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The Restricted 3-Body Problem models the motion of a body
of negligible mass under the gravitational influence of two
massive bodies called the primaries. If one assumes that
the primaries perform circular motions and that all three
bodies are coplanar, one has the Restricted Planar Circular
3-Body Problem (RPC3BP). In rotating coordinates, it can
be modeled by a two degrees of freedom Hamiltonian, which
has five critical points called the Lagrange points L1, ..., Ls.
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show that Ls cannot have (one round) homoclinic orbits.

If the ratio between the masses of the primaries p is small, the
hyperbolic eigenvalues of Lz are weaker, by a factor of order
/I, than the elliptic ones. This rapidly rotating dynamics
makes the distance between manifolds exponentially small
with respect to /. Thus, classical perturbative methods (i.e.
the Melnikov-Poincaré method) can not be applied.
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The obtention of this asymptotic formula relies on the results
obtained in the prequel paper [10] on the complex singularities
of the homoclinic of a certain averaged equation and on the
associated inner equation.
In this second paper, we relate the solutions of the inner
equation to the analytic continuation of the parameterizations
of the invariant manifolds of L3 via complex matching
techniques. We complete the proof of the asymptotic formula
for their distance showing that its dominant term is the one
given by the analysis of the inner equation.
© 2023 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).
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1. Introduction

The Restricted Circular 3-Body Problem models the motion of a body of negligible
mass under the gravitational influence of two massive bodies, called the primaries, which
perform a circular motion. If one also assumes that the massless body moves on the
same plane as the primaries one has the Restricted Planar Circular 3-Body Problem
(RPC3BP).

Let us name the two primaries S (star) and P (planet) and normalize their masses so
that mg =1 — p and mp = pu, with p € (0, %] Choosing a suitable rotating coordinate
system, the positions of the primaries can be fixed at gs = (1,0) and gp = (p — 1,0).
Then, the position and momenta of the third body, (¢,p) € R? x R?, are governed by
the Hamiltonian system associated to the Hamiltonian

R (0 1 (1 - p) u
v = 15— () 0>p‘||q<u,o>||‘||q<u1,o>|' (1)

Note that this Hamiltonian is autonomous. The conservation of h corresponds to the

preservation of the classical Jacobi constant.

For p > 0, it is a well known fact that (1.1) has five critical points, usually called
Lagrange points (see Fig. 1(a)). On an inertial (non-rotating) system of coordinates,
the Lagrange points correspond to periodic dynamics with the same period as the two
primaries, i.e. on a 1:1 mean motion resonance. The three collinear Lagrange points, L1,
Lo and Ls, are of center-saddle type whereas, for small y, the triangular ones, Ly and
L5, are of center-center type (see, for instance, [55]).

Due to its interest in astrodynamics, a lot of attention has been paid to the study of
the invariant manifolds associated to the points L; and Lo (see [40,32,21]). The dynamics
around the points L4 and Ls has also been heavily studied since, due to its stability,
it is common to find objects orbiting around these points (for instance the Trojan and
Greek Asteroids associated to the pair Sun-Jupiter, see [29,20,51]). Since the point Lg
is located “at the other side” of the massive primary, it has received somewhat less
attention. However, the associated invariant manifolds (more precisely its center-stable
and center-unstable invariant manifolds) play an important role in the dynamics of the
RPC3BP since they act as boundaries of effective stability of the stability domains around
Ly and Ly (see [31,54]). The invariant manifolds of L play also a fundamental role in
creating transfer orbits from the small primary to L3 in the RPC3BP (see [37,56]) or
between primaries in the Bicircular 4-Body Problem (see [38,39]).

Moreover, being far from collision, the dynamics close to the Lagrange point L3 and its
invariant manifolds for small p are rather similar to that of other mean motion resonances
which play an important role in creating instabilities in the Solar system, see [28]. On
the contrary, since the points L; and Ly are close to collision for small u, the analysis
of the associated dynamics is quite different.

Over the past years, one of the main focuses of study of the dynamics “close” to
L3 and its invariant manifolds has been the so called “horseshoe-shaped orbits”, first
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Fig. 1. (a) Projection onto the g-plane of the Lagrange points (red) for the RPC3BP on rotating coordinates.
(b) Plot of the stable (green) and unstable (blue) manifolds of Lg, for p = 0.0028, on the g-plane. (For
interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

considered in [17], which are quasi-periodic orbits that encompass the critical points Ly,
L3 and Ls. The interest on these types of orbits arises when modeling the motion of
co-orbital satellites, the most famous being Saturn’s satellites Janus and Epimetheus,
and near Earth asteroids. Recently, in [49], the authors have proved the existence of 2-
dimensional elliptic invariant tori on which the trajectories mimic the motions followed
by Janus and Epimetheus (see also [24,25,44,22,12,15,9,23]).

Rather than looking at stable motions “close to” Lg as [49], the goal of this paper
(and its prequel [10]) is rather different: its objective is to prove the breakdown of ho-
moclinic connections to Ls. Indeed, since L3 is a center-saddle critical point, it possesses
1-dimensional unstable and stable manifolds, which we denote by W*(u) and WS(u),
respectively, and a 2-dimensional center manifold. Theorem 1.1 below gives an asymp-
totic formula for the distance between the stable and unstable invariant manifolds (at a
suitable transverse section) for mass ratio g > 0 small enough.

1.1. The distance between the invariant manifolds of L3

The one dimensional unstable and stable invariant manifolds of L3 have two branches
each (see Fig. 1(b)). One pair circumvents Ls, which we denote by W™ (u) and WS (p),
and the other, W™~ (u) and W9~ (u), circumvents L4. Since the Hamiltonian system
associated to the Hamiltonian A is reversible with respect to the involution

(g, p;t) = (q1, —q2, —p1,P2),

the + branches of the invariant manifolds are symmetric with respect to the — branches.
Thus, we restrict our analysis to the positive branches.

To measure the distance between W/ 5% (), we consider the symplectic polar change
of coordinates
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cosf cosf G ([ siné
q:T(sin9>’ p:R(Sing)_?(—COSQ)’ (1.2)

where R is the radial linear momentum and G is the angular momentum.
We consider the 3-dimensional section

E:{(T797R,G)ERXTXR2 : r>179:g}

and denote by (r}, 5, R}, G}) and (13, T, R}, G%) the first crossing of the invariant man-
ifolds with this section.
The next theorem measures the distance between these points for 0 < p < 1.

Theorem 1.1. There exists po > 0 such that, for p € (0, o),

u pu u s 3 1A 1
1(r, RY, GY) — (1%, RS, G3) || = VA phe {|@| Lo (m)} 7
where:
o The constant A > 0 is the real-valued integral
T 2
A= 0/ 1717\/3(33“)(1”1“74:52)@%0.177744. (1.3)

e The constant © € C is the Stokes constant associated to the inner equation analyzed
in [10] and in Theorem 3.13 below.

Remark 1.2. We can prove the same result for any section

2(0.) ={(r,0,R,G)ERXT xR* : r>1,0=0,},
with 6, € (0,6,) and §y = arccos (3 — v/2) (the value of ;19 depends on how close to the
endpoints of the interval 6, is). The section 6 = 6 is close to the “turning point” of the
invariant manifolds (see Fig. 1(b)).

The constant A in (1.3) is derived from the values of the complex singularities of the
separatrix of certain integrable averaged system, which is studied in the prequel paper
[10]. The results obtained in [10] about this separatrix are summarized in Theorem 3.1
below.

The origin of the constant © appearing in Theorem 1.1 is explained in Theorem 3.13,
which analyzes the so-called inner equation. This theorem is also proven in [10]. Moreover,
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in that paper it is seen, by a numerical computation,' that |©] ~ 1.63. We expect that
one should be able to prove that |©| # 0 by means of rigorous computer computations
(see [6]). Note that |©| # 0 implies that there are not primary (i.e. one round) homoclinic
orbits to Ls.

A fundamental problem in dynamical systems is to prove whether a given model has
chaotic dynamics (for instance a Smale horseshoe). For many physically relevant models
this is usually remarkably difficult. This is the case of many Celestial Mechanics models,
where most of the known chaotic motions have been found in nearly integrable regimes
where there is an unperturbed problem which already presents some form of “hyperbol-
icity”. This is the case in the vicinity of collision orbits (see for example [46,13,16,47])
or close to parabolic orbits (which allows to construct chaotic/oscillatory motions),
see [53,1,43,48,33,35,34]. There are also several results in regimes far from integrable
which rely on computer assisted proofs [2,58,19,36]. The problem tackled in this paper
and [10] is radically different. Indeed, if one takes the limit g — 0 in (1.1) one obtains
the classical integrable Kepler problem in the elliptic regime, where no hyperbolicity is
present. Instead, the (weak) hyperbolicity is created by the O(u) perturbation, which
can be captured considering an integrable averaged Hamiltonian along the 1 : 1 mean
motion resonance.’

One of the classical methods to construct chaotic dynamics is the Smale-Birkhoff
homoclinic theorem by proving the existence of transverse homoclinic orbits to invariant
objects, most commonly, periodic orbits. Certainly the breakdown of homoclinic orbits
to the critical point L3 given by Theorem 1.1 does not lead to the existence of chaotic
orbits. However, one should expect that Theorem 1.1 implies that there exist Lyapunov
periodic orbits exponentially close to L3 whose stable and unstable invariant manifolds
intersect transversally. This would create chaotic motions “exponentially close” to Lg
and its invariant manifolds (see [11]).

As already mentioned, Theorem 1.1 rules out the existence of primary homoclinic
connections to L3 in the RPC3BP for 0 < u <« 1. However, it does not prevent the
existence of multiround homoclinic orbits, that is homoclinic orbits which pass close
to L3 multiple times. It has been conjectured (see for instance [14], where the authors
analyze this problem numerically) that multi-round homoclinic connections to Lg should
exist for a sequence of values {yy}, o satisfying p, — 0 as k — oo.

A first step towards proving Arnold diffusion along the 1 : 1 mean motion resonance
in the 3-body problem? Consider the 3-Body Problem in the planetary regime, that is
one massive body (the Sun) and two small bodies (the planets) performing approximate
ellipses (including the “Restricted limit” when one of planets has mass zero). A funda-
mental problem is to assert whether such configuration is stable (i.e. is the Solar system

! One can find in the webpage https://github.com/margiralt /stokesConstantL3 the code for this numerical
computation.

2 The 1 : 1 averaged Hamiltonian has been also studied to obtain “good” approximations for the global
dynamics in the 1 : 1 resonant zone, see for example [52,50] and the references therein.
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stable?). Thanks to Arnold-Herman-Féjoz KAM Theorem, many of such configurations
are stable, see [3,26]. However, it is widely expected that there should be strong insta-
bilities created by Arnold diffusion mechanisms (as conjectured by Arnold in [4]). In
particular, it is widely believed that one of the main sources of such instabilities dynam-
ics are the mean motion resonances, where the period of the two planets is resonant (i.e.
rationally dependent) [28].

The RPC3BP has too low dimension (2 degrees of freedom) to possess Arnold diffu-
sion. However, since it can be seen as a first order for higher dimensional models, the
analysis performed in this paper can be seen as a humble first step towards constructing
Arnold diffusion in the 1 : 1 mean motion resonance. In this resonance, the RPC3BP has
a normally hyperbolic invariant manifold given by the center manifold of the Lagrange
point L3. This normally hyperbolic invariant manifold is foliated by the classical Lya-
punov periodic orbits. One should expect that the techniques developed in the present
paper would allow to prove that the invariant manifolds of these periodic orbits intersect
transversally within the corresponding energy level of (1.1). Still, this is a much harder
problem than the one considered in this paper and the technicalities involved would be
considerable.

This transversality would not lead to Arnold diffusion due to the low dimension of
the RPC3BP. However, if one considers either the Restricted Spatial Circular 3-Body
Problem with small g > 0 which has three degrees of freedom, the Restricted Planar
Elliptic 3-Body Problem with small ¢ > 0 and eccentricity of the primaries ey > 0, which
has two and a half degrees of freedom, or the “full” planar 3-Body Problem (i.e. all three
masses positive, two small) which has three degrees of freedom (after the symplectic
reduction by the classical first integrals) one should be able to construct orbits with a
drastic change in angular momentum (or inclination in the spatial setting).

In the Restricted Planar Elliptic 3-Body Problem the change of angular momentum
would imply the transition of the zero mass body orbit from a close to circular ellipse
to a more eccentric one. In the full 3BP, due to total angular momentum conservation,
the angular momentum would be transferred from one body to the other changing both
osculating ellipses. This behavior would be analogous to that of [28] for the 3: 1and 1: 7
resonances. In that paper, the transversality between the invariant manifolds of the nor-
mally hyperbolic invariant manifold was checked numerically for the realistic Sun-Jupiter
mass ratio 4 = 1072, Arnold diffusion instabilities have been analyzed numerically for
the Restricted Spatial Circular 3-Body Problem in [57].

1.2. The strategy to prove Theorem 1.1

The main difficulty in proving Theorem 1.1 is that the distance between the stable and
unstable manifolds of L3 is exponentially small with respect to \/u (this is also usually
known as a beyond all orders phenomenon). This implies that the classical Melnikov
Method [30] to detect the breakdown of homoclinics cannot be applied.
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To prove Theorem 1.1, we follow the strategy of exponentially small splitting of sep-
aratrices (already outlined in [10]) which goes back to the seminal work by Lazutkin
[41,42]. See [10] for a list of references on the recent developments in the field of ex-
ponentially small splitting of separatrices. In particular, we follow similar strategies of
those in [8,7].

In the present work the first order of the difference between manifolds is not given
by the Melnikov function. Instead, we must derive and analyze an inner equation which
provides the dominant term of this distance. As a consequence, we need to “match”
(i.e. compare) certain solutions of the inner equation with the parameterizations of the
perturbed invariant manifolds.

The first part of the proof, that was completed in the prequel [10], dealt with the
following steps:

A. We perform a change of coordinates to capture the slow-fast dynamics of the sys-
tem. The first order of the new Hamiltonian has a saddle point with an homoclinic
connection (also known as separatrix) and a fast harmonic oscillator. The change of
coordinates is introduced in Section 2 and the properties of the new Hamiltonian
are stated in Proposition 2.1, which corresponds to Theorem 2.1 in [10].

B. We study the analytical continuation of the time-parametrization of the separatrix
of this first order. In particular, we obtain its maximal strip of analyticity and
the singularities at the boundary of this strip. This is explained in Theorem 3.1 in
Section 3.1, which corresponds to Theorem 2.2 and Proposition 2.3 in [10].

C. We derive the inner equation. This step is contained in Proposition 3.12, which
corresponds to Proposition 2.5 of [10].

D. We study two special solutions which will be “good approximations” of the perturbed
invariant manifolds near the singularities of the unperturbed separatrix (see Step F
below). Such solutions, and their difference, are provided by Theorem 3.13, which
corresponds to Theorem 2.7 of [10].

The remaining steps necessary to complete the proof of Theorem 1.1 are the following;:

E. We prove the existence of the analytic continuation of the parametrizations of the
invariant manifolds of Lz, W"*(§) and W*™*(4), in an appropriate complex do-
main called boomerang domain. This domain contains a segment of the real line and
intersects a sufficiently small neighborhood of the singularities of the unperturbed
separatrix.

F. By using complex matching techniques, we show that, close to the singularities of the
unperturbed separatrix, the solutions of the inner equation obtained in Step D are
“good approximations” of the parameterizations of the perturbed invariant manifolds
obtained in Step E.
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G. We obtain an asymptotic formula for the difference between the perturbed invariant
manifolds by proving that the dominant term comes from the difference between the
solutions of the inner equation.

The structure of this paper goes as follows. In Section 2 we perform the change
of coordinates introduced in Step A and state Theorem 2.2, which is a reformulation
of Theorem 1.1 in this new set of variables. Then, in Section 3, we state the results
concerning Steps B, C and D above (which are proven in [10]) and we carry out Steps
E, F and G. These steps lead to the proof of Theorem 2.2. Sections 4 and 5 are devoted
to proving the results in Section 3 which concern Steps E and F.

