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The Restricted 3-Body Problem models the motion of a
body of negligible mass under the gravitational influence of
two massive bodies, called the primaries. If the primaries
perform circular motions and the massless body is coplanar
with them, one has the Restricted Planar Circular 3-Body
Problem (RPC3BP). In synodic coordinates, it is a two
degrees of freedom Hamiltonian system with five critical
points, L1, .., Ls, called the Lagrange points.

The Lagrange point L3 is a saddle-center critical point which
is collinear with the primaries and is located beyond the
largest of the two. In this paper and its sequel [10], we
provide an asymptotic formula for the distance between the
one dimensional stable and unstable invariant manifolds of L3
when the ratio between the masses of the primaries p is small.
It implies that L3 cannot have one-round homoclinic orbits.
If the mass ratio p is small, the hyperbolic eigenvalues are
weaker than the elliptic ones by factor of order ,/u. This
implies that the distance between the invariant manifolds
is exponentially small with respect to p and, therefore, the
classical Poincaré—Melnikov method cannot be applied.

In this first paper, we approximate the RPC3BP by an
averaged integrable Hamiltonian system which possesses a
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saddle center with a homoclinic orbit and we analyze the
complex singularities of its time parameterization. We also
derive and study the inner equation associated to the original
perturbed problem. The difference between certain solutions
of the inner equation gives the leading term of the distance
between the stable and unstable manifolds of Ls.
In the sequel [10] we complete the proof of the asymptotic
formula for the distance between the invariant manifolds.

© 2022 Elsevier Inc. All rights reserved.
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1. Introduction

The understanding of the motions of the 3-Body Problem has been of deep interest
in the last centuries. Since Poincaré, see [46], one of the fundamental problems is to
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Fig. 1. (a) Projection onto the g-plane of the equilibrium points for the RPC3BP on rotating coordinates.

(b) Plot of the stable (green) and unstable (blue) manifolds of Lgs projected onto the g-plane for p = 0.003.
(For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

understand how the invariant manifolds of its different invariant objects (periodic orbits,
invariant tori) structure its global dynamics. Assume that one of the bodies (say the
third) has mass zero. Then, one has the Restricted 3-Body Problem. In this model, the
two first bodies, called the primaries, are not influenced by the massless one. As a result,
their motions are governed by the classical Kepler laws. If one further assumes that the
primaries perform circular motion and that the third body is coplanar with them, one
has the Restricted Planar Circular 3-Body Problem (RPC3BP).

Let us name the two primaries S (star) and P (planet). Normalizing their masses, we
can assume that mg =1 — p and mp = p, with p € (0, %] Since the primaries follow
circular orbits, in rotating (usually also called synodic) coordinates, their positions can
be fixed at qs = (11,0) and gp = (u — 1,0). Then, denoting by (q,p) € R? x R? the
position and momenta of the third body and taking appropriate units, the RPC3BP is
a 2-degrees of freedom Hamiltonian system with respect to

R T A A U C ST N !
M ="y q<—1 0>p Ta—ol Te-w-tor Y

For o > 0, it is a well known fact that h has five equilibrium points: Ly, Lo, L3, Ly
and Ls, called Lagrange points' (see Fig. 1(a)). On an inertial (non-rotating) system
of coordinates, the Lagrange points correspond to periodic orbits with the same period
as the two primaries, i.e. they lie on a 1:1 mean motion resonance. The three collinear
points with the primaries, L1, Ly and Lg, are of center-saddle type and, for small u, the
triangular ones, Ly and L5, are of center-center type (see for instance [51]).

L For 1 = 0, the system has a circle of critical points (g, p) with ||¢|| =1 and p = (p1,p2) = (—qg2,4q1)-
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Since the points L; and Ly are rather close to the small primary, their invariant
manifolds have been widely studied for their interest in astrodynamics applications, (see
[12,29,37]). The dynamics around the points Ly and L; have also been considerably
studied since, due to its stability, it is common to find objects orbiting around these
points (for instance the Trojan and Greek Asteroids associated to the pair Sun-Jupiter,
see [13,28,47]).

On the contrary, the invariant manifolds of the Lagrange point L3 have received
somewhat less attention. Still, they structure the dynamics in regions of the phase space
of the RPC3BP. In particular, the horseshoe-shaped orbits that explain the orbits of
Saturn satellites Janus and Epimetheus lie “close” to the invariant manifolds of Lz (see
[44]). Moreover, the invariant manifolds of L (more precisely its center-stable and center-
unstable manifolds) act as effective boundaries of the stability domains around Ly 5 (see
n [49]). See the companion paper [10] for more references about the dynamics of the
RPC3BP in a neighborhood of L3 and its invariant manifolds.

The purpose of this paper and its sequel [10] is to study the invariant manifolds of Lg
and, particularly, show that they do not intersect for 0 < p < 1 (at their first round).

1.1. The unstable and stable invariant manifolds of Ls

The eigenvalues of the Lagrange point L3 satisfy that

Spec = {£\/up(p), Fiw(p)}, with o) \/7+O (2)
w(p) =1+ {u+0(?),

as ;1 — 0 (see [51]). Notice that, due to the different size in the eigenvalues, the system
possesses two time scales, which translates to rapidly rotating dynamics coupled with a
slow hyperbolic behavior around the critical point Lg.

The one dimensional unstable and stable invariant manifolds have two branches each
(see Fig. 1(b)). One pair, which we denote by W™ (u) and W5 (u) circumvents Ls
whereas the other, denoted as W™~ (u) and W™~ (u), circumvents Ly. Since the Hamil-
tonian system associated to h in (1) is reversible with respect to the involution

®(q,p) = (q1, —q2, —p1,P2); (3)

the + branches are symmetric to the — ones. Thus, one can restrict the study to the
first ones.

As already mentioned, the aim of this paper (and its sequel [10]) is to give an asymp-
totic formula for the distance between W™t (u) and WSt (u), for 0 < p < 1 (in an
appropriate transverse section). However, due to the rapidly rotating dynamics of the
system (see (2)), the stable and unstable manifolds of L3 are exponentially close to each
other with respect to /. This implies that the classical Melnikov Theory [42] cannot
be applied and that obtaining the asymptotic formula is a rather involved problem.
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The precise statement for the asymptotic formula for the distance is properly stated
in the sequel of this paper [10]. Let us give here a more informal statement. Consider the
classical symplectic polar coordinates (r, 6, R, G), where R is the radial momentum and
G the angular momentum, and the section ¥ = {# = 7/2,7 > 1}. Then, if one denotes
by P" and P*® the first intersections of the invariant manifolds W™ (u), W**(u) with
3., the distance between these points, is given by

dists (P, P®) = {/Apbe vr [@| +0 <1>} : (4)
|log ul
for 0 < p <« 1 and certain constants A > 0 and © € C. The proof of this asymptotic
formula spans both the present paper and the sequel [10]. In this first paper, we perform
the first steps towards the proof (see Section 1.3 below). In particular, we obtain and
describe the constants A and © appearing in (4).

A fundamental problem in dynamical systems is to prove that a model has chaotic
dynamics (for instance a Smale Horseshoe). For many physically relevant problems, like
those in Celestial Mechanics, this is usually a remarkably difficult problem. Certainly,
the fact that the invariant manifolds of L3 do not coincide does not lead to chaotic
dynamics. However, one should expect the existence of Lyapunov periodic orbits which
are exponentially close (with respect to (/i) to L3 and whose stable and unstable in-
variant manifolds intersect transversally. If so, the Smale-Birkhoff Theorem would imply
the existence of a hyperbolic set whose dynamics is conjugated to that of the Bernoulli
shift (in particular, with positive topological entropy) exponentially close to the invariant
manifolds of Ls.

1.2. Exponentially small splitting of separatrices

Even though there is a standard theory to analyze the breakdown of homoclinic and
heteroclinic connections, the so called Poincaré-Melnikov Theory (see [42] and [35] for
a more modern exposition), it cannot be applied to obtain (4) due to its exponential
smallness. Indeed, the breakdown of homoclinic connections to Ls fits into what is usually
referred to as exponentially small splitting of separatrices problems. This beyond all
orders phenomenon was first detected by Poincaré in [46] when he studied the non
integrability of the 3-Body Problem.

The first obtention of an asymptotic formula for an exponentially small splitting of
separatrices did not appear until the 1980’s with the pioneering work by Lazutkin for
the standard map [38,39]. Even if Lazutkin’s work was not complete (the complete proof
was achieved by Gelfreich in [24]), the ideas he developed have been very influential and
have been the basis of many of the works in the field (and in particular of this paper and
the sequel [10]). Other methods to deal with exponentially small splitting of separatrices
are Treschev’s continuous averaging (see [52]) or “direct” series methods (see [21]).

Usually, the exponentially small splitting of separatrices problems are classified as
reqular or singular.
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In the regular cases, even if Melnikov theory cannot be straightforwardly applied,
the Melnikov function gives the leading term for the distance between the perturbed
invariant manifolds. That is, Melnikov theory provides the first order for the distance
but leads to too crude estimates for the higher order terms. This phenomenon has been
studied in rapidly forced periodic or quasi-periodic perturbations of 1-degree of freedom
Hamiltonian systems, see [2,3,15,16,22,25,30,36], in close to the identity area preserving
maps, see [14], and in Hamiltonian systems with two or more degrees of freedom which
have hyperbolic tori with fast quasiperiodic dynamics [48]. In particular, [32] provides
the first prove of exponentially small splitting of separatrices in a Celestial Mechanics
problem (see also [33,34]).

In the singular cases, the exponentially small first order for the distance between the
invariant manifolds is no longer given by the Melnikov function. Instead, one has to
consider an auxiliary equation, usually called inner equation, which does not depend on
the perturbative parameter and provides the first order for the distance. Some results on
inner equations can be found on [1,4,5,23,26,45] and the application of the inner equation
analysis to the original problem can be found in [6-9,20,31,40,41].

Due to the extreme sensitivity of the exponentially small splitting of separatrices
phenomenon on the features of each particular model, most of the available results ap-
ply under quite restrictive hypothesis and, therefore, cannot be applied to analyze the
invariant manifolds of Lg.

1.8. Strategy to obtain an asymptotic formula for the breakdown of the invariant
manifolds of L3

For the limit problem h in (1) with x4 = 0, the five Lagrange point “disappear” into
the circle of (degenerate) critical points ||¢|| = 1 and p = (p1,p2) = (—g2,¢1). As a conse-
quence, the one-dimensional invariant manifolds of L3 disappear when u = 0 too. For this
reason, to analyze perturbatively these invariant manifolds, the first step is to perform
a singular change of coordinates to obtain a “new first order” Hamiltonian which has
a center saddle equilibrium point (close to L3) with stable and unstable manifolds that
coincide along a separatrix. To perform the change of coordinates we use the Poincaré
planar elements (see [43]) plus a singular (with respect to p) scaling.

In the following list, we present the main steps of our strategy to prove formula (4).
We split the list in two. First we explain the steps performed in this paper and later
those carried out in its sequel [10].

In this paper, we complete the following steps:

A. We perform a change of coordinates which captures the slow-fast dynamics of the
system. The new Hamiltonian becomes a (fast) oscillator weakly coupled to a 1-
degree of freedom Hamiltonian with a saddle point and a separatrix associated to
it.
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B. We analyze the analytical continuation of a time-parametrization of the separatrix.
In particular, we obtain its maximal strip of analyticity (centered at the real line).
We also describe the character and location of the singularities at the boundaries of
this region.

C. We derive the inner equation, which gives the first order of the original system close to
the singularities of the separatrix described in Step B. This equation is independent
of the perturbative parameter .

D. We study two special solutions of the inner equation which are approximations of the
perturbed invariant manifolds near the singularities. Moreover, we provide an asymp-
totic formula for the difference between these two solutions of the inner equation.
We follow the approach presented in [5].

In [10] we complete the following steps:

E. We prove the existence of the analytic continuation of suitable parametrizations
of W™*(§) and W™ (4) in appropriate complex domains (and as graphs). These
domains contain a segment of the real line and intersect a neighborhood sufficiently
close to the singularities of the separatrix.

F. By using complex matching techniques, we compare the solutions of the inner equa-
tion with the graph parametrizations of the perturbed invariant manifolds.

G. Finally, we prove that the dominant term of the difference between manifolds is given
by the term obtained from the difference of the solutions of the inner equation.

The structure of this paper goes as follows. In Section 2, we present the main results
for the Steps A to D and introduce some heuristics to contextualize them. Sections 3-5
are devoted to the proof of the results in Section 2.

The constants in the asymptotic formula for the distance. The constant A in (4) is
given by the height of the maximal strip of analyticity of the unperturbed separatrix
(see Step B). Therefore, to obtain its value, one has to compute the imaginary part of
the singularities of the separatrix which are closer to the real line.

On all the previous mentioned works on splitting of separatrices, either the separatrix
of the unperturbed model has an analytic expression (see for example [7,15,20,31,32]) or
otherwise certain properties of its analytic continuation are given as assumptions (see [2,
6,16,23]). In this case, we do not have an explicit expression for the time-parameterization
of the separatrix and, to obtain its complex singularities, we need to rely on techniques of
analytical continuation to analyze them (see Section 2.2). In particular, we describe the
parametrization of the separatrix in terms of a multivalued function involving a complex

integral and (see Theorem 2.2 below) we obtain
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\/5271
2 T
A= da ~ 0.177744.
/ 1—x\/3(a:—|—1)(1—4x—4a:2) *
0

This value agrees with the numerical computations of the distance between the invariant
manifolds given in [18,49].

