'~ functions on Vo
according to the cases

(1) If Ap > ndy,, r~ = min{r, r=}.
(2) If Ay < ndp, r =min{r, ro, r=} with ro defined by

A B
rozmax{keN:(n——p>k<r——p—N+1}. (2.8)
dp ap

(3) If F € C®, then r™ =r=, where the case r= = oo is also included.

In addition, if F, K= and R are real analytic, A, > b, and item (c) is true for j =0, then K is
also real analytic.

2.1.3. Existence results of invariant manifolds

As a corollary of Theorem 2.4 and the work [4] we can prove an existence result. We first
formulate the new set of hypotheses which are (as usual) slightly stronger than the previous
ones. They coincide with the ones assumed in [4] for the existence of approximate solutions
of the invariance equation (1.1). We include them here for completeness. We summarize the
algorithm to find these approximate solutions in Section 3.

Let V C R” be an open set which is star-shaped with respect to 0. Assume that, with the
appropriate norms in R” and R™, there exists o small enough such that Hypothesis H3 is satisfied
and

H1’ The homogeneous polynomial p satisfies that

ap > 0.
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If M > N, we further ask A, /d, > —1.
H2’ The homogeneous polynomial g satisfies ¢ (x, 0) =0, for x € V, and

B; >0, if M <N,

By, Ap .
24+ —>maxi1——,0}, ifM=N.
Cp dp

Unlike the hyperbolic case, as we claimed in Theorem 2.4, here we can lose differentiability
in the case A, < nd,, even at points x € V,, with x # 0. In fact, the formal approximation is only
C™ when A, <d, and M > N, r, being:

A, B, .
max 1k € N : —— |k<24+—2L3, ifM=N,
Te = dp Cp
* A
max{keN:( —d—p>k<2}, ifM>N.
p

See [4].
The existence result is as follows:

Corollary 2.5. Let F : U C R"™ — R"*™ be a C" map, of the form (2.1). Assume that, for some
00 > 0, r > Lo, hypotheses H1’, H2’ and H3 are satisfied in an open star-shaped with respect
to 0 set V.

Then, there exist ¢ > 0 small enough and maps K : V, — U and R : V, — V, solutions of
the invariance equation (2.6) satisfying (2.7).

In addition, K = K= + K~ with K= and R provided by Theorem 2.2 in [4].

The parametrization K and the reparametrization R on W‘”, o are only C! functions at the

origin restricting them to the set V, and they are C" g functions on V, and r~ takes the values:

(1) If A, >ndp, r~ =r.

(2) Ifeitherd, < A, <nd, or M < N, r> =min{r, ro} with ro defined in (2.8).
(3) If A, <dpand M > N, r> =min{r, ro, ry}.

(4) If FeC® and Ay, > d), then K~ € C*.

Moreover, if F is real analytic and A, > by, K is also real analytic.
Finally, substituting HI’ and H2’ by the new conditions A, > 0 and By > 0, we have that

Wy o = {K@kek)-1(vy):

Proof. Obviously H1’ implies H1. It remains to check that when M = N, the condition in H2’
implies that B; > —Na,. This is immediate if B, > 0. When B, < 0, H2’ implies 2a, + B; > 0
and hence B; > —2a, > —Na,.

Now we set a good enough initial approximation of the invariant manifold K by means of
Theorem 2.2 in [4].

We take £ € N such that £y < £ < r with £y introduced in (2.5) and we decompose our map
F into

F(L)’)ZP(X’)’)‘FGZ(xa)’)s (29)
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where P is the Taylor expansion of F up to degree £ — 1 and G, (x) = o(||x ||£_1). In fact, since
£ <r, we actually have G¢(x) = O(lIx1%). We apply Theorem 2.2 in [4] to P to obtain K= and
R such that

PoK=—K=oR=T'  T'G)=o(Ix|"). (2.10)

Moreover, both K= and R are sums of homogeneous functions satisfying that AK= := K=(x) —
(x,0) = O(|lx|)?) and AR(x) : R(x) — x — p(x,0) = O(|x||N*!). By Theorem 2.2 in [4], K=
and R are analytic functions if A, > b, C* functions if A, =b, and C"* if A, < b, therefore,
F, K= and R are C" functions if A p = by and cmin{r.rd functions otherwise. We use the symbol
r= to denote the degree of differentiability in each case.

Since P is a polynomial, the remainder T (x) = O(||x||*) is also a finite sum of homogeneous
functions. Therefore, using that the derivative of a homogeneous function of degree j is also a
homogeneous function of degree j — 1, we have that, for any 0 < j <r=,

DIAK=@) =0(Ix|*™),  DIARG) = O(x|N 7). DIT () = O(lx ).

Therefore, we are under the conditions of Theorem 2.4 which implies the stated existence and
the regularity in the present results.

The last statement follows from Theorem 3.1 in [2] which states that the stable set W“, 0
defined in (2.3) is the graph of a Lipschitz function. Since K, (x) = x + O(||x||?) is invertible,
the result follows immediately since the new conditions A, B, > 0 imply the hypotheses of the
resultsin [2]. O

Now we state a corollary from Theorem 2.4 and Theorem 2.7 in [4].

Corollary 2.6. Assume the conditions in Corollary 2.5 and take £ such that £y < £ <r. For

j=2,---,£—N, let K){ Vo — R" be C"~ homogeneous functions of degree j. Denote
=N
Ki@)=x+) Kix).
j=2

Then there exists R* : Vo, — R", a finite sum of C"” homogeneous functions of order less than
¢ —1, of the form R*(x) — x — p(x, 0) = O(||x |t such that for any C"~ function AR : Vo —
R” with AR (x) = O(||x||%) there exists a C"~ function K satisfying the invariance equation (2.6)
with R = R* + AR and K (x) — K} (x) = O(||x||*=N+1).

Proof. We proceed as in the proof of Corollary 2.5 decomposing F' as in (2.9) and applying
Theorem 2.7 in [4] instead of Theorem 2.2 in [4] which assures the existence of K= and R* satis-
fying the invariance equation (2.10) up to order £. Moreover, K)CS (x) = Ki(x)=0(||x ||E_N+l).
Since AR(x) = O(||x||%), we have that K=(R*(x) + AR(x)) = K= o R*(x) + O(||lx||*) and,
consequently, writing R = R* + AR,

FoK=(x)— K=o R(x)=0O(x|%).

Applying Theorem 2.4, we get the result. O
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2.2. Dependence on parameters

In this section we deal with the dependence on parameters of the parametrization K and the
reparametrization R provided by Theorem 2.4 and Corollary 2.5.

2.2.1. Setup
Let A C R" be an open set of parameters and U C R” be an open set. We consider C" maps
F :U x A — R"™ having the form (2.1) for any A € A, namely:

X+ px,y,A)+ f(x,y,A)

F(x,y,A) =
(6.3 4) (y+q(x,y,k)+g(x,y,k)

), 6,y M) eR xR™ xR”,  (2.11)

where p, g are homogeneous polynomials for any fixed A of degree N, M > 2 respectively and
fy, 1) =016 MINTY, g, y,0) = Ol (x, M) uniformly in 4.

In this context, the constants introduced in (2.4), (2.5) and Hypothesis H3, depend on A.
We denote this dependence by a superindex, for instance A?,, 23, etc. We redefine the constants
(independent of 1) A, Bp,ap, by, By, av,cp,dp, Lo by

A, = inf A%, a, = inf a”*, B, = inf B},
P en P P en P 97 jen ¢
B, = sup B, b, = inf a*, ay = inf aly,
P AGR p P yen? Ve
ap, if By <0, ap, if A, <0, (2.12)
Cp = =
P bp, otherwise, P bp, otherwise,

By Ap
lo=N—-14+—+max{n——,0¢.
ap dp

Lemma 2.7. If the conditions in HI, H2, HI’, H2’ and H3 hold true for the constants
Ap,By,ap, by, By, cp,dp,ay, they are also true for A*, Bﬁ,a;,bz, Bé,cﬁ,dﬁ,a%‘/ for any
A€ A.

In addition Zé < ¥y.

The proof of this lemma is straightforward from the definitions.

The differentiability class we work in was used in [7] and is the one considered in [4] for the
approximate solutions. For any s, r € (ZT)?, we define the set

S ={G, )@ i+j<r+s,i<s)
and for an open set i C R x R”’, the function space
CEor = {f ‘U — RF V@i, j) e X, DLD'Z/f exists, is continuous and bounded}. (2.13)
Here D, and D, means the derivative with respect to u and z respectively. We also denote by
Cx o ={f:U—R": forall u, f(-,p) isanalyticand f eC*}.

We note that C" C C¥rr.
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2.2.2. Dependence on parameters results
Note that assuming that the conditions in both Theorem 2.4 and Corollary 2.5 are satisfied for
any A € A, we obtain the existence of K, R solutions of the invariance equation

F(K(x,2),A) = K(R(x, 1), A). (2.14)

To have regularity with respect to A we need to impose some uniformity conditions.
Let V be an open set as in Section 2.1.2 and o > 0. We rewrite HI, H2 and H3 to become
uniform with respect to A € A and we add an extra condition:

HXA The constants ap, ay > 0. Moreover g (x, 0, 1) =0 for (x, 1) € V, x A and either B; > 0 if
M > NorB;>~—Na,if M=N.

HP D! f(x,y,2) =O(l(x, »IN*T17/) and D! g(x, y, ») = O(l|(x, y)|M+!1=/) uniformly in A
with z =(x,y)and j =0, 1.

We introduce

By
bi:=N—-1+-2L4mn-1). (2.15)
ap

Theorem 2.8. Let F € C* be a map of the form (2.11). Let 9o > 0 be such that Hypotheses

HA\, HP hold true and r > max{{g, £1}, s > 0.
Assume that there exist K= : Vo, x A — U and R : Vo, x A — Vy such that

(a) K=, R eC¥=r=.
(b) For (i, j) € X< ,<, uniformly over A,

AK=(x,2) 1= K=(x, ) — (x,0) = O(|lx ||, DiDIAK=(x, 1) = O(Ix|I*™),
AR(x,A):=R(x,) —x — p(x,0,1) = O(|x|IV ), DiD,{AR(x, 1) = O(|x |V,
(c) The invariance equation (2.14) is satisfied up to order £y < £ <r:
F(K=(x,1),A) — K=(R(x, 1), 1) = (9(||x||z), uniformly for A € A.

Then the unique function K= : V, x A — R"™™ found in Theorem 2.4 belongs to C¥s>r>
where s~ and r~ have the following values according to the cases

(1) If Ap = dpn, r” =min{r, r=} and s~ < min{s, s~} satisfies

B
sS—D<r——L_-N+1. (2.16)
ap

(2) Ifd, <A, <dpn, then r> <minf{r,r=}, s> < min{s, s~} and

B A
r__"_N+1—r><n—_p>>s><n—1>. (2.17)
ap d[’
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(3) If A, <dp, then r> <min{r,r=}, s” < min{s, s~} and

B A A
r——p—N+1—r>(n—d—p>>s><n——p>. (2.18)

ap p dp
(4) If F € C*>, thenr> =r= and s = s=~.

Finally, if either F, K= and R are real analytic or they belong to C* and A, > by, then
K> is either real analytic if item (b) holds true fori = j =0 or K> € C¥ ifitem (b) holds true
for j =0 respectively.

To finish this section, we formulate an existence result as a corollary of Theorem 2.8 and
Theorem 2.7 in [4] which includes the regularity with respect to parameters of the approximate
solutions. The following new condition is necessary to ensure the existence of solutions of the
invariance equation (2.14) for any value of A € A:

HMA’ ap,ay >0, g(x,0,1) =0 and the conditions in hypotheses H1’, H2’ are satisfied for the
constants A, dp, B, cp redefined in (2.12).

As we claimed in Lemma 2.7, we have that H1’, H2” and H3 are satisfied if HA” holds true. There-
fore, by the existence Corollary 2.5 there exist K and R satisfying the invariance equation (2.14).
Moreover, by construction, K = K= + K> with K= provided by Theorem 2.7 in [4].

Corollary 2.9. Let F € C*s be a map of the form (2.11). Assume that there exists oo > 0 such
that H\’ holds true.

e Parametric version of Corollary 2.5: The solutions K : Vo x A — R"™™ R:V, x A =V,
of the invariance equation provided by Corollary 2.5 belong to C¥s>+> with s* and r>
satisfying
(1) If A, >dpn, r™ =r and s~ < s satisfying (2.16).

(2) Ifd, <A, <nd, orM <N, r> <r, s> <s satisfying (2.17).

(3) IfA, <dpand M >N, r> <r,s” <s,r” +57 <ry satisfying (2.18).

(4) If F € CZs. and Ap>dp, thenr” =00 and s~ =s.

Moreover, if either F is real analytic or it belongs to C* and Ap > by, then K is either
real analytic or K € C¥ respectively.

o Parametric version of Corollary 2.6: Let K){ Vo x A— R" be CEs>r> homogeneous func-

tions of degree j with respect to x. We introduce K} (x,A) = x + Zf;lzv Kl(x,)) as in
Corollary 2.6.
Then, the function R* : V, x A — R”" provided by Corollary 2.6 belongs to C¥s>.r> . More-
over, if AR :Vy, x A — R" with AR(x,)) = O(x 1) uniformly in A € A, belongs to
C¥s>.r> | then the function K satisfying the invariance equation (2.14) for R = R* + AR
given in Corollary 2.6 also belongs to C¥s>.r> .

