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Abstract In this paper we prove the breakdown of a heteroclinic connection in the analytic
versal unfoldings of the generic Hopf-zero singularity in an open set of the parameter space.
This heteroclinic orbit appears at any order if one performs the normal form around the
origin, therefore it is a phenomenon “beyond all orders”. In this paper we provide a formula
for the distance between the corresponding stable and unstable one-dimensional manifolds
which is given by an exponentially small function in the perturbation parameter. Our result
applies both for conservative and dissipative unfoldings.

Keywords Exponentially small phenomena - Splitting of separatrices - Hopf-zero
singularity - Singular perturbation theory

1 Introduction and Main Result

The so-called Hopf-zero (or central) singularity consists in a vector field X* : R? — R3,
having the origin as a critical point, and such that the eigenvalues of the linear part at this
point are 0, +ir®, for some a* # 0. Hence, after a linear change of variables, we can assume
that the linear part of this vector field near the origin is:

0 of 0
DX*(0,0,0) = [ —a* 0 0
0 0 0
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In this paper, assuming analyticity and some generic conditions on X*, we will study some
heteroclinic phenomena which appear in versal analytic unfoldings of this singularity in
an open region of the parameter space. Note that, in the linear setting, it is clear that this
singularity can be met by a generic family of linear vector fields depending on at least two
parameters. Thus, it has codimension two. However, since DX*(0, 0, 0) has zero trace, it is
reasonable to study it in the context of conservative vector fields. In this case, the singularity
can be met by a generic linear family depending on one parameter, and so it has codimension
one.

Here, we will work in the general setting (that is, with two parameters), since the conser-
vative one is just a particular case of it. Hence, we will study generic analytic families X, ,
of vector fields on R? depending on two parameters (i, v) € R2, such that Xo0.0 = X*, the
vector field described above. Following [9, 10], after some changes of variables we can write
X,v in its normal form of order two, namely:

di o B} o

i X (Bov — B12) + ¥ (@ + v + aap + @32) + O3(X. 3, Z, i1, ),

dy , o _ oo

=% (¢ + a1y + oo + asz) + 3 (Bov — 12) + 03(X, 3, Z, i1, v), (1)
B ot NP @ 45D v 4y + + 03(%, 3,2, 1, v)
2= TR NT () vt yav” s + O03(F 5,2 v).

Note that the coefficients 1, y1, ¥2 and a3 depend exclusively on the vector field X*. We
also observe that the conservative setting corresponds to taking v = 0, y; = f; and imposing
also that the higher order terms are divergence-free.

From now on, we will assume that X* satisfies the following generic conditions:

B1#0, y1 #0. (2)

Moreover, we will consider unfoldings satisfying the generic conditions:

Bo#0, yo#0.
Depending on the other coefficients «; and y;, one obtains different qualitative behaviors for
the orbits of the vector field X, ,. The different versal unfoldings have been widely studied
in the past, see for example [4,9,10,18,19]. However, if (u, v) belongs to a particular open

set of the parameter space, these unfoldings are still not completely understood. This set is
defined by the following conditions:

voyir > 0, 1Bov] < 181111l )

In this paper we will study the unfoldings X, ,, with the parameters belonging to the open set
defined by (3). In fact, redefining the parameters p and v and the variable z, one can achieve:

Po=yvo=1 p1 >0, y >0, “

and consequently the open set defined by (3) is now:
w>0. v < iy ®)
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Moreover, dividing the variables x, y and z by /1, and rescaling time by ,/y1, redefining the
coefficients and denoting og = ™/ /y1, we can assume that y; = 1, and therefore system
(1) becomes:

dx _ _ _ _ -
7 v —=p512) +y (@ +av +arp +a3z) + 03(X, y, 2, 4, v),
dy _ _ _ _ o
d—i_):—x(a0+a]v+012ﬂ+0132)+Y(V_,312)+03(xayaZ7,uy V), (6)
e N o WL + O3(F, 7,2, 11, v)
dr M Tz 224 y V3l yav Y5 v 3(X, ¥, 2, )L, V).

We denote by X /21,1)’ usually called the normal form of second order, the vector field obtained

considering the terms of (6) up to order two. Therefore, one has:
Xy = Xi,v + Fﬁ’v, where Fﬁ’v(i, v,2) = 03(X, y,Z, 4, V).
Similarly, doing the normal form procedure up to any finite order n, one has:

Xpo=X", +F!

TRy wy N >2,

where X}, ,(x, y, Z) is a polynomial of degree n and:
Fy (6, 9,2) = Opq1 (X, 5,2, 1, v).
Moreover, one can show (see [9,10]) that if x4 and v are small enough:
1. Xj, , has two critical points 8% (e, v) = (0,0, 7% (i, v)), with:
v = £+ 0 +0H2),
with eigenvalues:
W =22+ 0 ((n? +vH'?),
M = vFBIVE+ VEOW + D)) i (a0 £ ez + O +vH)),

aF =07

Hence, S‘:‘_L (u, v) are both of saddle-focus type, S’i (@, v) having a one-dimensional unsta-
ble manifold and a two-dimensional stable one, and §" (i, v) having a one-dimensional
stable manifold and a two-dimensional unstable one.

2. The segment of the z-axis between S'i (w, v) and 8™ (i, v) is a heteroclinic connection.

3. If y» > O there exists a curve I, in the (u, v)-plane of the form v = m, /i + 0(/L3/2),
such that for (i, v) € I, the two-dimensional invariant manifolds of the points Si (u, v)
are coincident. In the conservative setting (where v = 0), the two-dimensional invariant
manifolds of S‘i (w) coincide for all values of .