Since we are in a singular case, the constant © in (4) is not correctly given by the
Melnikov function but by the analysis of the inner equation of the system (see Step C
above and also Sections 2.3 and 2.4). In particular, © corresponds to a Stokes constant
and does not have a closed formula. By a numerical computation, we see that |©| ~ 1.63
(see Remark 2.8). We expect that, by means of a computer assisted proof, it would be
possible to obtain rigorous estimates and verify that |©| # 0, see [11].

2. Main results

We devote this section to state the main results concerning the Steps A, B, C and
D explained in Section 1.3. First, in Section 2.1, we present the changes of coordinates
involved to rewrite the Hamiltonian h in (1) as a singular perturbation problem given by
a fast oscillator weakly coupled with a one degree of freedom Hamiltonian with a saddle
point and a separatrix (Step A). In Section 2.2, we consider the time-parametrization
of the separatrix and analyze the properties of its analytical continuation (Step B). In
Section 2.3 we give some heuristic ideas regarding the parametrization of the perturbed
manifolds on certain complex domains (Step E) and deduce the singular change of vari-
ables which leads to the inner equation (Step C). Finally, in Section 2.4, we present the
study of certain solutions of the inner equation and give an asymptotic formula for their
difference (Step D).

2.1. A singular perturbation formulation of the problem

When studying a close to integrable Hamiltonian system at a resonance, it is usual
to “blow-up” the “resonant zone” to capture the slow-fast time scales. In this section we
present the singular change of coordinates which transforms the Hamiltonian h in (1)
into a pendulum-like Hamiltonian plus a fast oscillator with a small coupling, namely

3
HO A o,y) = =50 + V) + 25+ o(),

with respect to the symplectic form dA A dA + idx A dy. In these coordinates, the first
order of the Hamiltonian has a saddle in the (A, A)—plane and a center in the (x, y)—plane.
Notice that the system possesses two time scales (~ 1 and ~ 1/,/z). Recall that this
two time scales are also present in the eigenvalues of Lz in (2).

We consider Poincaré coordinates for the RPC3BP (see (1)) in order to write the
system as a close to integrable Hamiltonian system and decouple (at first order) the
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saddle and the center behavior. To this end, we first consider the symplectic polar and
Delaunay coordinates.

Polar coordinates. Let us consider the change of coordinates:

d)pol : (T,G,R, G) = (Q7p)a

where r is the radius, 6 the argument of ¢, R the linear momentum in the r direction
and G is the angular momentum. Then, the Hamiltonian (1), becomes

HP = HE g 5)
where
HENr, R, G) =+ NN T
0 A E Ty r2 r ’
1 1—uw
HPYp 05 ) == — 6
M 1 ( M) r \/T2—2ILL7’COSQ+ILL2 ( )
I

- V12 +2(1 — p)reosf + (1 — )

The critical point Lz (see [51] for the details) satisfies that, as u — 0,
. 5
(7‘, 67 Ra G) = (dlu 07 Oa di)a with d;L =1+ EM + O(,U’B) (7)

Delaunay coordinates. The Delaunay elements, denoted (¢, L, §,G), are action—angle
variables for the 2-Body Problem (for negative energy) in non-rotating coordinates. The
variable £ is the mean anomaly, § is the argument of the pericenter, L is the square root
of the semi major axis and G is the angular momentum, (see [43]).

Let us introduce some formulae to describe these elements from the non-rotating polar
coordinates (r, 0,R, G), namely 6 = 6 + t. The action L is defined by

1 1/, G*\ 1
—ma(Rﬂ—z)‘;’

and the (osculating) eccentricity of the body is expressed as

1-55 = : . (8)

e\/ 2 JI-GI+G)

Let us recall now the “anomalies”: the three angular parameters that define a position
at the (osculating) ellipse. These are the mean anomaly ¢, the eccentric anomaly u, and
the true anomaly f, which satisfy
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r=L*(1 — ecosu) and 0=f+9. 9)

To use these elements in a rotating frame, we consider rotating Delaunay coordinates
(¢, L, g,G), where the new angle is defined as g = § — ¢ (the argument of the pericenter
with respect to the line defined by the primaries S and J). As a result,

0=1r+g, (10)
and the unperturbed Hamiltonian HJ ! hecomes

pol 1

T B

The eccentric and true anomalies are related by

cosu — e vV1—e2sinu

cos f = , sin f = ,
1—ecosu 1—ecosu

(11)
and the mean anomaly u is given by Kepler’s equation

u—esinu = {. (12)

The critical point L (see (7)) satisfies § = £ + g = 0 and

L= [ol =14 0w, G=d=1+0@, L-G=0(2). (13
"

Note that the Delaunay coordinates are not well defined for circular orbits (e = 0), since
the pericenter, and as a consequence the angle g, are not well defined.

Poincaré coordinates. To “blow-down” the singularity of the Delaunay coordinates at
circular motions, we use the classical Poincaré coordinates, which can be expressed by
means of (rotating) Delaunay variables. Let us define

¢Poi : (A’L’%g) = (T,&,R, G)7 (14)
given by
A=l+y, n =L —Ge”, E=VL—Ge™. (15)

These coordinates are symplectic and analytic. Moreover, even though they are defined
through the Delaunay variables, they are also analytic when the eccentricity tends to
zero (i.e. at L = G), see [17,43].

The Hamiltonian equation associated to (5), expressed in Poincaré coordinates, defines
a Hamiltonian system with respect to the symplectic form dA A dL + i dn A d§ and
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HPoi — Hg’oi + MHFOi7
where

. 1 i o
H(])DOI(LW,Q:*@*L+77§ and  H{° = HP* o gpo;. (16)

In Poincaré coordinates, the critical point Ls, as given in (13), satisfies
A=0,  (L,n,§=(1,0,0)+O(n).

The linearized part of the vector field associated to this point has, at first order, an
uncoupled nilpotent and center blocks,

cococo
|
cool,
o= oo
coo

The center is found on the projection to coordinates (n,&) and the degenerate behavior
on the projection to (A, L).

The perturbative term pHY°! is not explicit. We overcome this problem by computing

the first terms of the series of uHT°! in powers of (1, £), (see Lemma 4.1).
Notice that, on the original coordinates, Hamiltonian h (see (1)) is analytic at points
away from collision with the primaries. However, the collisions are not as easily defined

in Poincaré coordinates.

A singular scaling. We consider the parameter

INE

d=pu
and we define the symplectic scaling
bse : (M A, m,y) = (N Lyn, &),  L=1+0%A, n=dzx, &=0dy, (17)

and the time reparameterization ¢ = §~27. The transformed equations are Hamiltonian
with respect to the Hamiltonian

07 (HG® 0 duc) + (HI* 0 uc)
and the symplectic form dA A dA +idx A dy. The Hamiltonian (up to a constant) satisfies

LYy

1
— =

54
(H{" 0 dsc) = V(A) + O(9),

54 (Hp® o ¢sc) Fy(5%A) +

3
—_ZA2
3 +
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with

V(\) = HP'(),1,0,0;0),

(18)
Fy(2) = (—m -1+ z)) + ; + gzz = 0(2%).

The function V(X), which we call the potential, has an explicit formula:

1
V2+ 2cosA\’

where HP®' is defined in (6). Indeed, taking § = 0 on the change of coordinates (17), we
have that (A, L,n,£) = (A, 1,0,0). These coordinates, correspond with a circular orbit,
e =0, and applying (9) and (10), we obtain that (r,8) = (1, A).

We summarize the previous results in the following theorem.

VA) = HP'(1,),0) =1 — cos A — (19)

Theorem 2.1. The Hamiltonian system given by h in (1) expressed in coordinates
(M A, z,y) defines a Hamiltonian system with respect to the symplectic form dA A dA +
idx A\ dy and the Hamiltonian

H = H, + Hosc + Hy, (20)
with
HyAA) = A4 V), Honely0) = 57, (21)
oi 1
Hi(\ Ay ,936) = (HT 0 duc) = VIA) + 57 Fp(67A), (22)

and HY°', F, and V' defined in (16), (18) and (19), respectively. Moreover, the Hamilto-
nian H is real-analytic> away from collision with the primaries.
Moreover, for § > 0 small enough:

o The critical point L3 (see (7)) expressed in coordinates (A, A, z,y) is given by
2(5) = (07 52£A(6)3 53£x(6)a 632’?4(5)) ; (23)

with | LA (9)], |£2(0)], |£4(0)] < C, for some constant C > 0 independent of ¢.
o The point £(0) is a saddle-center equilibrium point and its linear part is

0 -3 0 0
7
~I 0 0 0
8 ;
¢ 0 4 o |TOO
0 0 0 —%

2 Real-analytic in the sense of H(X, A, z,y;0) = H(\, A, y, 3 9).
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Fig. 2. Phase portrait of equation (26). On blue the two separatrices.

Therefore, it possesses one-dimensional stable and unstable manifolds and a two-
dimensional center manifold.

The proof of Theorem 2.1 follows from the results obtained through Section 2.1.
Since the original Hamiltonian is symmetric with respect to the involution ® in (3),
the Hamiltonian H is reversible with respect to the involution

B A,z,y) = (A Ay, @). (24)
From now on, we consider as “new” unperturbed Hamiltonian
HO(A7A7x7y;5) = HP(A?A) +HOSC(xay;6)a (25)

which corresponds to an uncoupled pendulum-like Hamiltonian H,, and an oscillator
H,s, and we refer to Hy as the perturbation.

2.2. The Hamiltonian H, and its separatrices

In this section we analyze the 1-degree of freedom Hamiltonian H,(\, A) introduced
in (21),

1

3
Hy(MA) = —SA24+V(N), VA =1—cos\ — ———,
p(A,A) 5 (M) (M) cos T ocos

and the associated Hamiltonian system

. . 1

A= =3A, Asin)\<173>. (26)
(2+2cos )2

This Hamiltonian system has a singularity at A = 7, which corresponds to the collision

with the small primary P, and a saddle at (A, A) = (0, 0) with two homoclinic connections

or separatrices, see Fig. 2. From now on, we only consider the separatrix on the right;

by symmetry (see (24)), the results obtained below are analogous for the separatrix on
the left.
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We consider the real-analytic time parametrization of the separatrix,

c:R—>T xR
(27)
t=o(t) = (An(t), An(1)),
with initial condition
2
o(0) = (Ag,0) where Ao € <§7r,7r> .
Theorem 2.2. The real-analytic time parametrization o in (27) satisfies:
o It extends analytically to the strip
Ma={teC : |Imt| < A}, (28)
where
ay
A= / ! a dx ~ 0.177744 (29)
) 1—z\3@+D(ay —x)z—a_) ’
0
with a4 = f% + g

It has only two singularities in 0114 at t = L£iA.
There exists v > 0 such that, fort € C with |t —iA| < v and arg (t—iA) € (—3F, Z),
a(t) = (An(t), An(t)) can be expressed as

e

An(t) =7+ Bag (t —iA)5 + O(t —iA)3,

30)
204+ 1 . 1 (
Ap(t) = —————F + O(t —iA)3,
)= =25 G Ot =)
with oy € C such that af_ = %
An analogous result holds for |t +iA| < v, arg (t +iA) € (—3,3%) and a_ = o

In a perturbed 2-body problem, the motion of a collision singularity corresponds to

a branching point of order %, see [50]. This fact agrees with the results in Theorem 2.2,
since the singularity ¢t = +iA corresponds to a complex collision with the small primary

P.

We can also describe the zeroes of Ay (t) in IL4.

Proposition 2.3. Consider the real-analytic time parametrization o(t) = (An(t), An(t))
and the domain 114 defined in (27) and (28) respectively. Then, Ap(t) has only one zero

m

TI4 att =0.
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Ret

Fig. 3. Representation of the domain HX% in (31).

We can expand the region of analyticity of the time parametrization o.

Corollary 2.4. There exists 0 < 3 < 5 such that the real-analytic time parametrization
o(t) extends analytically to

5% ={t € C : Imt| <tanfRet+ A}U

(31)
{teC : |Imt| < —tan BRet + A}.

(See Fig. 3.) Moreover,

1. o has only two singularities on 81‘[2"% att = +iA.

2. Ay has only one zero in the closure of H‘th@ att=0.

Proof. By [19], there exists T' > 0 such that o(¢) is analytic in {|Ret| > T'}. Moreover,
applying Theorem 2.2, o(t) has two branching points at ¢ = +iA and can be expressed
as in (30) in the domains

Dy ={|t —iA| <v,arg(t —id) € (-3, Z)}U
{It +iA| <v,arg(t +id) € (-5,2F)},

w

for some v > 0. This implies that the only singularities in D; are at ¢t = £iA.
Thus, we only need to check Item 1 in

(I3 N {[Ret] < T})\ D1,

To this end, note that, by Theorem 2.2, o(t) is analytic in the compact set Dy =
(ILy N {|Ret| < T}) \ D1. Therefore, there exists a cover of dD, by open balls centered
in 0D where o(t) is analytic. Moreover, since 9D5 is compact, it has a finite subcover.
This implies that there exists > 0 such that we can extend the analyticity domain of
a(t) to

(Iayn N {[Ret| <T})\ D;.
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Then, taking 8 = arctan(n/T), o(t) is analytic in (II5% N {|Ret| < T'})\ D;. The prove
of Item 2 follows the same lines. 0O

2.8. Derivation of the inner equation

The inner equation associated to the Hamiltonian H in (20) describes the dominant
behavior of suitable complex parametrizations of the invariant manifolds close to (one
of) the singularities +iA of the unperturbed separatrix. Let us explain how this equation
arises from the Hamiltonian H.