2. A singular formulation of the problem

The Lagrange point Ls is a center-saddle equilibrium point, of the form (d,,0,0,d,,)
with d,, = 14 5 p+ O(p?), of the Hamiltonian h in (1.1) whose eigenvalues, as y — 0,
satisfy (see [55])

p(p) = \/ng O(n),

Spec = {£+ ,Hiw ,  with
pec = {+/1 p(p) (1)} t {W(M)ngom-

The center and saddle eigenvalues are found at different time-scales. Moreover, when
1 = 0, the unstable and stable manifolds of L3 “collapse” to a circle of critical points. Ap-
plying a suitable singular change of coordinates, which is based on the classical Poincaré
variables (see [27,45]) and singular scalings, the Hamiltonian h can be written as a per-
turbation of a pendulum-like Hamiltonian weakly coupled with a fast oscillator.

The construction of this change of variables is presented in detail in Section 2.1 of [10].
To make the paper self-contained, in Appendix A, we give some details on the definition
and properties of the Poincaré variables. In the present section we just describe the
properties of the Hamiltonian (1.1) in these coordinates.

The Hamiltonian h expressed in the classical (rotating) Poincaré coordinates, ¢po; :
(M Lyn, &) — (q,p), defines a Hamiltonian system with respect to the symplectic form
dANdL + i dn A d§ and the Hamiltonian

HPOi — Hg'oi +/,6Hf0i, (21)
with

H§(L,n, &) = — —L+n¢ and  HY = hj o dpei. (2.2)

1
212
Moreover, the critical point L3 satisfies

A =0, (L,n, &) =(1,0,0) + O(u) (2.3)
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and the linearization of the vector field at this point has, at first order, an uncoupled
nilpotent and center blocks,

+ O(p). (2.4)

cococo
[
coo.,
o= o0
coo

—1

Since ¢po; is an implicit change of coordinates, there is no explicit expression for HY.
However, it is possible to obtain series expansion in powers of (L — 1,7,£) (see Ap-
pendix B). These expansions have already been used in [10] (see Lemma 4.1).

To capture the slow-fast dynamics of the system, renaming

5= pt,
we perform the singular symplectic scaling
bsc : N A 2, y) = (N L,n, &),  L=1+6A, n=dx, {=0dy (2.5)

and the time reparametrization ¢t = §~27. Defining the potential

1

V(A = HFP(),1,0,0;0) = 1 — coS A — —x,
() 17 ) V2 +2cos A

(2.6)

the Hamiltonian system associated to HF°! expressed in scaled coordinates, defines a
Hamiltonian system with respect to the symplectic form d\ A dA + idx A dy and the
Hamiltonian

H = H, + Hosc + Hi, (2.7)

where

LY

3
Hy(\A) = =SA7+ V), Hoselw,4:0) = 57,

. 1
Hy(O\ A, 2,9:0) = HPUO 1+ 02, 62,0550%) = V) + 5 Fp(020) (2.9)
and
(1 3.3 o 3
Fy(z) = ( S0+ 2)2 (1+z)> + 5 + 5% = O(z7). (2.10)

Therefore, we can define the “new” first order

Hy = Hy + Hege. (2.11)
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azall
AN

Fig. 2. Phase portrait of the system given by Hamiltonian H,(\, A) on (2.8). On blue the two separatrices.

A

|
3
3

From now on, we refer to Hy as the unperturbed Hamiltonian and we identify H; as the
perturbation.

The next proposition, proven in [10, Theorem 2.1], gives some properties of the Hamil-
tonian H.

Proposition 2.1. The Hamiltonian H, away from collision with the primaries, is real-

analytic in the sense of H(\, A, z,y;0) = H(\, A, y, z;0).
Moreover, for § > 0 small enough,

o The critical point Ly expressed in coordinates (A, A, x,y) is given by
£(9) = (O,522,\(5),53&:(6),5323,(5)) , (2.12)

with [Ea(9)], [£2(9)], |£4(0)| < C, for some constant C > 0 independent of 0.
o The point £(5) is a saddle-center equilibrium point and its linearization is

0 -3 0 0
-Z 0 0 0
8 .
C 0 L o0 + 0O(6).
0 0 0 —%

Therefore, it possesses a one-dimensional unstable and stable manifolds, W*(8) and

W5 (6).

The unperturbed system given by Hp in (2.11) has two homoclinic connections in
the (A, A)-plane associated to the saddle point (0,0) and described by the energy level
H, (A, A) = —3 (see Fig. 2). We define

Ao = arccos <% — \/5) , (2.13)

which satisfies H,(Ag,0) = —% so that, for the unperturbed system, \g is the “turning

point” in the (A, A) variables. We will see that, in our regime, 6 ~ X\ and thus the value
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of 6y introduced in Remark 1.2 is indeed close to the “turning point” of the invariant
manifolds (see Fig. 1(b)).

We rewrite Theorem 1.1, in fact the more general result in Remark 1.2; in the set of
coordinates (A, A, z,y). For A, € (0, \g), we consider the 3-dimensional section

SA) ={(\Azy) eRPXC? 1 A=A, A> 0,2 =7},

which is transverse to the flow of H, and we define the first crossings of the invariant
manifolds W"*(§) with this section as (A, A%, 2%, y) and (A, AS, 23, 45).

Theorem 2.2. Fiz an interval [A1, Aa] C (0, Ao) with Ao as given in (2.13). Then, there
exists 0o > 0 and by > 0 such that, for § € (0,d0) and A« € [A1, A2], the first crossings
are analytic with respect to \* and

|AZ] < bo, 22, [yg] < bod®, o =u,s. (2.14)
Moreover,
u s u S 6 1 -4 1
|log 4

A~ A3 = O(85e ),
where A and © are the constants introduced in Theorem 1.1.
2.1. Proof of Theorem 1.1

To prove Theorem 1.1 (and Remark 1.2) from Theorem 2.2 we need to “undo” the
changes of coordinates ¢p,; and ¢s. and adjust the section from A\ = constant to 6§ =
constant.

First, we consider the change ¢ given by (X, L, n,&) = (X, 1+62A, 0z, 6y), (see (2.5)).
For A, € [A1, A2] we define

LM\ 0) = 14+ 8%A2, n°(\s;0) =022, €°(\;0) =6yS, foro=u,s. (2.15)
Then, by Theorem 2.2, one has

AL 8)] = [L (A3 8) = L* (A3 0)] = O (6% 73,

. 6 4 _A 1
B3] = I (0esb) = (i) = V2ade# 0] +0 (m )| 219

AL(As; ) = An(As; ).

Next, we study the change ¢p,;. In the following result, we give a series expression
of the polar coordinates with respect to the Poincaré elements. Even though its proof
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is a consequence of the definition of the Poincaré variables (see Section 4.1 in [10]), we
provide it in Appendix A.

Lemma 2.3. Fiz 9 > 0. Then, for |(L —1,n,£)| < 1 and |Im \| < o, the polar coordinates
(r,0, R, G) introduced in (1.2) satisfy

—i>\ z)\
r=1+42(L—1 —={+O(L—1,1,6),
( ) — VNG (L 1,§)
0 = X+ iv2e My — iv/2eNe + O(L — 1,7, €)?,
,L'e—i)\ iei)x
R= —~ L—-1,n8%  G=L-nt
NI ( n,§) né

Since in Theorem 2.2 the distance is measured in the section A = A, whereas the
Theorem 1.1, and more generally Remark 1.2, measures it in the section 8 = 6*, we
must “translate” the estimates in (2.16) to the new section. By Lemma 2.3, let gy be the
function such that 8 = A + ga(A, L, 1, £). Then, for o = u,s, we consider

F(00,8) =0 — X+ go (N, L°(X;0),n°(\;6),£%(X\;0)) .

Applying the Implicit Function Theorem, Lemma 2.3 and that, by (2. L)) °(X;0) =
and n°(\;0) = £°(A;0) = 0, then there exist function )\0(0 0) such that FO()\Q(G 9),0, 5)
0 and
X(60;6) =0 — iv/2e”O5°(6; 6) + iV2e7£°(6; 6)
(2.17)

~ ~ 2
+0 (L°(6:6) — 1,7°(6:0),£°(6;0)) ",

with 7°(0:6) = 1°(X°(6;0):6), £(6;0) = €°(X°(6;6);0) and L°(6;6) = L*(X°(6;):).
Notice that, by (2.14) (plus Cauchy estimates for their derivatives) and (2.15),

2°(8:0) = 6+ O(5*).

Thus, for any [01,62] C (0, ) and § small enough, there exists [A1, 2] C (0, \g) such
that, for 6 € [01,02] one has A**(8; ) € [A1, A2]. In addition,

L°(0;8) = L°(0;0) + O(6%) = 1+ O(?)
7°(6;0) = 1°(6;8) + O(6%) = O(8"), (2.18)
£°(0;0) = £°(0;6) + 0(5*) = 0(5")

Then, since A% > 0, by (2.15) one has that L"5(6;8) > 1 for 6 € [f1,65]. Moreover, by
Lemma 2.3 and taking ¢ small enough, one has r"%(6) — 1 > 0.
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The difference between the invariant manifolds in a section of fixed 6 € [0y, 6] is given
by

ANX(0; 8) = N"(6;6) — X(6;6), AL(6;6) =L"(0;8) — L°(6;6),

AG(6; 5) =7"(6:5) = 7°(6;5),  AL(6;5) =£"(050) — £(6;0).
Then, by (2.17) and (2.18), one has that
ANB; 8) = —iv/2e " ARj(0;0) + iV2e AE(; 6) + O (82 AL(0; 6), 68 A7j(6; 6), 6 AE(6:0)) .
Moreover, by the mean value theorem, (2.16) and (2.18),
AL(6;5) = AL(X"(6; 8); 8) + L*(X"(6; 8); 8) — L*(A*(6; 6); 9)
=06 % e73) + 020 (AN(6:9)).

Analogously,

AR(0;0) = An(A(6; 6); 6) + 6O (AX(6;9))

AE(;6) = An(X(6;0); 6) + 5°O (AX(8;0)) .

Therefore, using (2.16), one can conclude that

—~ ) _ % _ A ~/n. ) % _ A L>:|
[AX(0;0)| = O (6573, |AT(0;6)] = V28352 {@+0(|10g5 ,
IAL(G;0)| = O (65 e73F) AE(0;6) = A7(0;9).

Once we have adjusted the transverse section, it only remains to apply Lemma 2.3 to
translate these differences to polar coordinates. That is,

¢S

™ — 1% = —v/2cos 0 Re A7j(0; 6) — V/2sin 0 Im A7 (6; 6) + 0(51'_306_
R" — R® = —\/2cos 0 Im A7j(6; 6) + V/2sin 0 Re A7(6;6) + (’)(517)66_

),
);

¢S

G'—G* =053 e ),
which implies
10

I, R, G™) = (%, R, G%) || =V2| A7 (05 0)| + O 5 e 5%)
— YAt {|@|+o< )}
|log 4|

[t

To conclude the proof of Theorem 1.1, it is enough to recall that § = /ﬁ.
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3. Proof of Theorem 2.2

In this section, we present the main steps necessary to prove Theorem 2.2 (see the
list in Section 1) and complete its proof. In Section 3.1 we summarize the results con-
cerning the analysis of the separatrix of the unperturbed Hamiltonian H, (see (2.8))
done in [10] (Step B). In Section 3.2, we prove the existence of parametrizations of the
perturbed invariant manifolds in suitable complexes domains (Step E). In Section 3.3,
we study the difference between the perturbed manifolds near the singularities of the
perturbed separatrix. In particular, in Section 3.3.1, we summarize the results concern-
ing the derivation (Step C) and analysis (Step D) of the inner equation obtained in
[10] and, in Section 3.3.2, we compare certain solutions of the inner equation with the
parametrizations of the perturbed manifolds by means of complex matching techniques
(Step F). Finally, in Section 3.4, we combine all the previous results to obtain the domi-
nant term of the difference between the invariant manifolds and prove Theorem 2.2 (Step

G).
3.1. Analytical continuation of the unperturbed separatrix

The unperturbed Hamiltonian
Ho(M Az, y) = Hy(A\ A) + Hose(2,y)

(see (2.11)) possesses a saddle with two separatrices in the (A, A)-plane (see Fig. 2). Let
us consider the real-analytic time parametrization of the separatrix with A € (0, ),

c:R—-T xR

(3.1)
t— o(t) = n(t), An(t)),

with initial condition o(0) = (Ao, 0) where Ao = arccos (3 — V2) € (3, 7).
The following result (which encompass Theorem 2.2, Proposition 2.3 and Corollary 2.4
in [10]) gives the properties of the analytic extension of o(t) to the domain

5% ={t € C : [Imt| <tanfRet+ A}U (3.2)
{teC : |Imt| < —tan SRet + A}, .
with A as given in (1.3) (see Fig. 3).

Theorem 3.1. The real-analytic time parametrization o defined in (3.1) satisfies:

e There exists 0 < By < § such that o(t) extends analytically to 114 g,.
e o(t) has only two singularities on TG ~at t = +iA.
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s

P

ext

Fig. 3. Representation of the domain II%"}; in (3.2).

Ret

e There exists v > 0 such that, for t € C with |t —iA| < v and arg (t —iA) € (=2, F),

An(t) =7+ 3a (t —iA)S + Ot —iA)3,
_2o

Lo —iA),
3 (t—iA)s (8 —24)

Ap(t) =

=

with ay € C such that o3 = 5
An analogous result holds for |t +iA| < v, arg (t +iA) € (—=%,3F) and a_ = aF.
e An(t) has only one zero in I at t = 0.

3.2. The perturbed invariant manifolds

In this section, following the approach described in [8,7,33], we study the analytic con-
tinuation of the parametrizations of the perturbed one-dimensional stable and unstable
manifolds, W"(d) and W=(0).

Since we measure the distance between the invariant manifolds in the section A = A,
(see Theorem 2.2), we parameterize them as graphs with respect to A (whenever is
possible) or, more conveniently, with respect to the independent variable u defined by
A= )\h (u)

To define these suitable parameterizations we first translate the equilibrium point
£(9) to 0 by the change of coordinates

beq : (NN, 2, y) = (N A 2, y) + £(9). (3.3)

Second, we consider the symplectic change of coordinates

bep t (W, ,9) = (LA 2,y), A= A(u), A= Ay(u)— ﬁ(u) (3.4)
We refer to (u,w,x,y) as the separatriz coordinates.
Let us remark that ¢gep is not defined for u = 0 since Ay (0) = 0 (see Theorem 3.1).
We deal with this fact later when considering the domain of definition for u.
After these changes of variables, we look for the perturbed invariant manifolds as a
graph with respect to u. In other words, we look for functions
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Imu

Reu

2°(u) = (w(u),2°(u),y°(w))", foro=nus,
such that the invariant manifolds given in Proposition 2.1 can be expressed as

w (u)

We(§) = {(/\h(u),Ah(u) — 3Ah(u),x°(u), yo(u)) + £(5)} , foro=mu,s, (3.5)

with u belonging to an appropriate domain contained in II%% = (see (3.2)). The graphs
z" and 2° must satisfy the asymptotic conditions

w" (u) w*(u)

Reiigl—oo <Ah(u) (), yﬂ(u)) - ReqlLiiP-‘rOO <Ah(u) (), yS(u)) =0 (36)

Remark 3.2. Since the Hamiltonian H is real-analytic in the sense of H(A, A, x,y;0) =
H(\, A, y,x;0) (see Proposition 2.1), then we say that z(u) = (w(u), z(u), y(u))T is real-
analytic if it satisfies

w@) =ww),  x@=y(),  y@) =2z,

The classical way to study exponentially small splitting of separatrices, in this setting,
is to look for solutions z" and 2° in a certain complex common domain containing
a segment of the real line and intersecting a O(62) neighborhood of the singularities
u = *iA of the separatrix.

Recall that the invariant manifolds can not be expressed as a graph in a neighborhood
of u = 0. To overcome this technical problem, we find solutions z" and z°® defined in a
complex domain, which we call boomerang domain due to its shape (see Fig. 4). Namely,

Deg={ueC : |Imu| < A—ré*+tan foReu, Imu| < A — k6% — tan fyRe u, (3.7)
Imu| > dA — tan f1Reu}, .
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where k£ > 0 is such that A — k62 > 0, By is the constant given in Theorem 3.1 and
B1 € [Bo, %) and d € (%, 1) are independent of 4.
Theorem 3.3. Fix a constant d € (%, %) Then, there exists dg, ko > 0 such that, for
d € (0,00), K > Ko, the graph parameterizations z* and z° introduced in (3.5) can be
extended real-analytically to the domain D, 4.