Then, the whole vector field X, , = X:’W + FS’V will have two critical points Sy (u,v)
close to 5™ (1, v), which will be also of saddle-focus type. However it is reasonable to expect
that the heteroclinic connections will no longer persist. Moreover, for (i, v) close to I3,, what
one might expect is that this breakdown of the heteroclinic connections causes the birth of
homoclinic orbits to the point Si (u, v) (or S_(u, v)), giving rise to what is known as a
§i1’rzikov bifurcation (see [14], and also [15] for the analogous phenomenon for vector fields
in R").
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The existence of such Sil’nikov bifurcations for C> unfoldings of the Hopf-zero sin-
gularity is studied in [4]. In the first place, in that paper the authors show that, doing the
normal form procedure up to order infinity and using Borel-Ritt theorem, one can write
Xpw = X0, + F5,, where X Zo has the same properties 1, 2 and 3 as the vector fields X},
described above and Fi v = Fy,(x,y,z)isaflatfunctionat (x, y, z, u, v) = (0,0,0,0, 0)‘
Their main result is that, given a family X°, there exist flat perturbations pj°,, such that the
family:

XIL’V = XZO,U + p;o:,)v (7)

possesses a sequence of Sil’nikov bifurcations, occurring at parameter points (x;, v7), [ € N,
which accumulate at (i, v) = (0, 0). Moreover, they prove that there is a dense subset of the
unfoldings which do not have a Sil’nikov bifurcation, but in the complement of this set this
Sil’nikov phenomenon occurs densely. Even if the authors give an existence theorem, they do
not provide conditions to check if a concrete family X, , possesses a Sil’nikov bifurcation.
Moreover, the fields of the family (7), for which they prove the existence of such bifurcations,
are C* but not analytic vector fields.

Our final goal will be to study real analytic unfoldings of the singularity X* and to provide
specific and explicit conditions over the family X, , that, under assumptions (4) and when
the parameters belong to the set defined by (5), ensure the existence of a Sil’nikov bifurcation.
We conjecture that a similar phenomenon as the one described in [4] will happen for a generic
analytic singularity X* and all unfoldings satisfying these assumptions.

However, before proving the existence of a homoclinic connection, one has to check that
the heteroclinic connections are broken indeed. In this paper we give a generic and numer-
ically checkable condition on X* which guarantees the breakdown of the one-dimensional
heteroclinic connection for any universal analytic unfolding satisfying (4) and (5). This is
just a first step towards proving the existence of Sil’nikov bifurcations for universal analytic
unfoldings of the Hopf-zero singularity. Following [6], it remains to find an asymptotic for-
mula for the splitting of the two-dimensional manifolds in order to finish the proof and check
that the hypotheses assumed are indeed satisfied.

The breakdown of this heteroclinic orbit has been proved, in the conservative setting, for
the so-called regular case in [2]. In this problem, the regular case consists in considering
that the terms of order three in system (6) are all divisible by p. Under this assumption, the
authors give an asymptotic formula of the splitting distance of the one-dimensional invariant
manifolds when they meet the plane z = 0, which is a suitable version of the Melnikov
integral (see [10, 12]). Moreover, this distance turns out to be exponentially small with respect
to the perturbation parameter . Note that, as we pointed out above, the breakdown of the
heteroclinic orbit cannot be detected in the truncation of the normal form at any finite order and
therefore, as it is usually called, it is a phenomenon beyond all orders. Hence, the exponential
smallness of the splitting distance is in fact what one expected.

Here we deal with a generic X* and universal unfoldings, and therefore with the singular
case. We observe that this case is very relevant since the vector field X* and the unfoldings
considered in the regular case are not generic. Indeed, on one hand, the fact that the terms
of order three in system (6) must be all divisible by p implies that the singularity X* cannot
have any term of order three, which obviously is not a generic condition. On the other hand,
it also implies that some coefficients of the Taylor expansion of the unfoldings X, , must be
equal to zero, and hence the result is not valid for generic unfoldings.

In this paper we give an asymptotic formula of the distance between the two one-
dimensional invariant manifolds when they meet the plane z = 0, for generic unfoldings
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and both in the dissipative and conservative settings. This distance is again exponentially
small with respect to the parameter u. However, Melnikov theory is no longer valid, and
one has to introduce some techniques that were not needed in [2], such as the study of the
so-called inner equation (for other examples of exponentially small phenomena where the
prediction given by Melnikov theory is not true, see for example [7,8,13,20]). Moreover,
from the asymptotic formula we obtain an explicit and checkable condition over the vector
field X* (namely, that a given constant C* is not zero) which ensures that, for every mem-
ber of the family X, , satisfying (4) and (5), the one-dimensional invariant manifolds of
S+ (u, v) are not coincident. This constant C*, which is usually called the Stokes constant
(see [16,17]), depends on the full jet of X* and therefore, up to now, it can only be computed
numerically. This computation is not trivial, and is not the goal of the present paper. It has
been done for particular examples in [11]. A detailed and accurate numerical computation
of the distance between the one-dimensional invariant manifolds (in conservative and non-
conservative settings) has been done in [6]. Moreover, in [6], the authors also provide some
numerical computations of the splitting of the two-dimensional ones, although an asymptotic
formula for it has not yet been rigorously proved.
The main result of the paper is the following:

Theorem Consider system (6), with u, By > 0 and |v| < Bi1./1, which has two critical
points S+ (i, v) of saddle-focus type. Then there exists a constant C*, depending on the
full jet of X*, such that the distance d“* between the one-dimensional stable manifold of
S_(w, v) and the one-dimensional unstable manifold of S+ (i, v) when they meet the plane
7 = 0 is given asymptotically, as u — 0, by:

g% = M—%le_%e%(aoho—%‘i‘a}) (C* +0 ( 1 )) i
log(1/1)

where —hy is the coefficient of 73 in the third equation of system (6).

Remark In the conservative setting we have v = 0 and 81 = 1, and hence this distance is
given by:

Jus — M—l/ze—%e%(aohwag) (C* L0 ( 1 )) .
log(1/1)

Corollary If C* # 0 and 1 is sufficiently small, the one-dimensional invariant manifolds of
St (m, v) and S_(u, v) do not intersect.
2 Sketch of the Proof

The aim of this section is to give the main ideas of how Theorem 1 is proved.