First, we consider the translation of the equilibrium point £(d) to the origin,

beq 1 (N A,z y) = (N A 2, y) + £(9). (32)

Second, to measure the distance of the stable and unstable manifolds, we parameterize
them as graphs. In the unperturbed case, we know that the invariant manifolds coincide
along the separatrix (A (t), Ax(t),0,0). Since we need to involve, in some sense, the time;
we consider as a new independent variable u such that Ay (u) = A. Notice that @ = 1 for
the unperturbed system. To this end, we consider the symplectic change of coordinates

w

sep (’LL,’[U,:LZJ) — ()\,1\71',:1/)7 A= )\h(u)v A= Ah(u) - 3Ah(u)7

(33)

where o = (Ap, Ap) is the parametrization of the separatrix studied in Theorem 2.2.
Notice that, except for u = 0 (see Proposition 2.3), the perturbed manifolds can be
expressed as a graph and the change (33) is well defined.

The Hamiltonian H, written in these coordinates and after the translation ¢eq in (32),
becomes

H*® = Hy + H;P, (34)
with

HP(w,z,y) = w+ ry

62’ H{® = H 0 ($eq © ¢sep) — Hy -

Since we look for the perturbed manifolds as graphs with respect to u, we consider
parametrizations

zo(u) = (wo(u)v xo(u)v yo(u))Ta for o = u,s,

such that the unstable and stable invariant manifolds of H associated to £(J) can be
expressed as
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with u belonging to appropriate domains. The proof of existence of z" and z° defined
in appropriate (complex) domains requires a significant amount of technicalities. We
present this result in the companion paper, see [10].

Due to the slow-fast character of the system, to capture the asymptotic first order of
the difference Az = z" — 25, we need to give the main terms of this difference close to
the singularities, concretely, up to distance of order §2. To this end, we derive the inner
equation, see [1,5], which contains the first order of the Hamiltonian HP (see (34))
close to (one of) the singularities and is independent of the small parameter 6. That
is, we look, for instance, for a Hamiltonian which is good approximations of H*P in a
neighborhood of u = iA. Here, we focus on a domain near the singularity u = iA, but a
similar analysis can be done near u = —iA.

Since we need to control the difference up to distance of order 62 of the singularity
u = 1A, we consider U such that

u—1iA = §2U.

Notice that we can take |U| > 1 independent of 4. Close to the singularity u = iA,
the homoclinic connection is not the dominant term of the perturbed invariant mani-
folds anymore. Let us be more precise, take A = Ap(u) — m, and recall that, by
Theorem 2.2, we have

20é+

A () ~ == iA)"5, for |u—iA|<v,

or equivalently,

303

Ah(iA+62U)~322a+1~(9( ! )
Then,

w(iA + 62U) ~ 3A2(iA + 62U) ~ O <51]> . (35)

In addition, the unperturbed Hamiltonian must have all of its terms of the same order.
Therefore,

(36)

Wl

22 (1A + 82U y° (1A + 82U) |
~O ().
02 03U

By symmetry, 2°(iA + §2U), y°(iA + 62U) ~ O(é%U_é).
To avoid the dependence on the inner equation with respect to a4 (see Theorem 2.2)
and to keep the symplectic character, we perform the scaling

¢in : (U7 W7 X7 Y) % (u’w7'r7 y)7 (37)
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given by

4w T Y
U=—" W=43 S X=— Y=
2043_ 5%\/5014_ 5%\/§a+

and the time scaling 7 = §¢. The heuristics above lead us to assume that (U, W, X,Y) =
O(1) when u — iA = O(§?). In the following proposition, by applying the change of
coordinates ¢;,, we obtain the inner equation of the Hamiltonian H°P.

Proposition 2.5. The Hamiltonian equations associated to (34) expressed in inner coor-
dinates (see (37)) are Hamiltonian with respect to

H™ =H + H}",
where
HUW,X,Y) = HU,W,X,Y;0)|,_, =W + XY + K(U,W, X,Y), (38)
with
K(U,W,X,Y) = —%U%WQ - 3;3 <\/1 = j(; XY 1) (39)
and

2
WXy~ W 1W 16 4(X+Y)<W_ 2)

Ui 27Ut + 81U2 + 9U 303
(40)
CAHX-Y) XP4Y? N 10XY
3U3 3U% 9Us

Moreover, if 01—1 <|U| < ¢y and |(W,X,Y)| < co for somec; > 1 and 0 < co < 1, we
have that there exist by, v1,v2 > 0 independent of §, ¢y, co such that

|H™(U, W, X, Y;8)| < boc]" e85,

Remark 2.6. The change of coordinates (37) allows us to study an approximation of the
invariant manifolds z"*(u) near the singularity « = ¢A. To obtain an approximation near

u = —iA, one can proceed analogously by
u+iA 4w T y
U= , W =43 , X=—=——, Y =—F"+,
52 202 5320 5520
where a_ = @7 (see Theorem 2.2).
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2.4. The solutions of the inner equation and their difference

We devote this section to study two special solutions of the inner equation given by
the Hamiltonian A in (38). We introduce Z = (W, X,Y) and the matrix

0 0 O

A=(0 ¢ 0 |]. (41)
0 0 —i

Then, the equation associated to the Hamiltonian H can be written as

(42)

U=1+g(U,2Z),
Z=AZ+ fU,Z),

where f = (—9yK,idy K, —idxK)" and g = oy K.
We look for solutions of this equation parametrized as graphs with respect to U,
namely we look for functions

Z5(U) = (WS(U), X(U), Yo (U))",  foro=nu,s,

satisfying the invariance condition given by (42), that is
ouZy = AZS +R[Z3],  foro=u,s, (43)

where

fU,¢) —g(U, @)Acp'

RIIW) = F=

(44)

In order to “select” the solutions we are interested in, we point out that, since we
need some uniformity with respect to § and U = §=2(u — iA), then ReU — 400 as
d — 0, depending on the sign of ReU. Then, according to (35) and (36), we deduce that
(W, X,Y) — 0as ReU — +oo. For that reason, we look for Z§ satisfying the asymptotic
conditions

Re llflgl—oo ZO (U) =90, Re llJlg—&-oo ZO(U) =0 (45)

In fact, for a fixed By € (O, %), we look for functions Zj and Z§ satisfying (43), (45)
defined in the domains

Dp={UeC:|ImU|>tanByReU + K}, D = -Dy, (46)

respectively, for some k > 0 big enough (see Fig. 4). We analyze the difference AZ, =
Z§ — Z§ in the overlapping domain
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ReU

—
.y

Fig. 4. The inner domain, D}, for the unstable case.

E=D;ND;N{UeC : ImU <0}. (47)

Theorem 2.7. There exist ko, by > 0 such that for any & > Ko, the equation (43) has an-
alytic solutions Z$(U) = (WS(U), X(U), Y (U)T, for U € DS and o = u,s, satisfying

USWEU)| < by, USXSU)| <by,  |USYSU)| < by (48)

In addition, there exist © € C and ba > 0 independent of k, and a function x =
(x1, X2, x3)T such that

AZo(U) = Z§(U) = Z3(U) = 0~ ((0,0,1)7 + x(U) ) (49)
and, for U € &,
USx1(U)] < bsy,  [UPX2(U)| < bay  [Uxs(U)] < ba.

Remark 2.8. This theorem implies that © = limy, s oo AY(U)e'V. Thus, we can ob-
tain a numerical approximation of the constant ©. Indeed, for p > k¢, we can define

0, = [AYy(~ip)|e’, (50)

which, for p big enough, satisfies ©, ~ |9|.

To compute AYy(—ip) = Y (—ip) — Y5 (—ip), we first look for good approximations
of Z3(U) for ReU < —1 and of Z5(U) for ReU > 1, as power series in U~ 3. One
can easily check that Z§(U) as ReU — —oo and Z5(U) as ReU — +o0 have the same
asymptotics expansion:

4 172 20
W (U) = - o) (U*?),
0 (@) 243U3%  2187U %
% 28 20i 16424 16
X5U) =— + + - + (U’T),
o(0) 9Us | 81U  21US  6561U%
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Table 1
Computation of ©,, as defined in (50), for
different values of p < 23.

P |AYo(—ip)| e 9,

13 | 3.7-1076 4.4-10° 1.6373
14 | 1.4-1076 1.2-10%  1.6361
15 | 5.0-1077 3.3-10°  1.6351
16 | 1.8-1077 8.9-10%  1.6341
17 | 3.7-1078 2.4-107  1.6333
18 | 6.8-1078 6.6-107  1.6326

19 | 9.1-107° 1.8-10%  1.6320
20 | 3.4-107° 4.9-10%  1.6315
21 | 1.2-107° 1.3-10°  1.6312
22 | 4.6-1071° 3.6-10° 1.6313
23 | 1.7-10710 9.7-10°  1.6323

Yy (U)

2 28 20: 16424 16
= 4 + 7 10 13 + (U ) .
9Us 81Us 27U 6561 U s
We use these expressions to set up the initial conditions for the numerical integration for
computing AYy(—ip). We take as initial points the value of the truncated power series at
order U™ % at U = 1000 — ip (for o = s) and U = —1000 — ip (for o = u). (See Table 1.)
We perform the numerical integration for different values of p < 23 and an integration
solver with tolerance 10712
Table 1 shows that the constant © is approximately 1.63 which indicates that it is
not zero. We expect that this computation method can be implemented rigorously [11].

3. Analytic continuation of the separatrix

In this section we prove Theorem 2.2 and Proposition 2.3, which deal with the study of
the complex singularities and zeroes of the analytic extension of the time-parametrization
o(t) = (An(t), An(t)) of the homoclinic connection given in (27).

Let us recall that o(t) is a solution of the Hamiltonian system Hp in (21) and it is
found at the energy level H, = —%. Therefore,

3
COS (%) ’

Equation (51) can be solved as t = F()), where F' is a function defined by means of

(A)? =15 — 12 cos? (%) - (51)

an integral. Prove Theorem 2.2 and Proposition 2.3 boils down to studying the analytic
continuation of F~1.

We divide the proof of Theorem 2.2 into three main steps. First, in Section 3.1, we
perform the change of variables ¢ = COS(%) and rephrase Theorem 2.2 in terms of ¢(t)
(Theorem 3.1). Then, in Section 3.2, we analyze all the possibles types of singularities

that ¢(t) may have (Proposition 3.2), which turn out to be poles or branching points. In
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addition we prove that all the singularities have to be given by integrals along suitable
complex paths. Finally, in Section 3.3, taking into account all complex paths leading to
singularities, we prove that the singularities of ¢(¢) with smaller imaginary part (in the
first Riemann sheet of ¢(t)) are t = +iA.

Finally, in Section 3.4, we use the results obtained in the previous sections, to analyze
the zeroes of Ay (t) in the strip of analyticity I14 (see (28)), thus proving Proposition 2.3.

In order to simplify the notation, through the rest of the section we denote by C any
positive constant independent of ¢.

3.1. Reformulation of Theorem 2.2

To prove Theorem 2.2, it is more convenient to work with the variable ¢ = cos (%)

instead of A. Notice that this change of coordinates, when restricted to A € (0, ), is a
diffeomorphism.

Theorem 3.1. Consider o(t) = (An(t), Ap(t)) the real-analytic time parametrization in-
troduced in (27) and denote ay = —% £ X2 Then, q(t) = cos ()"’T(t)) satisfies

q(t) € la+,1) for teR,  q(0)=ay, (52)
and the differential equation
7= 2= 1D+ g —a)a—ap) (53)
Moreover, we have that:

e The function q(t) extends analytically to the strip 114 defined in (28).
e The function q(t) has only two singularities on Oll4 at t = +iA.
o There exists v > 0 such that, fort € C witharg (t —iA) € (=38, 2) and |t — iA| < v,

we have
3
qt) = =S —id)d + Ot —iA)?, (54)
with oy € C such that 043_ = %
An analogous result holds for |t + iA| < v and arg (t+iA) € (=%, 3F) with a_ = .

Theorem 2.2 is a corollary of Theorem 3.1.

Proof of Theorem 2.2. To obtain Theorem 2.2 from Theorem 3.1 it is enough to prove
that Aj(t) has no singularities in IT4 \ {#iA} and that (\,(t), An(t)) can be expressed
as in (30) close to t = +iA.
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Since A, = —3A;, and using the change of coordinates ¢ = cos(%), we have that
4 ¢
A(t) = = ——— . 55

We claim that, if Ay (¢) has a singularity at ¢ = t*, then A7 (¢) has a singularity at ¢ = ¢*
as well. Indeed, the only case when the previous affirmation could be false is if t* is a
branching point of order % with £ > 1 an odd natural number. In this case,

M(t) = M (t) + Ot — )37 (1+ Ot —t)7),  when 0 < |t — '] < 1,

for some 8 > 0. Replacing this expression in (51) and comparing orders we see that this
case is not possible.