Proof. For any fixed Ag € A, the existence and uniqueness of K (x, 1) = O(||x||*"V*1) satis-
fying the invariance equation (2.14) is guaranteed by Corollary 2.5. To obtain the regularity with
respect to the parameter we have to apply Theorem 2.8. To do so we need to discuss Hypothesis
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HP. Since for any A € A, F has the form in (2.1), we have that Df (x, y, A) = O(]|(x, y)||N)
and Dg(x,y, 1) =O(|(x, y) ||M ) but the bounds are not necessarily uniform in A. Nevertheless,
by continuity, for any Ao € A there exists an open ball centered at Ag, B,,(Ao) C R"™, in such a
way that HP is satisfied when we restrict the domain of A to Ay, = A N By, (Ao). In addition,
restricting pp if necessary, we can get the approximate solutions K=, R satisfying items (a), (b)
and (c) in Theorem 2.8, that is, with uniform bounds in A € Aj,,.

In conclusion, K € C¥~ > with (x, 1) € Vo X Aj,. Since K (-, A) is the unique solution
of (2.14) of order O(||x[|*"N+1), K € C¥r* in the full domain (x,1) € V, x A. O

2.3. Existence results for invariant manifolds. The flow case

We deduce the analogous result to Corollary 2.5 in the case of time periodic flows, that is, in
the case of a flow with a parabolic periodic orbit. To study invariant objects associated to periodic
orbits of vector fields (in our case invariant manifolds), one possibility is to consider a Poincaré
map in a section transversal to the orbit and then apply the results for fixed points of maps. In
this way, one gets the invariant manifolds W*" of the Poincaré map and, from them, the invariant
manifolds of the periodic orbit by considering all the solutions starting in W*". Nevertheless this
approach has a drawback: in applications, it is not easy to compute the Poincaré map. Hence, if
one wants to compute effectively the invariant manifolds, it is better to have a statement already
adapted to the vector field itself.

To shorten the exposition we deal directly with the parametric case. Let U C R**" be an
open neighborhood of the origin, A C R" a set of parameters and X : U x R x A — R"*™" g
T -periodic vector field:

1=X(z,1,0), X(@t+T,1)=X(z,1,2) (2.19)

with z = (x, y) € U having the form

_ POy, M)+ fx,y,tA)
X(z,t,)»)—X(x,y,t,)\)_<q(xyy’k)_i_g(x’y’t’)\)), (2.20)

where p, g, f and g are as in Section 2.2.1. We have this form after having translated the
parabolic orbit to the origin.

Let ¢(t; 19, x, y, A) be the flow of (2.19). Given a subset V C R”, we define the stable set of
the origin over V:

Wy ={(x,y) €U g (t:to,x,y,\) €V, t >0, p(t;1t0,x,y,1) = 0ast — oo}
and its local version, when we restrict W‘s/ to the open ball B,:

Wy o ={(x,y) €U gu(tsto, x, y, 1) € Vo, t 20, @(t; 0, x,A) - Oast — oo},

In the case of flows, a parametrization K (x, ¢, A) is invariant by the flow if there exists a vector
field Y (x, ¢, 1) such that

X(K(x,t,A),t,A) =Dy K(x,t, )Y (x,t,A) + ;K (x,t, 1) (2.21)
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or, equivalently

uit, K(x,t,0),4) = KW (u; t,x, 1), u, 1), Yu>t1, ¥(x,1) eV, x A, (2.22)

where ¢ and  are the flows of the vector fields X and Y, respectively.
In this section, we will write that a function f belongs to C>s if it satisfies definition (2.13)
with z = (x,y) and u = (A, 1).

Theorem 2.10. Let X € C¥s be a vector field of the form (2.20). Assume that Hypotheses Hx
and HP hold true for some oo > 0 and r > max{{y, £1}. Assume also that there exist K= :
Voo XR/(TZ) x A — U andY : Vo, X A — V, such that

(a) K=,Y € CE=r=, for some s=,r= > 1.
(b) For (i, j) € X< ,<, uniformly over A,

AK=(x,1,2):=K=(x, 1) — (x,0) = O(|x|1?). DiDIAK=(x.1,2) = O(|x|>),
AY(x, 1) =Y (x,2) —x — p(x,0,1) = O(Ix IV,  DIDIAY(x, 1) = O(||x|INF17).

(c¢) The invariance equation (2.21) is satisfied up to order €, o < <r:

X(KS(_X, [ )")7 z, )") - D)CKS(-xv z, )")Y(xs )") - aIKS(xv t, )") = O(”x”Z)s (223)
uniformly in A € A.

Then, there exists ¢ > 0 small enough and a unique function K= : Vo x R/(TZ) x A — U
such that K= (x, 1, 1) = O(|x|*"N Y uniformly in (t, \) and K = K=+ K> satisfies the invari-
ance equation (2.21) with the prescribed vector field Y (or, equivalently, (2.22) with ¥ (u; t, x, A)
the flow of x =Y (x, 1))

Moreover, Y (u; t, x, A) — 0 as u — oo and K is invertible for any fixed (t, ). Then we have

(Kt M}vev,xRxa C Wy 4 (2.24)
Concerning the regularity of K, we have the same results as the ones stated in Theorem 2.8.

To finish this section we formulate the existence result for the flow case based on the approx-
imate solutions provided in [4]. The proof follows the same lines as the proof of Corollary 2.5

Corollary 2.11. Let X € C¥sr be a vector field of the form (2.20). Assume that there exists 0o > 0
such that Hypotheses H\" and HP hold true and r > max{{g, £1}.

Then, there exist 0 > 0 small enough, a map K : Vo x R/(TZ) x A — U and a vector field
Y : Vo, x R — V, solutions of the invariance equation (2.21) satisfying (2.24).

In addition, K = K= + K> with K= and Y provided by Theorem 2.8 in [4].

The parametrization K and the vector field Y are C' functions at the origin in the sense of
Definition 2.2. The regularity on V, x R x A is the same as the one stated in Corollary 2.9.
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3. An algorithm to compute approximations of the invariant manifolds

In this section we present the algorithm developed in [4] to compute approximate solutions of
the invariance equations (1.1) and (2.21).

3.1. Cohomological equations in the case of maps

Let F be the map given by (2.1), which we assume to be of class C", with r large enough.
Taking advantage of the fact that F' can be written as a Taylor polynomial plus some higher order
remainder, we look for approximate solutions which are finite sum of homogeneous functions of
increasing degree. Then, for any j <r — N + 1, we look for K=/ and R=/*N~1 of the form

j j+N—-1
K50 => K'(x). RSNy =x+ Y R'(x), (3.1)
=1 =N

with K'(x) = (x,0)", RN (x) = p(x,0) and K, R! € H!, satisfying

E7/(x):=Fo K=/ (x) — K=/ o RSITN=1(x)

‘ , 3.2
= E ET 0 = (oIl 7). o174, o
where the constant L = min{N, M} was introduced in (2.2). We stress that the superscripts in
the above formula have two different meanings. While in K=/ and R=/*N~! the superscript
indicates that they are sums of homogeneous functions of degree less or equal than j and j +
N — 1, respectively, in E>/ denotes that it is the j-th error term. Of course, the order of E>/
depends on j butalsoon N and M and, as it is indicated in formula (3.2), the x and y-components
of E>/ may have different orders.
If, by induction, we assume that E~/~1 = (E,{JrN*l, E§+L71) + §>f, where Ef, *x=x,y,Iis
a homogeneous function of degree ¢ and

BT (0 = (o(Ix17 1), o(Ix 17557, (3.3)
then the functions K/ =: (K1, K;) and R7TN=1 must satisfy

DKL (x)p(x,0) — Dy p(x,0)KL (x) — Dy p(x, 0K (x) + RN 1) = EIPV ' (v) (3.4)

and, depending on the values of N and M,

if N < M, DK (x)p(x,0) =EJ"" ), (3.5)
it N =M, DKJ(x)p(x,0) — Dyg(x,0)K] (x) = E; T (x), (3.6)
itN > M, —Dyq(x, 0K} (x) = E; 7" (). (3.7)

At this point it is worth to remark that one could try to find solutions of the above equations in
the space of homogeneous polynomials of degree j and j + N — 1, respectively. In the case that
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K=/=1 and R=/*N=2 are sums of homogeneous polynomials, the error term is also a homoge-
neous polynomial. But when N > M it is clear that K)j, (x) = —Dyq(x, O)_1E§+L7] (x) cannot
be, in general, a polynomial, but a rational function. When N < M, equations (3.5) and (3.6) are
m(“TE1=2) conditions while K7, if assumed to be a polynomial, would have only m (71" ")
free coefficients. Hence, since L > 2, generically these equations only admit polynomial solu-
tions in the case that n = 1 (which is the case studied in [3]). It is easy to construct examples
where these obstructions do appear. See Section 6 in [4].

Now we summarize how we solve equations (3.4), (3.5), (3.6) and (3.7).

In the case N > M, since, as a consequence of hypothesis H2, Dyq(x, 0) is invertible, equa-
tion (3.7) is trivially solvable in the space of homogeneous functions of degree j.

In the case N < M, let p(¢, x) be the flow of

X = p(x,0).

As a consequence of H3, ¢(¢,x) € V, for all x € V and ¢ > 0. We consider the homogeneous
linear equations

d
d—lf(t,X) = Dy p(p(t,x), 0¥ (1, x),

d
d—lﬁ[(t,X) =Dyq(e(t,x), 0¥ (1, x)

and we denote by M, (¢, x) and M, (¢, x) their fundamental matrices such that M, (0, x) = Id,
M, (0, x) = Id, respectively. From Theorem 3.2 in [4], the unique homogeneous solution of equa-

tions (3.5) and (3.6) for Ky/ is given by

0
K;m:f ET N, x)) dt, it N < M,
°° (3.8)

0
Kf(x):/ M e EST oy dr, N =M.
o

Theorem 3.2 in [4] ensures that the above formulas define homogeneous functions of degree j.
The homogeneous solution of (3.7), clearly unique, is

Ki) = (Dyqx,0) 'EST ), ifN > M.

As for (3.4), notice that it is always possible to solve it by choosing K ){ an arbitrary homoge-
neous function of degree j and taking

RITN"1(x) = E/™" 7 (x) — Dy p(x, 0)K{ (x) + Dy p(x, 0)K] (x) — DKL (x)p(x,0). (3.9)
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However, we prove in [4] that, provided that r is large enough, there exists £, (which depends
explicitly on the constants defined in (2.4)) such that if £, — N +2 < j, R/TN¥~! can be chosen
as an arbitrary homogeneous function of degree j + N — 1 and

0
Ki(x) = / My [ EST T o x0) = RV (g, 1)
— Dyp(e(t.x), 0K (p(t, x))]dt. (3.10)

For instance, one can choose R/TN=1 to be 0, if Jj =€, — N + 2, which implies that the func-
tion R=/*N¥=1in (3.1) can be taken as a finite sum of homogeneous functions.

3.2. Cohomological equations in the case of flows

Let U C R"™ a neighborhood of the origin and X : U x R — R"™ be a T-periodic vector
field of the form (2.20). We look for K and Y of the form

J J+N—1
K<=Y K@, vV lm= Y v
=1 I=N

with K1(x,1) = (x,0)T, YN (x) = p(x,0) and K@ a sum of two homogeneous functions: one of
degree [ independent of 7 and the other one of order (o([|x |7tV =), o(||x[|/T£~!)). The homo-
geneous terms K are obtained by rearranging the sum above. They have to satisfy the invariance
equation (2.21) up to some order j in the sense that the error term

E7 (x,1) = X(KZ(x,1),t) = DK/ (x, ) Y= N1 (x) — 9, K= (x, 1)
satisfies
E7T () = (BT 7D @ = (oIl 1), o e 177 ). @3.11)

If, by induction, we assume 'that (3.3) is satisfied (taking into account the time dependence)
the functions K ) = (K, K ﬁj )y and Y/+N=! must satisfy

DK (x, 1) p(x,0) — Dy p(x,OKY (x, 1) — Dy p(x, O)Ky)(x, n
+ YV ok (o — BV oo = o(Ix PN, B12)
and

DK (x,))p(x,0) — Dyq(x, )K" (x, 1) + 8, K (x, 1) — ETH (x, 1)

, (3.13)
= o(Jlx [/ TETT).

Equation (3.13), depending on the values of N and M, reads
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it N <M, DKY (x,1)p(x,0) +o, K0 — EJ T )
= o([lx [/ FE),
ifN=M, DKV x.0px,00  —Dyqx,00KY (x,0)+ K (x,0) — EST " (x,1)
= o(|lx[l/TE1),
itN > M, —Dyqg(x, 0K (x, 1) + 0, K (x, 1) — EJTE T (e, 1)
= o(flx[/FE71).