2.1 Set-up and Notation

First of all we will rescale the variables and parameters so that the critical points are O (1),
and not O (/) as we had in system (6). We define the new parameters § = /i, 0 = 51y,
and the new variables x = 87!,y = 8§73,z = 67!z and r = 87. Then, renaming the
coefficients b = y», ¢ = a3 and d = B, system (6) becomes:
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d )

di)tc =x(oc —dz)+ (a(aa) + cz) y+ 8_2f(8x, 8y, 6z,8,80),

d )

d—f - (“(80) n cz) X+ y(o —dz) +52¢(5x, 8y, 82,8, 80), (8)
dz 2 2 2, 52

o =—1+b(x"+y°)+2z"+ 8§ “h(éx,dy, éz,8,80),

where d > 0, f, g and & are real analytic functions of order three in all their variables,
8 > 01is a small parameter and |o| < d. Moreover, «(d0) is an analytic function such that
a(0) =ap #0and ¢’ (0) = «.

Remark 1 Without loss of generality, we can assume that «g and ¢ are both positive constants.
In particular, for § small enough, (60) will be also positive.

Remark 2 From now on, in order to shorten the notation, we will not write explicitly the
dependence of « with respect to §o. That is, we will write « instead of «(§0'). In fact, o will
be treated as a parameter independent of § and o, since there exist two constants K| and K»
such that for 6 small enough:

0 < K; <a(do) < K,

and both constants are independent of these two parameters.

Below we summarize some properties of the rescaled system (8), which can be deduced
similarly as in [3].

Lemma 1 For any value of 5 > 0, the unperturbed system (system (8) with f = g =h =0)
verifies:

1. It possesses two hyperbolic fixed points SO = (0,0, +1) which are of saddle-focus type
with eigenvalues o Fd + |5 £ cli,o Fd — |5 % cli, and £2.

2. The one-dimensional unstable manifold of S?r and the one-dimensional stable manifold of
SO coincide along the heteroclinic connection{(0, 0, z) : —1 < z < 1}. This heteroclinic
orbit can be parameterized by

To(t) = (0,0, zo(z)) = (0,0, —tanh 1),
if we require 1p(0) = (0, 0, 0).
Lemma 2 [f§ > 0is small enough, system (8) has two fixed points S+ (8, o) of saddle-focus
type:
$+(8,0) = (x£(8,0), y+(8,0),2+(8, 0)),
with:
x1(8,0) = 0(8%,8%0%) = 0(8?), y+(8,0) = 0(82,8%%) = 0(5?),
74(8,0) = £1 4 0(8,80%) = £1 + 0(9).

S+(8, o) has a one-dimensional unstable manifold and a two-dimensional stable one. Con-
versely, S_(8, o) has a one-dimensional stable manifold and a two-dimensional unstable
one.

Moreover, there are no other fixed points of (8) in the closed ball B(8~1/3).
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Remark 3 The fact that there are no other fixed points of the system inside the ball B(§~!/3)
allows us to look for the one-dimensional invariant manifolds of the critical points as bounded
solutions (more precisely, solutions that stay in a ball centered at zero of radius independent
of §) for positive and negative time respectively.

Next theorem, which we will prove in the following, is the version of Theorem 1 in the
new variables.

Theorem 1 Consider system (8), with §, d > 0 and |o| < d. Then there exists a constant
C*, such that the distance d"* between the one-dimensional stable manifold of S_(8, o) and
the one-dimensional unstable manifold of S+ (8, o), when they meet the plane z = 0, is given
asymptotically by:

g 1
4% = 5~ U+ =T S5 (@oho—aro+o) (ox y o 1 ,
€ ne O\ oa(1/9)

being ag = a(0), a; = a’(0) and hg = —lim,_g z73h(0,0, z, 0, 0).

Remark 4 The asymptotic formula provided in Theorem 1 for the distance d"* has the same
qualitative behavior as the one proved in [2] in the conservative setting for the regular case. The
main difference between both formulae is the constant C*. While in Theorem 1 this constant
depends on the full jet of f, g, h and (at the moment) can only be computed numerically,
in the regular case C* is completely determined by means of the Borel transform of some
adequate analytic functions depending on f (0, 0, u, 0) and g(0, 0, u, 0).

Before we proceed, we introduce some notation that we will use for the rest of the paper.
On one hand, in C" we will consider the norm |.]| as:

[(z1s -zl = lzil + ..o+ zals

where |z| stands for the ordinary modulus of a complex number. On the other hand, B(ro)
will stand for the open ball of any vector space centered at zero and of radius rg. Moreover,

we will write B" (rg) to denote B(rg) X ), X B(rg).

2.2 Existence of Complex Parameterizations in the Outer Domains

As it is usual in works where exponentially small phenomena must be detected, the first
thing we have to do in order to prove Theorem 1 is to provide parameterizations of the
one-dimensional invariant manifolds of the critical points S+ (8, o). Moreover, these have to
be defined in some complex domains that are close to the singularities of the heteroclinic
connection of the unperturbed system.

However, first we will introduce some changes of variables that will simplify the proof.
The first one consists in performing a change that keeps the corresponding critical point
constant with respect to the parameters. For instance, to prove the existence of a complex
parameterization of the unstable manifold of Sy (8, o) we perform the O(§)-close to the
identity change C} defined by:

(*,9,2) = C{(x,9,2,8,80) = (x —x1(8,0),y —y+(8,0), 2= 24(8,0) + 1), (9)
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obtaining a system of the form:

i i N o

=t —dh+ (% +c2) y+ 872 f"(8%, 87,62, 8, 80),

3 N i o

d% = (%4 2)F+7 (0 —d2) + 828" (8%, 87, 67, 8, 80), (10)
o

If = —1 4+ b(F + 72 + 22 + 62hU (5%, 87, 62, 8, 807),

where f(0,0,6,38,80) = ¢“(0,0,48,6,80) = h"(0,0,6,8,80) = 0 for all §, and hence
has the critical point S (8, o) fixed at (0, 0, 1). Moreover f“, g" and 42" are analytic and of
order three in all their variables.

