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Abstract

Consider analytic generic unfoldings of the three- dimensional conservative Hopf-zero
singularity. Under open conditions on the parameters determining the singularity, the
unfolding possesses two saddle-foci when the unfolding parameter is small enough.
One of them has one-dimensional stable manifold and two-dimensional unstable
manifold, whereas the other one has one- dimensional unstable manifold and two-
dimensional stable manifold. Baldoma et al. (J Dyn Differ Equ 25(2):335-392, 2013)
gave an asymptotic formula for the distance between the one-dimensional invariant
manifolds in a suitable transverse section. This distance is exponentially small with
respect to the perturbative parameter, and it depends on what is usually called a Stokes
constant. The nonvanishing of this constant implies that the distance between the invari-
ant manifolds at the section is not zero. However, up to now there do not exist analytic
techniques to check that condition. In this paper we provide a method for obtaining
accurate rigorous computer-assisted bounds for the Stokes constant. We apply it to
two concrete unfoldings of the Hopf-zero singularity, obtaining a computer-assisted
proof that the constant is nonzero.
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1 Introduction

One of the fundamental questions in dynamical systems is to assess whether a given
model possesses chaotic dynamics or not. In particular, one would like to prove whether
the model has a hyperbolic invariant set whose dynamics is conjugated to the sym-
bolic dynamics of the usual Bernouilli shift by means of the construction of a Smale
horseshoe. Since the pioneering works by Smale and Shilnikov, it is well known that
the construction of such invariant sets may be attained by analyzing the stable and
unstable invariant manifolds of hyperbolic invariant objects (critical points, periodic
orbits, invariant tori) and their intersections.

Such analysis can be done by classical perturbative techniques such as (suitable
versions of) Melnikov theory (Melnikov 1963) or by means of computer assisted proofs
(Capinski and Zgliczynski 2017, 2018). However, there are settings where Melnikov
theory nor “direct” computer-assisted proofs (that is, rigorous computation of the
invariant manifolds) cannot be applied. For instance, in the so-called exponentially
small splitting of separatrices setting. That is, on models which depend on a small
parameter and where the distance between the stable and unstable invariant manifolds
is exponentially small with respect to this parameter.

This phenomenon of exponentially small splitting of separatrices often appears
in analytic systems with different time scales, which couple fast rotation with slow
hyperbolic motion. Example of such settings is nearly integrable Hamiltonian systems
at resonances, near the identity area preserving maps or local bifurcations in Hamil-
tonian, reversible or volume-preserving settings. In such settings, one needs more
sophisticated techniques rather than Melnikov theory to analyze the distance between
the stable and unstable invariant manifolds. Most of the results in the area follow the
seminal approach proposed by in Lazutkin (2003) (there are though other approaches
such as Treschev (1997)). Using these techniques, one can provide an asymptotic for-
mula for the distance between the invariant manifolds, with respect to the perturbation
parameter. If we denote by ¢ the small parameter, the distance is usually of the form

a

d=d(e) ~Bc%F as &—0

for some constants ®, «, a and . In most of the settings, the constants «, a and 8
have explicit formulas and can be “easily” computed for given models. However, the
constant ® is of radically different nature and much harder to compute. Indeed, the
constants «, a and B depend on certain first-order terms of the model, whereas ©,
which we refer to as the Stokes constant, depends in a nontrivial way on the “whole
jet” of the considered model. Note that it is crucial to know whether ® vanishes or
not, since its vanishing makes the whole first order between the invariant manifolds
vanish and, consequently, chaos cannot be guaranteed in the system.

The purpose of this paper is to provide (computer-assisted) methods to check, in
given models, that the Stokes constant does not vanish. Moreover, our method provides
arigorous accurate computation of this constant. To show the main ideas of the method
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and avoid technicalities, we focus on the simplest setting where this method can be
implemented: the breakdown of a one-dimensional heteroclinic connection for generic
analytic unfoldings of the volume-preserving Hopf-zero singularity.

This problem was analyzed in Baldoma and Seara (2008); Baldom4 et al. (2013).
In these papers and the companions (Baldoma et al. 2018a,b, 2020), the authors
prove that, in generic unfoldings of an open set of Hopf-zero singularities, one can
encounter Shilnikov chaos Sil’nikov (1970). The fundamental difficulty in these mod-
els is to prove that the one-dimensional and two-dimensional heteroclinic manifolds
connecting two saddle-foci in a suitable truncated normal form of the unfolding, break
down when one considers the whole vector field. These breakdowns, which are expo-
nentially small, plus some additional generic conditions lead to existence of chaotic
motions.

Remark 1.1 A bifurcation with very similar behavior to that of the conservative Hopf-
zero singularity is the Hamiltonian Hopf-zero singularity where a critical point of a 2
degree of freedom Hamiltonian system has a pair of elliptic eigenvalues and a pair of
0 eigenvalues forming a Jordan block [see for instance Gelfreich and Lerman 2014].
In generic unfoldings, the 0 eigenvalues become a pair of small real eigenvalues and
therefore the critical point becomes a saddle-center. In this setting, one can analyze
the one-dimensional invariant manifolds of the critical point and obtain an asymp-
totic formula for their distance (in a suitable section). This distance is exponentially
with respect to the perturbative parameter. Then, to prove that they indeed do not
intersect, one has to show that a certain Stokes constant is not zero as in the Hopf-
zero conservative singularity. The methods presented in this paper can be adapted
to this other setting. The Hamiltonian Hopf-zero singularity appears in many physi-
cal models, for instance in the Restricted Planar 3 Body Problem [see Baldoma et al.
2021a,b]. It also plays an important role in the breakdown of small amplitude breathers
for the Klein—Gordon equation (albeit in an infinite-dimensional setting), see Segur
and Kruskal (1987); Gomide et al. (2021). We plan to provide a computer-assisted
proof of the Stokes constant to guarantee the nonexistence of small breathers in given
Klein—Gordon equations in a future work.

In this paper, we provide a method to compute the Stokes constant associated to
the breakdown of the one-dimensional heteroclinic connection in analytic unfoldings
of the conservative Hopf-zero singularity.

Let us first explain the Hopf-zero singularity and state the main results about the
breakdown of its one-dimensional heteroclinic connection obtained in Baldom4 and
Seara (2008); Baldoma et al. (2013).

1.1 Hopf-Zero Singularity and Its Unfoldings

The Hopf-zero singularity takes place on a vector field X* : R3 — R3, which has
the origin as a critical point, and such that the eigenvalues of the linear part at this
point are 0, £ia*, for some o* % 0. Hence, after a linear change of variables, we can
assume that the linear part of this vector field at the origin is
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*

S

S OO

0
DX*(0,0,0) = | —a*
0

o O

We assume that X* is analytic. Since DX*(0, 0, 0) has zero trace, it is reasonable
to study it in the context of analytic conservative vector fields (see Broer and Vegter
1984 for the analysis of this singularity in the C* class). In this case, the generic
singularity can be met by a generic linear family depending on one parameter, and so
it has codimension one.

We study generic analytic families X, of conservative vector fields on RR3 depending
on a parameter 1 € R, such that Xo = X*, the vector field described above.

Following Guckenheimer (1981) and Guckenheimer and Holmes (1990), after some
changes of variables, we can write X, in its normal form up to order two, namely

dx o _ o

o = P+ (o +aop + a3z) + O3(%, 3, 2, ),

dy - - _ o

E = —X ((X +052M+0532)_51y2+03(x1 y7Z7 ,bL), (1)
dz _ _ _ oo
<= B1Z2 + 12 (32 + 30 + yau® + O3(%, 5, 2, ).

Note that the coefficients 81, y» and a3 depend exclusively on the vector field X*.
From now on, we will assume that X* and its unfolding X, satisfy the following
generic conditions:

B1L#0, v #0. (2)

Depending on the other coefficients «; and y;, one obtains different qualitative behav-
iors for the orbits of the vector field X,,. We consider p satisfying

Bivon > 0. 3)
In fact, redefining the parameters u and the variable z, one can achieve
>0, w=1 “)
and consequently the open set defined by (3) is now
u > 0. 5)

Moreover, dividing the variables x, y and z by /f1, and scaling time by +/f1,
redefining the coefficients and denoting o9 = «*/+/B1, we can assume that 8; = 1,
and therefore system (1) becomes

dx o _ o

o7 =% + ¥ (oo +aop +a32) + O3(x, y, 7, 1),

dy - o o

ﬁ = —X (0‘0+0‘2//«+0‘3Z)_)’Z+O3(xa v, 2, U«)» (6)
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dz - =2 - .y, 7
dr —n+Z +nE 4+ + u’ + 03, 5,7 0.

We denote by X 2 usually called the normal form of second order, the vector field
obtained considering the terms of (6) up to order two. Therefore, one has

Xy = Xp + F;, where F(%,5.2) = O3(%, 7.2, w).

It can be easily seen that system (6) has two critical points at distance O(,/ut) to the
origin. Therefore, we scale the variables and parameters so that the critical points are
O(1) and not O(,/w). That is, we define the new parameter § = /i, and the new
variables x = 8§ 'x, y= 8_1§, z=356"'Zandr = &7. Then, renaming the coefficients
b = y», ¢ = a3, system (6) becomes

dx a(8%) 5
= —xz+ 5 +cz)y+3877f(x,9dy,9dz,9),

dr

d 82

dy _ _ (0D +ez)x —yz+82g(8x, 8y, 82, 8), @
dt 8

dz 2 2 2 -2

2 = LTy + 27 87 h(8x, 8y, 82,9),

where f, g and h are real analytic functions of order three in all their variables, § > 0
is a small parameter and (%) = ag + s>

Remark 1.2 Without loss of generality, we can assume that g and ¢ are both positive
constants. In particular, for § small enough, 01(52) will be also positive.