We remark that, unlike the case of equations (3.4) to (3.7), the functions K and Y/+N~1
we obtain cancel out the error term in (3.12) aEd (3.13) but introduce new terms of higher order.
For a T -periodic function 4, we denote by % its mean, that is,

T

h(x)= %/h(x,t)dt,

0

and h = h — h its oscillatory part. If equations (3.12) and (3.13) are satisfied for some K/
periodic, then it is clear that the mean K (/) has to satisfy the equations

DKD (x)p(x,0) = Dy p(x, 0K (x) — Dy p(x, 0K (x)

+YIHN o) — BTV ) = oY), B4

DKV (x)p(x,0) — Dyq(x, DK (x) — EJTH7 () = ol |7 HE71).

These equations can be solved in the same way as (3.4), (3.5), (3.6) and (3.7), in the previous
section. We conclude that K (/) and ¥/*¥~1 exist and they both have the appropriate orders, i.e.,
degree j and j + N — 1 respectively.

Now we impose that

WKD(x, 1) = (ESN T (x,0), ESTE (e, )) (3.15)

and that K ) has zero mean. Consequently, KD (x) = (o(llx 17N =1), o(flx 7 FETY).

We conclude that K) = K() 4+ K() and Y/TN~1 satisfy equations (3.12) and (3.13) and
then (3.11) is satisfied.

Remark 3.1. The K ) found are not homogeneous functions, but sums of homogeneous func-

tions. Concretely, K )E-’ ) has a term of order J and another of order j + N — 1. Analogously, K )(,j )
has a term of order j and another of order j + L — 1.
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4. Example. The elliptic spatial restricted three body problem

We have pointed out in the previous section that, in general, the invariant manifolds of a
parabolic fixed point do not have polynomial expansions if their dimension is greater than one,
regardless of the regularity of the map. However, it may be possible that the system of equations
defined by (3.4) and (3.5)—(3.7) admits polynomial homogeneous solutions. Here we take advan-
tage of the expressions (3.8), (3.9) and (3.10) to show that this is the case of the parabolic infinity
in the elliptic spatial restricted three body problem.

The spatial elliptic restricted three body problem is a simplified version of the spatial three
body problem where one of the bodies is assumed to have zero mass while the other two, named
the primaries, evolve describing Keplerian ellipses around their center of mass.

We introduce ¢(f) = (p(f)cos f, p(f)sin f, 0), where, for a given eccentricity 0 <e < 1,

1 —¢?

P = T ecos 7

Rescaling time and mass units, we can assume that the masses of the primaries are n and 1 — p,
respectively, and their positions are given by ¢; = uq and g» = —(1 — )q, where f denotes the
so-called true anomaly which satisfies

df _ (14ecos f)*
dr (1—e2)32

Then, denoting by ¢ € R3 the position of the third body, the equations for g are

o q—4q1 q9—9
g=—l—-p)—F——pn—7-,
r ry
where r; = |lg — ¢ill, i =1, 2. Introducing the momenta p = ¢, this system is Hamiltonian with
respect to
IpIl? l—u  n
H(g.p.t) === -U(q.0), Ug,t)=——+ —.
r r

Our aim is to study the parabolic invariant manifolds of infinity. To this end, we con-
sider spherical coordinates (r, ¢, 6) in R3, namely ¢ = (r cosa cos, rsinacosf, rsinf). Let
(R, A, ®) be their conjugated momenta, which can be obtained through a Mathieu transforma-
tion. They satisfy

sin o cos a sin 6
R cosa cosf ~c0sD T
p=m(r,o,0)| A |, m(r,a,0) = | sinacosf =T —FREND
C] sin@ 0 cos 0

r

The new Hamiltonian is

A? e )\ -
— +R7)=U(ra,0,1),

N 1
H(r,o,0,R,A,0,1) == ——
(r.e ) 2 <r200s29 T
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with

l—u
V2 =2pup(f)rcos(a — f)cosd + u2p2(f)

nw
+
V2421 = wp(f)rcos(a — f)cosd + (1 — w)2p2(f) “-1)

2 2 2
)p (f)co:3fcos 0 +0(l>.

U(r,a,6,1) =

L M(1 —3cos(a — f)

Tr 2

4

To study the behavior of the system at r = oo, we perform the non-canonical change of variables
due to McGehee r = 2/7z2. Since # = R and the change does not involve the remaining variables,

the equations of motion in the new variables are

. 3
=—-2’R
Z 4Z

. N Az*
@ =04 =2 = 5
. ~ 1 4
9 = 8®le:2/22 = Z@Z

AZZG @226

N 1
+&wwamaw=—fﬁmm%

R==0:Hy—2=g35 " 5

A:—a(:(]:]lr'ZZ/ZZ:aa(j(z/zzyayeyt)zo(Z6)

. A A%z*sin6 ~ A%z*sin6

O=—H, _r=—— 4+ pUQ/)2 a,0,t) =—— "+ 0.
0By dcosip T % (2/z%,a,0,1) dcoss T (@)

Notice that the set {z =0, R = 0} is invariant and foliated by fixed points. We focus on those
with = ©® =0, o = g, A = Ag. To apply our theory, we perform the following local change of

variables

~ 0 A ® - AR ~ A—A

G0 o 0 L_a-wtAR o A4y

z 0 z z

which transforms the system into

. [ ; l 4, 6

== R R=—- O

z 4z 4z +z2° 0

: 1 s 01 .

&ZZZZR&—"-ZSO() A:ZAZZR—FZS(’)O

5 204 L 35 A L yoa L 3an s

9:—zR9+119® ®:_ZZR®_§Z® + 7220y,

where all the terms up to degree 6 in the local variables are shown (we write Ok meaning
Oz, R,a, A0, ®)||k)). Notice that the leading terms are of degree 4. Finally, it will be con-

venient to introduce



1. Baldomd et al. / J. Differential Equations 268 (2020) 5516-5573 5537

1 1
u=§(z+R), v=§(z—R)
so that the system, reordering equations, becomes
) 1
= —Z(u +v)u+ @+ 000
A 1 ~ 1 N
O=— @+ V)2 — )6 — St 1)30% + (u +v)°0

1
b=—@u+v)v+ U+ )°0

T 4.2)
&=Z(u+v)2(u—v)&+(u+v)500
o1 2, N2 5
A_4(u+v) u—v)A+ (u+v)° 0y
PO | 5 ~ 1 3AA
9=Z(u+v) (M—U)9+E(u+v) 00.

We emphasize that the leading terms do not depend on ¢, but the remainders do depend
2m -periodically on 7.

Let X denote the vector field defined by (4.2). We can write the vector field in the form (2.20)
taking x = (u, ©), y = (v, &, A, 6) and

}T(u +v)v
Tu+v)2u—v)a&
T+ —v)A
Al—l(u +v)2u — v)é

—%(u +v)u

—%(u + )2 — v)O .3)

p(x,y) =< ) q(x,y)=

Theorem 4.1. Let W be a perturbation of U in (4.1) of the form W = U+ V, where

1
V(r,()t,@,l‘)Z _3V(r,(¥,9,t)
r

(in spherical variables) is such that the equations of motion leave the plane 6 = ® = 0 invariant
(that is, 99 Vip=o =0) and Vis analytic in 1/r and the rest of its arguments.

Then, after the changes of variables described above, the equations of motion are given
by (4.2). The origin is a parabolic fixed point. It has an analytic stable invariant two dimen-
sional manifold which admits a parametrization of the form K (x,t) = (x,0) + K (x,1), where

K(x, 1) =0(Ix|?), u>0,0>0
such that
X(K(x,1),t)=DK(x,)Y(x) + 0, K(x,1),

with Y (x) = p(x,0) + O(||x|]°) is a polynomial of degree 7.
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The function K(x,1)is 2w -periodic in t and, for all £ >,

)2
K= K/, n+0(x]|"h,
j=2

where KI are homogeneous polynomials, with respect to x, of degree j. That is, the stable
invariant manifold admits polynomial approximation up to any order.

Proof. System (4.2) satisfies hypotheses (a) and (b) of Theorem 2.10. Hence, in order to obtain
the claim, we only need to check hypothesis (c). It is enough to find approximate solutions of the
invariance equation

X(K(x,t),t) —DK(x,)Y(x) — ;K (x,t) =0. 4.4)

We show that there are indeed approximate solutions of this equation up to any order and that
these solutions are sums of homogeneous polynomials.

We use the construction described in Section 3.2 to find approximate solutions of the above
equation. The procedure applies in the region {u# > 0, O > 0}.

The explicit expression of the flow of the vector field p(x, 0), with p on (4.3), is

(t.x) ! (“)
X)=—7F—| A )-
¢ (I + 333 \ 6

Let M, (¢, x) and M, (¢, x) be the fundamental matrices of the linear equations

d
d_lif(t9x) = D)Cp((p(tsx)ro)llf(tvx)

d
d—lf(t,X) = Dyq(p(t,x),0)¥ (1, x)

such that M, (0, x) =Id and M, (0, x) = 1d, respectively. We have that

3.3 4/3
M_] l‘, _ +Zt1/l ) O
p (09 ( (142" (14 30)"

and

3 1/3
My(t,x) = (1 + Z’”3> Id 4x4.

Along this proof we will deal with several objects that will be homogeneous polynomi-
als. Their superscripts will denote their degree. A slightly different notation is used for E>/.
See (3.2)-(3.3).

We write the vector field in (4.2) as X =) ;.4 X !, where X' depends 27 -periodically on ¢.
Following the algorithm described in Section 3.2 with N = M = 4, we look for solutions of the
equation (4.4) of the form
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Kx,n=Y KYxn, rvw=) rw,

[>1 >4

where K depends 27 -periodically in 7 and it is of the form

KOG, ) =K' (x)+ KB (x, 1), with KIT3 = KO,

and K'(x) = (x,0), K 4(x,1) =0, Y*(x) = p(x,0). The homogeneous functions K' in the state-
ment of the theorem are obtained by rearranglng the sum above.

We recall that x = (u, ®) and y = (v, a, A 9) It is clear from (4.2) that the homogeneous
polynomials X' satisfy that

X3(x,0,0) =1’ XQ(x, 1), £=a.A.0,

X;(x,0,1) = X;(x,0,1) =0, .5)

1 ;a .
5 _ L 3a2 5¢0
Xé(x,O,t)— 2u O 4+u Xé(x,t),
and, for [ > 6,
X' (x,0,0) =’ X' (x, 1)
XE(x,0, t)_u6Xl Ox, 1), E=u,v.

The statement is a consequence of the following claim. We make the convention that O; =0
if j <O.
Claim 4.2.

(i) KI(x)=u?0j_y, K y(x)=u30; 3, j>2. KL =0if2<j<1.
Kit3 e, 1) =u30;_, K (x,1) =ub0;_,, j > 3.
a1u5

i) Y5 _ ¢
(i) ) <u3(a2®2 + azu?)
7ande=Of0rjz_8. _
(iii) Denoting K=/ =Y"1_ (K' + K'+3), y=i =¥/_, v/,

), withay, az, a3 €R, Y/ (x) = Wb0;_6,u’O0;_5)"T, 6 < j <

E™ (x, )= X (K= (x,1),1) = DK</ (x, ) Y=/ (x) — 8, K=/ (x, 1),
and E>J = EJ*4 4 E=I1% with ET+4(x, 1) = O(|Ix |94, E>7+ 1 (x, 1) = o(||x ||/ +*), then,
Et =00y, Ei'x.0=u0;, j=2.

In (i) and (ii) the terms O are homogeneous polynomials in x of degree j while in (iii) O; are
analytic functions in x of order j.
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The following fact will be used repeatedly without mention. Given any monomial Z(x) =
u/1®/2 and denoting {e1, e>} the canonical basis of R2, there exist ¢; € R, depending only on j;
and jp, such that

[, w0z e di=a P+ 0l Poe,

/M;‘(z,x)Z(go(t,x))ezdr=C3i§)e2
u

and, denoting {e;.} j=1,...,4 the canonical basis of R*, there exists ¢ € R, depending only on j;
and j,, such that

/M t, x)Z(p(t, x))e dt=c L; j=1,...,4.
us

Indeed, it suffices to make the change s = ru? in the integrals. Obviously, the previous integrals
are only convergent when j; + j» > 8, for the first one, when jj + j» > 5, for the second one and
Jj1 + j2 = 3 for the last one.

We prove the claim by induction. We start with the case j = 2.

According to the algorithm, using that X* = (p, ¢) " and Y*(x) = p(x, 0) in equations (3.14)
for j =2, the functions K2 and ¥ must satisfy

DK2Y* — (DX* o KYHYK2 + (Ig) Y5 = ES,

where E° = X o K! denotes the terms of degree 5 of E>! and we recall that Z denotes the
mean of a periodic function Z. Using (3.8), the equation for K y2 has the homogeneous solution

Kl(x) = / M (2, ) ES(p(t, x)) dt. 4.6)

Since, in view of (4.5), X_g o Kl'(x) = X5(x 0) = aou’, we have that Kz(x) = bou?, where

ag, bg € R#. Furthermore, since X_g =0 and M, is a diagonal matrix, we deduce that K 3 =0.
Once K f is found, we take K f =0 and choose appropriately Y?, that is,

5
5 4 2 Y5 1 au
Y (x) = DyXx(x,O)Ky(x) + XJSC oK (x)= <a2u3(:)2 +a3u5> ,

with ay, ap, a3 € R, where we have used that, since sz =0, and
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3

3
—3 0 0 0
ttu 0 0 ) ’ @7

D,X4(x,0)=Dvp(x,0)=( 124
yAx Y -7 2@ 0

we have that Dy p(x, 0)K )2 (x) = 0. This accounts for the first part of (ii).