Thus, we proceed to prove that Aj(¢) has no singularities in T4 \ {+iA}. Let us
assume it has. That is, there exists t* € T4 \ {£iA} such that Aj(t) is singular at
t = t*. Note that Theorem 3.1 implies that ¢(t) and ¢(¢) are analytic in a neighborhood
of t* €Ty \ {+iA}.

1. If ¢2(t*) # 1, 1/(1 — ¢3(t)) is analytic for 0 < |t — t*| < 1. Since ¢(t) is also analytic
in this neighborhood, (55) implies that A7 (¢) has no singularity at ¢ = t* and we
reach a contradiction.

2. If ¢?(t*) = 1, by (53) and (55), we deduce that

4

—(=q)(g—ay)(g—a-). (56)

AF =

Since by Theorem 3.1 g is analytic in IT4 \ {£iA}, then AZ must be as well.

Finally, we notice that, by equations (54) and (55), we have
s 4 3 .
Aj(t) = ¢ Q% (tFiA)"3 +0O(1), whenO< |t Fid| < 1.

Therefore, Ap(t) has branching points of order —% in t = £iA. Moreover, integrating
the expression for Ay (t) and applying that ¢(t) = cos()‘hT(t)) (and (54)), it is immediate
to see that Ap(t) has branching points of order % at t = £iA and can be expressed as

n (30) close to t = +iA. O

We devote Sections 3.2 and 3.3 to prove Theorem 3.1. The statements (52) and (53)
51

)-

We divide the rest of the proof of Theorem 3.1 into two parts. In Section 3.2 we

are straightforward by applying the change of coordinates ¢ = cos( ) to equation (

classify the singularities of ¢(¢) and introduce a way to compute them using integration
in complex paths. Finally, in Section 3.3 we prove that the singularities of ¢(¢) with
smallest imaginary part are t = +iA and are branching points of order %
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3.2. Classification of the singularities of q(t)

Equation (53) with initial condition ¢(0) = ay = —1 + 2 is equivalent to

where

_ 1 q
@)= q—1¢3<q+1><q—a+><q—a>’

is defined in R \ {[a—, —1] U (0,a4] U {1}} with ay = -1 + @ From [19], we know that
there exist v > 0 such that ¢(¢) can be extended to the open complex strip

I, ={teC : [Imt| < v},
and ¢(t) has singularities in OIL,. Namely,

a(t)
- / Flq)dg,  for t €I, (57)

a+t

Since f is a multi-valued function in the complex plane, in order to analyze the possible
values of f(ff) f(s)ds, we consider its complete analytic continuation. That is,

f% —C
I %y q

3g+1)(¢—a+)(g—a-)

g(q) whereg(q) = ; (58)

g—1"

(q; arg g(Q)) >

and Z; is the Riemann surface associated to f. We define p : Z; — C as the projection to
the complex plane. We choose the first Riemann sheet to correspond to arg g(q) € (—m, 7.
Accordingly the second Riemann sheet corresponds to (m, 37].

To integrate f along a path v C %y, we introduce the notation

[ Farda - 7"dfdv= 7df<v<s>>v'<s>ds,

such that v : (S0, Sena) — %y where lim,_, 5, py(s) = go and lims_s_, PY(S) = Gend.
Moreover, we assume that the paths v C % are CY and C!-piecewise. Therefore, by (57),
we have that
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q(t)
t= / fd, for ¢t € 11,,. (59)

ay

Now, for ¢ € #Z; and an integration path v C %y, we define the function G as the right
hand side of (59),

ﬂ@=jfw-

Notice that for a given ¢ € Z¢, G(q) may depend on the integration path, and therefore,
G may be multi-valued on Zf. However, by (59), G is single-valued when

t=G(q(t)), for t € IL,,.

We use G to characterize and locate the singularities of ¢(t). Indeed, if function G(q) is
biholomorphic at ¢ = ¢*, then ¢(t) is analytic at a neighborhood of all values of ¢ such
that ¢(t) = ¢*. Therefore, ¢(t) may have singularities at ¢ = ¢t* when the hypothesis of
the Inverse Function Theorem is not satisfied for G. That is, for ¢(t*) = ¢* such that
either

G¢)=0, G¢Clatq=g", o |g'—o. (60)

Namely, when there exist ¢* and v C %y satistying (60), such that

,
t*:G@ﬂ:i/fd% (61)

Since G is a multivalued function, the values of t* can, and in fact will, depend on the
integration path on v C #y. From (58) and (60), one deduces that the singularities may
take place only if ¢(t*) = ¢* with

¢ =0,1,—-1,ay,a_ and lg*| — oo. (62)

The following proposition proves that we only need to consider |¢*| — oo and ¢* = 0.

Proposition 3.2. Let q(t) be a solution of equation (53) with initial condition q(0) = a4 .
Then, the singularities t* € C of the analytic extension of q(t) are characterized by either

0 s}
t“:/fd% or t“:/fd%
a+ a+

for some path v C %5.
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Moreover:
o Ift* = fao+ fdy and Imt* > 0 with arg (t — t*) € (=2, 2), then
3a o 2 w4 *
q(t):—T(t—t)er(t—t)s, for 0< t—t"] <1, (63)

where o € C satisfies o = % IfImt* < 0 and arg (t —t*) € (—%, 37”), the same
holds true.
o Ift* = fa+ fdry, then

1 " *
q(t)z—m(l—k(?(t—t)), for 0 <|t—t"] <« 1. (64)

Proof. To prove this result first we need to analyze all the possible values of ¢* that
may lead to singularities, (see (62)). We will use the expressions of ¢ and ¢* given in (59)
and (61), respectively.

1. If |¢*| — oo, we have

Then, since

we obtain

which implies (64).
2. If ¢* = a4, we have that

t—t* = / fdy. (65)

The function f can be written as
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for some function h,, which is analytic and non-zero in a neighborhood of a .
Then, h,, can be written as hq, (q) = Y pegcr(q — at)®, with ¢g # 0 and, for
0 < |g — ay| < 1, we obtain from (65)

(o)
t—t*:\/q—a+z - (¢ —a)",
k=0

—k+3

which implies (¢ — t*)? = g, (¢) with

00 2
9a. (@) = (¢ —ay) <Z kifl(q—aJr)k) .

k=0

The function g, (¢) is analytic on a neighborhood of a4 and satisfies g4, (a4) = 0,
9o, (at) = 4c% # 0. Thus, applying the Inverse Function Theorem,

q(t) = g;rl (t—1)?), for 0<|t—t" <1 (66)

Therefore, ¢(t) is analytic for |t — ¢t*| < 1. One can analogously prove that the same
happens at ¢* =a_ and ¢* = —1.

. The value ¢* = 1 corresponds to the saddle point (A, A) = (0,0) of H, (see (21)).
Indeed,

q
/ fdv is divergent. (67)
1

This implies that ¢(t) # 1 for any complex t.
.Ifg* =0,

q
t—t*z/fdfy.
0

We can introduce ho(q) = ﬁ f(g) which is analytic and of the form ho(q) =
> reo ckq® with ¢ # 0. Then, for 0 < |g| < 1, we obtain

Wi

(t—)5 = gola) = ¢ (Zkfﬁéq’“) q<2§0+0(q)> :

k=0
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where go(g) is analytic in a neighborhood of ¢ = 0 and satisfies go(0) = 0, g;(0) =
2
(%co) 3 # 0. Thus, applying the Inverse Function Theorem,

q(t):ggl< 5) ch (t—t)F for0<|t—t"] << 1,  (68)
for some C}, € C and choosing the Riemann sheet arg (¢ — t*) (—37“, %) for Im¢* >
Oandarg (t —t*) € (=%, 2F) for Imt* < 0. Replacing (68) in equation (53) we obtain

C1 = —322 where a € C satisfies a® = 1, which implies (63). O
3.8. Singularities closest to the real axis

Proposition 3.2 provides the type of singularities that ¢(¢) may posses in its first
Riemann sheet. Then, to prove Theorem 3.1, we look for those singularities which are
closest to the real axis. To do so, we analyze

/O fdr, 7%, (69)

along all paths v C %y with such endpoints and prove that, for all possible paths, the
only singularities in the complex strip IT4 (see (28)) are t = +iA.
We introduce the following paths

PO:{”‘SO’SGMH%: lim (p7(s). arg g(1(5))) = (a4,0), _lim m<s>=0},

S—So S—>Send
Pre = {1+ (50, 50ma) = 27l (5. go(9) = (0,0), T [p(5)] = oo}

with the natural projection p : Zy — C.

We have chosen 6y := lim,_, s, arg g(y(s)) = 0 without loss of generality. Indeed, since
q(t) € [ay, 1) for t € R (see (52)), it could be either 0 or 27. The paths with asymptotic
argument 27 can be analyzed analogously and lead to singularities with opposed signed
with respect to those given by paths in Py, Peo

Furthermore, the asymptotic argument of the paths at its endpoints is not specified
since it is given by the path itself.

For a given path v € Py U Py, we can define a path T[] : [so, Send) — C in the
t-plane (or, more precisely, on the Riemann surface of ¢(t)) as

s) = /f(v(T))’y’(T)dT, for s € [s0, Send)- (70)

Note that then the value of the integrals in (69) is just
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Im¢ Im¢

(71)

Since we are interested in the singularities of ¢(t) on its first Riemann sheet, we only
consider the paths T'[y] which belong to the complex strip II4 (except, of course, the
endpoint of the path t*(y) € JIl4). See Fig. 5.

The following definition characterizes the paths that we consider.

Definition 3.3. We say that a singularity t* of ¢(t) is wvisible if there exists a path v €
Py U P4 such that

o ¥ = 1‘;*(/)/)7
o T[¥](s) € I14, for s € [S0, Send)-

Remark 3.4. In [27], the authors use a different definition of visible singularity: t* € C

is considered a visible singularity if ¢(¢) can be continued from the real axis and then
along the vertical line with a path of the form

¢(t) = Ret™ + it, for te[0,Imt").

This condition on the paths is more restrictive than merely imposing that T'[y] C II,, for
v = Imt*. However, to compute t*(), they are equivalent since both paths belong to
IT,.

Theorem 3.1 is a consequence of Proposition 3.2 and the following result.

Proposition 3.5. There exist two paths v+ € Py yielding the visible singularities t*(y+) =
+iA. Moreover, these are the only two visible singularities of q(t).

We devote the rest of this section to prove Proposition 3.5. Let us introduce some
tools and considerations to simplify the analysis of the integrals in (69).
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If v C % is an integration path then, defining n = 7%,” we have that
[ faia= [ i@ (72
7 ¥

Notice that the paths considered cannot contain the singularities of f (except in
their endpoints) since 0, ax,+1 ¢ Z%;.

When saying that a path v € Py U Po crosses R, we refer to the two lines whose
complex projection onto Z; coincides with R. Analogously for any other interval.
Instead of detailing the paths v € Py U P, we only describe their projections
py C C. This omission makes sense since paths vy are continuous on #; and, as
a result, arg g(y) must be continuous as well (see (58)). Therefore, we can let the
natural arguments of py and the initial point (a4, 0) of the path define arg g(~).

To prove Proposition 3.5, we classify the paths as follows.

A. Paths not crossing R:

A.1. Paths in Py not crossing R: Lemma 3.6.
A.2. Paths in Py, not crossing R: Lemma 3.7.

. Paths first crossing the real axis at R \ [0, 1]:

B.1. First crossing of R at (1, +00): Lemma 3.10.
—00,a_): Lemma 3.11.
—1,0): Lemma 3.12.

a_,—1): Lemma 3.13.

B.2. First crossing of R at
B.3. First crossing of R at

A~~~

B.4. First crossing of R at
Paths first crossing the real axis at (0, 1):

C.1. Paths in Py only crossing R at (0,1): Lemma 3.14.
C.2. Paths in Py only crossing R at (0,1): Lemma 3.15.
C.3. Paths also crossing R \ [0, 1]: Lemma 3.16.

3.3.1. Paths not crossing the real azis

In this section, we check the singularities resulting from the paths A.1 and A.2.

Lemma 3.6. There exist only two singularities, t] ., given by the paths v € Py not

crossing the real axis. These singularities are visible and

with A defined in (29) and satisfying A € [

3

1+ = Fi4,
3 i]
507 101 -

We define the conjugation on a Riemann surface as the natural continuation of the conjugation in the

complex plane. That is, for z = (z,0) € %y, its conjugated is Z = (T, —0) € Zy .
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Fig. 6. Example of a path v € Py such that py C C*. Path v, as defined in (73).

Proof. Let us consider paths v € Py such that py € CT = {Imz > 0}. Notice that,
since 7y does not cross the real axis, it does not encircle any singularity of f and, by
Cauchy’s Integral Theorem, all the paths considered generate the same singularity ¢ ..
The singularity ¢] _ is given by the conjugated paths (see (72)).

Let us consider the path v, = v} V42 vV 42 with

Vi(a) = (¢,0) with ¢ € (a4, a4 +¢],
pv2(¢) = ay +ee’®  with ¢ € [0, 7], (73)
P7x (q) with qc [a+ — E,O),

for € > 0 small enough, (see Fig. 6). Then, the resulting singularity is
3
iy =t"(n) = /f(Q)dq = Z/f(q)dq
Vs jzln{g

Since fwi f(q)dg = O(\/E) for j = 1,2, taking the limit ¢ — 0, we have

th =l [ Fa)da
73

Then, by following the natural arguments of the path ~,, we obtain
arg (12) =0, arg(v —ay)=m, arg(y}+1)=0, arg(y} —a-) =0,
and, as a consequence, by the definition of A in (29), we have

ti, = lim [ fla)da

,73

0
1 T
— : = —iA.
/xl\/3(x+l) |xfa+|e“f(xfa_)dq !

at

Moreover,
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A<

[t
]_—a,Jr \/3|a| \/a+—x 3 170,4__ 0’

A 1 /fd 2\F3/2 3
V3ay(ay +1)(agr —a — 50

Now, it just remains to see that ¢7 | is visible, namely, we check that T[v«] C I4. Indeed,
for s € (0,a+], we have that

1 €T
ImT[’Y*](S)|/l_x\/g(m_'_l)(mr_x)(x_a)dx<A. .