After that we do the change:

(1,7, 0) = C2(%,5,2) = F +i9,% —iy,25 ' ?), (11)

where zo(t) = —tanht is the third component of the heteroclinic connection Yy(¢) of the
unperturbed system. Then we obtain a system of the form:

d o

= — (5 +e20®) in+1n (0 = dzo(v) +672F} (61 61, 520(v). 6. 80).

ai _ (a . e

= +czo(v) ) in + 1 (0 — dzo(v)) + 877 F3 (8n, 87, 8z0(v), 8, 80), (12)
dv bt 8~2H"(8n, 81, 820(v), 8, 80)

dt —1+23(v) ’

where, again, F'(0,0, 6, 8, 80) = F3(0,0,6,8,80) = H"(0,0, 8,6, o) = 0 for all § and
are of order three, since:

Sm+mn) (n—n)

F{'(87, 87, 8z0(v), 8, 80) = fu( ,SZO(U),S,SU)

2 ’ 2
) n) 6(n—n
+ig”( ) o0 "),azO(u),a,ag),
2 2
) n) 8(n—n
FY(8n, 87, 820(v). 8. 80) = f“( (";”), ("2 ”),5zo<u>,5,aa)
S n) 6(n—n
—ig" (n+n)’ (n n),Bz()(v),(S,é‘a ’
2 2
) n) 6(n—n
H (51, 87, 820(v). 8. 50) =hu( arm ”),azo(v),a,aa). (13)

To prove the existence of the stable manifold of S_ (8, o), instead of the change CY' defined
in (9), we do the change:

(%,5,2) =Cj(x,y,2,8,80) = (x —x-(8,0),y —y-(8,0), 2 —z2-(8,0) + 1),
and after that we do the change C,. Then we obtain a system analogous to (12),

where instead of F"' and H" we have functions F}, H® such that F}(0,0, =8, 6,80) =
F5(0,0,=8,8,80) = H*(0,0, =6, 8, 80) = 0 for all 8.
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We will denote:
Nt =n+8,0) =x+(8,0) +iy+(8,0), (14)
N+ =1n+(8,0) =n+(6,0), z+=12+(3,0).
Remark 5 Note that as f, g and & are analytic functions, and since:

8ne, 87 = 0(8%), 8(za F 1) = 0(8?),

there exist some r;"*, independent of § and o, such that for § small enough F}"*, F,"* and
H"3 are analytic whenever (81, 87, 8z, 68,80) € B3(rS’S) X B(8p) x B(op) respectively.
Moreover, using that they are of order three, it is easy to see thatif ¢ = (¢1, ¢2, ¢3,6,80) €
B3(ry*) x B(8o) x B(0y), then:

[FS @) 1F (@), |HYS @) < K1, ¢, ¢35 F 8,8, 80),

respectively.

Finally, thinking of n and 7 as functions of v we get the following systems, respectively
in the unstable and stable case:

o .
dpy  ~ (5 + cz()(v)) in+n(o —dzoW) + 8 2F"*(8n, 871, 820(v), 8, 80)
dv 1 bnij + 872 H"S(8n, 871, 820(v), 8, 80) '
+
—14+23(v) as)
o
di (5 +c00) i+ @ - dzo@) + 572 F (0. 87, 620(v). 8, 60)
dv it + 872 H (81, 877, 620(v), 8, 80) ‘
+
—1+ 23
We will look for solutions ¢"*(v) = (n*5(v), n"*(v)) of system (15) such that:
lim ¢"(v) =(0,0), lim ¢*(v) = (0,0). (16)
vV—>—00 v—>—+400

After stating Theorem 2 we will justify that, indeed, (n**(v), n"*(v), zo(v)) lead to para-
meterizations of the unstable and stable manifolds of the critical points (0, 0, £1) of system
(10), respectively.

Once we have obtained a suitable system (15), the next step is to prove the existence of
solutions verifying (16). The main idea is that system (15) has a linear part which is dominant.
More precisely, we denote ¢ = (1, )7, FU$ = (F}**, F,;"*)T, and we define:

= (% +cz0(v)) i+ 0 —dzo(v) 0
A= ( 0 (& +ezo)i+o —dow ) 7
and:
R™()(v) = 1 —1]|A@W)
D) = - byij + 82 HYS(8¢, 8z0(u), 8, 80) ¢
—1+ 23 ()

8T2F%S(8¢, 820(v), 8, 80)

bnij + 82 H"(8¢, 8z0(u), 8, 80)
—1+23(u)

(18)
1+
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} %o log(1/9)

out,un
Dh‘,.‘f,T

Dtﬂlt.tl

R,3,00

Fig. 1 The outer domain D;f’}g’u for the unstable case with its subdomains Dgugur and D;u;l;o

Then, in the unstable case, system (15) joint with (16) can be rewritten as:

d
LA+ RO, Tim ) = (0,0 (19)

and the corresponding for the stable one as:

% _ AW + RO (v), lim ¢*(v) = (0,0). (20)
dv v—+00

As we mentioned above, we will need to find parameterizations of the invariant manifolds
defined not just for v € R, but in some complex domains that are close to the first singularities
of the heteroclinic connection 17 of the unperturbed system, which in this case are v =
+im /2. We will now proceed to introduce these complex domains. We define (see Fig. 1):

D%l;;u ={veC : |Imv| <m/2—¥k8log(1/8) — tan BRe v},

where 0 < 8 < 7/2, T > 0 and ¥ > 0 are constants independent of § and o

For technical reasons we will split the domain D%u;’u in two subsets, namely:

prit, ={vepyt i Rev= =T}, DY ={ve D" i Revz-T). @D
Analogously, we define:

out,s __ out,u out,s __ _ poutu out,s __ _ poutu
Deg = —Drg s Dipoc= Do Drpr=—Drpr

Theorem 2 Letk > 0 and 0 < B < m/2 be any fixed constants independent of § and o.
Then, if § > 0 is small enough, problem (19) has a solution ¢"(v) = (n"(v), n*(v)) defined
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forv € D%l:g’u, and (20) has a solution ¢5(v) = (n%(v), n°(v)) defined for v € Dgu:gs
Moreover there exists a constant K independent of § and o such that:

2 _ . out,u
|§u(v)| < K(Sz |zo(v) ]|3 lf v e Dgﬁ{j_&)oy
K&%|zo(v) = 17 if v e DE,,S’,T’

K8%z0(v) + 1| if ve DS

K, B,00°

S <
cl = [K82|Z0(v) +1P ifve D%’/;’,ST.