To cancel the oscillatory part of E> we use (3.15) and we choose K3 with zero mean such
that

9, K3(x, 1) = ES(x,1).
From (4.5) we get that K (x, 1) = u’Op and K2 (x,1) = K3(x,1) =0.
With this choice of K=% and Y=> the algorithm ensures that the remainder E >2(x, 1) = Ok.
‘We have that
E=(x,1) =X (K=*(x,1),1) = DK=*(x, )Y = (x) — 8 K=*(x, 1)
1
=X%(x,0,1) + DX’ (x,0,0)K*(x) + §D2X4(x, 0)K?(x)®?
— DK?(x)Y (x) + u° O,

=u5(91.

The last equality uses that Kf =0, Kg =0, K}Z,(x) = u?Qy, the particular form of ¥>, X3,

X© and the fact that 8;;24 (x,0) = u0Oy. Moreover, using that K2 =0, K2 =0, X;j’v =0 and

6 _ 6 :
X, (x,0,1) =u"Op one obtains that

E>2(x, 1) =u0Oy. (4.8)

,U

This proves the claim for j =2. ' . ‘
Now we assume that we have obtained K =j-1 Y =/+2 and E>/~1, with j > 3, satisfying the
induction hypotheses. The equation for K/ and ¥/*3 is

DK'Y* — (DX*o KYK/ + (151) yit3 —Eif3.

The function K f is obtained as we did for K )2 in (4.6).

Since E/F3(x, 1) = u5(’).,~_2, we obtain that K\J x) = uz(’)./_g. By the same argument, us-
ing (4.8) and that M, is a diagonal matrix, one has K{ x)= u3(9/~_3.

To find K ){ and Y713 we proceed in two different ways according to whether j <4 or j > 5.
The point is that for j > 5 we can take ¥7/73 = 0 choosing appropriately K ,{ However, for j <4,
the integrals involved in the computation of K ){ do not converge.

If j <4, we choose K){ =0and

Y/ =Dy xt o K )KL (x) + EL P ().

Formula (4.7) and the induction hypothesis gives that Y/13(x) = (u6(’)j_3, us(’)j_z)T.
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Instead, if j > 5, we choose Y J+3 -0 and
Ki(x) = f M, ) EL T (o, ) dr.

The induction hypothesis on EJ+3 gives K] x)= (u3(9] 3, u’0; _2)T
We choose K713 with zero mean such that 3, K/ 13 (x, 1) = Ef +3(x, 1). Again from the in-

duction hypothesis we get that K/+3(x, 1) = us(’)J_z and Kl{—,t (x,t)= u60J_3.
Finally, we need to check the properties of £/7*. From the definition of E>/,
E™ (x,0) =E> 7 (x, ) + X(K=/ (x, 1), 1) = X(K=/ 7V (x, 1), 1)
— (DK (x, nY =13 (x) — DK== (x, )Y =H2(x))
— (3K (x, 1) — K="V (x, 1))
=E7 7,0 + Ti(x, 1) = Tax, 1) = T3(x, 1),

where T; are defined in the obvious way.
We have

1
T = f DX(KS7' 4 (K7 + KI3, 1)(K7 + KI13) ds.
0

Taking into account the structure of X in (4.2) a long but straightforward computation gives
T, ) =1w’0j g, (TD)uw(x, 1) =u’0; 3.
For T, we have
T, = DK=/7'yi¥3 L (DK/ + DK/ +3)y=i+3,
A simple calculation gives that for j > 3,

-
DKSj*l(x £ = 100 u®y u?0Oy u®y u®y uby
’ WOy 10y w0y u?0y u?0y u?0y)

6
i3y = (%90

w20y u®y u Oy u®y uO u(’)())T

<j i3 _
(DK="+ DK )(x’t)_<u3(90 w0y w0y ur0y ut0y u*0Oy

and

5
<j+3 _(u O()
== <u3(’)2)’
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where here O; denotes a polynomial in x of order j. This implies
Do) =uw0j,  (T)uux, ) =u0j_3.

Finally, T3 = 3, K/*3 and the induction hypotheses gives (iii) for ;.
Note however that some terms of T, 7> and T3 do not contribute because their order is less
or equal than j + 3 and are compensated by the choice of the K’sand Y’s. O

5. Examples

In this section we provide examples showing that hypotheses H1, H2 and H3 are necessary
for the existence of the invariant manifolds. We also show that the manifolds may be much less
regular than the map.

5.1. A toy model

The first example corresponds to a map without stable invariant manifold but satisfying both
H1 and H2.
Let ¢ be the flow of the equations in R? x R

. 2 . . 3
¥ = —x7, Xo = —axixy, y=bxiy+x3,

being a,b > 0, and F(x, y) = ¢(1l; x, y), with x = (x1, x2), its time 1 map.

Claim 5.1. There exists V C R?, star-shaped with respect to the origin, such that F satisfies
hypotheses HI and H2 in V.
If b+ 3a <1, F has no invariant stable manifold over V of the origin.

The map F has the form (2.1) with p(x, y) = (—x%, —ax1xp) and g(x, y) = bx;y. We intro-
duce

2
W:{x:(xl,x2)€R2:|x2|<(1—a)x1 <—}.
a+1

First we note that the map F satisfies hypotheses H1 and H2 with the supremum norm in any
open set V contained in W. Of course the constants A, B, will depend on V. However we claim
that there is no invariant set for Fy contained in W. As a consequence, hypothesis H3 can not be
satisfied. Indeed, assume that x° = (x1,x2) € W, and consider

_ X1 X2
' =FG"H=Fra) = , )
x( x( 1+I1X1 (1+nx1)a

The sequence x" € W if and only if x| > |xz|(1 +nx1)l_a, Vn > 0, which is not true since x; > 0
anda < 1.

Now we check that the map F has no stable invariant manifold. Indeed, if such a manifold
exists, then, for any (x, y) belonging to it, F;‘ (x,y) — 0asn — oo. Since
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b
(py(t,x,y)z(l+tx1 y+x2 b+3ad ,

1—|—s1

we deduce that

n

1
F'(x,y)=(1+nx b y+x3/7ds
y ( 1) 2 (1+le)b+3a

Therefore, since (1+nx1)? — coasn — coa necessary condition for F; (x,y)—>0asn— oo,

is that
0
y=% / b+3a ds,
o

and the claim follows because the above integral is not convergent when b + 3a < 1.
5.2. The loss of differentiability

The following example shows that the invariant manifolds of a parabolic fixed point may be
of finite order of differentiability. This maximum order of differentiability is attained when the
manifold is written (locally) as a graph, since if the invariant manifold possesses a parametriza-
tion of the form given by Theorem 2.4 with some regularity, by performing a close to the identity

change of variables, its representation as a graph will be also of the same regularity.
Leta, b > 0. Let F be the time 1 map of

X =px), y=q1(x)y + g(x),

where x = (x1,x2) € RZ, y € R, p is such that the equation x = p(x) in polar coordinates
(x1,x2) = (rcos@, rsinf) becomes

i:—arS, 6 =r*sin46 G.1
(p is a homogeneous polynomial of degree 5) and
q1(x) =b(xf +x3)% g(x) =8(xf + xH)x1x2(xf — x3).

Claim 5.2. Let v € (0, 1). There exists ag > 0 such that, for any a > ag, the map F satisfies
hypotheses H1, H2 and H3 in V,, for some ¢ > 0, where

V:{xeRz:v|x1|§x2}.

Furthermore, for any m,n € N satisfying n > ag and 2m > n + 1, the stable manifold over V
of the origin with a =2n and b =4(2m —n — 1) is only 2m — 2 > 1 times differentiable.
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Proof. Let ¢(z, x) be the flow of x = p(x) and M (t, x) the solution of M= q1(p(t, x))M such
that M (0, x) = 1. The stable manifold (if it exists) has to be the graph of y = h(x) with

0
h(x) =/M*‘(t,x)g(<p(r,x))dt. (5.2)

We note that, for any value of @ > 0, the map x — p(x) has exactly five invariant lines in the
set {xy > 0} corresponding to the values of 6 =0, /4,7 /2,3 /4, 7.

It is straightforward to check that, taking @ > 0 big enough, there exists o > 0 small enough
and a norm in R? such that p satisfies H1, H3 in V, with the usual Euclidean norm |[v]| =

\/ v% + v%.
Moreover, a simple computation shows that 0 < A, < b, = a. We recall that these constants

were defined in (2.4).
Using polar coordinates (r, 6) in the (x, x3)-plane, g; and g have the simpler expressions

q(r)=br*,  g(r,0)=2rsin40.

In what follows we will write with the same letter a function f(x) and its expression in polar
coordinates f(r,0) = f(rcos6,rsinf).

The stable manifold over V of the origin (which exists and it is C') is the graph of y = h(x)
with & given in (5.2). Let ¢(¢; r, 6) be the flow associated to (5.1) in polar coordinates. We denote
¢, and @y the first and second component respectively of ¢ when written in polar coordinates.
Then

0
h(x) = 2[[My(t, O e @57, 9)]6 sin(4gg (t; 1, 0)) dt

with My, the solution of the linear system My =Db(py(t;r, 9))4My such that My (0,7,60) =1.

We first note that, if 8 = w/4,7/2,37/4 (that is, x belongs to an invariant line), then
o (t;r,0) = 0 and consequently sin(4¢gg(z;r,0)) = 0. This implies that the stable manifold
evaluated at points with argument 6 = /4,7 /2,37/4 is h(x) = 0. If the argument of x,
0#m/4, /2, 31/4,

0
6 1
h(x) =4cor — T - dt,
L (1 +darrtyaati=a - [cj+ (1 +4arr®)a]
where
_ 1+ cos(49) _ )cl2 —x% o
T sin(40)  2x1xa

and (r, 6) are the polar coordinates of x = (x1, x2). In particular, if 6 =n /4,37 /4, then ¢, =0
and hence the above expression for 4 is also valid in these invariant lines.
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We perform the change of variables (1 + 4atr*)?/¢ = C)ZC /w and we obtain that

x%—}—x% f wi(%"‘g"'%_l)
) w(w 4+ 1)

w+1 =t w41~
we obtain
2 2 2(m J+D
X7y +x
h(x)=—412m_f Z( 1)f & [+ (= 1" log(c? + 1)
Cx

Now we are going to look for the differentiability of 4 at points of the form (0, x2), x # 0. To
determine the regularity with respect to x1, we only need to study the auxiliary function

FooN o 2m—1 it _Z(m s m+1 1
hx) = x) Z( D + (=" g | — +1
1

This function is only 2m — 2 > 1 times differentiable. O
6. Decomposition of V,

In this section we describe a decomposition of the set V,, associated to a map of the form
R(x) = x + p(x,0) + O(||x||N*1). Moreover we will obtain a quantitative estimate of the rate
of convergence of IR¥(x)| to 0 as k — oo.

We introduce the constant

1

N-1

For a given o > 0, let u > 0 and ap > 0 be such that agu =

k>0and b, € R, k > 1, such that

= p. Consider two sequences a; € R,

b
k9% o, 6.1)
Ut+k+ D2 @tk
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We introduce the sets

b
Vi = {x eV, : lIxllel:= [(u +lk<+i e —T—kk)"‘:“ . 6.2)

Lemma 6.1. Let p be the homogeneous polynomial defined in (2.1). Let R : Vo, — R" be a
continuous map such that R(x) —x — p(x,0) = O(|x|V*1).

Assume that p satisfies Hl and H3 and let a, < b, be the constants defined in (2.4).

Then for any a < ap and b > b, there exists ¢ small enough such that

(1) ifx €V,
IR —x <blxI™, IR < lIxI(1—alx|¥1).