Observe that if we do not consider the higher-order terms (thatis, f = g = h = 0),
we obtain the unperturbed system

dx a(82)
= —xZ+ +cz )y,

dr 5

dy _ 0‘(52) 8)
dz

o=l + 2

The next lemma gives the main properties of this system.

Lemma 1.3 (Baldoma et al. (2013)) For any value of § > 0, the unperturbed system
(8) has the following properties:

1. Itpossesses two hyperbolic fixed points Si = (0, 0, 1) which are of saddle-focus
type with eigenvalues F1 + |5 £ cli, F1 — |§ £ cli, and 2.

2. The one-dimensional unstable manifold of S9r and the one-dimensional stable
manifold of S°. coincide along the heteroclinic connection {(0,0,z) : —1 < z <
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1}. The time parameterization of this heteroclinic connection is given by

Yo(t) = (0,0, zo(t)) = (0,0, —tanh ¢),

if we require Yo(0) = (0, 0, 0).

Their 2-dimensional stable/unstable manifolds also coincide, but we will not deal with
this problem in this paper.

The critical points given in Lemma 1.3 are persistent for system (7) for small values
of § > 0. Below we summarize some properties of system (7).

Lemma 1.4 (Baldomad et al. (2013)) If § > 0 is small enough, system (7) has two fixed
points S1(8) of saddle-focus type,

S+(8) = (x£(8), y£(8), z+(8)),
with
x£(8) = 0%, y+(d) = 0%, z+(8) = £1+ O().
The point Sy (8) has a one-dimensional unstable manifold and a two-dimensional
stable one. Conversely, S_(§) has a one-dimensional stable manifold and a two-

dimensional unstable one.
Moreover; there are no other fixed points of (7) in the closed ball B(8~'/3).

The theorem proven in Baldoma et al. (2013) is the following.

Theorem 1.5 (Baldoma et al. (2013)) Consider system (7), with § > 0 small enough.
Then, there exists a constant C*, such that the distance d“* between the one-
dimensional stable manifold of S_(8) and the one-dimensional unstable manifold
of S+(8), when they meet the plane 7 = 0, is given by

QT 7 1
d%s =52 =2 Z(aoho+c) crrof — ’
e "\ log(1/)

where ag = a(0), and hg = —lim,_,¢ z_3h(0, 0,z,0,0).

In Baldoma et al. (2013), it was proven that the constant C* comes from the so-
called inner equation and that, generically, it does not vanish. However, for a given
model is usually very hard to prove analytically whether the associated C* vanishes or
not. In this paper, we provide a rigorous (computer-assisted) method to check whether
it vanishes and to compute its value.

1.2 The Inner Equation
One of the key parts of the proof of Theorem 1.5 is to analyze an inner equation.

This equation provides the Stokes constant C*, and it was obtained and analyzed in
Baldoma and Seara (2008). To obtain it,
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we perform the change of coordinates (¢, ¢, n) = Cs(x, v, z) given by

t—im/2
p=06(x+iy), @=08(x—iy), n==08. T= T/ ©)

Applying this change to system (7), one obtains

do ] -

- =(—ai=n)p+Fi(@ 9,19,

T

do ) -

- = (@i =)o+ Fa¢.9.1.9), (10)

Tp = 0 tbee 0T+ H(g. 9.0, 0).

where

Fi(d,0.1,8) = f(Cy (¢, 0, 1), 8) +ig(Cs (d, 0. 1), 8),
B, 9.1,8) = £(C5 (¢, 0,m).8) —ig(C5 (@, 0. 1), 8),
H(p, 9,n,8) = h(C;5 (¢, 0,1),8).
The inner equation comes from (10) taking § = 0. Defining F;(¢,¢,n) =

Fi(¢, ¢, n,0)and H(¢p, ¢, n) = H(¢, ¢, n, 0) and, for technical reasons, performing
the change 7 = —s ™!, we get

j—f = —(oei—§> + F (¢,<P, —S_l),

g% - (ai+—%)—+ib(¢,¢,—w]), (11)
Z—i =14+ (bd)(p—i- H (qﬁ,% —S7]>)~

Remark 1.6 Even if the purpose of this paper is not the proof of Theorem 1.5, let us
explain why the inner equation plays a fundamental role in the study of the differ-
ence between the stable and unstable manifolds of the points S+(8). One of the key
points in the study of exponentially small splitting is to obtain good parameterizations
(x*S5(t), y*5(t), z5(t)) of these manifolds. As system (7) is a small perturbation
of system (8) and for this system the points S+ (0) = (0, 0, £1) have an heteroclinic
connection given by (0, 0, — tanh #), itis natural to look for these manifolds as a pertur-
bation of it. However, to detect the exponentially small splitting, the proof in Baldoma
et al. (2013) requires to obtain these parameterizations in a complex domain which
reaches a neighborhood of order § of the singularities t = +i 75 of the unperturbed
heteroclinic connection, that is when ¢ F % = O(8). Roughly speaking, in Baldoma
et al. (2013), it is shown that
82

x5 (@), (1) ~ 2%(1) ~

=3 =32
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and observed that, for t % ~ §, one has:
x(), Yy () >~ ! 79 (1) ~ !
’ 5’ )

Therefore, these parameterizations are not close to the unperturbed heteroclinic con-
nection anymore, which behaves as

1
(0,0, tanh £) ~ <0, 0, g) .

To obtain a new approximation of the invariant manifolds near the singularities one
performs the change of variables t = §' (1 — %”) and, to work with bounded solutions,
one also scales the functions by §. This is the reason of the change of variables (9) and
the inner equation (11) is set to give the first order of the invariant manifolds in these
new variables.

We reparameterize time so that Eq. (11) becomes a nonautonomous two-dimensional
equation with time s,

— (@i =)o+ Fi(d.0.—s")

P T hee t HG g ) 12
, (et Yo+ P9, —s7)
T2 + HG g —s 1)
with" = 4,

To analyze this system, we separate its linear terms from the nonlinear ones. Indeed,
defining

_ —ia—i—% 0
A(S)_( ) ia+§)’ (13)
and
S, ¢, 5) =
(i — 1) p52(bdg + H(@. 9, —s™D) + Fi(¢h, 0, —s~1)
1+ 52(bpp + H(p, ¢, —s~1)) (14)

— (i + 1) ps?(bpp + H(@. 9. —s™ D) + Fa(¢. 0. —s~H) |
1+ 52(bpp + H(p, ¢, —s~ 1))

Equation (12) can be expressed as

7 ¢
(5_@) = A(s) ((p) +S(9.9,5). (15)
ds

From now on, we will refer to (15) as the inner equation.
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For s € C, we shall write s and s for its real and imaginary part, respectively.
Following (Baldoma and Seara 2008), we define the inner domains as

D, ={seC:|3s|= —tan s —p, Rs <0}, DS ={s:—seD}(l6)

for some p > 0.

Theorem 1.7 (Baldoma and Seara (2008)) If p is big enough, the inner equation has
two solutions Y+ = (¢F, ¢T) defined in Df satisfying the asymptotic condition

lim y¥(s) =0. (17)

Ns—F00

Moreover its difference satisfies that, for s € D; ND, N{3Is <0}

Is|

AV (s) = YT (s) — ¥ (s) = se @G~ hologs) [(g) +0 (iﬂ . (18)

In addition ® # 0 if and only if Ay # 0.

Note that the Stokes constant ® € C can be defined as

O = lim s lef@6—hologs) A (s). 19)

Js— —00

Later, in Baldoma et al. (2013) the authors prove that, if C* is the constant introduced
in Theorem 1.5, then

Cc* =0

However there is no closed formula for ®, which depends on the full jet of the nonlinear
terms in (15). Our strategy to compute ® is to perform a computer-assisted proof.

2 Rigorous Computation of the Stokes Constant

We propose a method to compute the Stokes constant ® relying on rigorous, computer-
assisted, interval arithmetic-based validation. The method takes advantage from the
constructive method for proving Theorem 1.7 based on fixed point arguments, and we
strongly believe that it can be applied to other settings as, for instance, the classical
rapidly forced pendulum and close to the identity area preserving maps.

The method we propose to compute the Stokes constant ® is divided into two parts.

e Part 1: We provide an algorithm to give an explicit p, > O such that the existence
of the solutions wi of the inner equation, in the domain {fs = 0, Js < —p,}is
guaranteed.

The algorithm is based in giving explicit bounds (which depend on the nonlinear
terms S of the inner equation, see (14)) of all the constants involved in the fixed
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point argument. We believe that this algorithm can be generalized to other situations
where the proof of the existence of the corresponding solutions of the inner equation
relies on fixed point arguments.