Moreover, there exists a real constant by > 0 independent of § and k such that, for
u € D, 4 we have that

b,5? b5
A A

b163
ly° (u)] < ——

b3
| (u)| < —— <—.
|u2+A2|§

()l = 5 < ———,
u lu2 4 A2|3

Notice that the asymptotic conditions (3.6) do not have any meaning in the domain
D, 4 since it is bounded. Therefore, to prove the existence of z" and 2® in D, 4 one has
to start with different domains where these asymptotic conditions make sense and then
find a way to extend them real-analytically to D, 4. We describe the details of these
processes in the following Sections 3.2.1 and 3.2.2.

3.2.1. Analytic extension of the stable and unstable manifolds
The Hamiltonian H written in separatrix coordinates (see (3.3) and (3.4)) becomes

H*P = H** + H*?, (3.8)
with

B =0t D = H 6 (buq o buep) — . (39)

Introducing the notation z = (w,z,y)T and defining

; (00 0
AP = 52 01 0|, (3.10)
0 0 -1
the equations associated to the Hamiltonian H*°P can be written as

{ﬂ=1+f®m¢x (3.11)

Z' — Asepz + fsep(uwz)7

where ¢°°P = 9, H5 and f*P = (—0,H;®,id,H;°", —i0, H;*®)". Consequently, the
parameterizations z"(u) and z°(u) given in (3.5) satisfy the invariance equation

auzo — Ascpzo + RSCP[ZOL for ¢ = u, s, (312)

with
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_ [P, 0) — g7 (u, ) AP
1+ > (u, ¢) '

R*Ple](u) (3.13)

Remark 3.4. Note that one can use this invariance equation whenever
14 ¢*P(u, ) = 14 0w H ™ (u, ) # 0.

This condition is satisfied in the different domains that are considered in this section
and in the forthcoming ones and it is checked in Appendix B (see (B.16) and (B.32)).
This fact is also used later in Section 3.3.

The first step is to look for solutions of this equation in the domains
Dy ={ueC : Reu< —p1}, Dy ={ueC : Reu>p1}, (3.14)
for some p; > 0, which allows us to take into account the asymptotic conditions (3.6).

Proposition 3.5. Fiz py > 0. Then, there exists 69 > 0 such that, for 6 € (0,0y), the
equation (3.12) has a unique real-analytic solution z° = (w®,x°,y°)T in D52 (for o =
u,s) satisfying the corresponding asymptotic condition (3.6).

Moreover, there exists by > 0 independent of 6 such that, for u € D3>,

w®(w)e™ " < 5207, 2 (u)e ™ < b0, [yt (w)e ] < bad”,

withu:\/% for<>=uandu=—\/2—81 foro=s.

This proposition is proved in Section 4.1.

To extend analytically the invariant manifolds to reach the boomerang domain D, 4
we have to face the problem that these parameterizations become undefined at u = 0.
To overcome it, first we extend the solutions z" and z® of Proposition 3.5 to the outer
domains (see Fig. 5)

DY —{ueC :|Imu| < A— k> —tan foReu,

K,d1,p2
Imu| > d; A+ tan S1Reu, Reu > —pa}, (3.15)
s,out . ,out
Dy, ={ueC : —ue D" 1,

where d; € (%,1) and ps > p1 are fixed independent of 6, and & > 0 is such that
A— k6% >0.

Proposition 3.6. Consider the functions z%, z° and the constant p1 > 0 obtained in
Proposition 3.5. Fix constants ps > p1 and di € (%, %) Then, there exist dg, k1 > 0 such
that, for 6 € (0,00), Kk > K1, the functions 2° = (w®,z°,y°)T, o = u,s, can be extended

. . <o,out
analytically to the domain Dl i s
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Imu Imu

i 7

~_ 4

u,out s,out
Dﬁ,dl,m P K,d1,p2
N L ot el e
ur ~
' Dy Dy

Fig. 5. The outer domains Dy'5", and DY%" = defined in (3.15).

Moreover, there exists b3 > 0 independent of § and k such that, for u € Dz”?i'fpg,
b362 b3é* b363 b363
W (Wl < T = W ———, W< —7.
u? + A2 2 4 4205 u2 + A2|5 u2 + A2|3

This proposition is proved in Section 4.2.
Notice that taking ps big enough, di < d and k1 < ko we have Dy, 4 C D;lolétl o
Therefore, for the stable manifold z°, Proposition 3.6 implies Theorem 3.3. However, we

still need to extend further z" in order to reach D, 4.

3.2.2. Further analytic extension of the unstable manifold
Since by Proposition 3.6 the unstable solution z" is defined in D}:&O;: ,,- To prove
Theorem 3.3 it only remains to extend it to the points in the boomerang domain D, 4

which do not belong to the outer unstable domain. Namely, we extend z" to

EH,d ={ueC : |Imu|l < A— ké*—tan fyRew,

[Imu| < dA + tan f1Reu, |Imu| > dA —tan f1Reu}, (3.16)
for suitable x and d (see Fig. 6). Notice that 5K7d C Dy q and that 5,”1 only contains
points at distance of u = £iA of order 1 with respect to d.

As we have mentioned, to measure the difference between the invariant manifolds
WH(6) and W*(0) it is convenient to parameterize them as graphs (see (3.5)). However,
these graph parametrizations are not defined at u = 0. Moreover, since all the fixed point
arguments that we apply to obtain the graph parameterizations rely on complex path
integration, we are not able to extend them to domains which are not simply connected.
Therefore, to reach lNDN,d from DEZTt 0 WE need to switch to a different parametrization
that is well defined at u = 0.

The auxiliary parametrization we consider is the classical time-parametrization which
is associated to the Hamiltonian H in (2.7). (Recall that the graph parametrization 2"
was associated to the Hamiltonian H®P = H 0 g © Psep)-
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Imu
iA
d/f:j: ~
D ,d
- Reu
D K,d
—iA

Fig. 6. The domain 5,.:,(1 defined in (3.16).

This analytic extension procedure has three steps:
. We consider the outer transition domain (see Fig. 7)

5;“;2;(13 ={veC : |Imv| < A— ky6* — tan foRev,
[Imv| > da A 4 tan S1Re v, (3.17)
[Imv| < d3A + tan S1Re v},

where dy < dy < dg < % are independent of § and ko > k1 is such that A — k962 > 0.
s Tu,out u,out
Notice that D, )"y, ;. C D 7g) .-
Since & = 1 + o(1) (see (3.11)), we look for a real-analytic and close to the
identity change of coordinates u = v + U(v) defined in D:;OZZ 4, such that the time-

parametrization
["(v) = Peq © dsep(v + U(v), 2" (v +U(v))) (3.18)

is a solution of the Hamiltonian H in (2.7). That is, ¥ = 1 and I'™(v) € W"(¢) for
ve DY See the details in Proposition 3.7 and Corollary 3.8 below.

K2,d2,d3
. We extend analytically the time-parametrization I'"(v) to reach the domain Dy, 4. In
particular, we extend I'" to the flow domain

D237d4 = {’U € (C : |Im'U| < A - 552 - tanﬂORe’U’

(3.19)
Imov| < dgA 4 tan f1Rev},

where dy € (da,d3) is independent of § and k3 > ko is such that A — k362 > 0. Notice
that,

pueut A pf 470 and Dy, 4, C D!

K2,d2,ds3 K3, K3,da?
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Imov

THu,out dsA Y
DHQ ,d2,d3 Z
/ doA
Reu

Rewv

Fig. 7. The domain Ez’zozjdd given in (3.17) (left) and D

ro,d, 10 (3.19) (right).
for ds € (dq1,ds) and k4 > k3. See the details in Proposition 3.9.

3. We prove that there exists a real-analytic close to the identity change of variables of
the form v = u + V(u), u € Dy, 4,, such that the function z"(u) defined by

(12 (1)) = (eq © Buep) ™+ (T (u + V() (3.20)

gives an invariant graph of H®P in (3.8). See the details in Proposition 3.10 and
Corollary 3.11 below.

As a consequence, we have extended analytically z" to 5,@1,(15.

For the first step, we look for a function U such that (v+U(v),z"(v+U(v))) is a
solution of the differential equations given by the Hamiltonian H*P in (3.8). Therefore,
U satisfies

Oy U(v) = 0 HY™® (v +U(v), 2" (v + U (v))) . (3.21)

511 ,out

The next proposition ensures that I exists and it is well defined for v € rndds

Proposition 3.7. Let the function z% and the constants ps, di and k1 be as obtained in
Proposition 3.0 and consider constants da,ds € (dy, %) such that do < d3 and ko > Kq.
Then, there exists 0y such that, for § € (0,00), the equation (3.21) has a real-analytic
solution U : D™ — C.

Ka2,d2,d3

Moreover, for some constant by > 0 independent of 6 and for v € DE;?;;CM U satisfies

U (v)| < byd? and  v4+U) € DM

K1,d1,p2°

This proposition is proved in Section 4.3. Together with Proposition 3.7 implies the
following corollary.

Corollary 3.8. Under the hypothesis of Proposition 3.7, there exists §g > 0 such that, for
5 € (0,00), the function TV in (3.18) is well defined and real-analytic in D°%"

K2,da,ds3”
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On the following, we use without mention that I'*(v) can be split as
I'(v) =Th(v) + T(v), with { ~ (3.22)

The next proposition extends the parametrization I'" to the domain DEB’ a4, (see (3.19)).
Proposition 3.9. Let the function I and the constants ds,ds and ko be as obtained in
Corollary 3.8 and Proposition 5.7 and fix dy € (da,ds) and k3 > ka. Then, there exists
8o > 0 such that, for 6 € (0,60), T can be real-analytically extended to Dg3,d4'

Moreover, there exists a constant bs > 0 independent of 6 such that, for v € D

K3,da’
A(v)] < b5, [A(v)] < 562, & (v)] < bs50°, |9(v)] < bs6°.

This proposition is proved in Section 4.4.

For the third step, we “go back” to the graph parametrization z"(u) by looking for a
change v = u + V(u) for u € Eﬁﬁd. Notice that, in order to satisfy equation (3.20) and
recalling (2.12), ¥V must be a solution of

AMu~+V(u) = M (1) — A (u+ V(u)). (3.23)

Then, one can easily recover the graph parametrization (w"(u),z"(u),y"(u)) using the

equations
Ap(u) — Ap(u+V(u)) — ;sz) + 6284 (0) = A(u +V(u)),
2 (1) + 632, (8) = #(u+ V(u)), (3.24)
y*(u) +8°Ly(6) = G(u+ V(u)).

The next proposition ensures that V exists and it is well defined in Emd (see (3.16)).

Proposition 3.10. Let the function T and the constants d4 and k3 be as obtained in
Proposition 3.9 and the constant dy as obtained in Proposition 3.6. Let us consider
constants ds € (dy,dy) and kg > k3. Then, there exists 09 > 0 such that, for 6 € (0,0),
equation (3.23) has a real-analytic solution V : 5@4@5 — C satisfying

V(u)| < bgd* and u+V(u) € DI s

K3,
for some constant bg > 0 independent of § and u € BIM,ds'

Proposition 3.10 is proved in Section 4.5. Summarizing all the previous results we
obtain the following result.
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Corollary 3.11. Let the function V and the constants ds and k4 be as obtained in Propo-
sition 3.10. Then, there exists 69 > 0 such that, for 6 € (0,0¢), equation (3.24) has a
unique solution 2" = (w*, x%,y")T 5»@4«15 — C3.

Moreover, there exists a constant by > 0 independent of & such that, for u € 5,{47015,

()] <076%, at(w)] < b76°, [yt ()] < br6”.

To finish this section, notice that, taking po big enough, d > d5 and kg > k4 we have
that
Dyya € D™ UDy, 4.,  with D" AD., 4 #0,

K1,d1,p2 K1,d1,p2

and then, Corollary 3.11 and Proposition 3.6 imply the statements of Theorem 3.3 re-
ferring to the unstable manifold z".

3.8. A first order of the invariant manifolds near the singularities
Let us consider the difference
Az = (Aw, Az, Ay)T = 2" — 25,

where z" and z° are the perturbed invariant graphs given in Theorem 3.3. Since z" and
2® satisfy the invariance equation (3.12), the difference Az satisfies the linear equation

DuAz(u) = AP Az(u) + B (u) Az (u), (3.25)

where A®°P is as given in (3.10) and
1
Bl () = / D.R*P[oz" + (1 — 0)2%](u)do. (3.26)
0

Since z" and 2*° are already defined in D, g4, gSpl(u) can be considered as a “known”
function.

In addition, since the graphs of z" and z° belong to the same energy level of H%P (see
(3.8)), we have that

HP(u, 2% (u); 6) — H*P(u, 2°(u); 6) =0, for u € Dy, 4.

Therefore, we can reduce (3.25) to a two dimensional equation. Indeed, defining T =
(Y1, T2, T3) such that

T(u) = / DL H™® (u, 02" (u) + (1 — 0) () do, (3.27)
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and applying the mean value theorem we have that
T1(uw)Aw(u) + To(u)Az(u) + Ts(u)Ay(u) = 0.

Notice that Ty (u) = 14—f01 0w HI® (u, 02" (u) + (1 — 0)2%(u)) do and therefore Ty (u) # 0
for u € D, q (see Remark 3.4). Therefore, writing

Tl (u)

Ay(u) (3.28)

and defining A® = (Ax, Ay)T, the last two components of (3.25) are equivalent to

DuAD(u) = AP (1) AD(u) + BP (1) AdD(u), (3.29)
where
Aspl _ (Si? + g;},)Zl ) 0 _
0 —L+BR )’
spl Aspl spl (3.30)

- ( —pEn B —B)

Sspl Zspl Sspl :

By — %83?1 _%83?1

Next, we give an heuristic idea of how to obtain an exponentially small bound for
Ay(u) for u € D, 4. The case for Az is analogous. If we omit the influence of B!, then
there exists ¢, € C such that Ay is of the form

Ay(u) = ¢ e 32",
Evaluating this function at the points
uy = i(A — k%), u_ = —i(A — kd?),

one has Ay(uy) ~ cyeé%_“. Then, since Ay(uy) ~ 1, it implies that ¢, ~ em s tn and,
as a consequence, Ay is exponentially small for u € R. However, we are not interested in
an upper bound of Ay but in an asymptotic formula. Thus we have to find the constant
¢y, or more precisely a good approximation of it.

To this end, we need to give the main terms of Ay at u = u,. Likewise we need to
analyze Az(u) ~ ¢, e32" at u = u_. To perform this analysis we proceed as follows:

1. We provide suitable solutions Z,*(U) of the so-called inner equation. The inner equa-
tion, see [5,18], describes the dominant behavior of the functions z" and z® close to
(one of) the singularities u = +iA. In particular, it involves the first order of the
Hamiltonian H*°P close to a singularity and it is independent of the small parameter
0. See Section 3.3.1.
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2. We check how well z"™%(u) are approximated by Z;*°(U) around the singularities
u = +iA by means of a complex matching procedure. See Section 3.3.2.

3.3.1. The inner equation

In this section we summarize the results on the derivation and study of the inner
equation obtained in [10]. We focus on the inner equation around the singularity u = i A,
but analogous results hold near u = —iA.

To derive the inner equation, we look for a new Hamiltonian which is a good ap-
proximation of H®P, given in (3.8), in a suitable neighborhood of v = iA. First, we
scale the variables (u,w,z,y) so that the graphs z"%(u) become O(1)-functions when
u—iA = O(6?). Since, by Theorem 3.3, we have that

w®(u) = 0F75),  2°u) =0%),  y°u)=0F5),  foro=u,s,
we consider the symplectic scaling ¢y, : (U, W, X,Y) — (u,w, z,y), given by

u— 1A

52

4 W
3

< Y
U= s v o x=_r @ y-_Y
2&3_ (5%\/§a+ 6é\/§a+

W=

(3.31)

where oy € C is the constant given by in Theorem 3.1, which is added to avoid the
dependence of the inner equation on it. Moreover, we also perform the time scaling
7 = §2T. We refer to (U, W, X,Y) as the inner coordinates.