(2) Let ag, by, u > 0 be such that aévfl =aa” !, bévfl =ab~ ! and agu™* = o. There exist two
sequences ay, by € R, satisfying (6.1), such that ay = ao(l + (’)(kfﬂ)), by = bo(l + O(k’ﬂ))
for some B > 0. Moreover

VoMoy=|J Vi and R(Vi) C Viyr. (6.3)
k=0

Consequently, if x € Vg, then one has that

(1+06) < IRV < —2 1+ 0% *)).

bu+k+1+4j) Taw+k+j)

Proof. The proof of item (1) is straightforward from the definitions of a, and b,,.
Now we check (2). We define the auxiliary functions of real variable, R,(v) =v — av
Ry (v) = v — bv™ . We first observe that, if o is small enough,

N and

Ry (llx) = IRl < Ra(llx1)-

Indeed, the right hand side inequality follows from the definition of a and the left hand side
inequality is a straightforward consequence of the definition of b and the triangular inequality
RGN = llxll — R (x) — x|l

For k > 0 we define the sequences ay, b by the recurrences

A+ 1 ag Dr+1 by
——— =Rs| ——= ). ———— =R | —= ). k>0,
U+ k+ e “((u+k>a> U+ k+ D¢ b<<u+k>a)
and also ay, by by

o ak B — by -
_(u—|-k)0" k_(u+k)0‘7 -

a

We have that a < b. We choose ¢ small enough such that both R, and R;, are monotonically
increasing funct_ions in [0, o] and 0 < Rp(v) < Ry (v) < v, for v € (0, o]. From the choice of
aop, bp we have by < ag and ap = 0. We easily check by induction
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0 < by < ay, Ak < ag, bry1 <bxy  and Jim @ +bH=0.
—00

As an immediate consequence, the sets Vj in (6.2) are well defined for this choice of sequences
by and aj and, in addition, equality (6.3) holds. Moreover, we note that if u € I} = [51+1, al,
then, by the definition of the sequences ay, by, since R, and R, are increasing functions in
[0, 0] and Rp(v) < Ry (v),

Ra() € [Ra(bi41), Ra(@)] C [Rp(big1), Ra(@nl = [bisa, @11 = 41,
Rp(v) € [Ry(br41), Rp(@n)] C [Ro(bir1). Ra(@)]l = [bry2. dip11 = Ii1.
Therefore, if x € V; (which is equivalent to ||x|| € [;), then R(x) € [;4+1 since Rp(||x|]) <

IR < RalllxID.
In [3] it was proven that there exist two analytic function ¢,, ¢ of the form

ao 1 b() 1
wa(w):E+O<wa+‘3>’ ¢b(w)=m+o(w> (6.4)

with 8 > 0 which conjugate both R, and R, to w — w + 1, namely

Ra(@a(w)) =¢a(w + 1), R (pp(w)) = @p(w +1). (6.5)

Let wy, w,’j be such that ¢, (w})(u + k)% = a; and (pb(w,l:)(u + k)* = by. We observe that, by
definition of ay, by and (6.5)

ontul) =t =T (i ) ettt et 41

which implies (by the injective property of ¢,) that w} = wj_, + 1 = wg + k. Analogously one
can see that w,l{’ = wg + k. Now we notice that, by the form (6.4) of ¢,, ¢p, one has that

wi =u+0w'P), wh =u+Ow'P).
Therefore,

ar = (u +k)*pa(wi) = (U +k)*a(wi + k)

ap(u + k)* Lo (u +k)*
[u+k+0w'=F)]" [u+k+O@w!=F)]"**

ap 1
= —+0
[14+ 0= Pu+k-1)] ((u +RE[1+O(u! =+ k)—‘)]a+’3>
1
:“°+O<<u+k>ﬂ>'

Analogously, one checks that by = by + O((u + k)~#) and the proof of the lemma is con-
cluded. O



1. Baldomd et al. / J. Differential Equations 268 (2020) 5516-5573 5549

Remark 6.2. Note that as a simple consequence of this technical lemma, we have that for x € V,,
R¥(x) — 0 as k — oo. Hence, if we are able to prove the existence of a parametrization K
satisfying the invariance equation F o K — K o R =0, since F k(K (x)) = K (R¥(x)), the image
of K will represent a subset of the stable invariant manifold.

7. The invariant manifold. The differentiable case

In this section we prove Theorem 2.4 in the differentiable case. This is accomplished by
stating and solving a fixed point equation in some appropriate Banach spaces. The proof follows
along the same lines of the equivalent result in [3], but there are technical differences that prevent
to apply directly that proof. However, these differences are not important enough to justify the
inclusion of the whole proof. For this reason, in this section we include a series of technical
lemmas, equivalent to those in [3], with the suitable hypothesis in our current case. We sketch
their proofs when they are different enough from their counterpart in [3]. The existence of the
manifold follows directly from this set of lemmas.

Along this section we will assume that all the hypotheses of Theorem 2.4 hold. We will denote
by C a positive constant which may take different values at different places.

7.1. Preliminary facts

We take £ € N such that £y < £ <r with £y introduced in (2.5) and we decompose our map
F into

F(x,y)=P(x,y) + Gelx,y),
where P is the Taylor expansion of F up to degree £ — 1 and G,(x) = o(||x||e_1). In fact,

since £ < r, we actually have that G,(x) = O(||x||%). By hypothesis, there exist K= and R, cr
functions such that

PoK=—K=oR=T"¢, T¢x) = O(|x|9. (7.1)
Since P is a polynomial and K =, R satisfy item (c) in Theorem 2.4, the remainder 7 satisfies
DIT @)= 0=, j=0,-.r=.
Finally, using that D/ G is the Taylor’s remainder of D/ F,
DG, ) =0l NI, j=0.- 7.
We will use these simple facts without special mention.
As a consequence of (7.1), the purpose of this section is to prove that there is only one solution
K~ of
Fo(K=4+K>)—(K=4+K”)oR=0. (7.2)

We will see that equation (7.2) can be rewritten as a fixed point equation. Then, a solution of this
fixed point equation will be found.
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7.2. The Banach spaces and the main statement

Given E a Banach space, we will denote

D/h
X (E)={h:V,CR"—> E:heC’ max supw

0=j=v ey, lx[F=7m

with n =1 — L + N defined in (2.2). This quantity was already introduced in [3], jointly with
a motivating example showing that, if K> (x) = O(||x||*), then DK (x) is not necessarily
O(lx[*=1).

With this definition, if 2 € &)’(E), then Dh € ka—_;; (L(R"; E)). Thus we understand by

| D7 h(x)|| the norm of the j-linear map induced by the norm in E.
We endow A&}’ with the norm

D7 h(x)]|
IAllye = max sup ————-=
0=j=v ey, [xF=77

and it becomes a Banach space. We denote by B} (¢) C &}’ the open ball of radius ¢.

Proposition 7.1. Assume all the conditions in Theorem 2.4. Let £ € N be such that £y < € <r
(the case r = oo is included). Then there exists ¢, > 0 such that for any ¢ > ¢, there exists
o small enough such that equation (7.2) has a unique solution K> : V, — R"™™ belonging to

B;‘Z_NH (¢) with r; < min{r, r=} and satisfying

A B
r;max{n——p,O} <f{—N+1-=2,
dp ap
Note that when nd, < A, the maximum differentiability degree is r; = min{r, r=}. In addi-
tion 7> =r; for £ =r is the value stated in Theorem 2.4.
In the next sections we prove this proposition by using the same scheme as in [3].

Next proposition proves the uniqueness statement of Theorem 2.4. This proposition ends the
proof of Theorem 2.4 in the differentiable case.

Proposition 7.2. Assume the hypotheses of Proposition 7.1. We denote by o, > 0 the correspond-
ing quantity provided in Proposition 7.1 for the radius ¢y. Then equation (7.2) has a unique
solution K= :V, — R" in XZNH'

Proof. Let K| = K=+ K| and K> = K= + K5 be two solutions of the invariance equation

FoK=KoRwith K", K] € Xgr‘; n+1- We denote by V), their common domain (all the
suprema will be taken in this domain) and we consider

¢ =g +max{|K{ ;7 e=n+1, 1K5 17 e-n+1} > s

By Proposition 7.1, there exists ¢ < oo small enough and a unique function K~ : V, — R"*",

. r; . . .
belonging to X,‘ | with norm IK= 7 c-n+1 <. Since, for i = 1,2, 1K ;7 e-n+1 <G
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they have to coincide in V. In addition, we can extend K~ to V,, by using the invariance
equation. Indeed, let K = K= + K. First, we notice that by (2) of Lemma 6.1, there exists k
such that R¥(V,,\V,) C V,. Second, the relation K = F % o K o R¥ extends K to V,,, and the
result is proven. O

In R"*" we will use the norm

|G, ) = max{|lx|l, [y}, (x,y) e R*™, (7.3)
where the chosen norms in R” and R™ are such that hypotheses H1, H2, and H3 hold.
7.3. A compilation of technical lemmas

The lemmas in this section are the translation to our current setting of the lemmas in [3].
We first present the following elementary properties of the Banach spaces &}’

Lemma 7.3. The Banach spaces X, satisfy:

(1) Let f(x) € L(X1, X2) with f € X and g(x) € Xy with g € X", then f - g € X}, and
IS - gllvk+r <21 vk llgllv.-

(2) Let f:UC R*™" > E be a C¥ map, with E a Banach space, such that ||le(x)|| =
O(Ix|lF=Y for all 0 <1 < v. Then, for any map g : Vo — U such that g € X for some
Ofifvwehavethatfoge/'\,’]’:.

For any a < a,, b > b),, we define the auxiliary constant

de a, if A, <0,

b, otherwise.
From now on we fix values a < ap, b > b, and B > B, such that if either a) A, > nd,, or b)
d, <A, <ndy,orc)A, <dpthena) A, >nd,b)d <A, <nd orc) A, < d respectively. We
also choose the constants a, b such that the cases A, = nd or A, =d can be skipped even when

either A, =nd, =nb, or A, = d, respectively. Below we introduce ko and we further impose
that

B Ay
lo <kop:=N—14+ — + max n—7,0 <{<r,
a
7.4
B A, (7.4)
{—N+1———r;maxyn——-,0; >0.
a d

The first property holds because £y < £ < r. The second one holds by the definition of r; in
Proposition 7.1. The constant ky depends on the values a, b, B but it can be chosen arbitrarily
close to £g (see (2.5) for the definition of £).
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7.3.1. Scaling
We perform a scaling in the y-variables by the change Ss(x,y) = (x,§y). Then, equa-
tions (7.1) and (7.2) become

PoK=—K=oR=T, (7.5)
and
Fo(KS+K>)—(KS+K>)oR=0, (7.6)

where P=S;'oPoSs, F=5;'0FoSs, K==S;'oK=and K> = S; ' 0 K.
We observe that

Pe(x,y) =x + p(x,0) + p(x,8y) — p(x,0) + f(x,8y),

where, by hypothesis, p(x, y) = p(x,8y) — p(x,0) is a homogeneous polynomial of degree N
and f(x.8y) = O(l|(x, 8y)[IN*"). We have that j(x. y) = py-1(x. y)y. where

1

PN—1(x,y) = S/Dyp(x, tdy)dt
0

is a matrix whose coefficients are homogeneous polynomials of degree N — 1. It satisfies
ﬁN—l(va):(SDyp(st)-

Lemma 7.4. With B given in (7.4), there exist 0,8 > 0 small enough such that
(DB NK=()Il <1+ BlxI¥7',  forallx e V,.

Proof. The proof of this lemma is analogous to Lemma 4.5 in [3]. However, we sketch it. Let
0 > 0 be such that ¢!/ 28_1~< 1. Taking into account the above considerations about the scaling,
the norm of the matrix (DP)~1(K=(x)) is

I(DP)~ (K=(x))|| < max{l + (B, + O(0) + OGN IxIV 1, 1 — (B, + O o)) Ix M1},

Recall that we are using in R” the norm given in (7.3). Since 0'/267! < 1, taking o, § small
enough, the constant B in (7.4) satisfies

I(DP)~ (K= (x))|| < max{l + B|x|IV 1, 1 — (B, + O("*) 1xIM~1}.

To obtain the result, we need to check that B|[x||V 1 > —(Bg + O ) |x M1 If N # M, the
result follows from H2 and the smallness of 0. The case N = M, follows from —B, + O(0'/?) <
Na, + 0@'?) < B, + O(0'/?), by H2 and Lemma 2.1. Again taking ¢ small enough, we are
done. O

From now on, we suppress the “tilde” from the scaled functions.
We fix §, 0 > 0 small enough and a, b, B in (7.4) such that the conclusions of Lemma 6.1
applied to R and Lemma 7.4 hold true.
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7.3.2. Weak contraction of the nonlinear terms
Since the fixed point is parabolic there is no contraction from the linear part of the map at the
point. In the following lemma we measure the contraction provided by the nonlinear terms.

Lemma 7.5. Let Vi, C V,, be the sets defined in (6.2). There exists a constant C > 0, depending
only on 8, ¢ and £ (which are fixed a priori), such that for any k >0, x € Vy and i >0

i wtk4i\*Ba!
[TioP) k=Rl <C(——F : (7.7)
i u-+k
IDI(DP) ™ o K=1(0)|l < Cu+ k)2, (7.8)
i—1 aA,d
. u-+k 4
DR’ < DR o R™ <C[|—— . 7.9
I <x>||_ngo|| o R"(x)| < (Hkﬂ.) (1.9)
Finally, if A, <d
-1
' utk O\ A
D?R! <C k+i)% | ——— 7.10
I ON=Cu+k+i) <u+k+i> (7.10)
and in the case Ap>d=b
. u+k C(Apd_l
D2R! <C Y| —— 7.11
[ ON=C(u+k <u+k+i) (7.11)

Remark 7.6. The proof of this lemma is analogous to the one of Lemma 4.6 in [3] using the esti-
mates for || R (x)|| given in Lemma 6.1. However, the exponents in inequalities (7.7), (7.9)—(7.11)
are different from their counterpart in [3] due to the fact that here the invariant manifold is not
one dimensional. In particular, the constant analogous to A pd’1 was exactly N in [3]. We also
are forced to separate the cases A, <d and A, > d in the bound of || D2RJ (x)].