In the case of the Hopf-zero singularity, by Theorem 1.7, if one can check (using
rigorous computer computations) that Ay (—i p*) = Y (—ip*) =~ (—ip*) # 0
one can ensure that ® # 0.

e Part 2: Using that Ay (s) is defined for s € {ds = 0, Js < —p,} with p, given
in Part 1, we give a method which provides rigorous accurate estimates for ©.
We give an algorithm to compute pg > p, such that, for all p > pg, the Stokes
constant and A¢ (—i p) satisfies the relation

® =ip ' Ag(—ip)e(Piholozr=hoZ) (| 4 ¢(p)), (20)

with |g(p)| < 1. By (18), we know that |g(p)| is of order O(p~). We provide
explicit upper bounds for it.

Part 2 also relies on evaluating Ay (—ip) but takes more advantage on the fixed
point argument techniques used to prove formula (18) in Theorem 1.7.

A similar formula to (20) for ® can be deduced in other settings such as the rapidly
forced pendulum and close to the identity area preserving maps.

We should be able to adapt our method to a plethora of different situations.

In Sect. 2.1, we show the theoretical framework we use to design the method. In
particular, the functional setting needed for the fixed point argument. It is divided in
Sects. 2.1.1 and 2.1.2 which deal with Part 1 and Part 2, respectively. In Sect. 2.2,
we follow the theoretical approach given in the previous sections and compute all the
necessary constants to implement the method. After that, in Sect. 2.3 we write the
precise algorithm, pointing out all the constants that need to be computed to find ®. In
Sect. 3, we apply our method to two examples. Finally, in Sect. 4, we explain how to
improve the accuracy in the computation of the Stokes constant in one of the examples
considered in Sect. 3.

2.1 Scheme of the Method: Theoretical Approach
2.1.1 Existence Domain of the Solutions of the Inner Equation

We analyze the solutions I/Ii = (¢i, (pi) of Eq. (15) in the inner domains le
introduced in (16). To prove the existence of the solutions ¥ ¥, we set up a fixed point
argument. From now on, we use subindices 1 and 2 to denote the two components of
all vectors and operators.

Note that the right hand side of Eq. (15) has a linear part plus higher-order terms
(which will be treated as perturbation). We consider a fundamental matrix M (s) asso-
ciated to the matrix A in (13) given by
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e—ias 0
M(s)=s< 0 ei‘”)’ (21)

and we define also the integral operators

BE(h) = By (k) = M(s) ’ M(s + 1)~ h(s + 1)dt (22)
T \Bh) oo '

Then, the solutions ¥+ of Eq. (15) satisfying the asymptotic conditions (17) must be
also solutions of the integral equation

v =BHSW. ).
Therefore, we look for fixed points of the operators
FEW) = BESW, ). (23)
We define the Banach spaces

Xvi = {h : D/jf — C : analytic, ||h||, < oo} ]l = sup |s"A(s)].

+
seD,

(24)

Then, we obtain fixed points of the operators F* in the Banach spaces X, x X, with
the norm

(@, ©)Ilv = max{l|@]ly, llellv},

for some v to be chosen.

In Baldom4 and Seara (2008), it is proven that the operators F* are contractive
operators in some ball of X3 x A3 if p > p* is big enough. Consequently the existence
of solutions ¥* of Eq. (15) in the domains fo is guaranteed. However, we want to
be explicit in the estimates to compute the smallest p, such that one can prove that
F* are contractive operators.

To this end, we need to control the dependence on p of the Lipschitz constant of
the operators F*. Let us explain briefly the procedure, which is performed only for
the — case being the + case analogous.

e In Sect. 2.2.1, we provide explicit bounds for the norm of the linear operator B~
in (22).

e In Sect. 2.2.2, we define a set of constants depending on the nonlinear terms S
(see (14)) of the inner equation.

e We deal with the bounds of the first iteration, 7 (0) in Sect. 2.2.3. We conclude
that it belongs to a closed ball of A3 x X3 if p > p,l where ,ol is determined by the
constants in the previous step. The radius of the ball My(p)/2 is fully determined
also by the previous constants.
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e InSect.2.2.4, we provide explicit bounds of the derivative of the nonlinear operator
S and consequently of its Lipschitz constant, which depends on p. These com-
putations hold true for values of p > p2 > P} with p2 satisfying some explicit
conditions.

e In Sect. 2.2.5, for p > pf, we compute the Lipschitz constant L(p) of 7~ in the
closed ball of A3 x X3 of radius My (p).

e In Sect. 2.2.6, we set p, > pf for the existence result. We choose p* such that
L(py) < % Then, since

Mo(p)
2

o= ls < IF Ol + IF () = F O)ls < + LY 3 < Mo(p).

the fixed point theorem ensures the existence of a fixed point i~ satisfying
v~ ll3 = Mo(p) for p = p*.

e Finally, we compute A¢(—ip,) by computed-assisted proofs techniques. This
completes the Part 1 of the algorithm since A¢(—ip,) # 0 implies © # 0.

All the steps described above are written with all the detailed constants in Sect. 2.3.

2.1.2 Rigourous Computation of the Stokes Constant

In this section we describe a method to compute rigorously the Stokes constant ©
defined in (19) (Part 2 of the algorithm). The method is based in the alternative formula
for ® proposed in (20):

Ot(pfih()]ogpfh()z)A .
o= pz PP (4 ooy, Tim g(0) =0, ©5)

Let us to explain how this formula is derived. The key point is to analyze the difference
AY () =¥ () =¥ ()

as a solution of a linear equation on the vertical axis Js € (—00, —p,) where p, is
provided by the method explained in Sect. 2.1.1. Indeed Ay = (A¢, Ag) satisfies
the equation

AP\ A
(Aw/) = (A(s) + K(s)) (A¢> ,

where

1
K(s) = /0 DS (Y~ () +1( " (s) =¥~ (), 5) dr, (26)
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and S is given in (14). We look for the linear terms of lower order in s~ of S. Indeed,
we have that

S, s) = = <‘“ih°¢> + 8. s,

s \ aihop

with g(w, s) = O(|s|~%) when ¥ € X3 (see (24)). Then, Ay satisfies the equation

(iﬁ:) = (A6) + K () (ﬁf;) , @7)
where
Als) = <_ia ' %)_ o i+ §0+ ia’%> ’ %)
and
K(s) = /O b3 (V=) + 1@ () — ¥~ (5)).5) dt. (29)

A fundamental matrix for the linear system z’ = A (s)zis

se*ia(erhologs) 0
0 Seia(s+h0 logs) | *

Therefore, any solution of system (27) can be expressed as

—ia(s+hologs) s elalrthologn) _
se : Yol ko + - (K11A¢+/C12A(p) dt

(a0)
Ap) ) s p—ia(i+hologr) - ’
gl (s+hologs) |:K1 + [ _ (’C21A¢ + ]szA(p) dt
—ip

with kg, k1 two constants.
Since |YE| < Mo(p)|s| =3, Ay goes to 0 as Js — —oo and, therefore,
—ioo e—ia(t+ho logt) -
K1 = —/. f(KﬂA(b—i—KuAgﬂ)dt
—ip
Then, we deduce that the difference A (s) is a fixed point of the equation

AY(s) = AYO(s) + G(AY)(s), where

0 _ Se—iot(s+h0 log S)KO (30)
AYO(s) = ( 0 :
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with kg a constant depending on p and G is the linear operator

—ia(s+hologs) §glatholoen o i
se T (/C11A¢+/C12A(p) dt
g(AYy) = o . (3D

io(s+hologs) § e_ia(H-ho logt) N
se 0 (/Czl A¢ + ’C22A(p) di

—ico 13
By construction, «q is defined as

e@(p=iholog p=ho%) A (i p)

ko = ko(p) =i (32)

0

Using (19) and (30), we have
® = lim s*leia(s+ho lOgS)A¢(S)
Js—>—00
. (33)
= Ko <1 +ury ! lim sTlel@GThologn gy (Aw(s))) .
AN§—> —00

We use equality (33) to obtain formula (25) of ®. To bound |g(p)| in formula (25),
we need to control the linear operator s~ lefe(thologs) G Ty this end, we consider a
norm with exponential weights,

/1l = max {max,ep [s~ e H0 06| max e

eiot(s-l—hologs)(p“ , (34)

with E = {is =0, Js € (—p4, —00)}.
Observe that (30) can be rewritten

(Id - G)(AY) = AP,

Now we see that Id — G is an invertible operator. Indeed, in Baldoma and Seara (2008),
it was proven that for p big enough

1G1( D) = Ar(@@l, 1G2(D)] = A2 (p) [P, (35)

with 0 < A(p) := max{A;(p), A2(p)} < 1. Moreover, Baldoma and Seara (2008)
also shows that

lim A(p) =0.

pP—>00
These estimates imply that, if p is big enough, Id — G is invertible and therefore
AY = (Id — G)~ 1 (AyP). Moreover,

1
1Ayl < ———flay?) = 222

) 36
A(p) 1 — A(p) (0
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and this inequality directly gives

lim ™!/« OHOENG, (A (s) 5A1<p>—1|K0(p)|

Js——00 — A(,O).

Therefore, from (33), we can conclude that the Stokes constant ®, which is independent
of p, can be computed as

0 =«xo(p)(1 + g(p)),
for any p big enough, where k( is given in (32) and g satisfies

A1(p)

lg(p)| < M(p) := T AG)"

(37

Since A(p), A1(p) go to zero as p — oo, the same happens for M(p). Then (25) is
proven.
Notice that the relative error to approximate ® by kg is

1© — ko(p)]

(o).
oo = M)

As a consequence,

18] € [lko(0) (1 = M(p)), Iko(p)I(1 + M (p))] .