Lemma 3.7. There exist only two singularities, t5 1, resulting from the paths v € Poo not
crossing the real axis. These singularities are not visible and have imaginary part

2
Im (t5 ) = —.
m ( 2,:|:) RV 21

Proof. Let us consider paths v € P4, such that py C C*. Then, since f (¢q) decays with
a rate of \q|72 as |g] — oo, all paths considered generate the same singularity, 5 4. The
singularity ¢5 _ is given by the conjugated paths.

Let us consider the path 7, = v} V42 V 72 where

v (q) = (¢,0) with ¢ € (ay,1 —¢],
pyi(¢) =1+ee'®  with ¢ € [m,0], (75)
pi(q) = with ¢ € [1 + ¢, +00),

for any small enough ¢ > 0. (See Fig. 7.) Then, the resulting singularity is
3
6 =00 =3 [ s
j=1 j
i

Since f(g) € R when p(q) € (ay,1) U (1,+00) C R, the integrals on v} and 43 take
real values. Therefore, 72 is the only path that contributes to the imaginary part to the
singularity. Notice that the path 42 partially encircles the pole ¢ = (1,0) of f (). Then,
one has

Im (t5 ;) = Im /f(q)dq = —7Res (f, (1,0)) =™/ 57

Since, by Lemma 3.6, [Im (¢3 , )| > A, the singularity ¢5 . is not visible. O
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Fig. 7. Example of a path v € Pu, such that py C C*. Path v, as defined in (75).

Remark 3.8. Using mathematical software, one can see that the singularities ¢3 ; in
Lemma 3.7 satisfy 5 | ~ —0.086697 F 0.969516:.

3.8.2. Paths first crossing the real axis at R\ [0, 1]

In this section, we continue the proof of Proposition 3.5 by checking that the singu-
larities generated by paths B.1 to B.4 (see the list in Section 3.3) are not visible.

First, we introduce some concepts. Let us consider a path v € Py U Ps. We define
the parameter of the first crossing of the real line as

s1(y) =1inf {s € (so, Senda) : Impy(s) =0},
the location of the first crossing as

q1 (’7) = pr(Sl(’Y)) €R \ {G/,, _1a O>a+7 1}7
the piece of the path before the first crossing of the real line as

n(y) ={s) = s €(s0,51(0))},

and the time of the first crossing as

7 (7)

In the following lemmas, we focus on the paths that stay in CT until the first crossing of
the real line, that is py1(y) C C* (see (72) for the conjugate paths, i.e. py1(y) € C7).

Remark 3.9. To prove that a singularity ¢*(vy) is not visible (see Definition 3.3) it is
sufficient to check that [Imt;(y)| > A.

Lemma 3.10. The singularities t*(7y) given by paths v € Py U Ps such that ¢1(y) €
(1,+00) are not wisible.
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Fig. 8. Example of a path v € Hg 0o such that qi(y) € (1,400) and py1(y) € C*. The path 7 has been
defined in (76).

Proof. Consider a path v € Py U Py with ¢1 = ¢1(vy) € (1,400) and pyi(y) € CT.
Integrating the function f along the path ~;(y) is equivalent to integrate f along the
path n = n' v 12 Vv n? where

n'(q) = (¢,0) with ¢ € (ay,1 —¢],
pn?(¢) =1 +¢ee’®  with ¢ € [r,0], (76)
P’ (q) = with ¢ € [1+¢,q1),

for € > 0 small enough, (see Fig. 8). Then,

= [ fayda- i / f(a)dg,

and the integrals on n* and 7® take real values since f(q) € R when p(q) € (ay,1) U
(1,4+00) C R. Analogously to the proof of Lemma 3.7, we have that

|Tm 1 (y )|—Im/f q—ﬂ"Res( 10)‘—W\/§>A.

n?

Therefore, t*(vy) is not visible (see Remark 3.9). O

Lemma 3.11. The singularities t*(y) given by paths v € Py U Ps such that ¢1(y) €
(—00,a_) are not visible.

Proof. Consider a path v € Py U Py with ¢1 = ¢1(7) € (—00,a_) and py1(y) € C*. To
compute t1(y) we introduce the auxiliary path 1. = v1(v) V 77, where

pii(q) =q  with g € [q1, —00), (77)

(see Fig. 9). Then, taking into account that f|,7 C R,
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Imgq

Fig. 9. Example of a path v € Py such that gi(v) € (—oo,a_) and pyi(v) C C*. The path 7 has been
defined in (77).

Imgqg

Fig. 10. Example of a path v € Ps, such that q1(y) € (—1,0) and py1(y) C Ct. The path n has been defined

in (78).
. . 2
[Tm ¢;(y)| = {Im /f(q)dq = Im/f(q)dq =™\ 57 >4
Moo Y

where v* is the path defined in (75). Therefore ¢t*(y) is not visible. O

Lemma 3.12. The singularities t*(vy) given by paths v € PoUP such that g1(7) € (—1,0)
are not visible.

Proof. Let v € Py U P be a path such that ¢; = q1(y) € (—1,0) and py1(y) € C™.
Integrating the function f along the path () is equivalent to integrating f along
n=n'"Vn2VvnVn*Vvn® where

n*(q) = (¢,0) with ¢ € (ay, a4 + ¢,

p3(¢) = ay +e€'®  with ¢ € [0, 7],

pn’(q) = q with ¢ € [a —¢€,¢], (78)
pn'(¢) = e’ with ¢ € [0, 7],

p°(q) = ¢ with ¢ € [—¢, q1),

for € > 0 small enough, (see Fig. 10). Using that fnj f(q)dq = O(y/e) for j = 1,2,4, that
f|n5 C R, and (74), one has that ¢*(v) is not visible since

Im ¢4 (y)| = lim /f(q)dq =A O
e—0
773



36 I. Baldomd et al. / Advances in Mathematics 408 (2022) 108562

Imgq

Fig. 11. Example of a path v € P, such that g1 (y) € (a—, —1) and pyi(vy) C CT. Path 7 as defined in (79).

Lemma 3.13. The singularities t*(y) given by paths v € Py U Ps such that ¢1(y) €
(a—,—1) are not visible.

Proof. Take a path v € Py U Py with ¢1 = q1(y) € (a—,—1) and py1(y) € C*. The
integral of the function f along the path -1 () coincides with the integral along the path

7
n=\/n, (79)
j=1

where the paths 7/, j = 1,2,3,4, are defined in (78) and

pn°(q) = ¢ with g € [—e, =1 + €],
pn°(¢) = —1 +ee’®  with ¢ € [0,7],
P’ (q) =q with g € [-1 —¢&,q1),

for small enough € > 0, (see Fig. 11). Then, proceeding analogously to the proof of
Lemma 3.12,

7
s (7) = liy I g ==+ 3 i [ Fayda (30)
n J= nJ

Since f|n5 C R and fn6 f(q)dq = O(4/¢), it only remains to compute the integral on n".
Following the natural arguments of the path 7, we obtain

arg(n’) =m, arg(n’ —ay)=m, arg(n’+1)=m, arg(n’—a_)=0

and, as a consequence,

q1
im [ f 1 lqle’ .
1 dg = . . dq = —iB
sg%/f(Q) 4 /q, 1\/3|q+ l\e”r|qfa+|e”f(q— a_) q ? (QI)7
n?

-1

where B(q1) is a real-valued, positive and strictly decreasing function for ¢; € (a—,—1).
Therefore, t*(vy) is not visible since, by (80), one has that [Im¢,(y)| = A+B(¢1) > A. O



I. Baldomd et al. / Advances in Mathematics 408 (2022) 108562 37

Imgq Img

0 ay 1 0

Fig. 12. Example of paths v € Py only crossing R at (0, 1). Left: Oena(y) = 7. Right: Oena(y) = 37.

3.8.3. Paths first crossing the real axis at [0, 1]
In this section, we check that the singularities generated by paths C.1 to C.3 (see the
list in Section 3.3) are either not visible or +iA.

Lemma 3.14. The singularities t*(7y) given by paths v € Py only crossing R at (0,1) are
either t*(y) = iA or t*(vy) = —iA.

Proof. The paths considered in this lemma can turn around the branching point ¢ = a4,
but not around the other branching points nor the pole. Therefore, we classify these paths
depending on how many turns they perform around ¢ = a4. In order to do so, we define

Ocna(y) = lim arg (7(8) - a-l-)' (81)

S—>Send

The considered paths satisfy fena(y) = (2k+1)7 for some k € Z (see Fig. 12). Integrating
the function f along the path v is equivalent to integrating along n = n' vV n? vV 13 with

nt q) = (g,0) with ¢ € (a4, a4 — €],
P (¢) = ay +ee’®  with ¢ € [m, (2k + 1)7], (82)
P’ (q) =4 with ¢ € [ay — €,0),

for small enough £ > 0. Since fnj f(g)dg = O(yE) for j =1,2,

e—0

() =l [ Fla)dg

0
1 q e -
_ : dg = (-1)*%A. o
| s ey = O
at

Lemma 3.15. The singularities t*(7y) given by paths v € Pso only crossing R at (0,1) are
not visible.

Proof. We analyze the paths v € P, such that py goes to infinity on C* (by (72), the
paths on C~ give conjugated results). Following the proof of Lemma 3.14, we classify
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Fig. 13. Example of paths v € P only crossing R at (0, 1) such that py ends on the positive complex plane.
Left: Oena(y) € (0, 7). Right: Oena(y) € (27, 37).

the paths v depending on 6u,q(7), the final argument with respect to ay (see (81) and
Fig. 13). The paths considered satisfy

Ocna(y) € (27k, (2k + 1)7),  for some k € Z.

We compute t*(v) using the path n = n' v n? Vv n3 v * v 7° where the paths o', n? are
defined in (82) and

p*(q) = ¢ with ¢ € [ay +&,1—¢],
pni(¢) =14¢ee®  with ¢ € [r,0],
p°(q) = ¢ with ¢ € [1 + ¢, +00),

for small enough ¢ > 0. Since the integrals on 1* and 7° take real values and applying
the results in Lemma 3.14 for n' and n?, we obtain

() =1 [ fla)da.
nt
Proceeding as in the proof of Lemma 3.7 and following the natural arguments of the
path 7, one deduces that

£ 2
Im#*(7) = ~mRes (f,(1.2mk)) = (-1)*'m/ 0.
Therefore, since |Imt*(y)| > A, the singularity is not visible. O

Lemma 3.16. The singularities t*(v) given by paths v € Py U Py both crossing (0,1) and
R\ [0, 1] are not visible.

Proof. Let us define the parameter of the first crossing at R\ [0, 1] as

s2(7) = inf {s € (50, ena) : Impy(s) =0, Repy(s) £ [0, 1]}

and the corresponding point
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Fig. 14. Example of paths v € P, crossing both (0,1) and R\ [0, 1] with g2(v) € (1, +0c0) and such that py
approaches ¢z () from CT. Left: 82(y) = 0. Right: 82(y) = 27.

22(7) = py(s2(7)) € RA{[0,1],a—, =1}

We consider paths v with g2 = g2(7) € (1,400) and such that py approaches g2(y) from
C* (see (72)). The cases gz € (—00,a_), g2 € (a—,—1) and g2 € (—1,0) are proved
analogously.

The strategy is to classify the paths v depending on how many turns they perform
around ¢ = a4 before crossing R \ [0,1]. To this end, we define 02() = arg (¢2(y) — a4)
(see Fig. 14). The paths we are considering satisfy 02(y) = 27k for some k € Z. We also
define the piece of path before the crossing as v2(y) = {v(s) : s € (so, s2(7))} and the
corresponding time

ba(y) = / f(q)da.
Y2(7)

To prove that a singularity ¢*(-y) is not visible, it is sufficient to check that [Im¢o(vy)| > A.
1. Consider () = 2rk with k an even number. Let us consider the path 7 as defined
in (76) replacing ¢1 by ¢o in its definition. This path n lies entirely on the first

Riemann sheet, that is argg(n) € (—m, 7). Integrating the function f along y2(7) is
equivalent to integrating it along

E=q'viPviP v,

where

' (q) = (¢,0) with ¢ € (a4, a4 + €],
P (@) = ay +ee’®  with ¢ € [0, 27k], (83)
p°(q) = ¢ with g € [a4 +¢€,a4),

for £ > 0 small enough. Notice that this construction makes sense since the path 7°
has argument arg g(77®) = 27k (which belongs to the first Riemann sheet).
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Then, since fﬁj f(q)dg = O(\/E) for j =1,2,3 and applying Lemma 3.10, we have

ummw:ggm/fwwzlm/ﬂmm>A

. Consider (k) = 27k with k an odd integer. We define the path n*, lying on the

second Riemann sheet, as

n* = (pn,argg(n) + 2m) € C x (7, 37,

where 7 is the path introduced in (76) (replacing ¢1 by go in its definition). Note
that the path n lies on the first Riemann sheet (argg(n) € (—m, 7).
It can be easily checked that switching the Riemann sheet implies a change in sign.