The proof of this result is postponed to Sect. 3. Now we enunciate the following corollary:

Corollary 1 Letk and0 < B < /2 be two fixed constants independent of § and . Consider
n" and " the functions given by Theorem 2, and let v(t) be the solution of:

u —~u -2 7yu u ~u
dv _ | bt () + 67 H (5n (g),én (v), 820(v). 8, 60) _ 14+ F@). (22
dt =1+ z5()

such that v(0) = 0. Then, (X"(t), y"(t), z"(t)) defined by:

= PO EPTOW) - gagy L DO 2O oy,

a 2 2

is a parameterization of the unstable manifold of the critical point (0,0, 1) of system (10).
For the stable manifold of (0, 0, —1), one has an analogous result.

Proof Indeed, itis clear that (x"(z), y"(¢), Z"(¢)) is a solution of system (10), since it consists

in performing the inverse change of C», defined in (11), for a particular solution of system
(12). Hence, we just have to check that:

im @ @), 30, 2 0) = (0,0, 1).

Note that it is sufficient to prove that:

lim v(t) = —o0, (23)
—>—00
since, on the one hand zo(v) = — tanh(v) goes to 1 as v goes to —oo and, on the other hand,

from Theorem 2 we know that:
lim (n"(v), 7"(v)) = (0, 0).
V—>—00

We will prove that (23) holds if v(0) = 0 as follows. Indeed, from (22) it is clear that:

v

1
0
out,u

Now, from Theorem 2 and the fact that |zo(v) — 1] is bounded for v € DE’ AT NR, it is clear
that for v € Dgufg’u NR:

In® )1, 17 ()| < K8%|zo(v) — 1,
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for some constant K. Using these bounds, the fact that e? is bounded for v € D;u;;u N R and
Remark 5, it can be easily seen that:

bn® (V)" () + 82 H (81" (v), 871" (v), 820(v), 8, 80)
F@I = —1+22(v)
0
4 2 3
<K 8*zo(v) — 1| +§|ZO(U) — 1] <R (84e2v +8€4v) - 17
| =1+ z5(v)] 2

if § is small enough. Then it is clear that G'(v) = (1 + F(v))~! satisfies:

% > 0. 24)

G0 =172 73

On one hand, the fact that G’(v) is strictly positive implies that G(v) is strictly increasing.
out,u out,u

Then G is invertible in DP, P N R, and for v € D P N R we can write:

v=G6"10). (25)

Note that, as G is strictly increasing, so is G~!, and then we have that v(t) < v(0) = 0 for

t < 0. Hence it is clear that v(t) € D%l;’u N R for all t < 0, and hence (25) has sense for all

t < 0. On the other hand, we also have that:

1
= — <
g -

()

)

NSRRIV

which implies that:

t

v= / (') ds < %t,

0

and hence we immediately obtain (23). ]

2.2.1 Local Parameterizations of the Invariant Manifolds

Theorem 2 provides us with complex parameterizations of the invariant manifolds, ¢"* =
(n™*, "), which are solutions of problems (19) and (20) respectively. However, in order to
study their difference, it is very useful that both manifolds are given by functions that satisfy
the same system in a common domain. We proceed to undo the changes Cj for ¢" and Cj
for ¢5.

Consider:

Vi(u,8,0) =z5" (zo(u) — 2+(8,0) £ 1) — u.
Let (n*™5(v), 7"*(v)) be solutions of system (15) and:

E"S(u)=n" (u + Va(u,8,0)) +n+(8, 0), 6)
EVS(u)=7"(u + Vi(u, 8,0)) + 71+(8, 0).
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Then wherever Vi (i, 8, o) is defined we have that (£%5, £%-%) are solutions of the following
system:

g (5 +c20) is +§ @ — dzow) + 87 F1(56, 68, 520(w). 8. 80)
du l+b§-‘§ + 8 2H (8¢, 8E, 620(u), 8, 85) :
—1+ 23 (u)
o o “ _ 27)
i (5 +c20) i€ +E (@ — dzow) + 57 (66, 88 520). 8. 80)
du 1+b$§ T 8-2H (8¢, 8%, 820(u), 8, 80) :
—1+ 23w
where:
F1(8€, 88, 8z0(v), 8, 80) = f (5(5;5), ’5@2— §) ,820(v), 8, 80)
+ig (3($ +~§)’ 3(& _S),(SZ()(U),(S,(SO’) 7
2 2
Fy (8¢, 88,820 (v), 8,80) = f (5(5;5), 3@2_ §) ,8z0(v), 8, 30)
g (5(5 +~§)’ 5 _S),(SZ()(U),(S,(SO‘) ’
2 2
H (€, 8, 820(v), 8,80) = h (8(”%;%), 3¢ 2_ §) ,820(v), 8, 80) . (28)

Remark 6 From (28), it is clear that F|(¢), F2(¢) and H (¢) are of order three and analytic
whenever ¢ = (¢1, 2, P3, P4, P5) € B3(rp) x B(89) x B(op). Then we have that there
exists some constant K, independent of § and o, such that:

|F1@)], [F2(@)], |H ()] < K|($1, b2, b3, $a, p5)]°. 29

Theorem 3 Let k > 0 and 0 < B < m/2 be any constants independent of 5 and o. Then
the one-dimensional invariant manifolds of S+ (8, o) can be parameterized respectively by:

s — %_U,S(u)7 é‘ = éu’s(u), = ZO(M)v ue D/(()}l,;:*T’

where x = u, s respectively, and ¢"*(u) = (£“5(u), éu’s(u)) are solutions of system (27).
Moreover, there exists a constant K, independent of § and o, such that:

()] < K8 |zo) = 1P, u e D;(()uflfuT
lp* @)l < K8|z0) + 1P, u € DY

The proof of this result can be found in Sect. 4.