Proposition 3.12. The Hamiltonian system associated to (3.8) expressed in the inner
coordinates is Hamiltonian with respect to the symplectic form dU AdW +idX ANdY and

H™ =H + H", (3.32)
where
HU,W,X,Y) = HYU,W,X,Y;0)|s—0 = W+ XY + K(U,W, X,Y),
with
1 1
KW, X,v) = - Suiwe - L ~1).
4 3Us \V/1+J(UW,X,Y)
AW?  16W 16 4(X+Y) ( 2 )
UW,X,Y)= — W —
I )=t ot TmE T o 307
44X -Y) XP4+Y? 10XY
3U3 3Us 9Us

Moreover, ifcl_1 <|U| <eqp and |(W, X,Y)| < ¢ for some ¢y > 1 and 0 < ¢ < 1, there
exist bg,v1,7v2 > 0 independent of 9, c1,co such that
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Fig. 8. The inner domain D" for the unstable case.

[H (U, W, X,Y30)| < bsc]' 3265 (3.33)

This result is proven in [10] in Proposition 2.5.
Now, we present the study of the inner Hamiltonian #. Denoting Z = (W, X,Y)T,
the equations associated to the Hamiltonian H, can be written as

U=1+g¢"(U,2),
Z=A"Z+f™U,2),
where

. 00 0
Ar=(0 i o0 |, (3.34)
00 —i

and f" = (—0uK, 0y K, —i@XIC)T and g™ = Oy K. We look for invariant graphs Z =
Z§(U) and Z = Z§(U) of this equation, that satisfy the invariance equation also called
mner equation,

o Z{(U) = AmZE + R™Z5)|(U), for o = u,s, (3.35)
with
(U, p) — g™ (U, o) A™p
R U) = . : 3.36
[p](U) L1 g"(U, ) (3.36)

These functions Z3 and Z§ will be defined in the domains
DY = (U € C : [ImU| > tan ByRe U + &}, DSin — _puwin,

respectively, for some > 0 and with Sy as given in Theorem 3.3 (see Fig. 8). Moreover,
we analyze the difference AZy = Z§ — Z§ in the overlapping domain
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En —prin DS AT eC : ImU < 0}.

Theorem 3.13. There exist ks,bg > 0 such that for k > ks, the equation (3.35) has

analytic solutions Z§(U) = (WS(U), XS (U), Y (UNT, for U € D, o = u,s, satisfying
USWS (W) <by,  [USXGU) by, [USYS(U)] < bo.

In addition, there exist © € C, by > 0 independent of k, and an analytic function
x = (x1,Xx2,x3)T such that, for U € £®,

AZo(U) = Z3(U) = Z3(U) = 0=V ((0,0,1)7 + x(U) ),
with |(U3x1(U), Ux2(U), Uxs(U))| < bio.
This result is Theorem 2.7 of [10].

Remark 3.14. To obtain the analogous result to Theorem 3.13 near the singularity u =
—iA, one must perform the change of coordinates

u+iA — 4w = T > Y
V=" W =63 7 X=—" Y=—2
02 202 5520 8320
where a_ € C is a_ = ay (see Theorem 3.1). Then, for V € DZ™, one can prove the

existence of the corresponding solutions
Z8(V)y = (WS(V), XS(V),YS(V)T,  where o =u,s.

Due to the real-analyticity of the problem (See Remark 3.2) we have that XO(V) =
YQ(U ). Therefore, the difference AZO = Z0 ZO, is given asymptotically for U € 51“ by

AZo(V) =B ((0,1,0)7 + (V).

where ¢ = ((1,Co, G3)T satisfies [(VEC(V), VE(V),V2¢3(V)| < C, for a constant C
independent of k.

3.8.2. Complex matching estimates

We now study how well the solutions of the inner equation approximate the solutions
of the original system given by Proposition 3.6 in an appropriate domain. As in the
previous section, we focus on the singularity u = i A, but analogous results can be proven

for uw = —iA (see Remark 3.14). Let us recall that the functions z"*

are expressed in
the separatrix coordinates (see (3.4)) while the functions Z;* are expressed in inner

coordinates (see (3.31)).
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pme mch,s
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Fig. 9. The matching domains D:Ch"" and D:‘Ch’s in the outer variables.

We first define the matching domains in separatrix coordinates and, later, we translate
them to the inner coordinates. Let us consider (3, 83, and v independent of § and &,
such that

3
0<,82<ﬁo<53<g, and 76{—1),

with By as given in Theorem 3.1. Then, we define u; € C j = 2,3 (see Fig. 9), as the
points satisfying:

e Imu; = —tanB;Reu; + A — kd°.
o |uj —uq| =0%7, where uy = i(A — K6?).
¢ Reus < 0 and Reus > 0.

We define the matching domains in the separatrix coordinates as the triangular domains

—
Dyt =T upus, DR =y (<) (i),

Let dq, p2 and k1 be as given in Proposition 3.6. Then, for k > x; and § > 0 small
enough, the matching domains satisfy

mch,u u,out mch,s s,out
poehu c pot - and - DRehs c DR (3.37)

and, as a result, 2% and z° are well defined in D™%t and DB respectively.
The matching domains in inner variables are defined by

Duhe = {7 € C : §°U +iA € DP"°), for o = u,s, (3.38)

with
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Uj=—2_—=  forj=2,3 (3.39)

Therefore, for U € Db,

C
K/COSBQ S ‘U' S m

By definition,
Drl{nch,u C D:,in and Drl{nch,s cC Di’in,

for k > k5 (see Theorem 3.13). Thus, Z,** is well defined in Dmehws,

In order to compare z"*(u) and Zy*(U), we translate z** to inner coordinates

T
22) = (W, x°,vo) () = (68 245, 5 V) (U +id), (3.40)
20[+ (55\/§a+ 55\/§Oé+

with o = u,s and z° = (w®, 2°,y°)T are given in Proposition 3.6. Therefore, by (3.37),

Z° is well defined in the matching domain D™"° (which is expressed in inner variables).
Next theorem gives estimates for Z™5 — Z;°.

Theorem 3.15. Consider k1 and ks as obtained in Proposition 3.6 and Theorem 3.13,
respectively. Then, there exist v* € [% 1), ke > max{k1, K5} and 69 > 0 such that, for
v € (v*,1), there exists byy > 0 satisfying that, for U € DMk > kg and § € (0,0),
USWRO)] < 0105070, U XFO) < budS07, U YP(U)] < 01650,
with (W, X3, YT = Z¢ = Z° — Z§ and o = u,s.
This theorem is proven in Section 5.
3.4. The asymptotic formula for the difference
We look for an asymptotic expression for the difference

AD = (Ax, Ay)T = (z" — a2 y" — yS)T7

where (z",y") and (z°,¢°) are components of the perturbed invariant graphs given in
Theorem 3.3. Recall that, by (3.29), A® satisfies

DuAD(u) = AP (u) AD(u) + B (u) AD(u), (3.41)

with AP! and B*P! as given in (3.30). The equation is split as a dominant part, given by
the matrix A%"! and a small perturbation corresponding to the matrix B%P!. Therefore,
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it makes sense to look for A® as A® = APy + h.o.t with a suitable dominant term
Ady = (Awg, Ayo)T satisfying

BuAD(u) = AP () Ady (u). (3.42)

A fundamental matrix of (3.42), for u € D, 4, is given by
M(u) = (mxo(“) ‘ ) , (3.43)

with
(3.44)

and a fixed u, € D, g NR. Then, A®y must be of form

ADy(u) = (A%(u)> = <Z%mx(u)> , (3.45)

my (u)

for suitable constants 3, c) € C which we now determine.

By Theorems 3.13 and 3.15 and using the inner change of coordinates in (3.31), we
have a good approximation of Ay(u) near the singularity u = ¢A given by

Ay(u) ~ V20,65 AY, (“ 52“4) .

Then, taking u = u, = i(A — k§?), we have that

U+—ZA

5 > =V2a,65¢ "O(1 + y3(—ik)).

Ay(uy) ~ Ayo(us) ~ V2, 65 AY, (
Then, using that Ay(uy) = Ayo(uy) = ymy(uy ), and proceeding analogously for the
component Az at the point u_ = —i(A — k6?) (see Remark 3.14), we take

A

& = 53¢ 520 V2a_B;(u_) and cg = 5%6_6%9\/504+B;1(u+). (3.46)
To prove Theorem 2.2, we check that A®g(u) is the leading term of A®(u), for u €
R N Dy 4, by estimating the remainder A®; = Ad — APy,

In order to simplify the notation, throughout the rest of the document, we denote by
C any positive constant independent of § and « to state estimates.
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3.4.1. End of the proof of Theorem 2.2
We look for A®; as the unique solution of an integral equation. Since A® satis-
fies (3.41), by the variations of constants formula

/m ) ( Bbpl( JAD(s)) ds
AD(u) = (Exzx%) . (347)
o /m )2 ( BSPI( JAD(s)) ds

where M(u) is the fundamental matrix (3.43), s belongs to some integration path in
D, q and c; and ¢, are defined as

ez = Az(u_)ymy*(u_), Cy = Ay(u+)m;1(u+). (3.48)

For k1, ks € C, we define

Tl ko)) = (kyma (u), kamy (u) (3.49)

and the operator

/m ) ( BSPI( )e(s)) ds
Elpl(u) = . (3.50)
/m ) ma ( BSPI( )(s)) ds

Then, with this notation, A®g = Z[c9, c)] (see (3.46)) and equation (3.47) is equivalent

to A® = Tlc,, ¢y] + E[AP]. Since £ is a linear operator, A®; = A® — Ad satisfies

Ay (u) = I[cy — &, ¢y — ) (u) + E[AR)(u) + E[AD](u). (3.51)

To obtain estimates for A®;, we first prove that Id — £ is invertible in the Banach
space XSP = xspl x yspl with

X0l — {ap Dra = C ¢ g™ = sup ™ ()| < +°°} ’

UGD,;,d

endowed with the norm

spl spl spl
el = Nl + w2l (3.52)
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for ¢ = (1, p2). Therefore, to prove Theorem 2.2 it is enough to see that A®; satisfies
that |A®, || < €63 [logd| ™"
First, we state a lemma whose proof is postponed to Appendix C.1.

Lemma 3.16. Let g, 09 be the constants given in Theorem 3.3. Then, there ezists a
constant C > 0 such that, for k > kg, 6 € (0,09) and u € Dy 4, the function T in
(3.27), the matriz B®' in (3.30) and the functions By, B, in (3.44) satisfy for k > ko,
§ € (0,d0) and u € Dy, 4,

M) 1< 2, @< —0 sl < —0
K |u2—|—A2|3 u2 + A2|3 (3.5
_ . C 52 )
C'<|B.(u)| <C, x=z,y, and |Bi,p1( )|_m, i,j=12

In the next lemma we obtain estimates for the linear operator £ (see (3.50)).
Lemma 3.17. Let kg, dy be the constants as given in Theorem 3.3. There exists bis > 0

such that for & € (0,00) and k > ko, the operator € : X3P — X! in (3.50) is well
defined and satisfies that, for o € X5,

It < 222 ol
In particular, Id — £ is invertible and
l1d = &)l < 20l
Proof. Let us consider € = (&1,&2)7, ¢ € Xipl and u € D,; 4. We only prove the estimate

for &[p](u). The corresponding one for & [p](u) follows analogously.
By the definition of m,, in (3.44) and Lemma 3.16, we have that

)| < e | [ o el

4 A
+
u
< O52 A ||<,0||Spl /e\lmsgqms ds
- X |82+A2|2

+

Let us consider the case Imu < 0. Then, for a fixed ug € R N D, 4, we define the
integration path p; C D, 4 as

U —+ Qt(UO — ’Z,L+) for ¢ € (07 %)a
p =
ug+ (2t —1)(u —ug)  forte[i 1)
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Then,

1 2|Im py |
2|Im pe |

2
_ Imul+A 1 dt e S C [Im u|—A spl
[E2[p](u)] < Co%e™ 5 Jloll% / ——= + —dt| < —e T [lof Y.
J lpe —iAI" ) |pe + A K
2

If Imu > 0, we consider the integration path p; = uy + t(u — uy) for ¢ € [0,1] and we
obtain

1

el < O 2 ol [ M) < S o
Therefore, ||&[g]||™™ < € = e HSpl. m
Notice that, by (3.51), A®; satisfies
(Id — E)A®; (u) = I[c, — 2, ¢y — cg}(u) + E[ADg](u). (3.54)

Since, by Lemma 3.17, Id — € is invertible in X" we have an explicit formula for A®;.
Nevertheless, we still need good estimates for the right hand side with respect to the
norm (3.52).

Lemma 3.18. There exist ky,do, b1z > 0 such that, for k = k, |logd| and 6 € (0,y),

b1z 03

spl
and  EABIw)T < GoT

IZlee = c2yey = Il <

with I, (¢9,¢)), (cz,¢y), € and Ay defined in (3.49), (3.46), (3.48), (3.50) and (3.45),
respectively.

Proof. By the definition of the function Z,
[ Zler = ey = I = lex = 2 Imall™ + |e, = cb| lmy [P,

where m, and m, are given in (3.44). Then, by Lemma 3.16,

ut|Tm ul
e = e sup [em ™ F Bu)|| < e,y < et
ucDg q
and, as a result,
spl A
|1 Zlez — ey = G5 < Cew® (lew — gl + ey — cy) - (3.55)

We now obtain an estimate for |c, — ¢)|. The estimate for |c, — 3| follows analogously.
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By the definition of m,, (see (3.44)), one has

A

ey — )] = e+ By (w) | |Ay(uy) — Ayolus)] (3.56)

Let us denote AY = Y"—Y® where Y'"* are given on (3.40). Recall that Y = Y"*+Y,"*
where Yy is the third component of Z;®, the solutions of the inner equation (see
Theorems 3.13 and 3.15). We write,
Uy — ZA

Ay(uy) = V20, 65AY ( 52

) = V20,65 [AY (—ir) + V" (—ik) — Y7 (—ik)] .

By the definition of Ayq in (3.45) (see also (3.46)), we have Ayo(uy) = V20 63 Oe ",
Then, by (3.56) and Lemma 3.16,

ey — ] < Cése i tr [ |AY, (—ik) — ©e™"| + Y} (—ik)| + Y7 (—ir)| },
and, applying Theorems 3.13 and 3.15, we obtain

ey — )] < Ot |[xg(mim)e| + Tat0-7)| <

555 (1 + 5§(1*”’)e”) ,
where vy € (y*,1) with 7* € [£,1) given in Theorem 3.15. Taking x = k. [logd| with
0 < Kk« < 2(1 — ), we obtain

Cos
\log(5|e

1
_A 2(1, )R C’(SE _
?(1+53 v )§|log(5\e 37,

¢iS

|Cy *02| =

This bound and (3.55) prove the first estimate of the lemma.
For the second estimate, it only remains to bound A®q and apply Lemma 3.17. Indeed,
by the definition of A®q in (3.46), Lemma 3.16 and (3.55), we have that
spl 1
|y [ = [|Z[e. I < et (e + |¢]) < Ot

x) X

1
Since k = £, [log 8| with 0 < k, < 2(1—7), Lemma 3.17 implies |E[AD]|IP' < “CO‘;‘;l. O

With this lemma, we can give sharp estimates for A®; by using equation (3.54).
Indeed, since the right hand side of this equation belongs to X', by Lemma 3.17,

A®y(u) = (Id = &) (Zey — 2, ¢y — D)(u) + E[AD](u)) .

Then, Lemmas 3.17 and 3.18 imply

Cos
AP < = .
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To prove Theorem 2.2, it only remains to analyze By (u—) and By(uy).

Lemma 3.19. Let k. be as given in Lemma 3.18. Then, there exists 5o > 0 such that, for
§ € (0,00) and k = Ky |logd|, the functions By, B, defined in (3.44) satisfy

Bl (u_) = e~ ¥ (mAn(u) (1 Lo <1 1 (5')) |
og
i 1
B l(uy) = e% (mAn(w) (1 <_>>
Yy (U+) e + O |10g5| ,

where uy = 4i(A — k6?).