That is,
/ﬂm@:—/f@@. (34)

Then, integrating the function f along the path v5(7) is equivalent to integrating it
over

E=nviP vt v,

where paths 7)7 for j = 1,2, 3, are defined on (83). This construction makes sense since
the path 7® has argument argg(7®) = 27k (which belongs to the second Riemann
sheet).

Then, since fﬁj f(q)dq = O(y/e) for j = 1,2,3 and applying Lemma 3.10 and for-
mula (84), we have

Imta(y)| = hm Im / (9)dg| > A. O

13

3\
>

3.4. Proof of Proposition 2.5

For t € R, Ap(t) satisfies Ap(t) = 0 if and only if ¢ = 0 (see Fig. 2). To prove

Proposition 2.3, we follow the same techniques used in the proof of Theorem 2.2.

Let us consider ¢(t) = cos(’\h(t)) as introduced in Theorem 3.1. Then, by (56),

4

An(t) = 3400

(1= a®)(a(t) — at)(a(t) — a-).
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Let Ap(t*) = 0 for a given t*. Then, defining ¢* = ¢(t*), we have three options:
¢ =1lay,a_.

We have seen that ¢* = 1 corresponds to the saddle equilibrium point, namely |¢*| — oo,
(see (67)). Therefore, it cannot lead to zeroes of A (t). On the contrary, ¢* = a4 leads to
zeroes of Ap(t), since we have seen that ¢(¢) is well defined and analytic in a neighborhood
of such t* (see (66)).

To prove Proposition 2.3 it only remains to compute all possible values of t* € II4
such that ¢* = ¢(t*) with ¢* = a4,a_. To do so, we use the techniques and results
presented in Section 3.3.

From now on, we consider integration paths v : (so,Sena) — # with initial point
lims_,s, v(s) = (a4,0) and endpoint lims_,s, py(s) = ¢* = ax. Moreover, we say that a
zero t* of Ay, is visible if there exist a path «y such that t* = t*(vy) € Il4 and T[7](s) € 4
for s € [so, Sena), (see (70) and (71)).

First, we recall some of the results obtained in Sections 3.3.2 and 3.3.3.

o Consider ¢; € (—o00,a_) U (a—,—1) U (1,+00). In the proofs of Lemmas 3.10, 3.11,
3.13 and 3.16 we have seen that

q1
Im / fdvy| > A. (85)
at
o Consider ¢; € (—1,0). In the proofs of Lemmas 3.12 and 3.16, we have seen that
q1
Im / fdvy| = A. (86)
at

Now, we classify the paths depending on its endpoint g*.

1. Consider ¢* = a_. Analogously to the proof of (85), it can be seen that

Imt*(y)| = Im/fd’y > A.

at

Therefore, ¢* = a_ does not lead to any visible zero.

2. Counsider ¢* = a. Notice that, by (85) and (86), any path crossing R\ [0, 1] leads to
non-visible zeroes. Therefore, we only consider paths v either crossing (0,1) or not
crossing R.

Since in (0,1) the only singularity of f(g) is the branching point ¢ = a., there exists
a homotopic path n = n' vV 7? vV n? defined by
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n'(q) = (4,0) with ¢ € (as, a4 +é),
pn(¢) = ay +ce®  with ¢ € [0, 27k],
p°(q) = ¢ with ¢ € [ay + &, a4),

for some k € Z and € > 0 small enough. Then,

()= [ fav =t [ Fayia=o.

ay n

Therefore, these paths lead to the only visible zero t* = 0. O

4. The inner system of coordinates

This section is devoted to prove Proposition 2.5. That is we perform the suitable
changes of coordinates, described in Section 2.3, to Hamiltonian H obtained in Theo-
rem 2.1 (see (20)) to obtain the inner Hamiltonian . However, recall that the Hamil-
tonian H is defined by means of H}°! (see (16)) which does not have a closed form. For
this reason, a preliminary step to prove Proposition 2.5 is to provide suitable expansions
for HY°! in an appropriate domain. This is done in Section 4.1. Then, in Section 4.2, we
apply the changes of coordinates introduced in Section 2.3 to conclude the proof of the
proposition.

4.1. The Hamiltonian in Poincaré variables

First, we give some formulae to translate the Delaunay variables and other orbital
elements into Poincaré coordinates (see (14)).

— Eccentricity e (see (8)): It can be written as

e = 26(L. 0. E)V/E. é(L,n,é)ZVQLQL_%:\/;—LJrO(nf)- (87)

Notice that € is analytic for (L,n,£) ~ (1,0,0)."
— Argument of the perihelion g: By the definition of 7 and £ in (15),

n+§ n—E

COSg = ——, sing = —1 .
2vng 2vng

(83)

4 This expansion is valid as long as L # 0. However, since our analysis focuses on L ~ 1, to simplify
notation we use this more restrictive domain.
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— Mean anomaly ¢: Since A = ¢ + g, we have that

i
2vng

These expressions are not analytic at (n,£) = (0,0). However, by (87),

cosl = (e7Pn+e¢), sinl =

1 —iA i
Ve (e n—e §)

ecosl = é(L,n,¢&) (6_“‘7] + e“‘ﬁ) ,

89
esinl =ie(L,n,§) (eii)‘n - ei)‘f) ) =

are analytic for (L,n,&) ~ (1,0,0).
— Eccentric anomaly wu: It can be implicitly defined by u = £+ esinu (see (12)), which
implies

u="{+esinl+e*coslsinl + Ofesinl,ecosl)>.

Then, by (87) and (89),

1 —iA i L ia ixe)2
ecosu = e +e + — (e —e€
op &)+ o (T — e
+O(e™"n, e¢)?,
. . (90)
: v —iA ix o —2ix, 2 24\ 2
esmnu = e —e + — (e —e
\/ﬁ ( n E) 2L ( n f )
+ O(e—Mn’ ei>\€)37
which are also analytic for (L,n,£) ~ (1,0,0).
For any ¢ € [—1, 1], we define the function
D[(] = (7"2—2(7"0089—1—(2) 0 PPoi- (91)
By the definition of pH{°! in (16), we have that
: 1 1-—
NH1P01 _ I o (92)

VD] VDl  VDlu-1

Lemma 4.1. For |(L —1,7,€)| < 1 and any ¢ € [-1,1], one can split D[C] as

DI¢] = Do[¢] + Di[¢] + Ds[¢] + D=3(C],

where



44 I. Baldomd et al. / Advances in Mathematics 408 (2022) 108562

Do[¢](\,L) = L* —2(L?cos A + (2,

2L3
2
V2L3

2
—iA

j

Dl[d()\,LaTLf) =1

(34— . 2L267i)\ o Ce*2i)\)

+£ (3C_2L26i)\_<62i)\) ,

Le

D2 [C](A5 L7 fa 77) = _772 (C + 2L2€_i)\ + 3{6_2,»\)

i\

Le
42
64

(( +2L%™ + 3C62i>\) +néL (3L2 + 2( cos /\) .
Fiz 0 > 0. Then, for |Im A| < g, the function D>s[(] is analytic and satisfies

|D>5[C)(N, Ly, €)] < C|(n, 6P, (93)

with C = C(p) a positive constant independent of ¢ € [—1,1].

Proof of Lemma 4.1. In view of the definition of D[(] in (91), we look for expansions for
r? and r cos @ (expressed in Poincaré coordinates) in powers of (7, €).

Let us consider first 72. Taking into account that » = L2(1 —ecosu) (see (9)) and the
expansions in (90) we obtain

r2 =L* — L3V2Le "y — L3V2Le ¢ 4 3L3n¢
. %36—2¢,\772 . %3621‘/\52 + O(e‘i’\me“‘g)?’.

Now, we compute an expansion for r cos 6. Taking into account (10) and (11),

rcosf = L2 (cos(g+u) —ecosg — (\/1 —e? — 1) sinusing).

Notice that, since A = £+ g and u = £+ e sin u, we have that cos(g+u) = cos(A+esinu)
is analytic at (n,£) = (0,0). Then, using (87), (88) and (90), we deduce

V2L3 , V2L3
2 2

rcosf =L*cos A — 1 (14ie P sin\) — ¢ (1 —de"sin \)

L B ) )
—n&Lcos A\ + ZnQ (e_M + e 2 cos X — 2ie” 2 sin A) (95)

L
+&=

1 (e + e*™ cos A + 2ie* sin A) + O(en, e~ A¢).

Then, joining the results in (94) and (95) with the definition of D[(] in (91), we obtain its
expansion in (1, §). Moreover, since DI[(] is analytic for (L,n,£) ~ (1,0,0) and [Im A| < p,
the terms of order 3 satisfy the estimate in (93). O



I. Baldomd et al. / Advances in Mathematics 408 (2022) 108562 45

Remark 4.2. Observe that the Hamiltonian HF°' = H°! + pHT°! in (16) is analytic
away from collision with the primaries. By the decomposition of pH¥°! in (92), collisions
with the primary S are given by the zeroes of the function D[u] and collisions with P
are given by the zeroes of D[ — 1].

Since our analysis is performed for |(L—1,7,)] < e < 1 and 0 < p < 1, by

Lemma 4.1, one has

Dl =1+ O(p,e), Dlp—1]=2+2cos A+ O(u,e).

That is, collisions with S are not possible whereas collisions with P may take place when
A~

4.2. Proof of Proposition 2.5

To prove Proposition 2.5, we analyze the Hamiltonian H'™ which is given (up to a
constant) by

53
204?|r

(H ° ¢eq © ¢sep o (bin) )

where the changes ¢eq, ¢sep and ¢, are defined in (32), (33) and (37), and H = Ho+ H;
(see (25) and H; in (22)).

In the rest of the section, when performing changes of coordinates, to simplify nota-
tion, we omit the constant terms in the Hamiltonians.

Using the formulas for HY° in (92) and Lemma 4.1, we split H}°' into two terms: one
for the perturbation coming from the massive primary (S) and the other coming from
the small primary (P),

Poi Poi,S Poi, P
H{ "' =H, + H; ,

which, recalling that p = 6%, are defined as

. 1 1 1—64 . 1
HPOl,S _ = _ d HPOl,P — . 96
! 5 (./D[O] «/D[d‘*]) me DR

We also define the Hamiltonian H®Y = H o ¢oq, which can be split as
H® = Hy + R* + H{*" + H{"®,

with
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Hleq’*()‘v A,xvy; 5) :HfOi,* o ¢>SC © ¢eq7 fOI‘ * = S’ P7
1
5t
— 382ALA(0) + 6(2Ly(6) + yL.(9)).

RN A, 2,y;8) = — V(A) + — F, (62A + 6*£4(0)) (97)

We recall that ¢ is the scaling given in (17), V' is the potential in (19), F}, is the function
(18) and (L4, £4, £,) are introduced in (23).
Then, the Hamiltonian H'™™ can be written as

53

Hin _
204

(HOo\IJ+Reqo\IJ+Hf°i’Po<I>+H1P°i’So<I>)7 (98)

where

U= ¢sop o d)in and b = ¢sc o d)cq © ¢scp o ¢in~
In the following lemmas, we introduce expressions for the changes ¥ and ®.

Lemma 4.3. The change of coordinates ¥ = (¥, Uy, ¥, ¥,) satisfies

U\(U) =7+ 3a,63U5 (1+ gx(6°0)),

20 a UsW _
WU W) = —ﬁ (14 ga(6°U)) + *57 (14 9A(5°0)),

U, (X) = 6520, X,
U, (Y) = 6520, Y,

where gx(2), ga(2), Ga(z) ~ O(z3). Moreover, taking into account the time-parame-
trization of the separatriz (An, Ap) given in (27), we have that

204 2

A in=——5—7 (1 0°U)) . 99
Lo 36§U§( + ga(0°0)) (99)

Lemma 4.4. The change of coordinates ® = (®x, P, ®,), P¢) satisfies

\(U) = U,\(U), Op(U,W) =1+ 6Up(U, W)+ 6*£4(6),
D, (X) = 00, (X) +6"£,(9), De(Y) = 00, (Y) + 5L, (9),

where ¥ = (U, Uy, V., U,) is the change of coordinates given in Lemma 4.3.

We omit the proofs of these lemmas since they are a straightforward consequence of
Theorem 2.2 and the definitions of the changes of coordinates (see (17), (32), (33) and

(37)).
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End of the proof of Proposition 2.5. We analyze each component of (98).
We denote by C(c1,c2) > 0 any constant satisfying that there exist by,v1,72 > 0
independent of ¢y, ¢, d such that C(cy, ca) < boci*cg?.

1. We compute the first term of the Hamiltonian H™ in (98). Since Hy(Ap,Ap) =
H,(0,0) = —1 and taking into account (99), we have

53 53 w? Ty
2 HyoWw =" (w— Y 4+ %)y
a2 0° a? <w 6A% (u) + 52> ° in

3 1 2
=W+ XY -"UsW? [ —————
" e <1+9A(52U)>

3
—W 4+ XY — ZU%V[/%ro((SsUsW?)

Since |U| < ¢; and |[W| < ¢3, the error term O(63U3W?2) can be bounded by

Cler, ¢0)0%.