In Sect. 2.2, the procedure described above is implemented:

e Following the fixed point argument in Baldoma and Seara (2008), in Sect. 2.2.7
we give a explicit formula for A(p) = max{Ai(p), A2(p)} in (35) for p > p,,
where p* is the constant given by Part 1.

e In Sect. 2.2.8, we set py > ps such that M(p) < 1 for p > py.

2.2 Computing the Stokes Constant: Method

In this section we are going to give explicit expressions for all the constant involved
in the method explained in the previous section.

2.2.1 The Linear Operator B~

Lemma 2.1 Consider the linear operator B~ defined in (22).

1. When v > 1, the linear operator B~ : X, x X, = X,_1 x X,_| is continuous
and

1B~ (W)llhv—1 = Burillrlly,
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where

B, = ™ (m = M if m is even,
2 m—2)!
(m — 3)! 58
m = —( 2)” lfm is odd.
m — 2!

2. When v > 0, the linear operator B~ : X, x X, —> X, x X, is continuous and,

forall0 <y < B (see (16)),

1B~y < Wnlﬂ”u-

Define v, € (0, ) such that sin? y, = ﬁ If v < B,

v+2

(v+2)7
=T g
a(v+1)72

1Bl < Collvrlly  where  C, (39)

This lemma is proven in “Appendix A”.
From now on we choose f§, the angle in the definition (16) of D;, be such that

6sin B2 = 1. Then for all v > 4, the optimal value y, in second item of Lemma 2.1
satisfies that y,, < 8 and the optimal bound (39) will be used throughout the paper.

We emphasize that, if s € D;, one has that |s| > p. Recall that we are looking
for p, the minimum value for p to ensure that the inner equation has a solution v~
defined in Dp_. Since we need p 1 t0 be small, we start by assuming that p, > 2. We
will change this value along the proof.

2.2.2 Explicit Constants for the Inner Equation

We consider the max norm |(x, y, z)| = max{|x|, |y|, |z|}. Letas = lim,_.oz > F; (0,
0,2), ho = lim, gz 3H(0,0, z) and CY, CY, Cy; be such that for |z| < 1,

AR@)] = |Fi(0,0,2) + @] = CRlal’,
AR@| = |R0,0.2 +@2| < Yz

(40)
AH@)| = |H(0,0,2) + hoz®| = ChlzI*,

|H(0,0,2)] < Coylzl.
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We also introduce Cr, C?’w, Cu, Cg’w such that, for |(x, y)| < |z,

|H(x,y,2)| < Chl(x,y,2)]> < Cylz?
|Fia(x,y. 2| < Crlx, y. 21 < CrlzP,
|0, Fia(x, v, 2)| < Col(x, v, 2)1> < CLIzI%,

(41)
|9y Fi2(x, y,2)| < Chl(x, v, 21> < ChlzI%,
l0cH(x, y, 2)| < Chlx, y, ) < ChlzI%,
|ayH (x,y,2)| < CHIx, v, 2I* < €4z
As a consequence, setting
Cyp=Cl+C% and Cr=Cl+cY, (42)

we have

|H e, v,2) + oz | = Chlzf* + Tl w1z,
|Fi. . 0 + a3z < Chlzl* + Tl w2

[P, v, 2) + @2 = CRlzl* + Tl w12,

2.2.3 Bounds for the Norm of the First Iteration

The second step in the proof consists on studying F~(0)(s) = B~(S(0, s)), where
JF~ is the operator introduced in (23).

Lemma 2.2 Chose any pi > max{2, 6(,), }, take p > ,oi and define

CY + las|C
Colp) = F—71
| _ [Cul
P
Then F~(0) € A3 x X3 and
_ 11]as|
IF~ )3 < 3 + B5Co(p)-
o
Proof By (14), it is clear that
5100, 5) a3 Fi(0,0, —s7h a AF(—s71) — —a3H(O’S’_s71)
S T 3 T T X 2H0.0,—s-1) 3 1+s2H(0,0,—s-1)
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and therefore

_0
a3 1 CY +las|Cy
$10,8) — 5| < —5——F—.
R
o

An analogous bound works for $>(0, s) and therefore

—0
5 Chtas(C
IS0, 5) — s (a3,a@3)|l4 < F—WIH = Co(p). (43)
1 — &l
P

We introduce Sy(s) = s> (a3, a3). We have that

0 iat

A P S L / R (44)
o+ dasd  ia Joo s+

B (S = axs [

Notice that, for s € D; andt € R, |s + t|2 > |s|2 + ¢2. Then, using also Lemma A.1
(see “Appendix A”),

0 eiott 1 0 1 2
S/ 5 dt| < —3/ 5 52 = EYPIER
e D) 5P o (24 1)72 7 3ls]

Using this last bound and formula (44), we obtain

1 8 11
1B (So(s)| <= — las + las|\ _ 1as]
! BE

o 3 ) T Bals|?’

To finish we notice that, from (43) and the first item of Corollary 2.1,

H]as|

|FT O3 < 1B} (So)||5 + | By (S0, ) = So) |5 < + Co(p) Bs.

o

Analogous computations lead to the same estimate for || 5, (0) 3.

2.2.4 The Lipschitz Constant of S

Let

22|as3|
3a

Moy(p) = +2B5Co(p), (45)

in such a way that 2| F~(0)||3 < Mo(p).
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Lemma 2.3 Assume that ||¢||3, [l¢ll3 < Mo(p) and take p > p,% being pf > pi such
that

bMZ(p?) C Mo (p?
min J1 - 2M0@) _ Cu oy Moo 1 (46)
(029 (029 (p)
Then
10051 9)], [P0 S2(0, )] < My (p)  MiGp)  MiGe) | Mii(p)
PRI R e = NE BE s[*
M (p) | Miy(p) | Miy(p)
0,81 (W, 5)], [0pSa (W, )| < —25 12 2,
Is| Is| N
with
1 . alhol
Mii(e) _ bMg Cu
p* o
) — lhol +aCY + C%
11( ) ng CH )
==
P P
1 _
M3(p) = 3 [MoaCly + CrCly + (aCro + €Yy )
( bMy CH)
1— 20— Cu
P p
_ M Cn
ot o ]|
My
M\ (p) = 5
bM(% (;H)
1-20 _tu
p P
— M,
: [b(CF +aMo) + CY + (abMo +Cu + TO)
bM2 C bM,
1— _40 _ZHy 270
P o o
CW
2 F
Mi,(p) - b2 Cr
p* o
MoaC¥ + CrCY,
Miy(p) = i .
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M bM,
My (p) = 4 3 (b(CF + aMy) + Cj; + 7°> (47)

| _bME _ cu
ot o

Proof Notice that pf > pi and therefore, Lemma 2.2 can be applied for p > pf.
Moreover, if s € D;,

Mo(p) _ 1
Wl =0 <

so that the bounds in (41) can also be used.
We start with 9, S. We introduce

dpFr(y, —sh) Fi(y, —s~Ds?(bp + dg H (Y, —s~1))
Si(,s) = 3 - 2
1+ s2(bgpp + H(Y, —s~1)) (1+52(bgpp + H(W, —s1)))
(oel - f) (b(i)(p + H(y, —sil)) (Oli - %) ¢52(b<p + 0p H (Y, —sil))
S, s) = 5 -~ 5
1+ s2(bpgp + H(W, —s7))) (1 + s2(bpg + H(, —s~1)))

Straightforward computations lead us to

pS1 = S1 + S».
When [|¢]3, l¢lls < Mo(p),
¢ M
swol< L S ce (ch o)
w,9)l< =-——F + —
|S|21_%_C_H Is|3 1_%_0_1{ 2
P P o »
¢ ¢
R ST
s bMj Cy s bM?
T (1—,0—4"—%“)
1 bMyCFr
27
s <1_%_C_H>
p* o
CyMy
S0, 5)] 1<a+'s')(|h°|+' T H"SP)
2 s S S T
] LM
p* o

1 bMy
Mo (a+51) <|s|2 LT )
T 2
|51 bM3
1—2% _ Cu
(-5 -%)
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I (a|ho| lhol +aCY  aCpMo+CY
Cu

M5 ey \ sl Is|? |3
p* 2
abM} + CyMy  bM?
|s]* I3
N 1 MoaC§,  abM} + MoCYy  bM}
)2 Is|? Is|* Is|3 )

1 — bM}? _Cy
ot o
Therefore we have that

Ml (p)  M}(p) M (p) M (p)
Is| Is|2 Is|3 s|4 7

|0pS1(, 9)| <

where MY, are the constants introduced in the lemma.
We now compute a bound for 0,S. As for 94,5, we define

I F1 (Y, —s") Fi(W, —s Hs2(b¢ + d,H (W, —s~ 1)
S1(y,s) = 5 — >
1+ 52(bgpp + H(yr, —s 1)) (14 s2(bgg + H(W, —s—1)))
i1 2 1
S (Y, 8) = — (ai = 5) @s7(bg + 0, H (Y. = )).

(1+ s2(bdg + H@W, —s— 1))’
and we notice that
3¢S1 =S5+ 5.