This lemma is proven in Appendix C.2.
Let u. € D, 4N R. We compute the first order of A®q(u,) = (Azo(u.), Ayo(us))T.
Since, by Theorem 3.1, (ay)® = (a—)® = 3, and applying Lemma 3.19 and (3.46), we

obtain
1 A 1
A * = A * = 62 se 7 1 :
|Azo(us)| = |Ayo(u.)| = V2|0©] 6573 ( +O(Ilogél))
Moreover, by (3.57),
Cose 5
|Az (ux) — Azo ()], [Ay(us) — Ayo(us)| < “logd|

Finally, notice that the section v = u, € D, ¢ NR translates to A = A* := A\ (u,) (see

(3.4)). Moreover, since A\, = —3A; (see (3.1)), one deduces that Ap(u) > 0 for u > 0.

Therefore, by the change of coordinates (3.4), Theorem 3.3 and taking J small enough,
w®(uy)

A::Ah<u*)—m :Ah(u*>+0(62) >O, With<>=u,s,

and, therefore using formula (3.28) for Aw and Lemma 3.16, we obtain that
[AY — A3 | < C|Aw(uy)|] < Cd|Az(uy)| 4+ CO |Ay(uy)| < Co3e 3.
4. The perturbed invariant manifolds

In this section, we prove Theorem 3.3 by following the scheme detailed in Sections 3.2.1
and 3.2.2.

Throughout this section and the following ones, we denote the components of all
the functions and operators by a numerical sub-index f = (f1, fo, f3)7, unless stated
otherwise.
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4.1. The invariant manifolds in the infinity domain

The first step is to prove Proposition 3.5, which deals with the proof of the existence of
parameterizations z" and z® satisfying the invariance equation (3.12) and the asymptotic
conditions (3.6). We only consider the —u— case, being the —s— case analogous.

Consider the invariance equation (3.12), 0,2" = A%Pz" 4+ R%P[2"], with AP and

R=P defined in (3.10) and (3.13), respectively. This equation can be written as
Lz% = R*P[2Y], with Lo = (9, — A*P)p. (4.1)

In order to obtain a fixed point equation from (4.1), we look for a left inverse of £ in a
suitable Banach space. To this end, for a fixed p; > 0 and a given o € R, we introduce

ue

XX = {gp : Dy — C = g real-analytic, o]y := sup |e”p(u)| < oo}7
i

and the product space X° = X350 x X2° x X2°, with v = 4/ % endowed with the weighted
product norm

el = dllerllz, + ll2ll,” + sl -

Next lemmas, proven in [8], give some properties of these Banach spaces and provide
a left inverse operator of L.

Lemma 4.1. Let o, 8 € R. Then, the following statements hold:

1. Ifa> B >0, then X° C X5°. Moreover |||l < ¢l -
2. If p € X and ( € X3°, then ¢ € X35 5 and [oCllo% s < llella ICHE -

Lemma 4.2. The linear operator G : X° — X given by

u u u T
Glol(u) = / o1(s)ds, / e 0 () ds, / €7 () oy ()

s continuous, injective and is a left inverse of the operator L.
Moreover, there exists a constant C independent of § and p1 such that, for ¢ € X2°,

I91e11% < C (lenllzy + 6 ko277 + 0% Il -

Notice that the eigenvalues of the saddle point (0,0) of Hy,(A, A) (see (2.8)) are +1/2.
Then, the parametrization of the separatrix o = (Ap, Ap) (see (3.1)) satisfies
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An € Xl?o and Aj € X;)O (42)

Therefore, z" is a solution of (4.1) satisfying the asymptotic conditions (3.6) if and only
if 2" € X2° and satisfies the fixed point equation

¢ = Flp] = GoR*P[y].
Thus, Proposition 3.5 is a straightforward consequence of the following proposition.

Proposition 4.3. There exists 6y > 0 such that, for § € (0,6y), equation o = F[p| has a
solution 2z € X2°. Moreover, there exists a real constant biy > 0 independent of 6 such
that [|2%]|3 < b1463.

To see that F is a contractive operator, we have to pay attention to the nonlinear
terms R°P.

Lemma 4.4. Fiz ¢ > 0 and let R%P be the operator defined in (3.13). Then, for 6 > 0
small enough® and ||| < 08°, there exists a constant C' > 0 such that

IRIPLAS, < Co% RSPl <06, j=2,3,
and
10, RIP el < €82, 10 RYP [, < O, 10, Rl < O,
10w RS ]|, < C6, 10 R Pe]ll5” < C, 10, Ryl < C, 5 =2,3.

The proof of this lemma is postponed to Appendix B.1.
Proof of Proposition 4.3. Consider the closed ball
Blo) ={e € X7 : llollX <o}
First, we obtain an estimate for F[0]. By Lemmas 4.2 and 4.4, if ¢ is small enough,
o0 se se se 1
IFIONE < GO IRTP 0]y, + €O [REPONL” + Co [REPIOI,7 < 5b1ad°,  (4.3)

for some by4 > 0.
Then, it only remains to check that the operator F is contractive in B(b146°). Let
©,p € B(b146%). Then, by the mean value theorem,

3 To simplify the exposition, in this lemma and in the technical lemmas from now on, we avoid referring
to the existence of dp and just mention that 6 must be small enough. We follow the same convention for
whenever is needed.
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1
se se se ~ .
Ry7le] - R7(E = | [ DRIPlso+ (1= 9)Flds| (0= 8). =123
0
Applying Lemmas 4.1 and 4.4 and the above equality, we obtain

IR le] = RIP[Elz, < e [Ilwl = &1llz 10w Rl

(b1463

+llp2 = 22077 10RYP[CIS + lles — @slly” ||3y73§ep[<]||5°] < Colle—-2l%

IR (o] = REPIAIIZ < sup [Ilwl = @1llay 10w RPN,
CEB(b1463

+ llp2 = Gally” 10:RFP[CIE + llps — @sll,” ||3y73§ep[<]ll8°} <Cle-2l%,

for j = 2,3. Then, by Lemma 4.2 and taking § small enough,

3
|1Fle] = FIGISE < CSIIRI™Ple) — RIP[Ell5, + C6° YIRS [w] — YP3|I
i=2 (4.4)

e 1 oo
<O o = IT < 5 lle = 21

Then, by the definition of ¢ in (4.3) and (4.4), F : B(b146%) — B(b146%) is well defined
and contractive. Therefore, F has a fixed point 2% € B(b140%). O

4.2. The invariant manifolds in the outer domain

To prove Proposition 3.6, we must extend analytically the parameterizations z" and
z* given in Proposition 3.5 to the outer domains, Dzjg?fpg and Dz(xt ), Tespectively.
Again, we only deal with the unstable -u- case, being the -s- case analogous. We prove
the existence of z" by means of a fixed point argument in a suitable Banach space.

Given a, 8 € R, we consider the norm

ou —a £ 1 62
lelgts = sup g5 (w) (u? + 4%) o), gslu) = + :
" e, A AT g a2
and the associated Banach space
X% = {cp : Dz:;‘:fp? — C : ¢ real-analytic, HcpHZu/g < oo} . (4.5)

These Banach spaces have the following properties, which we use without mentioning
along the section. Their proof follows the same lines as the proof of Lemma 7.1 in [8].
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Lemma 4.5. The following statements hold:

1 If e X%, then p € X' for any B2 € R and

a,B1’
t t
{n@nz?ﬁg <Clleles, . for B — B1 > 0,
lelles, < C(r6%)%==Prlp)|2" ,  for By — 1 <0.
2. If o € X%, then p € X", 45 for any B2 € R and
lellaty 5, < Cllelle’s, for Ba — B1 > 3,
lllS™, 5, < C82(16%)F2=FD=5 ||| | for B2 — 1 < 3.

3. Ifp e Xs?,tﬂl and ¢ € Xt then ¢ € Xg?ia2,51+ﬁ2 and

az,B27
t t t
leCllos s mr, < Nellay.s I€lloss, -

4 1If o€ X&%Erl and ¢ € Xg%t_i_%, then ¢ + §%C € Xﬁ%t and

I + 6%¢

t t
5 < lellgs s + NClIG 545 -

Let us recall that, by Proposition 3.5, the invariance equation (3.12) has a unique
solution z" in the domain Djy:> satisfying the asymptotic condition (3.6). Our objective
is to extend analytically z" to the outer domain DEZ?tm Notice that, since p; < pa,
Dy n D::Z‘ffpz # 0 (see definitions (3.14) and (3.15) of D} and DE:Z‘;TM).

As explained in Section 4.1, equation (3.12) is equivalent to L£z" = R°P[z"] with
Lo = (0y — A%P)p and R%P given in (3.13). In the following lemma we introduce a

right-inverse operator of £ defined on X"

Lemma 4.6. Let us consider the operator Glg] = (Gi[p1], Galwa], Gsles])”, such that

u u u T
Glol(u) = / o1(s)ds, / e ) oy (s)ds, / e Wy (s)ds |
— P2 U u1

where u; and Uy are the vertices of the domain DE’Z?tpz (see Fig. 5). Fiz 8 > 0. There
exists a constant C such that:

1. If o € XY, then Gil] € APY, and ||Gi[e][17%5_1 < C llellys.

2. If o € X5, then Gjlp] € XgW, j =2,3, and ||G; [gp}ugf‘g < C8?|gllg’s-

The proof of this lemma follows the same lines as the proof of Lemma 7.3 in [8].
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Consider u; and uy as in Fig. 5 and the function

i (e i T
Fo(u) = (w“(—pg), xu(ﬂl)e_ﬁ(“l_“), y“(ul)e?(“l_“))

Notice that, since 0 < p1 < p2, we have {—pa,u1,u1} € D};*°. Therefore, by Proposi-
tion 3.5, z" is already defined at these points. We define the fixed point operator

Fle] = F* + G o R*?[y], (4.6)

where the operator R is given in (3.13). Since £L(F°) = 0, by Lemma 4.6, a solution
2" = F[z"] satisfies Lz" = R**P[z"] and by construction is the real-analytic continuation
of the function z" obtained in Proposition 3.5.

We rewrite Proposition 3.6 in terms of the operator F defined in the Banach space

Xgut Xo%t X Xou X Xout

endowed with the norm

out ||0ut out + ||S03HOUt )

lelli™ = o llenllyo + llwallo

Proposition 4.7. There exist dg, k1 > 0 such that, for § € (0,09) and k > k1, the fized
point equation z" = F[z"] has a unique solution z* € X**. Moreover, there exists a real
constant bys > 0 independent of § and k such that || 2"||%" < b158°.

We prove this proposition through a fixed point argument. First, we state a technical
lemma, whose proof is postponed until Appendix B.2. Fix ¢ > 0 and define

B(o) = {p € X2 : o2 <o} .

Lemma 4.8. Fiz o > 0 and let R*P be the operator defined in (3.13). For 6 > 0 small
enough and k > 0 big enough, there exists a constant C > 0 such that, for ¢ € B(06%),

RSPl < €62, RSPl <Co, j =23,
and
ORI <8, ORI <05 I0,RTIIRS < O,
10 RSP [#lll5z < €6, 102 REP [ 2 < C, 10, R5P[II5% < €62,
10w R [#lll5z < €9, 10.R5T[R[I5Y < €62, 19, REP[]lIT 2 < C.

The next lemma gives properties of the operator F.
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Lemma 4.9. Fiiz o > 0 and let F be the operator defined in (4.6). Then, for 6 > 0 small
enough and k > 0 big enough, there exist constants big,b17 > 0 independent of 6 and k
such that

IFIO][15" < bigd®.
Moreover, for o, € B(06%),

out

1+ lles — @sllg. ) ,

SIFle] ~ BRI < by (S llon — Bl + lpa — Gl
170 - FlglIe < 2Tl — @2, jor j=23
Proof. First, we obtain the estimates for F[0]. By Proposition 3.5, we have that
W (=p2)] < C&,  |a"(m)| < O, Jy*(w)| < CF°
and, as a result, ||[F9[|9* < C63. Then, applying Lemmas 4.6 and 4.8, we obtain

ou out se ou se ou
IFOIS < [[FO)I57 + COIRIPO]TY + Co® S5, IRFPOIIIGY < C6°.

For the second statement, since F = F°+GoRP and G is linear, we need to compute
estimates for R%P[p] — R5P[]. Then, by the mean value theorem,

RPle] — RSP(5 /DR&ep sp+(1=s)glds| (0 =),  j=1,23

In addition, by Lemmas 4.5 and 4.8, for 7 = 2,3, we have the estimates

se ou C se ou C se ou C
RSP < 5 IR, <50 IO REPIAINY < 5

se ou C s€e ou C s€e ou C
IR < oz BRI < e IORIPIAAIRE < —s

We estimate each component separately. For j = 1, we have that

out

ORI L] = RIPIAIITY < sup 5[||<p1 21170 10 RY™|
CEB(e5?)

ou se ut ou se ut
HM—@HWaRWm14W%—%HW8RWMT}

(o) ¢
<2 lor = @1llT + Cllws — P2

Hout

+C|lp3 — <P3||o 1.

Analogously, for j = 2,3, we obtain
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IR5™lel-RiP[@lllos < sup [Ilsm @117 10w RSP 4
¢eB(08®) 3

+ ||s02 — Gallos 18:REPIIIS

8+ lles — Bsl6 19, RP I

||Out

< 252 H‘p -
and, using Lemma 4.6, we obtain the estimates for the second statement. O

Lemma 4.9 shows that, by assuming x big enough, operators F» and F3 have Lipschitz
constant less than 1 with the norm in X2"*. However, we are not able to control the
Lipschitz constant of F;. To overcome this problem, we apply a Gauss-Seidel argument
to define a new operator

which turns out to be contractive in a suitable ball and has the same fixed points as F.

End of the proof of Proposition 4.7. We look for a fixed point of F. First, we obtain an
estimate for || F[0][|9"t. We rewrite it as

Flo] = F10] + (F1[0, F [0, F[0]] - F1[0], 0, O)T,

and we notice that, by Lemma 4.9, [|(0, F[0], F5[0])[|%* < [IF[0]||S™ < C&3. Then,

X

applying Lemma 4.9, there exists constant b5 > 0 such that

out
1,0

IFTO]][S < [|FO][$™ + [[F1[0, Fa[0], F5[0]] — Fi[0] o
4.7
< | FO]IZ™ + C |1 F2[00lI5s + C 1 F5[0]]6% < b1563.

Now, we prove that the operator F is contractive in B(b150%). Indeed, by Lemma 4.9,
we have that, for ¢, ¢ € B(b156%),

Pl ou 5 ou ou ou
17l — Al < ¢ (S ller — aals +1Bsle] ~ BRI + 175l — Follls )
5 || out out out
— ller =@l + — IIsO Pl = H@ 2l
175 (] - F5l¢ Al = I1File) = Filellls < —IIso oy, forj=23.

Then, for £ > 0 big enough, we have that || Fp] — F[@][|o* < L e = @115, Together

with (4.7), this implies that F B(b150%) — B(b156%) is well deﬁned and contractive.
Therefore, F has a fixed point 2" € B(b156%). O
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4.8. Switching to the time-parametrization

In this section, by means of a fixed point argument, we prove Proposition 3.7. That
is, we obtain a change of variables U satisfying (3.21), that is

OU = RU]  where R[U| = 0y Hi® (v +U(v), 2" (v +U(V))) . (4.8)

To this end, we consider the Banach space

Yout = {<p : 52;;;(13 — C : g real-analytic, [[¢[lsup :==  sup  |[U(v)] < oo}. (4.9)
VDL

First, we state a technical lemma. Its proof is a direct consequence of the proof of
Lemma 4.8 (see also Remark B.12 in Appendix B.2).

Lemma 4.10. Fiz ¢ > 0. For § > 0 small enough and ¢ € Y°" such that ||¢||sup < 062,
there exists a constant C > 0 such that ||R[¢]||sup < C6? and | DR[p]||sup < C52.