Proof. We begin with (7.7). By Lemma 6.1, if x € Vg, then R"(x) € Viq,,. Therefore, using
Lemma 7.4 and item (2) of Lemma 6.1 we have that

—1 </ pm oB -B
I(DP)” (K=(R (x)))”§1+a(u+k+m)(1+0((k+m) ).

for x € V. Then, since

i _ i B
> tog (I(DP) I (K=R"@))]) = Y log (1 o O+ m)ﬁ))>
m=0 m=0

_aBy

2 S o )
m=0
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B ut+k—+i
=—1 - Ok=Py |,
- [og( iy’ )-i— ( )}

and (7.7) is proven.
Bound (7.8) is a straightforward computation. To prove estimate (7.9) we first notice that since
R(x)=x+ p(x,0) + O(||x|[N*t1]), by Lemma 6.1, if x € V4,

alA, C

IIDR(X)IISI—d(u_I_k) + PET TR

Then, using again Lemma 6.1,

i—1 —
, aA C
IDR')) < [TIPRoR" ()]l < 1"[( Tt (HHm)Hﬁ).

m=0 m=0

Finally, estimate (7.9) follows from the fact that

Zlo ) alp . C <otAp10 u-+k n C
2B T Ak rm) T etk rm ) = Ta Bt kr i) T W e

To bound || DR (x)|| we first note that

i—1 i—1 i—1
ID*R )| = ID(J] PRoR™I <Y ID*Ro R [IDR™|[JIDR o R'|[|IDR o R™||™".
m=0 m=0 =0

Then, taking into account that | DR o R™(x)|| > 1/2 and that,
ID*R(R" ()| < CIR™ (01N 2,
using again 6.1 of Lemma 6.1, we have that
i—1 i—1

ID*R' )| <C[[IDRo R Y IR™ )|V 2 IIDR™ |
=0 m=0

-1
l (u -+ ky*Ard
<C1_[||DRoR||Z( e TR

Now we distinguish two cases. First, when A, > d = b, we have ozA,,d_l +a(N —2)>1and
then

Z (u +k)0{A d-!

0 (u+ k A+ m)eApdT HeN=2)

<C(u+k)**.

This bound together with (7.9), implies (7.11) in this case. On the other hand, when A, < d,
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i—1

—1

(u + k)*Ard e(i=A,d!
(& 1 myeArd (N D) <Cu+k)*@+k+H*t=AdD

m=0 u m

and, using again (7.9), we get (7.10). O

7.3.3. Operators for higher order derivatives and their inverses
Now we proceed to rewrite equation (7.6), which we recall here

Fo(K=+K”™)—(K=4+K”)oR=0, (7.12)

as a fixed point equation. We emphasize that we have skipped the symbol ~ of our notation,

although we work with the rescaled map. That is, since K = satisfies (7.5): Po K= — K=o R =

T, K> has to satisfy
(DPoK=)K” — K~ oR=
—T'—Geo(KS+K”)—Po(K=+K”)+PoK=+(DPoK~)K”.
To shorten the notation, we introduce the operators
L£9(S)=(DPoK=)S—SoR (7.13)
and
]:(K):—TE—GZO(KS—FK) —Po(K5+K)+PoK5+(DPoK5)K. (7.14)

Then equation (7.12) for K~ can be rewritten as

LYKy =F(K>). (7.15)
The formal inverse of £° is
00 i .
SO(T)=Z|:H (DP)_loK<oR’":|ToR’ (7.16)
i=0 Lm=0

and consequently, we can formally write equation (7.15) as the fixed point equation

K> =8% F(K>). (7.17)
Following the same arguments as the ones in the proof of Lemma 4.9 in [3], one can check that
the operator SO x ZO — X 507 Ntl is continuous. Therefore, the operator £, introduced in (7.13),

is suitable to prove the existence of a continuous invariant manifold. In order to obtain the higher
order derivatives, we introduce the operators

L/(S)=(DPoK=)S—SoR(DRY,  j=>1.
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The key property is that if S is a C¥ solution of £°(S) = T, with T a C* function, then D/ S is a
solution of

LIH)=T/, 0<j=<v,
where T/ is defined by the recurrence relation
T°=T,
T/*'=DT/ — D(DP o K=)D/S+ jD/So R(DR)~'D?R.

Recall the parameters L = min{N, M} and n =1 + N — L defined in (2.2). The following
lemma is analogous to Lemma 4.7 in [3], with an appropriate change in the hypothesis.

Lemma 7.7. Let ¢ > N — 1 + Ba—! and Jj =0 be such that

B . A,
{—N+1———j{in——1]>0.
a d

Then, the operators L Xeoi — CO, Jj =0, are well defined, continuous and one to one.

N+1—jn

Proof. Since R(x) = x + p(x,0) +O(||x|V*!), N > 2, and ap >0, [|R(x)|| < |lx| and then L/
is well defined and continuous.

Letj>0and S e XQ_NH_M be such that £/(S) = 0, that is, S = (DPoKf)_lSoR(DR)j,
or, using this condition iteratively,

i
S = (1‘[ (DP) ' oKk=o R”‘) SoRYDR™H, ixo0.
m=0

Now, using that [|S o RIF1(x)| < C|ISlloe—n+1—jnll RFFIC)|E"¥ T/ and Lemmas 6.1
and 7.5, we obtain that, for x € Vy,

a1 —1
(u +k)a(]Apd —Ba™")
1SCHN < CliSllo,e—N+1—jn

(u+k+l')oz(Z—N-H—Ba*l—j(r]—Apd*I)).

By hypothesis, the right hand side of the above expression tends to 0 when i tends to oo, which
implies that S = 0 and, consequently, that £/ is one to one. O

A formal inverse of the operator £/ obtained recursively from £/(S) = T is given by the
formula

Sj(T)=Z(H(DP)loKfoRm>ToRi-(DRi)j. (7.18)

i>0 \m=0

Notice that S/ acts on J-linear maps. If this formula is absolutely convergent, it is a simple
computation to check that £/ (S/(T)) =T.
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In the next lemma, equivalent to Lemma 4.9 in [3] with adjusted hypotheses, we check that
S’ is indeed well defined and bounded between appropriate spaces.

Lemma 7.8. Assume that £ > N — 1 + Ba~! and that j > 0 satisfies

B A,
{—N+1———jln——1]>0.
a d

Then the operator S/ : X°

] t=jn
S/ =1Id on Xl?—jn'
Moreover, if £ > ko, with ko defined in (7.4) and j > 0 is such that

A
z—ko—j<n—7”)>o,
- x!

= in—N-+1 is well defined and

— XI?—jn—N—H is well defined and bounded. Also we have Lo

il

the operator S/ : Xe_m

D(SID)) =8 (D), fTex,,
where

T =DT — D(DP o K5)S/(T) + jS/(T) o R(DR)’~' D*R.

Proof. Let T € Xf_ in and S = S/(T). Following the same lines as the ones in the proof of
Lemma 4.9 in [3], a direct computation shows that, for x € Vg,

(u _‘_k)a(jApd’]—Ba’l)
(I/t +k+ l')a(efj(anpd_l)fBa—l) :

ISCON < ClIT loe—jn Y

i>0
Therefore, since by hypothesis a(¢ — j( — A[,d_l) — Ba‘l) >1,if x € V,
ISCOI < CIT llo,e—jn(u 4 k)¢ EI=NED < O EI=NHY T Y10 .

- XY

- i 0
Hence [|Sllo,e—jn—n+1 < ITllo,e—jy, that is, S/ : & = jn—N+

L=jn
bounded. It also proves that £/ 0 S/ =1d on X in
Following the proof of Lemma 4.9 in [3], we argue that, if S/(T) is differentiable and its

derivative belongs to XE,( ity then DS/(T) = SJTI(T). The trick is to check that both

are solutions of the same equation £/T!(H) = T belonging to Xg_( 1 —N41° Indeed, first we

. 1 a 0 : 0 0
note that if 7 € Xl_m, then T € Xl—(j+1)n provided DT € Xé—(j+1)n’ D(DPoK%) e X7 s

DR € X)_, and the definition of 7. This implies that Sf+1(T3 € A in_ni1-
remains to check that D(S/(T)) is a solution of £/*1(H) = T which can be proven by

taking derivatiyes in L/ (S/(T)) = T. Hence the uniqueness result, Lemma 7.7, proves that
D(S/(T)) = S/+(T).

| is well defined and

It only
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Now we prove that S/ (T) is differentiable and belongs to X G —N+1- In order to do so,

we take derivatives formally in (7.18). We have D(S/(T)) = S1 + S; + S3, where

i
S =Z (]_[ (DP)Y ' oK=o R'”) DT o RY(DR)/*!,

i>0 \m=0

i
S5 =Z (H(DP)‘ oK=o R’”) ToR' j(DR)/~'D?R',

i>0 \m=0

Sy = ZXI:(H(DP) INE oR>D<(DP)—loKfoR’">

i>0 m=0

X( [1 (Dp)—loKfoR’)ToR"(DR")-/,

I=m+1

and check that the above expressions are absolutely convergent, belong to XKO_( J+Dn—N+1 and
are bounded.

Since DT € Xz G+’ then, by the first part of the lemma, S| = S/*!(DT) belongs to

x) _(j+1yy—N+1 and we are done with S.
Next we deal with S,. Let x € Vj.. Assume that A, > d = b. Then, by Lemma 7.5, we have
that:

(u +k)a(jA,,d*1+1—Ba*1)

12011 < CIT llve—jn Y

i>0

(U +k + i)2E=i=Apd=H—=Ba=)’

Since £ — j(n — Apd’l) — Ba~! > N — 1, the sum is convergent and we obtain

T 11,e—jy

{— N £— 1 N+1 1
g oenm = CIEI T T ey = Cla ) VDT T ey

[S20[ = €

which implies that S € X z N+1—(j+D)n* Here we have used that n > 1. If A, < b, then again by
Lemma 7.5,

(u +k)ot((j+1)A,,a'_l—Ba_l)

12690 < CIT he—jn Y

2 (u+ k4 )G HD0=Apd D —Ba~ 1)
i

Proceeding as in the previous case, one gets that || S>(x)|| < K |x||¢=GHDn=N+15n-1 T 11,e—jn
and the study for S is finished.
Finally we consider S3. Using again Lemma 7.5, if x € V; we have that

(u + k)@HDAd =B i

1S3 < CIT Nre—jn Y

i>0

(u+k+i)a(€—j(n—Apd_1)—Ba‘l) n;) (u +k+m)l—oz(77—Apd‘1).
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We have different estimates for the sum with respect to m if either A ,d T<porA pd “Ts .
Nevertheless, the sum with respect to i is convergent provided ¢ satisfies the current hypothesis.
Performing straightforward computations, we obtain that

[S3(0) [ =C

17116 (A )n—
(u—i—k)a(ef(jﬂl)nanJrl) < CIIT eyl 70D

and the lemma is proven. 0O
The last result of this section is the following.

Proposition 7.9. Let = be the differentiability degree of K= and R assumed in Theorem 2.4.
Take £ > N — 14+ Ba~" and v such that 0 < v < r= and

B Ay
{—N+1— — —vmax 77—7,0 > 0. (7.19)
a

Then,
0. yv v 1. v v
X > Xy and S XL, > XL, N
are bounded linear operators.

Proof. The proof of this proposition is analogous to the corresponding one Proposition 4.10
in[3].LetT € &) C XL? . The key point of the proof is to deduce that

DTN T/ =8/(T7),  1<j<v, (7.20)
being {T/}o< j<v the sequence defined inductively by

T =T,
T/t =DT/ — D(DP o K5)S/(T/) + jS/(T/) o R(DR)’~' DR,

for 0 < j < v — 1. Indeed, one checks by induction that 7/ belongs to Xll_jn if j <v-—1.
For j = v we have that T € Xeo_vn and therefore, by Lemma 7.8, S/(T/) € Xel_jn_NH and
SY(TY) e X/?_vn. Note that, if j <v — 1 with v satisfying (7.19), then
. A, B . Ap
—ko—jln———|>¢—N+1———(+1)maxin——,0¢ > 0.
d a d
Then, for j < v — 1, the results of Lemma 7.8 on the operators S/ : X} in= XL in—n-+13PPLY.
Applying iteratively (7.20) we have that D/[S(T)] = $/(T/) € X in_ny1» for j <vand,
hence, S%(T) € Xy N1
Finally, to prove that the operator SV x E” — X Z”_ N+l is bounded, we refer the reader to [3],

Proposition 4.10. The proof that S : va—n — Xe"_n_ N1 18 also bounded is very similar to the
one for S°. O
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7.4. End of the proof of Proposition 7.1. Fixed point equation
Using Proposition 7.9 we are able to prove that the fixed point equation (7.17),
> =8 F(K™), (7.21)

is well defined in the appropriate Banach spaces and it is a contraction. Concretely, we prove
Proposition 7.1. That is, that there exists a unique solution K~ of equation (7.21) belonging to

X/ N+l for any £y < £ <r. To do so, we follow the same steps as the ones in Section 4.10
of [3]. We sketch them without proofs, only given the essential information. The main tool is
Lemma 7.3.

Let 0 > 0 be such that all the results in Sections 7.3.3 and 7.3.2 are valid. Recall that we
settled this quantity at the end of Section 7.3.1 satisfying the results in Section 6 and (7.4) for
a,b and B.

Since F(0) = —T* — Gy o K=, using that T¢ and G, are C" functions, that K= is a cre

function and the definition of r;”, we have that 7(0) € ¢min{rr=} = ¢¢ . Then F(0) € X "¢ and

since v =r;” satisfies the condition stated in Proposition 7.9, see (7.4), SV F0)e X N il We
also have that

S
1% 0 FO) vz eyt |l S USCH(UT Nz e + 1Ge 0 K=y ) =2 =

Since the domain of K = is V,, C V,, we will work with this domain in the spaces &Y.