For the other terms in (98), to simplify the notation, we are not specifying the

dependence of the error terms on the variables (U, W, X, Y"). Moreover, when referring

to error terms of order O(d%), we mean that they can be bounded by C(cy, ¢2)d®.
2. For the second term of the Hamiltonian H'™ in (98) (see by (97)) we have

4

5 5 1
ik —5 R0V =— 5—2{/(%) + ———F, (62T, +6*La(6))
202 204 20203 (100)
B 35?2;(5) o, + 63£,(6) v+ 63 £,(5) v,
207 V2o, V2ay

where Fj,(z) = O(23) (see (18)) and V/()) is the potential given in (19).
First we analyze the potential term. By Lemma 4.3, we have that

e 55 1 4
3

205 /24 2cos Uy (U)

2?; (90‘+5 Us (14 ga(62U ))2+0(5%U%))_%

1
Us

(IR

+0O(53) = + O(67%).

Then, since ¢;* < |U| < ¢; and |[(W, X,Y)| < ¢a, by (100) and Lemma 4.3,

o3 1
5 R0 3
2a+ - 3U2

< C(Cl, 82)5%
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3. We deal with the third term of the Hamiltonian H'™ (see (96)). Since

[

| (U, W, X,Y) — (7, 1,0,0)| < 0(01,82)5% and |Im®,(U)| < C(c1)03,

@l

the hypotheses of Lemma 4.1 hold and therefore:

bk Poi, P bk 1
2 0P =—— n
27 202 /D[5* —1] o

N

2
_—< (;)[;_ (D0+D1+D2+D23)[54—1]0@)

3

We compute every term D;[0* — 1], j =0,1,2,> 3.
a) The term Dg[6* — 1] satisfies

Do[6* —1)(\, L; 6) = L +2(1 — 6*)L? cos A + (1 — 6*)?
=2(1+cos\) +4(L—1)(1+cos))
+2(L — 1)%(3 +cos \) +4(L —1)3
+ (L —1)* = 26*(1 + cos \)
—46%(L — 1) cos A — 26*(L — 1)*cos A + 65.

Performing the change ®, by Lemma 4.4, we have that

2 2 .
;‘; Dol6* —1]0® = ;‘; (2(1 Feos®y) +4(0; —1)2 + 0(5§))
s 2 16 16 a
=9U3 +4UsW? — —W + —5 + 0(53).
3 9U 3

b) Analogously the term D;[6* — 1] satisfies

A/ 3 X . .
Di[6* —1] =1 22L [(—3—2e" e 2 —4(L—1)e ™
—2(L = 1)%7 4+ 61(3 — e 7]
A/ 3 X . .
+¢ 22L [(—3 — 2e™ + ) — 4(L — 1)e™

—2(L —1)%e™ 4 6*(3 - 62“‘)]

and therefore
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2 202 s
;‘; Di[6t —1]0® =2t X (—4¢ (B — ) — 4(®p, — 1) + 0(55))
3 3
20&3 . 4
2 Y(4z((1>>\—7r)—4(<I>L—1)+(9(53))
03
2 1 8
=X (—12zU3 +4U5 — 1)
3Us
2 1 8 4
Yy (szs +AUF - ) +O®5%).
3Us

c¢) The term D,[6* — 1] satisfies

—iA

Dy[6t — 1] =—n? Le (-1+ 2L%e ™ — 3e72A 4 5t (1+ 36_2i)‘))

—iX
o Le

_5 1

+néL (3L2 —2cos A + 6*2 cos )\)

(=14 2L%™ — 3¢ + 5% (1 + 3¢*™))

and

20{+

Dy[6* —1]0® = —3X% —3Y2 +5XY + O(53).

8
3

d) By the estimates of D>3[0% — 1] in (93) and Lemma 4.4,

2 4
50‘; D3[6* — 1] 0 ®| < Cler, e2)85.
3

Collecting these results, we conclude that

53 : 1 1 y
e HP ok = —— +0(6%),
20 3Us 1+ J(UW,X,Y)

where the function J is given in (40).
4. Proceeding analogously as for H 1P OI’P, it can be checked that

4

03 Poi, S

2oz Hh o d
+

[

< 0(61702)5 . O

5. Analysis of the inner equation

We split the proof of Theorem 2.7 into two parts. In Section 5.1 we prove the existence
of the solutions Z§ and Z§ and the estimates in (48). In Section 5.2, we provide the
asymptotic formula for the difference AZy = Z§ — Z§ given in (49). For both parts, we
follow the approach given in [5].
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Throughout this section, we fix the fy € (0,75) appearing in the definition of the
domains D! and D% in (46) and &, in (47). We denote the components of all the functions
and operators by a numerical sub-index f = (f1, f2, f3)T, unless stated otherwise. In
order to simplify the notation, we denote by C' any positive constant independent of x.

5.1. Ezistence of suitable solutions of the inner equation
From now on we deal only with the analysis for Z§. The analysis for Z; is analogous.

5.1.1. Preliminaries and set up
The invariance equation (43), that is Oy Z3} = AZ§ +R[Z}}], can be written as LZ =
RI[Z§] where L is the linear operator

Lo = (0y — A)p. (101)

Notice that if we can construct a left-inverse of £ in an appropriate Banach space, we
can write (43) as a fixed point equation to be able apply the Banah fixed point theorem.
Given v € R and k > 0, we define the norm

lell, = sup [U"p(U)],
UeD:
where the domain D! is given in (46), and we introduce the Banach space
X, ={p: D} — C : p analytic, ||¢]l, < +oo}.

Next lemma, proven in [1], gives some properties of these Banach spaces. We use this
lemma throughout the section without mentioning it.

Lemma 5.1. Let k > 0 and v,n € R. The following statements hold:

L Ifv>mn, then X, C X, and ||¢||, < (rcos Bo)"" [l -
2. If p € X, and ¢ € &y, then oC € Xy and |lCll, 1, < lloll, I,

In the next lemma, we introduce a left-inverse of the operator £ in (101).

Lemma 5.2. Consider the operator

U T

U U
Glel(U) = / 1(S)dS, / 50 0y (S)dS, / ¢H5-V) 03 (5)dS

—00

Fign>1,v>0andk >1. Then, G: X, x X, x X, = X,_1 x X, x X, is a continuous
linear operator and is a left-inverse of L.
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Moreover, there exists a constant C' > 0 such that

L If ¢ € &, then Gi[p] € Xy and [|Gi[¢]ll,_, < Clol],
2. If pe &, and j = 2,3, then Gjlg] € X, and ||G;[Al]l, < C |, -

I,

Proof. It follows the same lines as the proof of Lemma 4.6 in [1]. O

Let us then define the fixed point operator
F=GoR. (102)
A solution of Z§ = F[Zy] belonging to X, x X, x X, with n, v > 0 satisfies equation (43)
and the asymptotic condition (45). Therefore, to prove the first part of Theorem 2.7

and the asymptotic estimates in (48), we look for a fixed point of the operator F in the
Banach space

Xy = Xs XXgXXg,
3 3 3

endowed with the norm

ol = lrlls + lealls + llalls

Proposition 5.3. There exists kg > 0 such that for any k > ko, the fized point equa-
tion Z = F[Z§] has a solution Z§ € Xy. Moreover, there exists a constant by > 0,
independent of k, such that

12011« < bs.

Remark 5.4. Notice that D} C D} when x > g (see (46)). Then, for some v € R, if
¢ € X, (defined for k) then ¢ € X, (defined for ko). This allows us to take x as big as
we need.

5.1.2. Proof of Proposition 5.3
We first state a technical lemma whose proof is postponed until Section 5.3.1. For
o > 0, we define the closed ball

Blo)={pe X : |¢ll, <o}

Lemma 5.5. Let R be the operator defined in (44). Then, for o > 0 and for k > 0 big
enough, there exists a constant C > 0 such that, for any Zy € B(p),

[R1[Zo]|u < C IR;[Zollls <C, 5 =2,3,

11
3
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and
[Ow R [Zo]ll5 < C, [0xRa[Z0]llz < C, 10y Ra[Zolllz < C,
1OwR;[Zo]llz < C, 10xR,[Zo]ll, < C, [0y R;j[Zolll, <C,  j=2,3.

The next lemma gives properties of the operator F.

Lemma 5.6. Let F be the operator defined in (102). Then, for k > 0 big enough, there
exists a constant by > 0 independent of k such that

IFT0}l < ba.

Moreover, for o > 0 and k > 0 big enough, there exists a constant bs > 0 independent
of k such that, for any Zy = (Wo, Xo,Y0)", Zo = (Wo, Xo,Y0)T € B(o) C Xy,

1F1[Zo] = FrlZo]lls < bs < IWo — Wolls + 1 X0 — Xolls + [ Yo Yo||4> ;
||]:j[Z0]—]:j[20]||%S—ZHZO—ZOHX, j=2,3

Proof. The estimate for F[0] is a direct consequence of Lemmas 5.2 and 5.5.

To estimate the Lipschitz constant, we first estimate each component R ;[Zp] — R [ Zo]
separately for j = 1,2, 3. By the mean value theorem we have

1

Rj[Z()] - RJ[Z()] = /DRJ [SZO + (1 — S)Zo}ds (ZO — 20)
0

Then, for j = 2,3, we have

nmwd—mﬁm%gm%—wwsw%wwm[m
peB

+1Xo = Xolls sup [[0xRafe)z + (Yo —Yolls sup [[OyRalgllls
pEB(0) »E€B(0)
IR;(Z0] = R;[Zolls < |[Wo — Wolls sup [[0wR;[e]]l_s
’ ©€B(0) 3
*W%*%WSWH%RH%+Ww%WSWHwRHM
»E€B(0) »EB(0)

Applying Lemma 5.5, we obtain

1 — ~ -
1R1120] R Zolll e < (ﬂ%—%@+mw%kﬂ%—m9,

C
C
2

IR;[Z0) = R;1Zollls < 51120 = Zollx, 5 =2.3.
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Finally, applying Lemma 5.2, we obtain the estimates in the lemma. 0O

Lemma 5.6 shows that, by assuming « > 0 big enough, the operators F» and F3 have
Lipschitz constant less than 1. However, this is not the case for F;. To overcome this
problem, we apply a Gauss-Seidel argument and define a new operator

_ _ F1[Wo, F2[Zo), F3[Zo)]
FlZo] = F[(Wo, Xo, Yo)] = Fa|Zo] 7
F3[Zo]

which has the same fixed points as F and turns out to be contractive in a suitable ball.

End of the proof of Proposition 5.3. We first obtain an estimate for ||F [0]]|x. Notice
that

Fl0] = FI0] + (F0] - F[0]) = F[0] + (F1 [0, Fa[0], Fa[0]] - F1[0],0,0)"
Then, by Lemma 5.6, (0, F2[0], F3[0))T € Xy and
10l < IFI0)l + [ F2[0, F2[0], Fs[0]) — Fa[0]]5

% *

< 70l + ClIF0)ls + CllF3[0]s < C[lF[0]]

Thus, we can fix ¢ > 0 such that

IF10)lx < 3.

Now, we prove that the operator F is contractive in B(p) C Xx. By Lemma 5.6 and
assuming k > 0 big enough, we have that for Zy, Zy € B(p),

- J C _ 3 -
IF1[20] = FrlZo]lly == Wo = Wolls + > I1F51Z0) = FilZo] )4

=2

C —~ C ~ C ~
<5 Wo = Walls + 51120 = Zollx < 51120 = Zollx,
- I c _ .
1751Z0] = Fil[Zolll s <5120 = Zollx for j =2,3.

Then, there exists ko > 0 such that for £ > kg, the operator F : B(g) — B(p) is well
defined and contractive. Thus F has a fixed point Z € B(p) C Xx. O

5.2. Asymptotic formula for the difference

The strategy to prove the second part of Theorem 2.7 is divided in three steps. In
Section 5.2.1 we characterize AZy = Z§ — Z as a solution of a linear homogeneous
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equation. In Section 5.2.2, we prove that AZj is in fact the unique solution of this linear
equation in a suitable Banach space. Finally, in Section 5.2.3, we introduce a Banach
subspace of the previous one (with exponential weights) to obtain exponentially small
estimates for AZj.

5.2.1. A homogeneous linear equation for AZ,

By Theorem 2.7, the difference AZy(U) = Z§(U) — Z§(U) is well defined for U € &,
(see (47)). Since Z§, Z§ satisfy the same invariance equation (43), their difference AZj
satisfies

duAZy = ANZy + R(U)AZ,

where
R(U) = / DyRISZE + (1 — 8)Z5](U)ds, (103)
0

and A and R are given in (41) and (44), respectively. We denote by Ry, Re and Rj, the
rows of the matrix R.

By the method of variation of parameters, there exists ¢ = (cw,cm,cy)T € C? such
that

U
AZo(U) = AU [ e+ / =45 R(S)AZo(S)dS

Uo

By Proposition 5.3, AZy = Z} — Z§ satisfies limyy, y— — 0o AZo(U) = 0. Therefore AZ
satisfies

AZy = A + I[AZ0], (104)

where 7 is the linear operator

Tl V) = | ¥ [ e S Ra(s). 084S | (105)

and AZ;,i; is the function



I. Baldomd et al. / Advances in Mathematics 408 (2022) 108562 55

AZinit(U) = (0’ 0’ cye_iU)T = (07 07 eKA}/O(_Z'K/)e_iU)T.