Let us define the operators

Glyo)(v) = /(p(s)ds and F=GoR, (4.10)

P3

where p; € R is the rightmost vertex of the domain D" (see Fig. 7). Then, a

r2,d2,d3

solution U = F[U] satisfies equation (4.8) and the initial condition U (p3) = 0.
Proof of Proposition 3.7. The operator G in (4.10) satisfies that, for ¢ € Y°ut

IGlelllsup < Cllpllsup- (4.11)
Then, by Lemma 4.10, there exists by > 0 independent of § such that
1
Moreover, for ¢, p € B(b46%) = {p € Y : ||¢|lsup < b46?}, by the mean value theorem

and Lemma 4.10,

1
1R[] = R[@]llsup = /DR[SSD + (1= s)glds|| Nl = Gllsup < O8Il — Pllsup-

0 sup

Then, by Lemma 4.10, (4.11), (4.12) and taking ¢ small enough, F is well defined and
contractive in B(bs6?) and, as a result, has a fixed point U € B(bs6?).
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It only remains to check that v + U(v) € DZ;);:[) for v € 52;2; 4, Indeed,

since [[U|lsup < b40? and DZ;S; 4 C D::Z;‘fpz, taking 0 small enough the statement

is proved. O
4.4. Extending the time-parametrization

In this section, we extend analytically the parametrization I'"* given in Corollary 3.8
from the transition domain D}’ Zutp to the flow domain Dgg 4, (see (3.19)).

Since T satisfies the equations given by H in (2.7), F=rv-T, (see (3.22)) satisfies

0, A = —3A + O\ H, (T, +T6),
9.A — _V’()\h + )+ V' (\) — ONHL Ty + T56),

(91,33—1 + 40 Hl(Fh—FF 9),

52

/\

D) = —zﬁ i0,Hy (T, + T3 6),

which can be rewritten as LT = Rfl [f}, where

0 -3 0 0
Ll = (0, - A"w) g,  AMv) = ‘V"(Qh(“” 8 g 8 . (4.13)
0 0 0 —%
and
O (Th(v) +¢(v); 6)
Rg](v) Twz(;z f;l(a;hH(;()Fi(;jzv;?)(v);(s) ; (4.14)

with T[p1] = —V’()\h + 1)+ V() + V(M) 1
We look for I through fixed point argument in the Banach space X! = (X ﬁ) where

Xt = {<p D!, — C : g real-analytic, ||¢o|" ;= sup |o(v)| < oo}7

K3,da
vGDK3 dy

endowed with the norm

lell% = dlleall™ + 8llgall™ + losll™ + llal™.

A fundamental matrix of the linear equation & = A% (v)¢ is
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SAh(v) 3fh(’0) 0 0 »
“Ap(o) — 0 0
O(v) = g(”> fg(”) PO with fh(v)Ah(v)/A%l(s)ds.
0 0 0 e 3" v

Note that f5(v) is analytic at v = 0.
To look for a right inverse of operator £% in (4.13), let us consider the linear operator

G"[el(v) = / (s)ds, / pa(s)ds / (s)ds / (s)ds T7

where vg, v1 and T are the vertexes of the domain DNS d (see Fig. 7). Then, the linear

operator g[cp] = ®G[®~!¢] is a right inverse of the operator L%, and, for ¢ € X!, satisfies

1G] + G2l < C (llpa | + llp2l®)

" (4.15)

1G; [PllI" < €82l |" for j = 3,4.

Next, we state a technical lemma providing estimates for R, Tts proof is a direct

consequence of the definition of the operator in (4.14) and Corollary B.7, which gives

estimates for HY°' in (2.1) (see also the change of coordinates (2.5) which relates H}°!
and Hy).

Lemma 4.11. Fiz ¢ > 0 and consider p € X3 with ||||% < 06%. Then, for § > 0 small
enough, there exists a constant C' > 0 such that the operator RY in (4.14) satisfies

1RSI 1RSI < 8%, RS IR < Cs,
DRI < Co,  j,1€{1,2,3,4}.

Denote by e;, 7 = 1,2, 3,4, the canonical basis in R%. Noticing that, by Corollary 3.8,

the function T' = (X, A, 2,9) is already defined at {vg, v1,7,} € D:;;Z) 4> We can consider

the function
FO(v) = ®(v) [(I)_l(’(}g) (X(vo)el + A(Uo)eg) + 2(71)® (71 )es + gj(vl)@_l(ul)ed .

Then, since é(FO) =0, it only remains to check that F = F° + éo RY is contractive in
a suitable ball of X'f.

End of proof of Proposition 3.9. First, we obtain a suitable estimate for F[0]. Applying
Propositions 3.6 and 3.7 and using (3.18) we obtain that, for v € D"°%

K2,d2,d3?

M) <08, [Aw)| <Cs% i) <C8%  g(v)] < C8°.
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. — u,out
Therefore, since {vg, v1,71} € D, iy s

IFCIIS, < C8JAwo)| + C3|A(vo)| + C[2(m1)| + C[g(n)] < OF°
and, applying (4.15) and Lemma 4.11, there exists b5 > 0 independent of § such that
1
IF0]1% < IF°I% + 16 0 RTO]I% < 5b50°. (4.16)
Let us define B(b56%) = {p € X : ||p||% <b56°}. By the mean value theorem and
Lemma 4.11, for ¢, $ € B(b563) and j = 1,..,4, we obtain

4
IRS ] = RE[BII" < Z o {HDzR?[C]Hﬂ}H@z—@zHﬂ

< Clle -l

Then, by (4.15) and taking § small enough,

IFle] = Fl@ll% <Cs | Y IRl - RYIN"| + C6?

j=1

SR - Rmnﬂ]
(4.17)

=3
<Cole - <p||><—2||50 2%

Therefore, by (4.16) and (4.17), F is well defined and contractive in B(b563) and, as
a result, has a fixed point I' € B(b50°%). O

4.5. Back to a graph parametrization

Now we prove Proposition 3.10 by obtaining the change of variables V : ZNDN uds — C
as a solution of equation (3.23). This equation is equivalent to V = N[V] with

Nlgl(u) =

3An(u) (A + o) + A+ o(u) = An(w) + 345 (w)p(u)] -

We obtain V by means of a fixed point argument in the Banach space

y = {ap : 5,{4,515 — C : g real-analytic, ||¢|lsup := sup |p(u)| < oo}.
u€5K4vd5

Proof of Proposition 3.10. Let us first notice that, by Theorem 3.1,
C_l S ||AhHsup S C (418)

Since ds < d4 and k4 > k3, we have that 5&4@5 c DE 4, (see (3.16) and (3.19)).
Then, applying Proposition 3.9, there exists bg > 0 independent of § such that



48 I. Baldomd et al. / Advances in Mathematics 430 (2023) 109218

INTO][lsup < 3II(Ah) HlsuplMlsup < b652

Next, we compute the Lipschitz constant of A" in B(bgd2) = {0 € Y : [|@]lsup < bsd? }.
By the mean value theorem, for o, $ € B(bgd?) and ¢, = (1 — s)¢ + s@, we have that

1

INVlp] = N[@llsup < sup /DN[sos}(U)dS [l = @llsup-

u€Dwy a5 |

For u € l~),§47d5 and 0 small enough, we have that u + ¢,(u) € DI Therefore, by

. K3,dq”
Proposition 3.9, (4.18) and recalling that Ap, = —3Ay,

IDNps](w)] < 57 {10A G+ e ()] + A (1 po(w) — An(u)|} < C&°

3 |A
and, taking § small enough, [N[¢] —N[@][lsup < 3]l¢ — @|lsup. Therefore, the operator N
is well defined and contractive in B(bgd?) and, as a result, has a fixed point V € B(bgd?).

Besides, since Dy, 4, C D} ; , we obtain that u +V(u) € DE , for u € Dy, 4, and
0 small enough. O

5. Complex matching estimates

This section is devoted to prove Theorem 3.15 which provides estimates for Z;"° =
Z%s — Z3"° in the matching domains DM and D2MS | given in (3.38). We only prove
the theorem for Z}', being the proof for Z7 analogous.
5.1. Preliminaries and set up

Proposition (3.12) shows that the Hamiltonian H®P expressed in inner coordinates,

that is H™ as given in (3.32), is of the form H™ = W + XY + K + Hi®. Then, the
equation associated to H™ can be written as

Z = A‘“Z+ fm(U Z) + frohU, 2), '
where A™ is given in (3.34) and
= (—ouk,idy K, —ioxK)T, 9" =owk, 5.2
5.2
fmch — ( 6UH111 ZaYHin, _,L-aXHin)T ; mch 8 Hm

Notice that, since (u,z%(u)) = ¢ (U, Z*(U)) (see (3.40)), (U, Z*(U)) is an invariant
graph of equation (5.1). Therefore, Z" satisfies the invariance equation
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8UZu _ AinZu + Rin[Zu] + RmCh[Zu],
with R™ as defined in (3.36) and

A +.fi"(U7 @) + (U, p)
149" (U, @) + gt (U, p)

R™P ] = — A — R™[g]. (5.3)

Similarly Z§ satisfies the invariance equation dyZy = A"ZY + R"[ZY] (see Theo-
rem 3.13) and, therefore, the difference Z' = Z" — Z§ must be a solution of

OuZt = A ZY + B(U)ZY + R™M [ ZY], (5.4)

with
1
B(U) = / DR [(1 = $)ZY + sZ")(U)ds. (5.5)
0

The key point is that, since the existence of both Zj and Z" is already been proven, we
can think of B(U) and R™[Z4](U) as known functions. Therefore, equation (5.4) can be
understood as a non homogeneous linear equation with independent term R™2[Z1](U).
Moreover, defining the linear operator £L¢ = (9 — A™)yp, equation (5.4) is equivalent
to

LZYU) = BU)Z}(U) + R™M[Z2(U). (5.6)

We prove Theorem 3.15 by solving this equation (with suitable initial conditions). To
this end, we define the Banach space Xh = xch x ymeh o ymeh with
3

[e3%

Ameh — {gp DR, C o real-analytic, [P = sup  |[U%p(U)| < oo},

UeDg}ch.u
endowed with the product norm ||<,0Hr:Ch = ||<P1Hr%mh + ||<,02||11nCh + ||<P3||I1mh

Next lemma gives some properties of these Banach spaces.

Lemma 5.1. Let y € [%, 1) and «, B € R. The following statements hold:

1. If p € XN then ¢ € Xémh for any B € R. Moreover,

mch —« mch
lells™ < Cx7= [l fora> B,
lellg™ < Ca2e=MA=1 o2, for a < B.

2. If ¢ € X2 and ¢ € XN, then ¢ € X2B and [[o¢||5 < [l 2 ICI5"
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This lemma is a direct consequence of the fact that, as explained in Section 3.3.2, U
satisfies

kcos [y < |U| < (5.7)

§52(1-)"
Now, we present the main result of this section, which implies Theorem 3.15.

Proposition 5.2. There exist v* € [% 1), kg > max{ki,ks5}, o0 > 0 and byg > 0 such

that, for v € (v*,1), K > k¢ and 6 € (0,0), Z7* satisfies ||Zil||][;1Ch < byg 63,
5.2. An integral equation formulation
To prove Proposition 5.2, we first introduce a right-inverse of £I* = 9y — A",

Lemma 5.3. The operator G™[p] = (g}n[gol], Gt ), Qén[apg])T defined as

U U U T
Gnlpl(U) = <U/ p1(8)dS, [ Dpy(s)is, [ puisias | L 63)
3 Us Us

where Uy and Us are introduced in (3.39), is a right inverse of L.
Moreover, there exists a constant C' > 0 such that:

mch

1. Let a > 1. If o € X2 then GI*[p] € X2 and ||G[¢]||.7, < C e

a—1 —

2. Let >0, j =2,3. If p € XP, then G*[p] € X0 and |G [g]|m" < C .

The proof of this lemma follows the same lines as the proof of Lemma 20 in [7]. Using
the operator G, equation (5.6) is equivalent to

Z1(U) = C"MeA"V L G (B Z,] (U) + (™ 0 R™M(Z]) (U),
where C™h = (Cmeh Cach cmeM)T i defined as
Ol — Wy (Us),  ORM =e WX (Us), OB =¢V2y)(U,).
Then, defining the operator T[p](U) = G [B - ¢] (U), this equation is equivalent to
(Id - T) 2} = C™heA"U 4 (G o R™M[ZY]) (5.9)
and therefore, to estimate Z!, we need to prove that Id — T is invertible in X",

Lemma 5.4. Let us consider operators B and G as given in (5.5) and (5.8). Then, for
v € [%, 1), & > 0 big enough and § > 0 small enough, for p € X2,
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h
el

mec in mc 1
TR = G182l < 5

and therefore

|(1d = T) ] |7 < 2 ) 2

To prove this lemma, we use the following estimates, whose proof is a direct result of
Lemma 5.5 in [10].

Lemma 5.5. Fix o > 0 and take k > 0 big enough. Then, there exists a constant C
(depending on o but independent of x) such that, for ¢ € X2 with ||<,0||mCh < o, the
functions g™ and f™ in (3.36) and the operator R™™ in (5.2) satisfy

"ol e IfGaln" e el s =23
and
lowRPlel3 ™" <0, [loxRPITT <0 lvREl|7 < C
lowRPA " < JoxRPl, " <0 lvRPI, T <O =23

Proof of Lemma 5.4. Let Z" be as given in (3.40). Then, by Proposition 3.6, estimates
(5.7) and taking v € [2,1), we have that, for U € Dby,

c 06 C

WHU)| < — + < )
wis 0L

IxuEet <o yEt < e (5.10)

Then, using also Theorem 3.13, we obtain that (1 — s)Z3 + sZ% € X2t for s € [0, 1]
and v € [2,1) and |(1 — )24 + sZ“Hr:Ch < C. As a result, using the definition of B in
(5.5) and Lemma 5.5,

IBiallf* < C, |IBy, 2HmCh <C, B, 3HmCh
mch mch mch . (511)
1Bjall2™ <O, [[Bjally " <O, |[Byslly <€, forj=2,3.

Therefore, by Lemmas 5.3 and 5.1 and (5.11), we obtain

mch mch
[Tl < Cllms (Be) 5
mch mch mch mch mch mch
< C 1Bl T eal 5 + 1Bl T o2 7 + 1Brsll 5 s

Hmch

h h h
—2||s01 i —Ilwz\lmc —Ilsos\lmc < ;II@HTC :

Proceeding analogously, for j = 2,3, we have
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3

h h h h h c h

1Tl < C | 1IBj a5 lepa |5 + ) 1Bally " el T SEHSDHI:C :
=2

Taking x > 0 big enough, we obtain the statement of the lemma. O
5.3. End of the proof of Proposition 5.2

To complete the proof of Proposition 5.2, we study the right-hand side of equa-
tion (5.9). First, we deal with the term C™PeA™V. Recall that Uy and Usz in (3.39)
satisfy

c! C ,
mﬁ“fﬂﬁm, for]:2,3.

Then, taking into account that Wi = W* — W', (5.10) and Theorem 3.13 imply

Ci| = [WY(Us)| < [W™(Us)| + [Wg'(Us)| < Cs <550
w 1 0 AL
3

and, as a result, by Lemma 5.1, ||CHeh||jmeh < €637 Analogously, for U € pmchu,
3

) ) —Im (U-Us)
Cmeheil| = U=V xu ) < S < gt

and then ||CReheiV||meh < ¢§3(1-7) . An analogous result holds for C2<he =i Therefore,

[Cmeh AU | meh < 0530, (5.12)

Now, we estimate the norm of G o R™1[Z4]. The operator R™% in (5.3) can be
rewritten as

Rmch[Zu] — fmCh(l +g ) - ng.h(AmZu + fin) )
(14+g")A+g" + gmeh)

Then by (5.10), Lemmas 5.1 and 5.5 and taking k big enough, we obtain

inf ~u mch g 1 - vu in/ 7u mch

||g ( 7Z )HO S H2 S 27 ||ZX =+ f2 ( 7Z )||0 S Ca (513)
i m Vel in uy ||mch

[FOv] [ yes =iy + 2 2y <

To analyze f™% and g™" (see (5.2)) we rely on the estimates for Hi® in (3.33) and
its derivatives, which can be easily obtained by Cauchy estimates. Indeed, they can be
applied since U € DM and, by (5.10),
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WHO)], X (U)], [YHU)] < C.
Then, there exists m > 0 such that
lgmh(U, Z%)| < C§3 2= | pmeh (7)) < €632 for j = 1,2, 3. (5.14)

We note that, for v € (v, 1) with 7§ = max{2, 22=2} we have that 3 —2m(1—v) > 0.