We will find the solution K~ of equation (7.21) in B/ N +1 C X N +1, the ball of rad1us

¢ > ¢,. First we note that for any ¢ > ¢, there exists ¢’ small enough such that if K~ € Be N j

and x € Vy, then (K=+ K~ )(x) € U, the domain of F. Indeed, we deduce this property because
U is an open set, dist(V,, dU) > 0 and ||(K= + K~)(x) — x|l < C(0')? with C > 0 a constant.
Note that ¢’ depends on ¢, ¢ and K =.

As usual in the differentiable case, we first prove the existence of a solution belonging to
¢t ! defined on V. To do so, it only remains to check that the operator F : B / Nle —- X er £ 1;11
is a contraction. The proof of this result follows from the analogous result in [3] and in fact we
obtain the same bound for the Lipschitz constant

lip(F) < C(o"):2N-E,

with C independent of ¢’, but depending on ¢ and g.

As a consequence, equation (7.21) has a solution K~ : V, — R+ Applying the linear
operator £° we obtain that equation (7.15) has a unique differentiable solution K >. This implies
that K = K=+ K> and R are C'¢ ~! solutions of the invariance equation (7.2).

Following the same arguments as the ones given in [3] we deduce that, if r = oo the
parametrization K = K=+ K~ is also a C* as well as R is. Moreover, the arguments to prove the
sharp regularity can be also applied in this new context. Hence we obtain C" v parametrizations.

Until now the function K = K= + K~ is defined on V, with ¢’ < ¢. However, since ¢ is
small enough to assure that R satisfies the conclusions of Lemma 6.1, we can use the invariance
equation to extend the domain of K to V, as we did in the proof of Corollary 7.2. Indeed, let
k € N be such that R¥(V,\V,/) C V. Then K = F 0 K o R¥ extends K to V.
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Remark 7.10. We have proven that the domain V, of K and R depends on ¢, K= and on the
constants a, b, B as well as a,, by, Ay, B).

8. Dependence on parameters

In this section we prove Theorem 2.8 about the dependence of the invariant manifold on
parameters. Along this section we will assume all the conditions stated in this theorem. We will
proceed in a similar way as in the proof of Theorem 2.4.

8.1. Preliminary facts. Consequences of the previous results

As a consequence of Lemma 2.7, if Hypothesis HXA holds true, then H1, H2 and H3 are sat-
isfied for any A € A. Then, using Proposition 7.1 with £ =r, we have that for any A € A, there
exists g, such that the invariance equation

F(K=(x,\) + K7 (x,4),)) = K=(R(x,2),A) + K~ (R(x, 1), 1) =0
has a solution K~ (-, A) € X££ ~41 defined on V,, . However we emphasize that

o the degree of differentiability r;~ does not depend on A and
® 0, can be taken independent on A provided the constants a,, b,, Ap, By, B4 are independent
on the parameter (see Remark 7.10). Then K~ is defined over V, x A.

In addition, we already know that for any A, K~ (-, 1) is the unique solution belonging to X’ ; ¢ N1
of the fixed point equation (7.21):

K> =8 F(K™) (8.1)

being S® and F defined by (7.16) and (7.14), respectively.

It is important to remark that all the functions involved, P, T, G¢,K=,K,R, and T, de-
pend on both, x, A, but, abusing notation, we only indicate the composition with respect to the
x variable. For instance R? means R(R(x, ), ) and Gy o (KS + K) means Gg(K=(x, ) +
K(x,2), ).

We restate Theorem 2.8 in a functional setting using the space C>> introduced in (2.13). We
also introduce the Banach space

I D D f (x, W)l

o,V __ . L. Ea,vfa - A - - T
VW={f:uxa->R:fecC max sup NEEED

i,j€Z0,v—0 (x,\)el x A

for v > o, endowed with the norm

| D} D3 f (x, M)l

(e
||f||vk . p [l || A= G+im

L, J€Xov—0 (x,A)el x A

Note that y,f”*" C C¥ov. The differentiability conclusions of Theorem 2.8 are a direct conse-
quence of the following proposition.
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Proposition 8.1. Assume all the conditions in Theorem 2.8. Let £ € N be such that max{£g, {1} <
£ <r with £y and €1 defined in (2.5) and (2.15) respecttvely Then the solution K= : V, x A —

R+ oftheﬁxedpomt equation (8.1) belongs to y,z NU_H with vy =r; +s;, ry <min{r,r= =1,
s; < min{s, s= =} and

B A
e—N+1——P—(v;—i)max{n——”,0}—i(n—1)>0, 0<i<s;.
ap dp

The remaining part of this section is devoted to prove this result. The procedure is similar to
the one we have followed in Section 7. First we study the product and composition of functions
belonging to the functional spaces ;"". Then, we study the linear operator S” defined on ;"
and, finally, we apply the fixed point theorem to obtain a solution K~ of the fixed point equa-
tion (8.1) belonging to yg_”N 1 With appropriate values of o and v. With standard arguments we
check the sharp regularity of the solutions.

8.2. Technical lemmas
Next lemma, whose proof we skip, is analogous to Lemma 7.3 for y;j*”
Lemma 8.2. The Banach spaces )" satisfy:

(1) Let f(x,2) € L(X1, X2) with f € V" and g(x, 1) € X1 with g € Y["", then f - g € Y[}
and || f - IIY 4y =27 IIfII"kIIgII‘J,,

(2) Let f:U x A C R”*’"*’f — E be a C¥= map and E a Banach space such that
”Di Dif(x, M= O(||x||f_l)f0r all I',1) € T4, y—o- Then, for any map g : Vox A= U
such that g € y;’“" for some (i’,i) € X4, we have that f o (g,1d) € yj.“f.

We need to establish the dependence on A of SO(K).
8.2.1. Differentiability with respect to X of the linear operator S°

We first note that all the results stated in the previous sections are valid uniformly in A € A
for functions belonging to yg’“. This is due to Hypothesis HP and to the fact that the constants
ap, b, etcetera, defined in (2.12) are independent of A € A and therefore, all the bounds in the
previous sections are uniform with respect to A € A. The uniformity with respect to A € A of

Lemmas 7.5 and 7.7 and Proposition 7.9 is summarized in the following lemma.

Lemma 8.3. We have that:

(i) All the bounds in Lemma 7.5 hold true with constants C independent of . € A.
(ii) Under the hypotheses of Lemma 7.7, the formula

£0(S)=(DPoK=)S—SoR

defines an operator L0 : yff’N e CO, continuous and one to one.
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(iii) If the conditions for v, £ of Proposition 7.9 are satisfied, then
0 .~50,v 0,v 1.+40,v 0,v
SV = Viyy and S Y, = Vi np
are bounded linear operators.
Now we state and prove the differentiability results with respect to the parameter A.

Lemma 8.4. Let £, v, 0 be such that £ < £ <r,0 <s5, 1 <0 <v<r=+s= and
B , A, , .
£—N+1———(v—i)max n—7,0 —in—1)>0, 0<ic<o. (8.2)
a

We have that:

(1) (Low order regularity) The linear operator S° : y}” — y,_};”NH is bounded if £, v satisfy
condition (8.2) with o = 1. In addition,

D;S(T) = S™(T) (8.3)
with
T =—D;(DP o K=)S"T)+ Dc[S°(T)1o R - DyR + D;T.
(2) (Higher order regularity) The linear operator S : yg’“ — yg;”N 41 s bounded.
Proof. We have to check first that for any T € yg’_”N e

0 0, 0 0,v—1
SUT) €V - D, S°(T) e yz—vN+1—(n—1)~
The first relation, which corresponds to o = 0, follows from Lemma 8.3. To deal with the
second one, we proceed as in the proof of Lemma 7.8. We take derivatives with respect to A
formally and we check that the different factors we obtain, which will be infinite sums, are ab-
solutely convergent, belong to y?;”,;il_ (-1) and are bounded. Indeed, we formally decompose

D, SUT) = S; + S, with

00 i

Si=Y [[[(PP) ' ok=o R/ |[DiT o R+ (D;T o R)D;R'],
i=0 | j=0
oo i m—1

=3 (1‘[(1)10)—1 oK= oRl> D, ((DP)—l NE oRm>
i=0m=0 \[=0

i
X ( I1 (DP)_loKfoRl)ToRi.

I=m+1
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It can be checked by induction that, if i > 2,

i—1
D;R =D;Ro R~ + Z(Dij oR"\D;Ro R\,
j=1

Therefore, from item (i) of Lemma 8.3, if (x,A) € Vi x A,

i—1
| Dy,

1

(u+k+1)“” ,:1(u+k+1)0‘(’v Apd™)

< ¢ i C
T Ak DA (4 k)N =Apd D=1 (k41N

Ri(x, M| <
x )”_(u+k+i)°”v+

with C independent of A. Then, if x € V; and A € A, using the definition of SO,

0 1
18106, DI = CISTDADON + CIT e ope

(u+k)—a(1—A d=h 1
XZ (u+k +i)*C—n- Ba=l+A,d~1) (u+k+i)a(€—n—1)

< CITI o (u + k)~ EN+I=0=D),

where we have used (iii) of Lemma 8.3 to bound [|S°(D,T)(x)||. Then,

181G, I < CIT Iy llx |V FI=0=D 0 x e, (8.4)

uniformly in A € A.
To deal with S5, we first note that if x € V; and m € N, then

C
W< .
Ml = (u+k+m)x@=D

I Dx((DxP) "' o K=o R™)
Then, using Lemma 7.5,

(u+ k)-8 Z 1

1S20x, Il <C||T||MZ( kB 2 G R e

Ifa(L —1)<1,then,sincen=1+N—L,

(M+k)—aBa_1
( +k+l)oz(f Ba—'4+L—1-N+1) —

152 (x, A)||<C||T||MZ < CITIly o (u + k)~ EHI=N+D

and we are done in this case. When «(L — 1) = 1, in other words n = 1, we take a positive
quantity & > 0, such that (L — 1 +¢&) > 1 and £ — Ba~' —& > N — 1 (this last condition can
be fulfilled by hypothesis). Then
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(u+ k)« Z 1

o
S, M) <!
15206, DI CITHL D kDT 2 ke

i=0

o —a(Ba~l+e)
| (u+ k)~ i —a(t-N+1)
<CITl},, ; e S ClIT @+ :

m=0

In any case, || S2(x, M) || < C||T ”\1),13 [|x |6~ N+1=01=D This bound together with the corresponding
one for S; in (8.4), leads us to conclude that DASO(T) € y?;"NHf(nfl).
On the one hand, D;S%(T) and S%(T) belong to yg*_"NH_(n_l) and both are solutions of the

same linear equation LOH = T'. Since, by (ii) of Lemma 8.3, £ is injective,
D, S%(T) = 8%(T).

On the other hand, it is clear that T ¢ yf;”;jl because T € y}”. Therefore, using (iii) of

Lemma 8.3, SUT) € yf’_”njl_NH and consequently, D;S(T) belongs to yg’_“n;ll_NH. This

ends the proof of the first item of the lemma.
To deal with the second item, we perform an induction procedure. Let T € yg’” and § =
SY(T). We have to prove that S € R 41~ The cases o =0, 1 are already proven. Assume that

Se yg:;,’jl for o < s=. We define recursively for 0 <i <o — 1:
Si=Dis,
T!=—D;,(DPoK=)S" '+ DS 'oR-D,R+ D, T
Note that, using (8.3), § = DL S = S(T*). Moreover, since S € Y7 v’/
1 o—1—i,v—i i—1 o—i,v—i
S' €V Nti—im-1y Dy € Vi Ni1—p—it-1)*
Using that n = N — L + 1 and the above properties,

Dy(DPoK=)S ey T DS o R DR eV

so that, by recurrence one gets Ti e yg_‘,."(;_‘f), if0<i<o—1.Wetakenowi =0 — 1 and we
obtain that

o1 _ rylv—(o—1)
T €V oDy

Using item 1) we deduce that Di'fl S=85"1=8%r°"1¢ yé;v(;91;(1;71)7N+1 and therefore,

Dy S = D;LSO(Tgfl) € 372’_1)0_(2_1)_1\41

which implies that S € V7' ;. O
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8.3. End of the proof of Proposition 8.1

We point out that, since K= and R satisfy b) of Theorem 2.8, if (x, 1) € V, x A,
DLDIT (x, 1) = O(Ix™7), (i, ]) € By=,=,
and, since G is the Taylor’s remainder (with respect to the (x, y) variable) of F € C¥,

DiD{G(x,y, 1) =O0(lx, NI, @, ) e,

Moreover, these bounds are uniform on A € A.
Standard arguments allow us to apply the fixed point theorem to obtain the existence of a

. . . . Jove—l .
solution K~ of the fixed point equation (8.1) belonging to 372‘7_ Nvi-l . Finally we recover the last
derivative as in the analogous result in [3].