5.2.2. Characterization of AZy as a fixed point
Given v € R and « > 0, we define the norm

lell, = sup [U"o(U)],
UeE,
where the domain &, is given in (47), and we introduce the Banach space
y ={p: & = C 1 g analytic, ||¢|, < +oo}.

Note that ), satisfy analogous properties as the ones in Lemma 5.1. In this section, we
use this lemma without mentioning it.
We state a technical lemma, whose proof is postponed to Section 5.3.2.

Lemma 5.7. Let T be the operator defined in (105). Then, for k > 0 big enough, there
exists a constant bg > 0 independent of k such that, for ¥ € y% X y% X y%,

1
131915 < 00 (5 10l + 19al + aly ).

bs )
1Z510]s < 25 (191l + 1]y +1%ally) . 5 =2.3,

37T K
These estimates characterize AZ, as the unique solution of (104) in the space Vs x

Vi x V.

Lemma 5.8. For k > 0 big enough, AZy is the unique solution of equation (104) belonging
to y% X y% X y%. In particular,

AZy = T"[AZii-

n>0

Proof. By Theorem 2.7, for k > 0 big enough, AZ; is a solution of equation (104)
which satisfies AZy = Z§ — Z§ € y% X y% X y%. Then, it only remains to prove that
equation (104) has a unique solution in Ys x Ya x Ya. To this end, it is enough to show
that the operator Z is contractive with a suitable norm in yg X y% X y% . Taking

191 = 1 lls + (1ol + 5|2l
Lemma 5.7 implies
C
IZL¥I < — 1l

and, taking x big enough, the result is proven. O
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5.2.8. Exponentially small estimates for AZ

Once we have proved that AZj is the unique solution of (104) in the space y% X y% X
y%, we use this equation to obtain exponentially small estimates for AZ.

For any v € R, we consider the norm

[, = sup [U”eo(U)],
Ueé,
and the associated Banach space
Z,={p:& — C : g analytic, [¢], < +oo}.
Moreover, for v, 15,3 € R, we consider the product space

. 3
ZV17V2,V3 = ZVI X Zuz X ZVS? with [[(Pﬂyl,uz,ug = Zj:l [[@jﬂyj :

Next lemma, gives some properties of these Banach spaces. It follows the same lines
as Lemma 5.1.

Lemma 5.9. Let k > 0 and v,n € R. The following statements hold:

1. If v >, then 2, C Z, and ﬂgo]]n < (kcos Bo)"™" [#],,-

2' If@ 6 ZV a’nd C 6 y”]} th@n SDC 6 ZV+U (lnd [[SOCHUJ,-?] S IISOHy ||<H7]
3. If o € 2, then eV €Y, and |leYol,= [¢],-

The next lemma analyzes how the operator Z acts on the space 2%7070. Its proof is
postponed to Section 5.3.2.

Lemma 5.10. Let Z be the operator defined in (105). For k > 0 big enough, there exists
a constant by > 0 independent of k such that, for U € 2%70)0,

T[]z <07 [Wa 00, [Z2[¥]], <07 [¥]s 00, [Zs[¥]], < b;?[[\l’ﬂg,o,w

W~

Moreover, there exists © (k) € C (depending on V), such that
Z3[¥] — e VO (k) € Z;.

End of the proof of the second part of Theorem 2.7. Lemma 5.10 implies that operator
T: Z%,o,o — Z%,O,O is well defined and contractive. Indeed, taking x > 0 big enough and
\Ij S 2%70707

[Z[W]] 3 0.0 = [T (104 + [Z2[¥]1o + [Zs[¥]],
(106)
< Sl + 5 m, + sl < < 9] 0.
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Therefore, since AZiyir = (0,0, c,e )T € Z3 0,0, Lemma 5.8 and (106) imply that
AZy = (AWy, AXy, AYy)T = ZI”[AZM] € Z1 0
n>0

Lemma 5.10 implies 7 : Z1 oo — Z1 59 C Z1 o9, Which allows to give better estimates
for AZy. Indeed, we have that AZy — AZi,w = Z[AZ] € 257210, which implies

AWy =1, [AZO} S Z%, AXo =1 [AZO] € Z,.
Moreover, by the second statement in Lemma 5.10, there exists é(lﬁl) such that
AYy — cye” U — O(r)e Y € Z,.

Calling © = ¢, + O(k) we have that AYy(U) — @e~ U € Z;, and, therefore © =
limpm 7 oo AY(U)e!V | which is independent of k. Then, AZj is of the form

AZy(U) = eV ((0.0,0)7 +x(U)), with x € Vg x Vi x Di.

Now we prove that, if there exists Uy € &, such that AZy(Uy) # 0, then © # 0. This
implies AZy(U) # 0 for all U € &, since AZj is a solution of an homogeneous linear
differential equation. Therefore ¢, # 0. Indeed, ¢, = 0 would imply AZ;,;; = 0 and, by
Lemma 5.8, one could conclude AZy = 0.

Thus, it only remains to prove that ¢, # 0 implies © # 0. By Lemma 5.8,

AZ() — AZinit = ZIn[AZinit]'

n>1

In addition, by the estimate (106), [[Igﬂ% < Lif k > 0 is big enough. Since AYj,; =

cye_w7 we deduce that

1 1
HAYO - AYvinit]]() < Z 4771 HAKnit]]o = g ‘Cy| ;

n>1

and, by the definition of the norm [-],, for any U € &,
) ) 1
eV AYinie (U)| = |’V AY(U)| < 3 eyl -

Hence, using that eV AYy = © + x3(U) with x3 € Yy and €'V AYi,i(U) = ¢y, we have
that for all U € &,,

) ) 1 2
VAV ()] =10 + xs(U)] 2 [V AYiwa(0)] ~ 5le| = 5 Iy

Finally, taking Im (U) — —oo, we obtain that 0] > 2 |c,| > 0. O
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5.8. Proof of the technical lemmas

We devote this section to prove Lemma 5.5 of Section 5.3.1 and Lemmas 5.7 and 5.10
of Section 5.3.2.

5.8.1. Proof of Lemma 5.5
Fix o > 0 and take Zy = (W, Xo, Yo)T € B(p) C X«. By the definition of R in (44),

(107)

| hWU.Z0)  BUZ)  fs(U Z)
RiZlt) = <1+g(U, Z0) 1+ 9(0.Z0)’ 1+4(U. Zo>>’

where

fQ(Uv ZO) = f2(U7 ZO) - iXO.g(U7 ZO)? fg,(U, ZO) = fS(Uv ZO) + iYog(U, ZO)v

with g = Ow K, f = (—0uK,idy K, —idxK)T and K is the Hamiltonian given in (39) in
terms of the function J (see (40)).
We first estimate J and its derivatives. For k > 0 big enough, we have

o C
|~7(U’Zo)|§ﬁ7 |1+u7(UaZO)|21*?Z§~

Moreover, its derivatives satisfy

C C
|8U\7(U’ Z0)| < I ‘8W~7(Ua ZO)' < 15
U] U3
C C
lox T (U, Zo)| < —, Oy T (U, Zo)| < —,
%N ul?
and
C C C
|0vw I (U, Zy)| < —, 0ux T (U, Zo)| < —, 0uy T (U, Zy)| < —=,
U* %N %K
C C C
|812/Vu7(U7 Z0)| S 2 |6WXJ(Ua ZO)‘ S TR |8WY'.7(U7 ZO)| S TR
U5 U U
C C C
|0%x T (U, Zo)| < —, Oxy I (U, Zo)| < —, |03 T (U, Zo)| < —
U|? IUE UE

Using these estimates, we obtain the following bounds for g, f1, f; and fg,,

1 owJ C
2 3 < 29
6U3 (1+J)2 |U|

3 2
lg(U, Zy)| = —§U3Wo+
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we 2 J 1 ovJ C
|f1(U, Zo)| = O; - 5 - 2 > 7| = 11>
2U0s U VI+JT(A+VI+T) 6Us (1+7)2| " |U|®
~ i oy T C
f(U, Zy)| = 7—2XgUZ < e
‘ 2( o)’ 603 (14 7)} 09(U, Zo) ol
~ i OxJ . C
U, Zy)| = |————5 +iYog(U, Zy)| < o
‘f:s( o)’ 03 (1t )] 09(U, Zo) ol
Analogously, we obtain estimates for the derivatives,
2 C
[Owg(U, Zo)| < C|U|*, 10x9(U, Zo)| < 10y g(U, Zo)| < ik
C C C
|Ow f1(U, Zo)| < —., 10x f1(U, Zo)| < —, 10y [1(U, Zo)| < —
U] \U* \uf?
~ C ~ C ~ C
whUZ0)| < —5.  |xRU.Z)| <5 | RU.2)| < —
U5 U] Lo
~ C ~ C
lawfs((ﬂ Zo)‘ < —, ’3Xf3(U7 Zo)’ < —, ’anB U, Zo)‘ <—
lUE U] o
Using these results we estimate the components of R in (107),
(. Z) » 15(: Z0)
RilZol|ln =||———F= <, R&MZol||. = ||———F~]| <C,
izl = [(2575 ] <o el - [ 5]
for j = 2, 3. Moreover,
owh = fidwyg
OowR1[Z = — <C,
1Ow R [Zo]l|5 T+9 (Ut97,
Oxfi  fi0xg
OxR1[Z = - <C
owh  fodwg
OwR2[Zo]||2 = — <C,
H w 2[ O]H§ 1+g (1+g)2 )
Oxfo  fadxg
Z = — < (.

Analogously, we obtain the rest of the estimates,

10y R1[Zo]lz < C, N0y Ra[Zolll,, < O, ||oy R [Zo]||, < C,

I

10xRs[Zollly» < €, [[OwRs[ 2ol , < C. O




60 I. Baldomd et al. / Advances in Mathematics 408 (2022) 108562

5.8.2. Proof of Lemmas 5.7 and 5.10
Let us introduce, for k > 0 and « > 0, the following linear operators,

U
Bo[W)(U) = e*V / e~ 5 (9)dS,
) U
BW|(U) = e~ / e w(S)dS.

—1iK

(108)

The following lemma is proven in [1].

Lemma 5.11. Fixn > 1, v >0, a > 0 and k > 1. Then, the following operators are well
defined

BO:yn%ynfla Ba:yuﬁyuy g:yl/%yu
and there exists a constant C > 0 such that
1Bo[®]]l,_y <Cl®l,, IBa¥Il, <Cl®ll,, [B@].<Cl¥],.

One has 7, [¥] = By[(Ry, ¥)], Z,[¥] = Bi[(R,, V)] and Z3[¥] = B[(Rs3, ¥)] (see (103)
and (105)). Thus, we use this lemma to prove Lemmas 5.7 and 5.10.

Proof of Lemma 5.7. By the definition of the operator R and Lemma 5.5, we have that

[Riill; <C,  |Rizlz <C,; [[Rusllz <C,
: ’ (109)
[Rjalls <C, [Rjz2ll, < C, |Rjsll, <C, forj=2,3.

Then, by Lemma 5.11, for x big enough and ¥ € y% X y% X y%, we have that

[T [} s = lI1Bol[{Rr, W)][ls < C[[{R1, ¥}

8
3

< C (IByaly 1905 + I Raals 12lly + 1Ryl ; 1951
1

<c (—2 TANTAN |w3|4) ,
K 3 3 3

which gives the first estimate of the lemma. Analogously, by Lemma 5.11,

s <R, W)

IZ2[9]]15 = IBi[(Rz, W)
IZ5[@]ll5 = I1BI(Rs, W] s < C [[(Rs, V)]l 5 ,
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and applying (109), for j = 2,3, we have
KR, W) lls < (1Rl g 1W1lls + 1 Rjallg [W2lls + 125800 [ Wsll4
C
< = (1wally + 1220y + sy )
which gives the second and third estimates of the lemma. O
Proof of Lemma 5.10. Let us consider ¥ € Z4 o and define
o(U) = " R(U)T(U),
in such a way that, by the definition of the operator B, in (108),

U
VT [W)(U) = eV / e P, (5)dS = Bi[®4],
—ZOOU
VL [W)(U) = eV / e 1 25d,(8)dS = By [y, (110)
. —100
U T, [W)(U) = / Bs(5)dS.

—iK

Since eV T € y% x Vo X Vo, by the estimates in (109), we have that, for j = 2,3,

18117 < 1Ruilly [V @ally + 3 1Rukly [l W]y < C TP 40

k=2,3
(111)

151l < I1Rsallz [ @af[s + > IR
k=23

o [l @klly < CT¥T 4 00

Therefore, Lemma 5.11 and (110) imply

[Z:[9]]; = I1B1[®4]ll; < ClI®a]l; <CI¥]s g0,
[Z2[¥]], = [[B2[@2]lly < C[[@2l, < CTW] s g

Now, we deal with operator Z3. Notice that, by the definition of the operator B, in (108)
and (110), we have that

—100 U
UL, [W)(U) = / By (S)dS + / By (S)dS = —Bo[®s](—ir) + Bo[s)(U).

—iK —100
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Then, by Lemma 5.11 and using the estimates (111), we obtain

[Z5[¥]]y < |Bo[®s](—ix)| + [ Bo[®s][lg < 2][Bo[®3]l]

IN

C C C
- [1Bo[®@3][], < - @3]l < - [¥]s0,0-
Finally, taking © (k) = —By[®s3](—ix), we conclude
[Zs1w)W) = e8], = IBol@alll, < Cll@slly < C Ty 5. O
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