Then, for v € (73, 1), § small enough and « big enough, using (5.13) and (5.14) we obtain

IR Z(U)] < C8572mI=D for j=1,2,3.
Then, by Lemmas 5.1 and 5.3,
16" o R (224 = G o RPPIZI™ + T2, Gie o REeb[2] e
< CIIRPMZ | + 325, CIRPAZV]|peh < O35 —2(mF5) 0=,

If we take v* = max {2,75,71} with 7} = §ZI$7 and v € (v*,1),

IG™ 0 Rk [z et < €530, (5.15)

To complete the proof of Proposition 5.2, we consider equation (5.9). By Lemma 5.4,
(Id — 7)) is invertible in X" and moreover

mch

HZ?”r::Ch = H(Id _ 7‘)71 (Cmche.Ai"U +Gno RmCh[ZuD

X

mch

<2 HcmcheAi“U + gin ° RmCh [Zu]

X

Then, it is enough to apply (5.12) and (5.15). O
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Appendix A. Poincaré variables

This appendix is devoted to define the (rotating) Poincaré coordinates for the
RPC3BP through the Delaunay elements. We follow exactly the same scheme as the
one in Section 2.1 of [10]. In addition we also provide the proof of Lemma 2.3.

Let ¢pol : (1,6, R, G) — (q,p), be the symplectic polar change of coordinates defined
n (1.2), where r is the radius, 6 the argument of ¢, R the linear momentum in the r
direction and G is the angular momentum. In these variables, the Hamiltonian (1.1),
becomes

2
H*' = g 4 1P HYY(r,R,G) = (32 + G—) Ll (A1)
T

The critical point L3 (see [55] for the details) satisfies that, as p — 0, (r,0,R,G) =
(dy,0,0,d%) being d, = 1+ Zpu+0W?).

We introduce now the celebrated Delaunay elements, (¢, L, §, G), where £ is the mean
anomaly, § is the argument of the pericenter, L is the square root of the semi major axis
and G is the angular momentum, (see [45]). It is well known that the action L is defined

by
1 9 G2> 1
() -,

and the (osculating) eccentricity of the body is expressed as

\/17 G_2 B \/(L—G)(L—FG)
L2 L '

The so called “anomalies”, the mean anomaly /¢, the eccentric anomaly u, and the true

anomaly f, satisfy the well known relations

cosu — e . vV1—e2sinu )
_ sinf=——— u—esinu = £.
1—ecosu

cos f =
1—-ecosu

They are nothing but three angular parameters that define a position at the (osculating)
ellipse. We have also the relations

r=L*(1 — ecosu) and 0= f+g, with 0=0+t.

We consider now the rotating Delaunay coordinates (¢, L, g, G), where the new angle is
defined as g = § — t (the argument of the pericenter with respect to the line defined by
the primaries S and J). Then § = f+ g and the unperturbed Hamiltonian H ol hecomes
H(I))Ol _

2L2 — G. Moreover, the critical point L3 satisfies 8 = ¢+ g =0 and
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d,
L= 2_d3 =140(u), G=d,=1+0(n), L-G=0(4%.

Note that the Delaunay coordinates are not well defined for circular orbits (e = 0),
since the pericenter, and as a consequence the angle g, are not well defined. To “remove”
this singularity of the Delaunay coordinates, we use the classical Poincaré coordinates
(N, L, 1, &) by means of

A=/{+g, n=+L—Ge", £ =VL—Ge .

Even though the Poincaré variables are defined through the Delaunay variables, they are
analytic when the eccentricity tends to zero (i.e. at L = G), see [45,27]. The Hamiltonian
equation associated to (A.1), expressed in Poincaré coordinates, defines a Hamiltonian
system with respect to the symplectic form dAAdL+1i dnAd€ and the Hamiltonian (2.1)
in Section 2. We notice that in Poincaré coordinates, the critical point L3 satisfies
(0,1,0,0) + O(p) (see (2.3)) and linearization (2.4).

Proof of Lemma 2.3 We use the formulae for the Poincaré elements and anomalies
introduced previously. Fix ¢ > 0 and let |(L — 1,£,7)| < 1 and [Im A| < p.

e The result for the angular momentum G is straightforward by the definition of the
Poincaré elements.
o The radius 7 satisfies that 7 = L?(1 — ecosu). In Section 4.1 of [10], it is seen that

1 —ix N Cin oo
ecosu = e "'n+eE) +0(e "y, e
== (7P +eg) + O, ee)
e oL - 1.
2 b) ) 9
h i a2)
i = — (e - ) + O, O
Z'efi)‘ ie“‘

- n_%&o@—l,n,&)?

As a result, we obtain the asymptotic expression for r.
¢ The angle 0 satisfies that § = A+ f — £. Since the eccentric anomaly is given implicitly
by u — esinu = ¢, we have that

=X+ f—u+esinu. (A.3)
The true anomaly f and the eccentricity e satisfy that

V1—e?sinu 9 G? (2L —nf)

sin f = , ef=1——=n
1—ecosu
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Then, by (A.2),
sin f = (14 ecosu)sinu + O(L — 1,1,€)? = sin(u + esinu) + O(L — 1,7, €)%

By (A.3) and using that [Im \| < o, one obtains § = X\ +2esinu+ O(L —1,7,£)?, and
applying (A.2) we obtain the corresponding asymptotic formula.

0= \+2esinu+ O(L —1,7,6)* = XA +iv2e Py — iv2e* + O(L — 1,71,6)2.

e The linear momentum R satisfies that

11 G? 1
=g (G-
202 2 ( + r2 r
Then, since r = L?(1 — ecosu) and, by (A.4), G> = L?(1 — €2), one obtains that

(esinu)?

RP= —— 7~
L2(1 — ecosu)?

and applying (A.2) we obtain the statement of the lemma.

Appendix B. Estimates for the invariant manifolds

In this appendix we prove the technical Lemmas 4.4 and 4.8. All these results involve,

in some sense, estimates for the first and second derivatives of the Hamiltonian H;" in

(3.9). However, to obtain estimates for H}°", we first obtain some properties of H{°' (see

(2.2)), which can be written as

where

PIIOL,n,€) = (Ilg = (€, 0)[| ™) © P (B.2)

In [10] (see, in particular, Lemma 4.1), we computed the series expansion of P[(] in
powers of (n,£). In particular, P[(] can be written as

1
VAN + BIJ(A, Ly, )

PO Lyn, &) = (B.3)

where A and B are of the form
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A[C](N) =1 — 2Ccos A + (2, (B.4)
B[<]<)‘7L7n75) :4(L - 1)(1 - CCOS )‘> + % (3< - Qe_i)\ - Ce_QiA)
¢ _ _ (B.5)
5 (3027 = () + RO L. €)

and, for fixed g > 0, R is analytic and satisfies that

RIS Lo, €)] < K (o) (L = 1,1, ), (B.6)
for ImA| < o, [(L—1,n,§)] < 1 and ¢ € [-1,1].
Then, wherever |A[C](A)] > |B[C](A\, L,n, &)], P[C](A, L,n, &) can be written as
e () (BI¢)"

PN, Ly, €) = ——— + 2| 22hY B.7
O L) = s 2231 w ) iy (B.7)

Remark B.6. The Hamiltonian HY°' = HF' + pHY°! (see (2.1) and (B.1)) is analytic
away from the collisions with the primaries, that is zeroes of the denominators of P[u]
and P[u — 1]. For 0 < p < 1, one has

Alp] =1+ 0(p), Alp =11 =24 2cos A+ O(p).

Therefore, in the regime that we consider, collisions with the primary S are not possible
but collisions with P may take place at A ~ .

We now obtain estimates for HY°! in domains “far” from \ = .
Lemma B.7. Fiz Ao € (0,7) and po € (0,1) and consider the Hamiltonian HY°

and the potential V introduced in (B.1) and (2.6), respectively. Then, for |\ < Ao,
(L —1,m,8)| < 1 and p € (0, po), the Hamiltonian HY°' can be written as

HEYN, Ly, & 1) — V(X) =Do(p, A) + D1 (1, \) (L = 1),m,€) + Da(\, Ly, & po),
such that, for j =1,2,3,

Do, M) < Kp, - |(Da(m N)jl < Ko (DN Lon & )| < K (L —1,,6) %,
with K a positive constant independent of \ and p.
B.1. Estimates in the infinity domain

To prove Lemma 4.4, we need to obtain estimates for R*°P and its derivatives. Let us
recall that, by its definition in (3.13), for z = (w, z,y) we have
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3 iz . se S 1y se T
Rsep[z] _ 15613(.72) fQSep('7Z) — 529 p(.,z) f3 ep(_’z) + 5_g g P (B 8)
1—"—.9561)('7'*71)7 1+gsep(.7z) ’ 1+gsep(_,z) ’ .

where ¢°°P = 3, HS°P and f*P = (=8, H:*?,i0, H;® | —id, H;*P)" .
Therefore, we need to obtain first estimates for the first and second derivatives of
HP| introduced in (3.9), that is

Yy
Hi™ = Ho (6eq© buep) — (w+ 55 ). (B.9)
where H = Hy + Hy with Hy = H, + Hosc (see (2.7), (2.11)).
Since (Ap,Ap) is a solution of the Hamiltonian H}, and belongs to the energy level
Hy = *%v

w w? Ty

1
Hp o ¢psep = Hp ()‘h(u>7Ah(u) - m) + Hose(2,9;0) = ) +w— W + 52

Therefore, by (B.9), the Hamiltonian H; can be expressed (up to a constant) as

w?

Hsep:Mo¢sc T AA2/7. 0\
! P 6A2 (u)

(B.10)

where
M()‘v Av x,Y; 5) = (H ° ¢eq)(>‘a Av €,Y; 5) - HO()‘a Av &€, y)
In the following lemma we give properties of M.

Lemma B.8. Fiz constants o > 0 and Ay € (0,7). Then, there exists 5o > 0 such that,
for 6 € (0,00), |Al < Ao, |A] < 0 and |(z,y)| < 00, the function M satisfies

O3M] < C8|(\, M)+ Cd |(z,y)] |02 M| < C5[(A A, z,9)],
OAM| < C&% |(X, M)| + C8 |(z, y)] |0y M| < Co[(A A, z,y)|
and
|O3M |, |0sa M|, |OX M| < C6?, |0i; M| < C6,  fori,je{\Axzy}.

Proof. Applying ¢cq (see (3.3)) to the Hamiltonian H = Hy + H;, we have that

M:(Hoo¢eq_H0>+Hlo¢eq

3 (B.11)

=8(zL, +yLs) + 362AL, +6* (—523\ + sxsy) + H} 0 Peq.

Then,
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033 M| < |0 Hi (A, A+ 6°8a, 2 + 0680,y + 6L,36)|, (B.12)

for i,j € {X\ A, z,y}. Since |[A] < ¢ and |(z,y)| < 06, then |[A+02€5| < 20 and
|(x 4 0384,y + 6°L,)| < 200, for 6 small. By the definition of H; in (2.9) we have that,

oi 1
Hi(\ A, m,y;6) = H V(A 1+ 62A, 0,8y 6%) — V () + 5—4Fp(52A),
where HY°! is given in (2.2) (see also (2.5)), V is given (2.6) and F}, is given (2.10) and
satisfies F},(s) = O(s®). Since |(62A, 0z, dy)| < 206> < 1, we apply Lemma B.7 (recall
that § = ) and Cauchy estimates to obtain

}8?\[’[1‘ |8)\AH1| s |8/2\H1‘ < 0(527 |8ZJH1| < (4, for 1,] € {)\,A,l’,y}. (B13)

Then, (B.12) and (B.13) give the estimates for the second derivatives of M.

For the first derivatives of M, let us take into account that, by Theorem 3.1, 0 is
a critical point of both Hamiltonians (H o ¢eq) and Hy and, therefore, also of M =
(H o ¢eq) — Hy. This fact and the estimates of the second derivatives, together with the
mean value theorem, gives the estimates for the first derivatives of M. O

End of the proof of Lemma 4.4. Let us consider ¢ = (¢, 0z, ¢y)7 € X° such that
el < 06%. We estimate the first and second derivatives of Hy" evaluated at (u, o(u))
(recall (B.8)), given by

HYP (u, ¢(u); 6) :M(Ah(u)yf\h(u)— 2ol (“>7‘py(“);5)

) P
3AL(u
, n() (B.14)
Q)
6A (u)
First, let us define
ox(u) = An(u) on(u) = Ap(u) — pult) g = (Px, @A Pz, Py)-
b 3Ah(u) I ’ b Yy
Since |¢||5 < 082 and Ay, A, € X° (see (4.2)),
lewls, <C8, sl leylly” <C8° sl leally” < C. (B.15)

Moreover since, by Theorem 3.1, Ay (u) # 7 for u € Dj:>°, we have that
oAl = Pa()] <7, Jpa()] < Ce < C, |(palu), gy (w)] < Co%e™m < O

and, therefore, we can apply Lemma B.8 to (B.14). In the following computations, we
use generously Lemma 4.1 without mentioning it.
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First, we consider ¢** = 9, H;". By (B.14), we have that

OAM o ®@(u)  pu(u)
3An(u) 3AZ (u)’

9P (u, p(u)) = —

Notice that, by Theorem 3.1, [Ax(u)| > C for u € Dp:*°. Then, A=, < C.
Therefore, by Lemma B.8 and estimates (B.15), we have that

lg°P (5 @)llo” < CO[alleally” + alleally” + lleally” + ey 7] + Cllvwlla, (B.16)
< 0§, '
To compute its derivative with respect to w, by (B.14), we have that

o O3 M o ®(u) 1
g™ (v, p(u)) = A9!\%(1&) © 3A2(u)

and, by Lemma B.8 and estimates (B.15), [|0,¢*P (-, ¢)[|”%, < C. Following a similar
procedure, we obtain [|0,¢°P(-,¢)||=, < C6 and [|0,g°P(-, )|, < C4.

. Now, we obtain estimates for f{** = -9, H;". By (B.14), we have that

o
S

TP (u,p(u)) = — Ap(u)OaM o ®(u) —

_ (Ah(u) + 5A2 () ww(u)> OAM o ®(u).

Then, since Ap, A, € X2°, by Lemma B.8 and estimates (B.15), we have that
/3P @)l < C6% To compute its derivative with respect to z, by (B.14),

0 f1P (1, (1)) = — A (u)Dar M 0 (u) — (Ah(u) + 311’%(8) ww(u)> Dya M 0 ®(u)

and, therefore, |0, f;P (-, ¢)||7” < C4. Similarly one can obtain [|9,, f;F (-, @)l < C§?
and [0, /i (-, @)Il,” < Co.

. Analogously to the previous estimates, we can obtain bounds for f5* = i0,H;"

and f3P = —i0, H{*". Then, for j = 2,3, it can be seen that ||f;ep( )| < O,
and differentiating we obtain Hc’)wf;ep(.,@)Hciou < 0, ||3zf;ep(',90)||8° < €6 and
10, 15 (-, )5 < 6.

Then, by the definition of R*P in (B.8) and the just obtained estimates, we complete

the proof of the lemma. 0O
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B.2. Estimates in the outer domain

To obtain estimates of R*°P, we write H;"" in (3.9) (up to a constant) as

w?

HY® =H e sep z ? (A B " )
1 10 Geq © Bsep GA%(U)—FJ(xEy—FyS)—FS(;EA n(u) ) )

(see (B.10) and (B.11)). Then, by the definition of H; in (2.9), we obtain

. 1 52w
HY™ = (H{® = V) 0 ¢se © oq © Psep + w1 F; (52/\ — 5'e )
1 (Hy ) © Psc © Peq © @ p+54 P n(w) 3Ah(u)+ A
’LU2 w
6A2 (u) +0(xLy +yLs) +30°Lx | An(u) )

where HT°! is given in (B.1), the potential V in (2.6) and F}, in (2.10). The changes of
coordinates ¢, peq and dsep are given in (2.5), (3.3) and (3.4), respectively.
Considering z = (w, x,y), we denote the composition of change of coordinates as

()‘7L7n’§) = G(u’ Z) = (d)sc © ¢eq © step)(u’ Z) (B17)

Then, since u = 6%, the Hamiltonian H;" can be split (up to a constant) as

Hiep = Mp+ Mg + Mg, (BlS)
where
1
Mp(u,z;8 =—<P54—1——) O(u, z), B.19
p(u,2;9) [ ] mO(UZ) (B.19)
54
Ms(u, 28) = (53473[0] - 16—4573[54] — 1+ cos )\) 0 O(u,2), (B.20)
w? 9 w
Mp(u, 2;8) = — FvIe) + 0284 (3A(u) — o(e) +0(xLy +yLy)
4 (B.21)
+1p (521\ (u) — v g )
§a P 4 3A5 () A

and P is the function given in (B.2).
To obtain estimates for the derivatives of Mp, Mg and Mg, we first analyze the
change of coordinates © in (B.17). It can be expressed as

O(u,2) = (7 + Ox(u), 1+ O (1, w), Oy(), Oc(y) ), (B.22)

where
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Ox(u) = Ap(u) —m, 0, (x) = oz + 5*£,(9),
52

@L(u,w):52Ah( ) 3Ah( )

+0LA(0),  O¢(w) = oy + 5L, (3).