2.3 The Inner System

As we mentioned before, our study requires the knowledge of the asymptotics of the para-
meterizations ¢"*(«), given in Theorem 3, for u near the singularities +im /2. However, for
u ~ im/2 one has that 9"5(u) ~ 87!, so that they are no longer perturbative (recall that,
in the variables (£, &), the heteroclinic orbit of the unperturbed system is (&, £) = (0,0)).
Hence, it is natural to look for good approximations of system (27) near i /2 in a different
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way. Here we will focus on the singularity it /2, but similar results (which we will also state
explicitly) can be proved near the singularity —im /2.

To study the solutions of system (27) near in /2, we define the new variables (¥, ¥, s) =
C3(8.&,u,d) by:

— - u—im/2
v =8E, Y =0¢, S=T. (30)
Recalling that zg(u) = — tanh u, we can write:
—1
z0(im/2 + 8s) = — +1(8s), with [(0) =0,
o(in/ 55 31)

(=1 +z5(im/2 + 85) 7" = 6257 + 8353m(8s), with m(0) = 0.

We note that both / and m are analytic if |§s| < 1. Then system (27) after performing the
change C3 becomes:
dy = [ate(=s~"48105)) ] iy — (8o —ds™ ' +8d1(85)+ Fi (Y, ¥r,—s~ ' +81(55), 8, 0)

ds L+[by Y +H, ¥, —s~"+81(85), 8, 80)] (s2+853m(85))

(32)
dy [e+cEs=14+8185)] iy = (80 —coefs™1 +8d1(8s))+ Fo(r, ¥, —s~ 1 +81(85). 8, 80)

ds L+[byy+H W, ¥, —s~1481(35), 8, 80)] (s> +853m(85))

If we set § = 0 in this system, we obtain the inner system:

dy  —(e—cs )iy +dysT + AT, —s7',0,0)

ds 1+ 52 [bwﬁ +H, ¥, —s~1,0, 0)] ’ (33)
4y (a—cs™) iy +dUsT + R, Y, —s~',0,0)
ds L+ s2[byy + HW, ¥, —s~1,0,0)]

Below, we will expose the results concerning the existence of two solutions ¥y"* =
(1//3’3, Eg’s) of system (33) which, as we will see in Theorem 5, will give good approx-
imations for the invariant manifolds for u# near the singularity i /2. Moreover, we will
provide an asymptotic expression for the difference ¥’ — ¥J, which will turn out to be very
useful in Sect. 7.

Given fy, p > 0, we define the following inner domains (see Fig. 2):

Dy, ={s € C : [Ims| > tan fpRes + p}, Dy =Dy’ (34)
and:
Egyp =D NDy* Nis e C : Ims <0}, (35)

Remark 7 The inner domain Dg’o"fo expressed in the outer variables is:

D" ={ueC : |Im(u—in/2)| > tan foReu + ps}.

It is easy to check that for all 0 < Bo, B < /2, if § is small enough one has that D,?’ué’u C
DE)’_‘L. Analogously, we also have that D,?’ué’s - Dg;’ysp, where DE:)”SP = —Dg:)’}:).
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in,u
Bo.p

in,u

Fig. 2 The inner domain, D Bo.p

Theorem 4 Let By > 0 and p big enough. Then:

in,*

1. System (33) has two solutions l,I/(;l’s(s) = (x/f(l)l’s(s), E‘)’S(s)) defined for s € Dﬁo,p’ with
* = u, s respectively. Moreover there exists a constant K, such that:

5" ()] < Kls|
2. Consider the difference:
AWy (s) = Py'(s) — ¥y (s), s € Egy p.

There exists Ciy € C and a function x : Eg, , — C? such that:
A‘I’o(s) — sde—i(ots—(c+ozho)logs) ((%n) + X(S)) ) (36)

where hg = limRe s— 0o s3H((), 0,—s1,0, 0) and x = (x1, x2) satisfies:
i@ < KlsI™', Ixa) < Kls| 72
Moreover, Ciy # 0 if and only if A¥y # 0.

The inner system corresponding to system (27) with d = 1 was exhaustively studied in
[3]. Moreover, the authors used an extra parameter ¢ (not necessarily small) which we take
& = 1. Since the proof for the case where d is a free parameter and ¢ = 1 is completely
analogous, we will give just the main ideas of how Theorem 4 can be proved for this case
without going into details. These can be found in Sect. 5.

Remark 8 The change (30) allows us to study some approximations of the invariant manifolds
and their difference near the singularity izr/2. However, if we want to approximate these
manifolds and their difference near the singularity —im /2, instead of change (30) one has to
introduce the following change:

u—+im/2

5 (37

y=05 =0k s=
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y

: P o e mch, u TRPCORRIH, T e . mch, s
(a) The matching domain DH‘_{]J:. (b) The matching domain D».-..i,..i-d'

Fig. 3 The matching domains in the outer variables

In this case, one can prove the existence of two solutions lffou **(s) of the inner system obtained
in,*

after doing change (37), which are defined for s € Dﬁo, 0

with % = u, s, where:

in,k _— in,*
Dﬂo,p ={seC:5¢ Dﬁo,p}'

Moreover, for:

s € Egypi= Diﬁ':)‘}‘p HD};‘O’; N{s €C : Ims > 0},

the difference between these two solutions, A¥(s), is given asymptotically by:

Ay (5) = 5ol @ —(crahologs) ((Ci) + ;zm) :

m

where Cj, is the conjugate of the constant Cj, in Theorem 4 and ¥ = (j1, x2) satisfies that
1X1()] < Is|? and |x2(s)] < |s|~.