We have that, if [|¢]3, l¢lls < Mo(p),

1 c? 1 CrC?
1S1(¢, ) < —5 l +— #
|S|2]_MMZ_C_H |s|? M2 ¢ 2
rE 0 1 - 20 &
p p
1 bMyCF

_l’__
7 2’
51 | _tME _ cu
ot P

1 MoaCY, — abM? 4+ MyC%  bM?
BUDIE : ; ( o L)
1 =M _ cCu
o o )
Then
2 3 4
|8 Sl(w S)| < Mlz(,o) M12(/0) Mlz(p)

(p 9 =

Is|? Is|? |s|*
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with the constants M {‘2 defined in the lemma.
Since the bounds for Fy, 94 Fy, 0, F1 are the same as for F, 0y F, 0, F> and using
the symmetry in the definition of S, we have that

ML(p) M(p) M (p)
9 , 12 12 12 ,
[0S (Y, $)| < RE + BE L

Ml (p)  M}(p) M (p) M} (p)
B2 )] < =15 SE P P

As a corollary, we obtain the following.

Corollary 2.4 If v, ' € B(My(p)) with p > ,of as in Lemma 2.3. Then, there exist
functions AS;, j = 1...4, such that

4
S, $) =S, 5) =Y AS;(W, 5) — AS; (¥, ),

j=1
and

IASI (¥, 5) — ASI(W, $)]la < M (0 I¥ — ¥ |3,
IAS; (W, 5) — AS; (W', $)ll31; < (M, () + ML (o) 1Y — ¥'II3.

Asa consequence

Ml (p) | M (p) + M (p)
5] s 2

IS, 5) = S, ) <[ (s) = ¥'(5)] (

M3 (p) + M3 (p) M} (p) + M}y (p)
Is|3 |s|4 '

Proof Indeed:
1
S0, 5) = S1(W5) =6 — &) /0 36S1(W + (9 — Y')) dA

1
+o—¢) /0 8,810 + (W — Y di
= — VST + 5T+ 8L+ 5D+ (0 — @) (SY + 5L+ 5D),
with $7 € X; and

1821 < M (o). 1841; < M (p).
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In analogous way, we decompose S () — S>(¥'), and by symmetry, we obtain that

b S S\ (¢ —¢
S =S = (Sm) Szz(S)) (w - «/) ’ @

with

S 18m(s)] < MO Mb©) M) | My (o)

Is| |s |2 |s |3 s[4
ML(p)  M(p) My (p)
S 1821 ()| < —12 12 12270
1S12()], 1821 ()| < e E o

Namely, S;; can be decomposed as a sum of functions belonging to the adequate X%.
Therefore, taking the supremmum norm in (48), we get the result. O

Remark 2.5 Notice that, for some concrete functions F 7 and H the general bounds
in that we have used for them and their derivatives (see (41)) may not be sharp. To
improve the estimates for |Jg ,S| in Lemma 2.3, we need to track some terms of the
functions F;, H. Indeed, instead of (41) we can use bounds of the derivatives of the
form

|05 F12(x, y, 2)| < cplz + Kpl(x, y)llzl,
|9y Fi2(x, v, 2)| < chlzl* + K&1Cx, pllzl,
|0 H (x, v, 2)| < chlzl* + Kyl (x. »)llzl,
0y H (x, y. 2)| < cGlz* + K§1(x, )]l

which, together with (40), imply

|Fia(x, y,2) + a3z | < Colz* + Crl(x, wizI* + Krl(x, )Pz,
|H(x,y,2) + ho?| < CYlzl* + Clx, »IIzl* + K l(x, vzl

with Cp = c‘ﬁ+c‘£,C_'H = c‘,@+cf1,lfp = K?+K¢,I€H = Kf,+KZ.Ifnecessary,

since |(x, y)| < |z|, we can also use

|Fiax,y. 2) + a3z | < CRlzl* + Crl(x, )izl
|H(x, v, 2) + hoz® + ayz* +a5z5| <& zI° 4 ChlCx, y)IzI.

where
éFzéF‘l‘kF, éHzéH‘i‘I%H-
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It is clear that, taking

ch  CrMy K%Y M,
Cr =la3| + —pF + PO ol =ch’ + —Fp2 ,
= ~ (/R
las| &)  CuMy , o KMy
CH:|G4|+7+IO—[;+—, Cz(p=cf1(p+hto—2,

we can get a more accurate bound for |94 ,,S|. In fact, we can just change the definition
of Mikj by changing the value of C, C%%, C%/¢ by their new value.

2.2.5 The Lipschitz Constant of F~

Now we are going to compute the Lipschitz constant of the operator ™ in (23).

Lemma 2.6 Take p > pf as in Lemma 2.3. The operator F : B(My) — X3 x X3 is
Lipschitz with Lipschitz constant L(p) = min{L{(p), L2(p)} with

M} M3 (p) + M, ( M3 (p) + M}
11(p)+36 11(0)[0 12 P)+B7 11(;0)p2 12(10)

M} (p) + M, (p)
+ Bg P ;

Li(p) =C4

(49)
Ly(p) =C4

M! M%(p) + M? M3, (p) + M;
11([))+C5 1) - 12(,0)+C6 11(/0)p3 12(,0)

M (p) + M, (p)

+ C7
Pz

where B, and C, are the constants introduced in (38) and (39), respectively.

Proof We apply the second item of Lemma 2.1 to AS1(¥, s) — AS1 (¥, s) and we
obtain that

IB=(AS1 (¥, s) — AS1 (Y, 5))lla <
CaM (P — ¢ l13. (50)

Now we apply the first item of Lemma 2.1 to AS; (¥, s) — AS; (¥, 5) and we obtain
1B~ (AS; (¥, 8) — AS; (¥, 9)) ll2+;
< Bja(M{,(p) + M{,(p)llp — ¢'|I3. (51)

Then, we get L1(p) adding the results in (50) and (51). Furthermore, applying the
second item of Corollary 2.1, we obtain L, (p) using that

1B~ (AS; (¥, 8) — AS; (', )) 13+ < Cjra (M, (0) + ML, (0) I — ¢'lI3,
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Remark 2.7 Notice that By, is decreasing with respect to m, but C,, is increasing. It
is not difficult to check that when p > C7/Bg > 3° - 32/(2!? . 57) ~ 9.7895 then
Li(p) = La(p). This fact will be used in Sect. 3.1 and 3.2.

2.2.6 Setting p. for the Existence Result

We choose p, > ,05 satisfying

1
L(;O*) = 5,

so that Lemma 2.3 can be applied for p > p,. Then, the operator 7~ : B(My) —
B(Mj) is contractive. Indeed,

M
IF= W)z = IF O3 + IF @) = F Oz = 70 + LMo = Mo,

provided L < % Therefore, the operator has a fixed point ¥~ defined in D;* (see
(16)) and therefore satisfies

M
o~ (). lo™ ()] = ﬁ (52)

2.2.7 Explicit Bounds for the Norm of the Linear Operator G

The next lemma gives estimates for the linear operator G defined in (31) with respect
to the norm introduced in (34).

Lemma 2.8 Take p > p, and let

2 3 2 4 3 4
M M11+M12+M11+M12+M12

A(p) = —1L + :
p 2p? 3p3 4p* (53)
M2 M+ M, M +ML, M}
Az(p): 12 11 12 11 12 11 ,
2002 2003 20p% 200

where M;; = M;;(p) are the constants introduced in (47). Then, we have that, for s
with Ms = 0 and Is < —p,

g1 i (s+ho logs)g1 (AI//)‘ <Ai(p)||AY],
(54)

IO Gy ()| <Aa(p) AV
In particular,
19AWI = A I AV, (59)
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with
A = A(p) =max {A(p), A2(p)}. (56)

Proof In this proof we omit the dependence on p of M lk i We use Lemma 2.3 to bound
ié,;,', the components of the matrix K in (29). By construction, if ¥ € B(M),

2 3 4
Mll Mll Mll

K (v, L 9)| < ,
e =57+ 5

M:E M3 M
IC ) 12 12 12'
i M=+ *

Then, for the first component,

) za(t+h010gt) - -
sl g, (A < f ————— (K + KinAg) di

2 3 4
</ M M M | Al dt
- |t|2 IR
M122 ?2 M},
dt
+/ (W RN And
(57)
My M Mi‘
< Tﬁ‘m A
Mt Mfz M“
—= A
+ [2;)2 +— 3 +-—F 1t [Ag

M} | M+ MY, MY+ M, MY
< n + 22 ) Ay,
( 0 2p? 3p3 4p% i

For the second component, using that |ei°‘h01°g’ | = ehom/2

K 7io¢(t+h0 logt) -
seXia(sthologs) / e — (/CzlA(P + /szA(p) dt

‘ M3 M,
—201;\5 2a\st 12
<Isle ([ e 7|t|3 + —“'4 } ||A¢|I>

M4
+|S|€ 20[03 20(«%( 11 4+ 1 5 ||A<P||>

73 et e

e M3

< {2 2+ 12 }IIAquI
ap 200

za(s+h010gs)g2(Aw)‘ <
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2 3 4
Mj, n My, n My, I1Agll
203 2ap*  2apd

2 2 3 3 4 4

< (M Mo+ M My + My My 1AV

= ) 3 7 5 :
200 20p 20p 20p

and the result is proven. O

2.2.8 Computation of the Stokes Constant
Using the estimates of the operator G given in (55), we can provide a rigorous com-

putation of the Stokes constant.
Let pg > p4 be such that

1
A —.
(po) < 5

Then, the constant M(,oo) defined in (37) satisfies

— - Ailpo) A(po)
M) = T 40y = T= Alpo)

1, (58)

and, as a consequence,

© € [ko(po)(1 — M(po)). ko(po)(1 + M(po))].