Next lemma, which is a direct consequence of Theorem 3.1, gives estimates for this
change of coordinates.

Lemma B.9. Fiz 90 > 0 and 6 > 0 small enough. Then, for ¢ € B(0d%) C X2,

loxllgs <, loLC olor <C8%  104(,9)llgs < C6Y,

lex

lHOut

I1+0L(¢)loy < C. 10¢( p)lg's < Ca.
Moreover, its derivatives satisfy
19055 < C, 10.0L(, 9)llgs < C8% [0uOL(L)llgt s < CO%,
0uwOr (-, )||°ut < 082, 9:0,),0,0¢ = 0, 9201,020,,0.0: = 0.
In the next lemma we obtain estimates for the derivatives of Mp.

Lemma B.10. Fiz 9 > 0, § > 0 small enough and x > 0 big enough. Then, for ¢ € B(05%)
and x =x,y,

10.Mp (- @)} < C8%, [[8uMp(@)lIT'2 2 < C8%, 0. Mp(-,0)ll's < C6,
10w Mp (-, @) [T < 8, (|0 Mp (@)l < O35, [|05Ma(, H“t < C6,

10w Mp (-, 0)o's < C8°,

“Mp(-,

||out

<082, 0wy Mp(0)loly < O3

Proof. We consider ¢ € B(pd%) C X" and we estimate the derivatives of P[6* — 1] o
O(u, p(u)). We first we obtain bounds for A[0* — 1] and B[6* — 1] (see (B.4) and (B.5)).
To simplify the notation, we define

A(u) = A[6* —1])(r + ©x(v)),  B(u,z) = B[§* — 1] 0 O(u, 2). (B.23)

In the following computations we use extensively the results in Lemma 4.5 without
mentioning them.

1. Estimates of Z(u) Defining A = A — m, by (B.4),
Af6* — 1) (A +7) = 2(1 — cos A) — 26%(1 — cos \) + 6°.

Then, applying Lemma B.9,
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2||out

Isin@Al3 s < ClOAllg s <€, [[(1—cos©) 7' < OO

2
3

and, as a result,

[A7H8 < Ol - cosO) [ < €,
(B.24)
|0 A5, < C [lsin O[5 5 [1.015's < C.

2. Estimates of B(u, ¢(u)): Considering the auxiliary variables (A, L) = (A — 7, L — 1),
we have that

Bl6* —1)(m + A1+ L,n, &) =4L(1 — cos A + 6% cos \)

+ i(73 + 27 4 o2 4 54(3 4 e~ 2))
V2
¢ R . R (B.25)

1S (L3496 1A 4 ga(gy o2ih
\/Q( ( )

+ R[5 = (r+ A1+ Lyn.€).

Then, by the estimates in (B.6) and Lemma B.9,
> out out C out
1B @)}y <C[|01(,9)O3]]o 5—2||®n( ?)Oxllg,2
(B.26)

O ou ou
+ 55 1960003z + 53 H O1,0,,0¢)%[ s < €&,

Now, we look for estimates of the first derivatives of E(u, ©(u)). By its definition
in (B.23) and the expression of © in (B.22), we have that

9,8 = [0\B[§* —1] 0 0] 0,0, + [0, B[6* — 1] 00] 9,01,

dwB = [0, B[§* —1]0©] 0,0, (B.27)
8,8 = [8,B[6* —1]00]0,0,,  8,B = [0:B[0"* —1]00]8,0:.

Differentiating (B.25) and applying Lemma B.9,

[3BI* 110 0C 21" <CIOL(. )OS + 55 04, )

C ou
+ 55 19 ¢)llg.s [+ 002 < 0o,

ou ou ou C
0B ~ 11060, @)™ <c 33, + Shent ot + € <c

HB*B[54 ||Out <C||@>\||OUt + % <C, forx*=n,¢.



64 I. Baldomd et al. / Advances in Mathematics 430 (2023) 109218

Then, using also (B.27) and taking * = z,y,
10, B )81 19 B9 s < O3, [0 B(- )3, <C6. (B.28)
Analogously, for the second derivatives, one can obtain the estimates
10u BG9)II 5 < CO% 105 9)l5% < C6*, 10w B 9)l5" < €0,

N _ (B.29)
10 B @)lIg™ s < C8°, [102B(@)lI8 < 8% [0y B( 9) I35 < Co”.

Now, we are ready to obtain estimates for Mp(u,p(u)) by using the series expansion
(B.7). First, we check that it is convergent. Indeed, by (B.24) and (B.26), for u € D"

K,d1,p2
and taking x big enough we have that
Buo(u)| _ = ¢ c
il < ||B(- ou A out < B out < ~ 1.
‘ S SIBC IR AT IS < 2l Bl oIt < 5 <
Therefore, by (B.3) and (B.19),
|Mp(u, p(u - .
r \/A “1(n(w) /2 + 2c08 A (w) 530)
OIB(g,w(U))I.
| A(u)|?

Then, to estimate Mp and its derivatives, it only remains to analyze the u-derivative of
its first term. Indeed, by the definition of A[6* — 1] in (B.4).

out

< st (B.31)

1 1
(\/A T 1 (0nw) \/2+2cos)\h(u))

Therefore, applying estimates (B.24), (B.26), (B.28), (B.29) and (B.31), to the derivatives
of Mp and using (B.30), we obtain the statement of the lemma. O

4
0,4

Analogously to Lemma B.10, we obtain estimates for the first and second derivatives
of Mg and Mg (see (B.20) and (B.21)).

Lemma B.11. Fiz 9 > 0, § > 0 small enough and k > 0 big enough. Then, for ¢ € B(05%)
and x = x,y, we have

10.Ms (-, )lios < C8% 0uMs(9)llgty < C8° 8 Ms(-,0) gy < 8,

10w Ms (-, @) 5% < C8% 0uMs (- )llgs < C8, |05 Ms (-

Hout

2 < cs?,

100 Ms (- @)l y < C8°, |02 Ms(,

Hout

<08, |00y Ms(0)lioly < O
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and
10 MR (- Q) < C8, (M- )" 2 < C8%, [0.Mr(- )l < C6,
10 Mr(- Q)5 < €82, 0u-Mr(9) =0, [[02Me(,@)[|;" , <
OwsMR(-,¢) =0, O2Mpr(-,¢) =0, OuyMR(-, ) = 0.

End of the proof of Lemma 4.8. We start by estimating the first and second derivatives
of H{P(u, p(u);d) in suitable norms. Recall that by (B.18), H;® = Mp + Mg + Mpg.
Therefore, taking ¢ € B(0d%) C X" and applying Lemmas B.10 and B.11:

1. For ¢°P = 9,,H;°" one has
9P, D)1 2 < N0uMp (- @)I7 2 + C 18w Ms (@)l 1 + 10w Mr(-, D)7 2
<Cs?
and, in particular, for k big enough

lg*P (-, )llg < Ok~ < 1. (B.32)

Analogously 9,57 95" 3 < C and 0,55 £)I314 < OB, for + = .y
2. For fi* = -0, H;°", one has that

AP C I < N0uMp (D)7 + C o Ms (- 0)lgs + 10.Mr( 9)I7 < CF,

10w FF ()17 < C8% and |0 /1P (-, @) g5 < €8, for » = z,y.
3. For f5 =9, HSep and f3¥ = —i0, H*", we can obtain the estimates

120008 < N8y Mp (-, @)1 + C 18, Ms (- 9) + 8, Mr(-, ) gy < C8, (5.3
15500l < 10:Mp(,@)lgs + CllosMs(,0) +8:Mr(-, )lioly < C8.

Analogously, we have that (|9, f; (-, )[[0% < C§° and [|0.f;" (-, )|I5% < C&?, for
'3
j=2,3and * = z,y.

Joining these estimates and taking k big enough, we complete the proof of the
lemma. 0O
Remark B.12. Note that Dz;’zll;ds D g?tm and YU C APy (see (4.9) and (4.5)).
Then, the proof of Lemma 4.10 is a direct consequence of the estimates for ¢g°°P and its
derivatives in Ttem 1 above and the fact that, by (3.11) and (4.8),

RU(v) = 0w HY™ (v +U(0), 2" (v + U(©))) = ¢°P (v + U(v), 2" (v + U(v))) .
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Appendix C. Estimates for the difference
In this section we prove Lemmas 3.16 and 3.19.
C.1. Proof of Lemma 3.16

First, we prove the estimates for the operator Y given in (3.27). For o € [0, 1], we
define 2, = 02"+ (1 —0)2* with z, = (ws, 25, Ys)" . Then, by Theorem 3.3, for u € D, 4,
we have that

< o o ()] o ()] < —S&
—|u2+A2| |U2+A2|%’ o 3 o _|u2+A2|%-

(C.1)

|wq ()

Recalling that H*P = w + £ + H{™” (see (3.8)), one has

T1(u) =1 < sup [0 H{(u, 20 (u))],
c€0,1]

(o8 u se
o)) < 284 sup (0, 55 (w2 )

o€0,1]
xo’ u Se
ol < E20 4y (0, 15w, 200
o€[0,1]

Then, by (C.1) and applying (B.32) and (B.33) in the proof of Lemma 4.8 we obtain the
estimates for Y1, To and T3.
We also need estimates for the matrix B*P! given in (3.26), which satisfies

)

1,
c€0,1] /

B W) < sup |(D.R*P[z](u)

for z, = 02" + (1 — 0)z°. Then, by (C.1) and applying Lemma 4.8, for u € Dy, 4,

~ J ~ J
Bi| < | —
|U2+A2|3 |U2+A2|3
~ C Cs? ~ Cé?
Bspl Wl < _ + 7 Bspl wl < B —
2.2 )’ a2t Az u? + A7 5.2 )‘ = [ 1 a2 (C.2)
~ 2 . 2
B < = B < — ¢
’ lu? + A2 ’ lu2 + A2)7  |u?+ A?|

Then, by (3.53) and taking k big enough,

Cs?

[T () <

ol <

B3P (u)
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|T3(U)| ‘ spl ‘ 062
1T (u)] T ju2 + A2

i < [z

and analogous estimates hold for BSpl and IS’SP1

Finally, we compute estimates for By (u) (see (3.44)) and u € D, q. The estimates for
B, (u) can be computed analogously. Let us consider the integration path p; = u, + (u—
uy)t, for ¢t € [0,1]. Then

By (u) = exp /B22 pr) (U —uy)dt

Using the bounds in (C.2), we have that

1
1 52
[log By (u)| < C'lu — uy| / T + 5 sdt| < C,
) |p+ A7 |pf + A

which implies C~! < |B,(u)| < C.

C.2. Proof of Lemma 3.19

We only give an expression for By (u4 ). The result for B, (u_) is analogous. First, we
analyze ng?}

Lemma B.13. For § > 0 small enough, k > 0 large enough and u € D, 4, the function
Spl defined in (3.26) is of the form

4
B (u) = —éAh(u) + 82m(u; 8),
for some function m satisfying

C

Proof. Let us define z; = 72" + (1 — 7)2° and recall that, for u € Dy, 4,

83 3 /8 Rsep Z-,— (Cg)

sep |

Then, by the expression of R5™ in (B.8), the estimates in the proof of Lemma 4.8 (see
Appendix B.2) and Theorem 5.3, we have that
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; T ~
O RSP () = ™ (a2 () + (),

where |m(u;d)| < W. In the following, to simplify notation, we denote by m(u;d)

any function satisfying the previous estimate. Since ¢°°P = 9,, H;*, by (B.18) one has
gsep(u7 Z‘r(u)) = awMP(uv ZT(U); 6) + 8’wMS(ua ZT(U); 6) =+ awMR(uv ZT(U); 6)7

with Mp, Mg and Mg as given in (B.19), (B.20) and (B.21), respectively. Then, taking
into account that F,(s) = 223 + O(z%) (see (2.10)) and following the proofs of Lem-
mas B.10 and B.11, it is a tedious but an easy computation to see that,

9°P(u, 2z (1)) = 0y Mp(u,0,0,0;8) + 0y Ms(u,0,0,0;0)

Cwe(u) 5284 (9)
3AZ(u)  Ap(u)

— 262 Ay, (u) + 8*m(u; 0)
and, by (C.3),

By s(u) = 512 [0 Mp(u,0,0,0;8) + 8 Mg (u, 0,0,0; )]

u s (C4)
6(521\%(11) An(w) 2iAp, (u) + 0°m(u;9).

Next, we study the terms w"*(u). Since H*P = w + 5 + Mp + Mg + Mp (see (3.8)
and (B.18)), one can see that

HP(u, 2%(u);8) = HP(u, 25(u);6) =  lim  H*°P(u,0,0,0;8) = §*K(5),

Reu—too

with |K ()] < C, for 6 small enough. Then, by Theorem 3.3, for ¢ = u,s,

4
() + M, 29 ()3 8) + Mg, (u); 6) + Ma(u, 2°(u); )] < — .
|U2 +A2|§

Again, following the proofs of Lemmas B.10 and B.11, one obtains

4
|w®(u) + Mp(u,0,0,0;8) + Ms(u,0,0,0;6) + 6°Ap(u) (35 + 247 (u))] < — =
|u2+A2|§
and, by (C.4),
~ A ) _ Mp(u,0,0,0;(S)}
Bs s(u) = 3 Ap(u) + 52 {(%Mp(u, 0,0,0;6) + 3A}21(u)
i Ms(u,0,0,0;é)} o
) ’LUM , U, U, US T aA2.\ ) 0)-
—|—52 {8 5(u,0,0,0;0) + 3A2 (w) + 5°m(u;0)
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Therefore, it only remains to check that

M 0,0,0;6 5t
OwMp,s(u,0,0,0;8) + ps(,0,0,0; )'<

3A2 (u) w4+ AQ\Q.
Indeed, by (B.7) and the definition (B.19) of Mp, one has

62
MP(ua ’lU,O, 0; 5) = MP (uu 62Ah(u) - 3Ah1(l)u) + 54’8/\(6)) )

where Mp(u, A) is an analytic function for u € D, 4 and |A| < 1. Moreover, following
the proof of Lemma B.10, there exist ag and a; such that

CA?
|IMp(u, A) = ap(u; 8) — a1 (u;0)A| < m7
with
cst c
lao(u; 0)] < ———, lay (u;0)| < ——.
u? + A?[3 lu2 4 A2|3
Therefore,
Mp(u,0,0,0;6)| _ lao(u)| | 6*La(d) |as(u)| Co
a’LU]\4 U,0,0,0;6 + S + —|—
P ) 3A% (u) 3A7 (u) 3AZ (u) lu2 + A2?
cst
<— .
lu? + A?|

An analogous estimate holds for Mg. O

End of the proof of Lemma 3.19. By Lemma B.13 and recalling that u, =iA — k62,

U4 iA
_ 44
log By (uy) :/Bgf’;(u)du = —é Ap(u)du
. A w (C.5)
+ 3@ Ap(u)du + 62 /m(u; 5).
Ut u*

Then, by Theorem 3.1 and taking into account that k = k. |logd| (see Lemma 3.18), we
obtain

iA

y
log B, () + 5. [ An(u)d

u*

Cs? < C
|us —iA| ~ |logd|’

< S onist 4
K
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Finally, recalling that A = —3Ap, applying the change of coordinates A = A\ (u) and
using that Ap(iA) = 7, we have that

i A T
43 43 43
T Mwydu=—5 / ah=— 5 (r = ().
u* An(us)

Joining the last statements with (C.5), we obtain the statement of the lemma. O
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