2.4 Study of the Matching Error

Let us recall the domains DE"E"T and DE”/;*ST, defined in (21), where the parameterizations
¢"*° of the invariant manifolds given by Theorem 3 are defined, for some fixed ¥ > 0 and
0 < B < /2. We also recall the domains Dg:)’}; and Dg:)’,sp, defined in (34), with p > 0 and
0 < Bo < /2 fixed, where the solutions ¥,"* given in Theorem 4 are defined. Now we take

B1, B2 two constants independent of § and o, such that:
O0<pr<B<pBr<m/2. (38)
We define u; € C, j = 1, 2 as the two points that satisfy (see Fig. 3):

e Imu; = —tanB;jReu; + /2 — kdlog(1/6),

o |uj —i(mw/2 — «dlog(1/8))| = 87, where y € (0, 1) is a constant independent of §
and o,

e Reu; <0,Reur > 0.
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We also consider the following domains (see Fig. 3):

BB T
Imu < —tan fpReu + 7w /2 — kélog(1/6),

p +’32) (Re u —Reul)],

pru [u €C :Imu < —tanpiReu + /2 —«dlog(1/),

Imu > Imu; —tan( 2

and:

mch,s __ .= mch,u
DI, — [u €eC: —Te Dk’ﬂ],ﬂz].
We note that there exist two constants K| and K, independent of § and o, such that:
Ki8Y <|uj—in/2| < K287, j=1,2.
Moreover, for all u € D™™* & =, s, we have:
K, B1.82

Kk cos B18log(1/8) < |u —im/2| < K287 (39)

Note that from (38) and (39) we have D3, € D¢y and D', DY'%%.,if & is small
enough.

We also define the matching domains in the inner variables:

DI =(s€C:in/2+s8€ DM ) x=us (40)
and:
5 = ”f‘si/z j=1.2, @1)
It is clear that:
Ko <s;l < K287 j =12, (42)

and that for all s € D:‘;‘:’;Z, where % = u, s, we have:

K cos By log(1/8) < |s| < K»87 L.

Using hthat D,r(n%l:’;z - D,?”/;*T and Remark 7 it is clear that D,I:l%l:tgz C DE)’; if § is small
enough, * = u, s.

The main result of this section is the following.

Theorem 5 Let W™5(s) = §¢"5(8s +im/2), where ¢** are the parameterizations given by

Theorem 3. Then, if s € D,T%}:”Ez,for * =u,Ss, one has ¥*3(s) = lAU(;I’S(S) + llllu’s(s), where

'J/(;l **(s) are the two solutions of the inner system (33) given by Theorem 4, and there exists
a constant K, independent of § and o, such that:

)] < K8 Is| 2,
This Theorem is proved in Sect. 6. From this result, the following corollary is clear:

Corollary 2 Foru € Df(n%k:’gz where x = u, s, we have that:

ws, oy 1 g u—im/2 s u—im/2
=g (e () e ()
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where lll(;] % are the two solutions of the inner system (33) given by Theorem 4 and:

o ()

u—in/2|?
B

Sfor some constant K. Note that, as for u € D,I(n%};’gz, lu —in/2| > Kélog(1/6), from this

last inequality we obtain:
—i I—y
s (u 171/2)' - K$§ ’
) log?(1/8)

and since y € (0, 1) we obtain that 11/61 S are good approximations of ¢** in DLH%}:%Z and

mch,s .
D, B respectively.

Remark 9 Theorem 5 and, more precisely, Corollary 2 provide us with a bound of the dif-
ference between the invariant manifolds ¢"+*(u) of Theorem 3 and the functions lI/(;‘ S —
im/2)/8) given by Theorem 4, when u is near the singularity i 7 /2. One can proceed similarly
to study this difference near the singularity —im /2 as we pointed out in Remark 8. In this
case, defining:

e ~ N
D:/CS];;Z = {S cC:5s5¢ D:};]q;zh f()r* =us

we would obtain that for u € D?;‘:”Bz, one has:

o o () i (2222))

where lf/(;l % are the two solutions of the inner system derived from the change (37) in Remark
8, and:

-2

‘!f/lu“ (u + ln/Z)‘ < ks

u+in/2
B B

for some constant K.

2.5 Asymptotic Formula for the Splitting Distance

Theorem 6 Let 9" and ¢* be the parameterizations given by Theorem 3. For u € Dgu;;’uT N

t,s . .
Dzuﬂ’}, we define its difference:

Ap(u) = ¢" (1) — ¢*(u). (43)
Let Ci, € C be the constant in Theorem 4. If Ciy # 0, then:

apm

A(p(o) = 6_(1+d)e_Tae%(t'-FOtohg—alg)

ot (T e taoho) log ) |

m

Gl (T4 +ooho) log ) (log(l /3)) ’
m

where hy = —lim;_, Z3H(0,0,z,0,0), 20 = «(0) and o = ’(0).
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Remark 10 Note that from Theorem 6, doing the inverse of change C; (defined in (11)) and
taking norms, we obtain Theorem 1, with C* = |Cjy|.

In this subsection we will give the main ideas of how Theorem 6 can be proved. The full
proof can be found in Sect. 7.

First of all recall that both ¢" and ¢® satisfy equations (27). We will decompose system
(27) in a more convenient form. For that we define:

—(% +czg(u))i+a—dz()(u) 0
Aw) = ——— o | )
12 0107(“) 0 (f + czO(u)) i+o0 —dzo(u)
—T+2 () 8
872F (8¢, 8z0(u), 8, 30)
Rig)w) = bEE+8"2H (89,8 8.8
1 4 bEE+ (69.,6z0(1).8.80)
71+z(2)(u)
! A 45
| ¢ BEERSZHGp 00w .b00) | Shogw) we.(#)
—1+z5(u) ,1+z(2)(u)
Then, system (27) can be written as:
do
T A)p + R(p) (u). (46)
Since ¢" and ¢* satisfy system (46), it is clear that its difference Ap = ¢" — ¢° satisfies:
dAg
- AW)Ap + R(p") () — R(@*) ().