In the next section we give the precise algorithm which allows, by means of com-
puter rigorous computations, to compute ® with a previous known accuracy. This
algorithm is applied to two concrete examples in Sects. 3.1 and 3.2.

2.3 Computing the Stokes Constant: Algorithm

We describe the steps needed to obtain the values of p, and pp which guarantees that
Y+, ¥ are defined for s € (—ip,, —ioo) and a good accuracy of ©.

e Step 1: Compute the constants a3, iy and COF, C%, f?q Cfi(p, CZ‘(/) which satisfy
(40) and (41) and C 7, CF given in (42).

e Step 2: Take ,oi > max{2, 6(;,} and compute, for p > pi, the constants Cy(p)
given in Lemma 2.2 and Mq(p) defined in (45).

e Step 3: Choose pf > pi such that (46) is satisfied. Compute also the constants
M (p), j =1,2,3,4and M{,(p), j = 2,3,4,in (47), for p > p2.

e Step 4: Compute the constants L(p) and L, (p) in (49) for p > pf.

e Step 5: Choose py > ,of satisfying

L(ps) = min{L1(px), L2(p+)} <

N =
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e Step 6: Take p, and check that the difference
Yt (—ips) — ¥ (—ips) #0.
e Step 7: For p > p,, compute the constants A1(p) and A>(p) in (53) and A(p) in
(56).

° Step_8: Compute pg > px such that A(pg) < 1/2. Then, compute ko(po) in (32)
and M (pg) in (58).

Therefore, the Stokes constant satisfies

® € [ko(po)(1 = M(po)), ko(po)(1 + M(po))]. (59)

Remark 2.9 By Theorem 1.7, the first 6 steps allows us to check whether ® # 0 or
not.

3 Examples
To illustrate the algorithm, we consider two concrete examples of analytic unfoldings
of a Hopf-zero singularity (7) whose corresponding inner equation can be found in (10).

In both cases, we prove that the associated constants ® do not vanish and give rigorous
estimates for them.

3.1 The First Example
As first example, we take
a=1, b=1, g=h=0 and f(X,Y,Z,5)=Z3. (60)

This corresponds to Fi(¢, ¢, s) = —s73, F, = F; and H = 0. The inner equation
(15) associated to this model is the following

2 ¢
(3_5;) = A(s) ((p) + S, 9. 5), 61)
ds

with

(i—1)ed?s® — &

_ Sl(¢’ §0,S) _ 1 +§0¢)S2
5. ¢.5) = (Sz(¢, ¢, S)) T+ et -5 | 2
1 + pps?

Now we follow the steps of the algorithm in Sect. 2.3.
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Step 1. In this case, 1y = 0, and moreover, among all the constants defined in Step 1,
the only one that is different form 0 is a3 = 1.

Step 2. In this case, we have that ,oi =2 and Cy = 0 so that My = % is independent
on p.

Step 3. We have that ,03 has to be such that

/22
vVMy= 3 < pf.

In addition Ml.lj’z’3 =0and

M, M, M? M,
M} (p) = —02 <1+Mo+ <M0+—°) (1——2) +—°>
2 P P 2

p

g (e ()

FS

(=)

Hlo

p
My

M} (p) = — <1 + M <1 + l)) .
(1) p

P

Step 4 and Step 5. One can check that

M (p) + M (p) 1
Li(p) = Bs— pe ==

for p > p, = 9.7895. Under this condition, as we claimed in Remark 2.7,
L(p) < !
)= 5

Therefore we can guarantee the existence of ¥+ for p > p, = 9.7895.
Step 6. Now it only remains to compute

Y (—ip) — ¥ (—ips) #0.

By means of rigorous computer computations, which are discussed in more detail in
“Appendix B,” we obtain that there exists a

P« € [15.99999965, 16.00000035], (63)

for which
Y (—ip) =¥ (—ips) (64)
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_ (A¢ (—ip*)>
Ap (—ips)
[ —4.50096 - 10719, 4.50096 - 10~10] — [1.88812 - 107, 1.88897 - 10~ °]i
[ —3.85539-10710,3.85539 - 107101 4+ [—4.01544 - 10~10,3.4832 - 10~107; )~

Therefore, the Stokes constant associated to the first example (60) does not vanish.
Now we follow Step 7. and Step 8. to provide rigorous accurate estimates for it.
Step 7. The constants A and A; in (53) are

Mi (p) | M (p) M (p) | MY (p)
A _Mn PAUC A _ Y12 e 65
1(p) 307 + 10 2(p) 25t + 203 (65)
which give the constant A(p) = max{Ai(p), A2(p)} in (56). We obtain
A1(px) € [0.010155523, 0.010155525],
Ar(psx) € [0.0009597786, 0.0009597788],
A(ps) = A1(ps) < 1/2.
Step 8. One can choose pp = ps. Then, by (32), (58) and (59), one obtains
® € [1.0378681, 1.0598665] 4+ [—0.000253, 0.000253]i. (66)

We can see that the accuracy of the computation is roughly 2 - 1072,

Remark 3.1 The computation suggests that the Stokes constant © € R. Indeed, this fact
can be proved for this example by considering wi(r) = (¢i(r), @i(r)) = wi(i r),
r € (—oo, —pp] that satisfies the real differential equation

(P Lt

73
d~ (-1+1 0 >A B 1 — ogr?
drw_< 0 1+1 vt (1+1)@%pr? — %

1 —g¢r

along with the real boundary conditions lim, _, _ 1} *(r) = 0. Therefore 1’/7 *+ are real
functions and so their difference is.

As we will see in the next example, the fact that ® € R is not generic and depends
strongly on the symmetries of the inner equation.

3.2 The Second Example

The second example breaks the reversibility. It consists intakingoe = b =1, g =h =
Oand f(X,Y,Z,6) = 73 +2XYZ which corresponds to

o
Filg.9.5) = F2(¢.9.5) = == + §(¢2 —¢H, H=0,
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and then, the inner equation associated to this unfolding is:
A 6
+ 59, 9.5, (67)

§)-mt

(i — 1) p¢?s> — 5 + % (9> — 97

with S defined as
Sl(¢7 ¢7s) _ 1+(/)¢S2 .
(i + 1) 9?bs> — 5 + % (9> — 97
1 + @gs?

)

56,9 = (sz<¢,<p,s)

2

Step 1. We have that all the constants are zero exceptaz = 1, Cr = 2, C? =C ﬁ = 1.
Step 2. As for the first example ,0}( =2 and Cy = 0 so that My = 5.

Step 3. We have that p2 has to be such that

122
\/M = ?<)O£

In addition M}’ (p) = 0 being

2
Mfi(p) = Mp(p) = —
-2
P
M, M, M? M,
M} (p) = . 2+Mo+<Mo+—0> 1-—0) + =2
M} P P
=2
M, 1 M?
= L. 2+M0<1+—> -=2
M2 P Y
=2

M, 1

M (p) = > <2+Mo <1+—>>
(1-5) ”
v
Step 4 and Step 5. One can check that
M? M? M m? 1
Li(p) = Bs 11(0) + M7, (p) 4 By 11(/))"‘3 12(0) <=
P o 2
for p > p, > 9.7895. Therefore, under this condition, using Remark 2.7 as for
Example 1, we can guarantee that L(p) > 1/2 and, then, the existence of wi.
@ Springer



28 Page32of47 Journal of Nonlinear Science (2023) 33:28

Remark 3.2 For Example 2, we can obtain more accurate estimates by computing
directly the derivatives ¢ ,S. Indeed, performing straightforward computations, we
obtain that Milj(p) = M,?j (p) = Mfi (p) =0 and

MH( __ Mo 1 _M_g
1) = |3+ Mo(1+ 2 3
~4) I\

-
’ (68)
- M_) g
PL
Therefore
4 4 4 4
M]](P)"'M]z(ro) S M]](,O)+M12(P)

Since we need to be as precise as possible, we use the constants M ,kj (p) defined in
Remark 3.2 instead of the constants provided by the general method.
Step 6. We compute T (—ipy) — ¥~ (—ipsx). By means of rigorous computer com-
putations, we obtain that there exists a p,

P« € [15.99999965, 16.00000035], (69)

for which

1//+ (=ips) =¥~ (—ips)
_ (AP (—ipx)
B (Asv (—ip*)> (70)
[8.63066 - 1079,9.53086 - 10~9] — [1.88812 - 10~°, 1.88897 - 1070)i
[ —4.20777 -10710,3.50313 - 10~ 191 4 [—4.01721 - 10710, 3.48156 - 10~107; ) *

This implies that ® 7~ 0. Now we perform the last two steps in the algorithm.
Step 7. For Example 2, we have that

M?] (0) T M?Q(P)

M}, (p) N M (p)
3p3 4p*

2p4 205

Ar(p) =

. Axp) =

’

and A(p) = max {A1(p), A2(p)}, with Mfl (p), Mfz(,o) defined in (68). We obtain

A1(px) €10.0114071016, 0.0114071033],
Az (psx) € [0.00066984056, 0.00066984069],
A(px) = Ar(px) < 1/2.
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Step 8. By means of rigorous computer validation, for pg = p, using (32), (58) and
(59) we obtain

® € [1.036525, 1.0612062] 4 [0.004738, 0.005355]:.