9. The analytic case

In this section we deal with the conclusions of Theorems 2.4 and 2.8 in the analytic case. We
assume that F, of the form (2.11), is a real analytic map, that A, > d,, = b), and that K=,R are
real analytic functions in the complex extension Q(g, y) x A(y) of V, x A given by

Qo,y):={xeC":Rex eV, [Imx| <y|Rex]|},
A(y):={reC" :Rere A, |Imr|<y?)

with the norm || - || in C" as

llx [l = max{|[Re x]|, [ Tmx/[}.

We note that, if x € Q(p, y) with y <1, then ||x|| = max{||Rex]|, [Imx|} = ||Rex|. We will
use this fact along this section without special mention.

It is clear that the facts in Section 7.1 also hold in this new setting, as well as the reformulation
of the problem as a fixed point equation, K~ = S o F(K>) (see (8.1)), with S® and F defined
in (7.16) and (7.14). Therefore, it is enough to prove that the fixed point equation has an analytic
solution.

The first thing we need to control is the weak contraction of the nonlinear terms in the analytic
case. We first need to prove an analogous result to Lemma 6.1 to decompose (g, ) properly.
For that, for a given o > 0, we consider u > 0 and ap > 0 such that apu = = p and sequences a; €
R, k>0, and by € R, k > 1, satisfying condition (6.1). Moreover, for any y < 1, we introduce

bi+1 ag
w+k+1D2 (u+k)™

Qi = {xGQ(Q,V)ZIIXII € Ik 2=[ “ ={xeQ(0,y):Rex € Vi},

©.1)

where the sets Vi where introduced in (6.2).
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Lemma 9.1. Let p be the homogeneous polynomial with respect to (x,y) defined by (2.11).
Let R : Q(0,y) — C" be an analytic map such that R(x, 1) —x — p(x,0,1) = O(||lx |Vt
uniformly in A.

Assume that there exists oo > 0 such that p satisfies the corresponding conditions in HA and,
moreover, Ap > bp.

Then for any a < ap and b > b, there exist o1, y1 > 0 such that for any y <y and o < 01
the following claims hold.

(1) If (x, 2) € (0, ¥) X A(y),
IR, 2) —xll <blxIV, IR, VI < IxI(1—alx|V).
(2) The set Q2(o, y) is invariant by R, that is, R(2(o, y)) C Q(o, y).

(3) Let {ai}, {bx} be the two sequences defined in Lemma 6.1 and 2 defined in (9.1). We have
that

Q(0, Y\0} = UpZoQ and R(Q%) C Q1.

Consequently, if x € Qx, then one has that

o

- -8 ' N-1 o -B
sa i I oEM) IR @It < (1+0%)).

Tau+k+j)
Proof. We first note that, if x (x, 1) is a real analytic function,
x(x,2) =x(Rex,Rer) +iDyx(Rex,ReA)[Imx, ImA]

1
— f (1 — ) D*x (x (), A(w))[Im x, Im A]* d e,
0

with x(u) =Rex +iulmx and () =Re X +iulmA.

In addition, if x, Dj x, D%X = O(||lx|I%), we have that, if > € A(y):

x(x,2) = x(Rex,ReA) +iD, x (Rex, Re )Imx + y2O(|x|%). (9.2)
The first item is a direct consequence of the above expression, for x (x, A) = R(x, A) — x, the
definition (2.12) of a,, b, and that x (x, ) = p(x,0, 1) + O(||x|N+1). The second one is also

a consequence of (9.2). Indeed, on the one hand, if y < y; and ¢ < g1, writing R(x, 1) =x +
x(x,2),

dist(Re R(x, 1), (V,)°) = dist(Rex + p(Rex, 0,Re 1), (V,)¢) — Cy2|x||V — C|lx |V *!

ay
> x|V (ay — O, 01) > 7||x||N,

taking y1, 01 small enough. On the other hand,
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IRe R(x, VIl >|[Rex||(1 — (b, + Oy + oIV h,
ImR(x, || <||(Id 4 Dy p(Rex, 0, Re A)Imx| 4+ Cy2[x ||V
<yl — (A, + O, o)) Ix IV "D IRe x|

and thenif A, > b, taking g1, y1 small enough, [ImR(x, A)|| < y[[Re R(x, A)|| for any y < y.
Finally, the third item is a consequence of Lemma 6.1, item (2) and the fact that x € € if and
only if Rex € Vi and ||[Imx|| < y|Rex| =|x||. O

Let U(o, y) = (0, v) x A(y). We define the Banach space of analytic functions

Zy ={h:U(o,y) — C"™™ real analytic, such that || |; < 0o},
where

17, Ml
Ihllk = sup ——=—
cnely)  Ixll

From formula (9.2) applied to (DP)~'(K=)(x) one can easily prove that Lemma 7.4 holds
true for x € Q(o, y). As a consequence, if the scaling parameter is small, bound (7.7) in
Lemma 7.5 is also true for x € €.

A proof analogous to the ones of Lemmas 7.7 and 7.8 for the continuous case proves that a) the
operator L0 Zy — C®, where C® is the space of analytic functions on U (o, y), is continuous and
one to one, and b) the linear operator SV zZ, > 2, N+1 1is well defined and bounded provided
¢—N+1—Ba !> 0. In addition, in the same way as in Lemma 8.3, we obtain that there are
bounds of the norms of SY uniform in A € A.

Finally, one easily checks that the operator S” o F is contractive on a suitable open ball of
Zy—n+1. We skip the details which are very similar to the ones in [3]. This ends the proof in the
analytic case.

It only remains to deal with the C Isw case. We first note that, for any A € A fixed, K(-, A)
is analytic in Q(g, y) for g, y small enough independent of A. Moreover, since C*« C C¥s.0,
given F € C¥s« we also have that K € C¥_ Therefore, K € C¥s.

10. The flow case

In this section we prove Theorem 2.10, the analogous result of Theorem 2.8 for flows.

The proof is performed in two steps in Sections 10.1 and 10.2 below. The first step is to
see that the Poincaré map F associated to the periodic vector field X in (2.20) has an invariant
parametrization K and a reparametrization R satisfying the invariance equation F o K = K o R.
To do so we apply Theorem 2.8. The second step is to check that the invariance condition (2.22)
for flows:

o t, K(x,t,0), ) —KWr;t,x,1),u,r)=0 (10.1)

is satisfied for K, where ¢ is the flow of X and v is the flow of a vector field ¥ on R” to be
determined.
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We assume that the vector field X € C¥s where in the definition (2.13) of C¥r we take
z=(x,y) and u = (¢, 1). We will denote by D, and D,, the derivatives with respect to these
variables.

10.1. From flows to maps

Assume that X € C¥s is a T-periodic vector field of the form (2.20)

X(x,y,t,/\)z(p(x’y”\Hf(x’y’t’“), (102)

q(x,y, 1)+ g(x,y,t, 1)

that p satisfies HA and let K=,Y € C RRENE satisfying items (a), (b) and (c) in Theorem 2.10. In
particular we have that condition (2.23) is satisfied, namely,

X(K=(x,1,4),1,A) = DK=(x,1, )Y (x,1) — 8, K=(x,1,2) = O(|lx||)

for a given £ such that £y < € <r.
We denote by ¢(u;t,x,y,A) and ¥ (u;t, x,A) the associated flows of z = X(z,1,1), z =
(x,y),and x = Y (x, A) respectively. Forr e Rand u € [t,t + T],

o1, K=(x,1,0),0) — K=Y (us 1, x, 1), u, ) = O(||x[[9), (10.3)

uniformly in u, A. The proof is a consequence of Gronwall’s lemma, (2.22) and the C° depen-
dence of K= with respect to 7.

We introduce the Poincaré maps F(x,y,t,A) = ¢ + T;t,x,y,A) and R(x,A) = ¥ (T;
0,x,\)=v@+T;t,x,1). Applying (10.3) tou =t + T, we obtain that

F(K=(x,t,)),t,1) — K=(R(x, 1), 1, 2) = O(||x||5). (10.4)

We want to apply Theorem 2.8, so we have to check the setting and hypotheses of that theorem
for F.

By Hypothesis HP and, since X is of the form (10.2), for any (x,y) € B,, we have
X (x,y,t,0)] < CpN. Then, on the one hand, the flow ¢(u;t,x,y,A) is well defined for
u€lt,t+T]if (x,y) € B, and g is small enough. On the other hand, by Gronwall’s lemma,

lo@sz,x, y, Ml < CllCx, I, (u,x,y,0) €[t,1 +T]x By X A. (10.5)

Now we check that F has the form (2.11). Applying Taylor’s theorem to ¢ (u; ¢, x, y, A), with
respect to u:
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x p(x,y,k)+f(x,y,t,)»)>
Fx,y,A\,t) =t +T;t,x,y,A) = +T
(.3 4. 1) =¢( -4 (y) (q(x,y,x)+g<x,y,r,x>

t+T
+ [ +T—uw)D X(p;t,x,y,A),u, )X (p;t,x,y,A),u,A)du
t

t+T
+ /(r+T WD X (s 1%, v, 2), u, ) dit,
t

Using bound (10.5) in the above formula for the Poincaré map F, we see that F' has the form
(2.11) and satisfies HA for any fixed ¢t € R since p does not depend on ¢. Moreover, using that
f and g are periodic with respect to ¢, D(zx’ » f, D%x’ )8 are bounded and they satisfy Hypothesis
HP. We also have that the remainder (f, §) = F —Id — (T'p, Tq) satisfies Hypothesis HP.

Concerning the items of Theorem 2.8, (a) follows from the hypotheses and general regularity
results for flows, (b) for K= also follows from hypothesis and (c) have already been obtained
in (10.4).

It remains to check that R(x, A) = ¥ (T'; 0, x, 1) satisfies (b) in Theorem 2.8. Namely, defining
AR(x,)):=R(x,X) —x — Tp(x,0, L) we have to check that, uniformly in A € A,

DIDIARG, ) =O(xIM ™), G, j)eCEErs,

These bounds are consequence of the following elementary result, whose proof we omit.
Lemma 10.1. Let Z : Vo x A — R" be a vector field of the form Z(x, L) = Zo(x, A) + Z1(x, L).
Let x (t; x, A) be its flow.

Let o > 0 and v > 2. Assume that Zy, Z, € C¥ov and that there exist | > k > 2 such that, for
all (i, j) e CZov:

DiD{Zo(x, ) = O(xI*™7),  DiDIZi(x, %) =O(x|'™)

uniformly in A € A.

Then for any ug > 0 there exists ¢ small enough such that, if x € Vo2 and u € [0, ugl, the
flow x satisfies x (u; x, 1) =x +uZo(x,A) + Z1(u,x, 1) € V, with

DiDI{Zi(u,x, 1) = O(xI'7), G, j)€Zoy

uniformly in (u, A) € [0, ug] x A.

Summarizing, let max{€gp,£1} < £ <r, K= and Y be such that (10.3) holds true. Ap-

plying Theorem 2.8 to the Poincaré map F(x,y,t,A) = ¢(t + T;t,x,y,A) with R(x, 1) =
Y(t+T;t,x,)), we obtain a solution K = K=+ K~ €C Es>.r> of the invariance condition

F(K(x,t,A\),t, ) =K@t +T;t,x,)),t, ) (10.6)

with K= (x, 1, ) = O([|lx||*~N*1) uniformly in 1. Moreover, by the uniqueness of the solution,
K~ (and consequently K) is periodic with respect to ¢.
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10.2. From maps to periodic flows

In this section we prove that the parametrization K found in the previous Section 10.1 satisfies
the invariance condition (10.1) for flows. To avoid cumbersome notations, in this section we will
skip the dependence on A.

Using the properties of general solutions of vector fields, the definitions of F' and R and (10.6)
we obtain

K(x,s)=¢(s;s+T,K(R(x),s)), R (s;1,x) =9 (s:1, R(x)).
We define
KsCx, 1) =(t;s, K(¥ (s 1, x),5)).
We have K, (x, 1) = K (x, ) and
F(Ks(x,0),0) =@ +T;s, K(W(s:1,x),8) =@ +T;s+T, KW (s: 1, R(x)), 5))

=(p(ta S, K(I//(Sv t— T’x7s)))’
Ks(R(x), 1)) =o(t;s, K(W(s;t, R(x),5))) =@(t;s, KW (s;t =T, x),5)).

Consequently, /Cg (x, t) satisfies the invariant condition (10.1) for any s.
Applying again Taylor’s theorem,

Ks(x,t) =¢(t;s, K(Y(s,1,x),5) =@t; s, K=(Y(s;1,x),5))

1
+ / Do(t;s, KS(W(s;t,x),8) +wK™(W(s;t,x), s)K~ (¥ (s; t, x),s)dw
0

and, applying equality (10.3) to ¥ (s; ¢, x),

1
Ks(x, ) —K=(x,1) = O(|lx||%) + f DK=(x +w(¥(s;1,x) — x), D[ (s; 1, x) — x]dw
0

1
+ / Do(t;s, K=(Y(s;t,x),8) + wK™ (Y(s;t,x),)K” (¥ (s;t,x),s)dw.
0

Therefore, since ¥ (s;2,0) = 0 and ¥ (s;t,x) = x + O(||x||V), we have that K (x,1) —
K=(x,1) = O(|lx||*"¥*1) and this implies, by the uniqueness statement in Theorem 2.8 that
Ks(x,t) = K(x,t). Then

KW (s;t,x),8) =51, Ks(x, 1) = 9(s; 1, K(x,1))

and the proof is complete.
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