We can see that the accuracy of the computation is roughly 2.5 - 10!, Note that
Step 8 implies that the Stokes constant has both nonzero real and imaginary part (see
Remark 3.1).

4 Improving the Computation of the Stokes Constant

In this section, we give an improvement of the Steps 7 and 8 in Sect. 2.3 to obtain
accurate estimates for the Stokes constant ®. We explain this improvement for the
Example 1 given in Sect. 3.1 but the method we present is general and can be applied
to any system.

Recall that, using (19) and (30),

O@= lim s'e™Ap(s) =xo+ _lim s '/ G (AP (s)
N5—> —00

=wko+ lim s7'dUG (AYo(s) + _lim 571G GAY)()) -

Therefore, by (54), (55) and (36), the remainder

S@ =0 — KO — hm Sileiasgl (Awo(s)) )

Js—>—00
satisfies

I€e| < sup 571G GAY)($))| < ALIGAY)I| < AA|AY|

)
1—A°

< AlA

where A = A(p) = max{A|, A2} and A, A; are given in (65). ~
Using (31) and the fact that in Example 1, g = 0 and therefore IC = IC,

. ip
lim s7'e/* Gy (Ayo(s)) = —ko Kii(t)dt
Js——00 —ioo
P
= —iKo/ K@ rydr, (71)
—00
which implies
0
@ZK()—iKo/ KinGrydr +E&e. (72)
—0Q
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To obtain this integral, we need an approximation of the coefficient £Cy;.

Lemma 4.1 The function K11 introduced in (26) associated to Eq. (61) satisfies

Kii(s) = ﬂ + @ + ﬂ ‘i‘é +EKT 1,
S4 SS S6 S7

(73)
ﬁl = 31 ﬁ2 = _61 ﬁ3 = _687 ﬂ4 = 4’87
and EKT 1 satisfies
BR  Bii+ B+ Biz+ B
IEXKT 11| < N + e , (74)
where
St 4 4 2251
B =32 (M1 () + Miz0) Mo+ =5,
M2
72 1+4M0(1+%)+3p—}3
= 3 s
M2
(%)
M1+ 1)
By = —-5,
()
P
2
LM+ D+ DG+ 2
By = M, AT :
o (1-5)
1
B3 =2M; <2M* <1 + —> + 1) ,
P
1
B4 = 800 (1 — —) ,
P
and
4 20 120

Mi(p)=14+—+—5+—.
PP o

This lemma is proven in Sect. 4.1.

Now take p, be such that M, (p) < My(p) for p > p,. Using the expression of Cj;

given in (73) to compute (71) and using the remainder estimates in (74) we obtain:

o o
—iKo/ Kii(ir)dr = kg ﬁ—&—@—}-'B—jd;’+5$
oo r

oo T r5  rb
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and

*® BR  Bii+ Bia+ Bi3+ Bus
Esi=1eSto =m0 [ 2F 4
o

_ﬁ+311+312+313+314
~ 6pf 707 '

78

Finally, using the expression (72) for ® we obtain

® = ko (1 B B2 B3 B4
ET =ET(p) =ES+ Ep.

As we know the constants ;, one can use this formula to improve the computation of
0.
Indeed, using the above approach one obtains

©® € [1.047906, 1.049289] + [—0.00070294, 0.00070294]; . (76)

We can see that the accuracy of the computation is roughly 1073, which is an improve-
ment when compared to the accuracy 2 - 10~! from (66). (For (76) we have used the
same p, and the computed value of Avr(—ipy) as for (66).)

4.1 Proof of Lemma 4.1

Lets call IC;; (s) the 4 elements of the matrix K. To obtain expansions for these coef-
ficients we compute first an expansion for = associated to Example 1 in (60).

Lemma 4.2 The functions Y can be written as

where Y, = (¢x, x) With
i 4 200 120
¢*=—s—3—s—4+s—5+s—6,
i 4 200 120
pEETET e
which satisfy
M. (p)
|+(5)], lpu(5)] < |:|3 , (77)
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for

420 120
Mi(p) =1+ —+ =+ —, (78)
popT P

and the remainders E* = (Ei, 5;,'[) satisfy

B
+ +

with

S 4 4 2257

B = 33 (Ml (o) + Myp) Mo+ =

Proof By (62), the firstiteration 7~ (0) analyzed in Lemma 2.2 for Example 1 is given
by

0
1 ,
(0) = ——e'dt,
]-'1() s,/;oo(s-i-t)“e t

0
1 .
F50) = iy
2@ Sﬁwm+o”

Integrating by parts, we obtain

i+4s 0 1

300 s (s F1)

i 4 200 120 _ _

=-S5 -3t 5+t TE () =0¢s)+ E[(5),
S S

elldr

Fi )=

3 s
where
IEl‘(s)|=‘720s/O L i ‘_@/w—l dr = 1205 _ 25T
oo (5 +1)8 Is|o Jo @2+ 1D)* |s]0 32 2|s|®
Analogously, for the second component
4 200 120

_ l _ _
Fy (0) = S—3—s—4+s—5+s—6+E2(S)=fﬂ*(S)+E2(S),

where E, has the same bounds as E :

225w
ES < —.
B = 5
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Let us call ¥, = (¢4, ¢s) and E~ = (E], E5 ). Observe that by Lemma 2.1 and

Corollary 2.4 and recalling that, for Example 1, one has Mlj | = Mlj2 =0for j =
1,2,3,

5
|7~ = F~ O < 3—7; ISW,s) — S0, 9l

Sm
= 55 (Mho) + ) 1w 1.

Now we use that 1/~ is a fixed point of operator 7~ and therefore

[v= = vsllg < v - F @[5+ [E" O]

5t y 2257
= 2 (M o)+ Miy(p) Mo + == = B.
32 2
We conclude
. i 4 20i n 120 - B
s3 0 st S sO )1 7 |s|®’
_ i 4 n 20i n 120 _ B
¢ P N AT

m}

Using the previous result, we can compute a better asymptotic expansion of yj.
We rely on the expression

1
K11(s) =[0 pS1 (W () + (YT (s) — ¥ (s))dt.
Note that, for Example 1,

_ 2n¢¢ + Bp?¢? + Co
(1 + Dpg)?

S

where

We define the function

8(r) =S (Yu(s) +7 (E7 () +1(E76) = €7(9)))
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and using the fundamental theorem of calculus, g(1) = g(0) + fol g (r)dr, we have
that

8pS1W () + 1P () — Y~ (5) = IS (Y (5))
1
+ (& W +1EF ) - 65 ) /0 859S1 (Vi(s) +7 (€7 () + 1(EF () — € () dr

1
+ (& ) +1E () — €, (5) fo 3ppS1 (Vuls) + 7 (E7 () + 1(ET(5) — E7(5))) dr.

Therefore,
Kt = 991 (1 (5)
+ /O 1 [(5¢(s> FIES )~ £ ) /0 oSt (W (9)
+r (E7() +1(ET(s) — E(5))) dr] dt (80)
+ /O 1 [(&0 () +1EFS) — E5 () /0 o) (0 5)
+r (E7() +1(ET(s) — € (5))) dr] du.
One can easily check that

2A¢ — 2DCy? C 4 2A¢ — DCp¢
Y 0, Si(Y) =
(1+ D)’ e ) = o)’

Moreover, by (52) and (77), we know that

ppS1(Y) =

[(5) + (€ (5) +1ET ) — £ = 2.

|51

Then, taking into account the definitions of A, C, D, one can obtain the following
bounds for [s| > p,

2

1 2Mo(1 + 1) +25¢

10ppS1(Y)| < = -
s 2
My

M2
11+2Mo(1+%)+p—f3

B 3
N 2
(1—M—£’>
P

Using (80) and the bounds (79), we obtain that /C1; satisfies

106 S1(¥)] =

K11(s) = 0551 (¥ (5)) + EK1, (81)
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with
2
L+4Mo(1+ 1) 4378

3
2
o

Last step is to compute 9yS1(V+) using the formula of v, in Lemma 4.2. We recall
that

B
IEL11] < WR, where R = (82)
S

Pupes® (i — 1) (2 + Puhus?) + 0
(1 + ¢*¢*52)2

’

0pS1(Ys) =

and we write

20.us? (i — 1) + 1o

0551 (Y1) = o)

with

§0*¢*52 (i - %) (P*¢*S2

_MI+D 1 By
2
(1 +§0*¢*52)

- ( Mz)z Is|8  Is[8
1_0_4

IER1| =

(83)

Now, using that

we write

1 1
dpS1(Yry) = <2¢*¢*s2 (i - ;) + ;w*) (1 - 2¢*¢*s2) +ERI 4 ER,

1 1
= 20, s’ (i — ;) + R& +ER1+ERy + ER3,

with
2,24 )
£l = g (i - 1) o L |2 02000
* s (1 + ¢*¢*S2)2
2
M5 CML(1+ 1) 4+ 13+ 2
< * P o
- |S|12 M?2 2
o)
P
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1 2M;
M3 M+ 5 +DB+2) g

< — - —=
~ Is® 4 M2\? Is[8
P (1 p“)
1 1
IER3| = '<2¢*¢*52 (i - —> + —(,0*) (—z(ﬂ*d)*sz)’
N A
oM 1 Bi3
M (1+— ) +1) = —5. (84)
Is[® P |58

We now substitute the expressions ¥, in Lemma 4.2 which give

1 24 400

¢*(p*:s_6_s_8+sT0’
SR TP S T
s s s4os5 56 T s8 s97

which gives

3i 6 68i 48
3¢51(1ﬂ*)=s—4—s—5—s—6 7
+ER1 4+ ERy + ER3 + ER4,

and

800 1 B
IER4| < — (1— =) = 22 (85)
|s|3 0 |s|3

Using these approximations in (81), we obtain the statement of the lemma taking
EKT 11 =ER 11 +ERI +ERy + ER3 + ER4.

Using the bounds (82), (83), (84), (85), we get

BR  Bi1+ B2+ Biz+ Bus

T — 86
IEKT 1| < 7 + e (86)
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Appendix A: Proof of Lemma 2.1
To prove Lemma 2.1, we need first the following lemma.
LemmaA.1 Ifm is even

0 1 nm—mu;B
[waﬂﬁwﬂ T2 m-2n "

and, for m odd

0 1 Lo m=dn
/;OO (t2 + 1)m/2 - (m —2)!1 = Dy.

Proof Integrating by parts,

0 1 0 l2
= [ o=k
—00 (tz + 1)](/2 —00 (tQ. + 1)%"1‘1

=kly — klxyr.
Therefore Ij4p = ’%Ik which implies I = %Ik,z and therefore

k-3
DN The

with J = Iz ifkisodd and J = I, if kis even. Since Iz = 1 and I, = % we are done.
O
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We use this lemma to prove Lemma 2.1.

Proof of Lemma 2.1 Let Y = (¢, ¢) € &, The first component of B~ (y) is

B 0 eiott
By () =s/ o O (s +1)dt. (87)

oo S 1

We first prove the first item. Indeed, using that |s + 112> |s|*> +1*fors € Dp_, one
can prove that

= 1 .
N

. o g1, /0 ! ol
B v dt = g
| 1 (1//)} < Is|lioll /—oo s + ¢V H] = s|v—1 oo (t2 " 1)

Analogously we deal with B, (1) and we obtain the result in the first item, taking into
account that the product norm is the supremum norm.

Now we deal with the second item. By the geometry of D, and using the Cauchy’s
theorem, we can change the path of integration in the integral (87) defining B, ()
tote'V,t € (—o0, 0], with 0 < y < B. We obtain then

0 iate'”

d(s +tel)e' dr.

By (¥)(s) = S/

oo § FtelV

Notice that s + te'? € D, and

4 T
|s +te'y| > |s|sin (E - y) = |s|cos y.

Therefore

o1l /O asinyt g, _ Pl
|s|"(cosy)UJrl —o0 |s|"oe(cosy)u+1siny

1By ()] =

The function (cos y)U—H sin y has only a maximum in (0, %) in Yy such that (v +
1)sin? y, = 1.

As in the first item, 5, (¥) can be treated in the same way, changing here the
integration path to fe™'?. O

Appendix B: Computing the bound on Ay (—ip*)

Here we provide an explicit rigorous estimate, using interval arithmetic bounds, for
the distance between ¥ (—ip) and ¥~ (—i p) for a given p > 0 which we have used
for our Examples 1 and 2 (discussed in Sects. 3.1, 3.2 and 4).

We start with Example 1. We work with the system (11) with F| = —s 3 =0,
H=0.
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By writing
¢ =x1+iy;, @=x2+iy, s=s51+1is,

we can rewrite (11) as

3 2

52 S1X1 ST — 3S1S2

N=\l+5—=|n+5——5-— YT
ST+ StHsy (st 453)

3 2

52 S1Y1 sy — 35780
=t )+t
S|+ 5 Sp sy (sT+s3)

2

, §2 S1X2 S? - 3S1S2

HnE=—(l-ms nt 5 5 - o,
ST+ 83 StHsy (7 +53)

3 2

. k%) - S1y2 _s2—3s1sz
2= 212?22 R
15 18y (s7+s3)

51 = —2s152 (x1y2 + x2)1) + (x1X2 — y1)2) (S% - S%) +1,

$5 = 2812 (%2 = yiy2) + (xav2 +xo) (57— 53). (88)

This is an ODE in R®, with real time t. We shall write ®, for the flow induced by
(88).

Note that (s1, s2) = (0, —p) corresponds to the complex s = —ip.

For x € R, we shall write

™ (x) =sup {r < 0: 7 P (x) =0},
T (x) =inf {r > 0: 7, P (x) =0},

and define

PP :R® - {51 =0},
PH(x) 1= @pr (1 (1),
P (x) = ®p—(x)(¥).
We do not assume that P* and P~ are globally defined. Whenever we write P (x)
or P~ (x), we will always validate that the considered point x lies in the domain of
the map.

We know that the two solutions ¥+ of (12) (with F; = —s =3, F, = 0, H = 0)
satisfy

lv=®| < IsI7> Mo < I9ts| > My~ for 9ts <0, (89)
lw* )| < IsI7> Mo < [9s| > My~ for 9s > 0. (90)
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Fig. 1 Tllustration for Lemma B.1. Here we depict the projection of the flow onto the s = (s1, s2) coor-
dinates. The sets P+ (pT) and P~ (p~) which lead to the bound (92) for Ay lie on the section {s; = 0}

LemmaB.1 Consider s~ sl st e R? oftheform sTo=(81,85), sl+ = (sf', s;:l),
= (sfr, s{u), where 5| < O < s1 and S2,l < S2,u’ (The subscripts | and u stand

¢ B ‘ ’. . + 2 . . . +
for ‘lower’ and ‘upper’; see Fig. 1.) Let sT C R< be the vertical interval joining s,
and s, and let

PeRﬁiﬂsPZS_,

morl < It Mo,

‘Sl’ }

o

p: {peRG:mp est,
[
{

p={peR:mp=s), <|sf|” ]
b = pew:m—sl,w||<|sl| Mo}
If
7o, P*(p) < 7P (p7) < 7 PT (pi) <0, o1

then there exists a p* € —mg, P~ (p_) such that
AV (=in") =y (=ip") =y~ (ip") € 7y (P (07) P~ (7). (92)
Proof From (89-90) we see that

v (s7) emyp,
Y (st) C e ypt

By the Bolzano theorem applied to
st o5 e my (PT (Y (7). s™) =P (¥ (s7).s7))
from (91), we see that there there exists a s;” € s* such that
Pr (s0).s) =P (¥ (s7).s7).
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By definition of P* we know that 7, P* (¢) € {0} x R, so
P (0 (7). 5) = 7P (0 () o5T) = (0.-0Y).
for some p* > 0 (the sign follows from (91)) and hence

Y (=ip?) = m P (U (57) 8 7) €y P (p).
Yt (=ip®) = me, P (0 (5) 5) € m, P ().
which implies (92), as required. .

In our computer-assisted proof, we have taken p := 16.00008679 and

sT=(-10°,-5), 93
( p) 93)
st = (10%, =5 +107°), (94)
st = (10% =5 = 107). 95)

(the choice of p is dictated by the fact that then p* =~ 16; see (63)). Then, we have
validated that, with such choice of s, s,j‘ , sl+ , Lemma B.1 leads to the bound (64).
The computation of P (p+) , P~ (p’) required a long integration time, due to the
number 103 in our choice of sy, sf’. The benefit of such large value in s is that then
|§}is|_3 is a very small number, leading to small sets pi, pl+, p;“. This results in good
bounds on Avr. Such choice of s was reached by trial and error.

The computer-assisted validation of (64) took under 20 seconds, running on a single
thread of a standard laptop.

The computation of A1 in the second example also follows from Lemma B.1. The
only difference is the formula for the vector field, which is

3 2

S1 ) s7 — 3518

xi: 2 2X1+ o+ 2 2 |~ 12 2§
sy + sy s7+ 85 (51 +52)

1
T2 (S2 (xl2 —yi =g+ Y%) + 251 (x2y2 — X1y1)> ;
ST+ 85
3 2
/ 52 81 55 — 38782
yi=—le+ 5 2>x1+2 VI — :
( S|+ 53 S|+ 83 (st +53)
1
-3 (S1 <x12 —x—yi+ y%) + 252 (x1y1 — X2y2)> ,
ST+ 85
o = S1 o o 52 - s13 — 3s1s§
b= — [ = = e S~}
st + 53 st +s3 (7 +53)°
1
—— (S2 (xlz —yi—x3+ y%) + 251 (x2y2 — X1y1)> ,
sy + 85
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3 2
, 52 S1 55 — 35782
n=\e- g g )t g a2 3
5T+ 8 st (s? + 53)
1
- (S1 <x12 —x;—yi+ y%) + 252 (x1y1 — X2y2)> ;
ST+ 85

sy =1—=2bsisy (x1y2 +x2y1) + b (Slz - S%) (X1x2 — y1y2) »

sy = 2bsysy (x1x2 — y1y2) + b (S12 - S%) (x1y2 +x2y1) -

We take the same s, ler s s,j’ as in (93 —-95) which, with the aid of Lemma B.1 and
interval arithmetic integration, leads to the bounds (69 —70).

The computer-assisted validation of (70) took under 25 seconds, running on a single
thread of a standard laptop.
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