Following [13], using the mean value theorem we can still rewrite this equation as the fol-
lowing linear equation:

% = A(w)Ap + B(u)Agp, 47)
with:
1
B(u) = / DR((1 — A)¢* — Ap")(w)dA. (48)
0

We observe that we can think of the matrix B as just depending on u, because the existence
of " and ¢® has been already proved in Theorem 3.

The point of writing the system for A¢ as (47) is that, as we shall see, we split it into a
dominant part, the one corresponding to the matrix .A(u), and a small perturbation, which
corresponds to the the matrix B(u). This will allow us to find an asymptotic expression for
Ag@(u), with its dominant term given by the solution of the system:

dA
229 _ Aw)Ag. 49)
du
Lemma 3 Foru e ijuéur N DI((’U/;ST a fundamental matrix of the homogeneous system (49)
is:

mo (i)

wmn=(m§” y ), (50)
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with:
d ., ,—aiu/s ,ou rxhoi[fésinhz u+logcoshu] iclogcoshu 1
mi(u) = cosh® ue e%le e'clog (H—O (W)) ,

ma(u) = cosh? ue“"“/‘se““efahoi[fé sinh? Hlogcosm]e_idogcosm (1 +0 (log(ll/a))) ’ o
The proof of Lemma 3 will be given in Sect. 7.

In the following we shall give an heuristic idea of how the asymptotic formula given in
Theorem 6 can be found. For simplicity, we will focus just on the first component of Ay,
that is A&.

Let us omit the influence of B, that is assume that B(x) = 0. Then, any solution @ of (47)

can be written as:
®(u) = M(u) (C‘ ) :
2

for certain c1, ¢, and its first component is m (u)c1. Hence, A&(u) = m1(u)c for a certain
c1. The main idea is that A£(u) is bounded when u € Dou; YN DOul *.. The first thing we
observe is that from the asymptotic expression of m1 (1) in Lemma 3 we can already see that
A&(u) has an exponentially small bound if # € R. Indeed, it is clear that when u ~ i /2 we
have that m (u) ~ e%, that is exponentially big. Then, ¢ has to be ~e~ % for AE&(u) to be
bounded, i.e. it must be exponentially small. As a consequence, when u € R we have that
A&(u) = my(u)cy is exponentially small.

However, we do not want a bound of A& but an asymptotic formula. Thus we have to find
the constant ¢ that corresponds to A&, or more concretely a good approximation c‘l) of it.
We recall that near the singularity i7r/2 we have a good approximation Ay of A& given by
the study of the inner equation in Theorem 4. Then, if we consider the point:

b4
wy =i (E - K51og(1/5)) :
it is clear that the initial condition ¢ satisfies:
1 Uy — 171’/2
cimi(ug) = Ab(uy) = 57 Ay (=)
From Theorem 4 we know that:

51 Ay (u+ _sm/z) = R ertesalos iy 4y i),

where A = k log(1/6), and therefore:
_ _ _ Uy —im/2
cr = mi(u) " A8 ) 2 my )T A (%)

ird o .
~ ml (u+)( ; ) e—al+z(c+o¢h0)log(—lk)cm’

so that taking:

0 ( ')‘)d —aA+i(ct+ahp)log(—ii)
1 —m1 (“+)T€ Cin,

we obtain a good approximation A&gp(u) of A&(u) defined by:

Aéy(u) = ml(u)c(l).
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Using the bound of the matching error given in Theorem 5, it can be proved that A&y () is
the dominant part of A&(u). Then, computing explicitly the asymptotic formula of A&y (0)
one obtains the first component of the dominant term of the formula given in Theorem 6. As
we will see in Sect. 7, c? does not depend on «.

For the second component, AE, we can repeat the same arguments, but using the singularity
—im /2. Finally, this procedure can be adapted to the whole system (47) using the fact that,
indeed, B(u) is small.

3 Proof of Theorem 2

In this section we will prove Theorems 2 and 3. However, in order to do that, first we need
to define suitable Banach spaces in which we will work, which are the following:

L, . .
Xoub* — {(]5 : DY — C : ¢analytic, || ¢ [I5,< oo},

K.p
where * = u, s, and the norm || . [|o;: defined as:
1¢I5 = sup IGo@)+D7'¢@I+ sup [z + D p)I,
veDZ, veDZyy
I 15 = sup [z — D '¢@)I+ sup [(zo(w) — D p(w)l. (52)
veD2t veD2Ls

In the product space X°U%* x A°U4* with * = u, s, we take the norm:

u,s u,s u,s t, t,
I (@1, 92) lloue,« =1 &1 llow + | @2 llgues (D1, ¢2) € XOF x A%,

Below we will introduce some notation that will allow us to see ¢"* as fixed points of a certain
operator. Given « and ¢, we define the linear operators acting on functions ¢ € X°"“*, with
* = u, s respectively:

0
Ly (D) = cosh? v /

Foo

1

meiwmemgé}’s(v, g1 (v + r)dr, (53)

where — corresponds to u and + to s, and:
. 20 _ 2(v+r)
g}’(v, r) = elcrHlog((1+e”")/2)—log((1+e )/2)7

&, r) = eic(frJrlog((1+e’2")/2)7log((1+e*2(“+’))/2)
c ’ ’

Remark 11 One might think that instead of taking g., it would be more natural to take:

g, (U r) _ eic(logcoshvflogcosh(err))
c ) - .

Although gl'(v,r) = gi(v,r) = g.(v,r) if v, r € R, this is not the case when v, r € C. In

particular, one can see that if v, 7 € D;u;;’*, * = u, s, the function g. is not well defined. On

the contrary, the function g" is always well defined for v, r € D%lfs’u and g3 is well defined
forv,r € D;u;j’s.
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Now, given a function ¢ = (@1, ¢2) € XU x XU* we define the linear operator:

LY“(@) = (Ly (@), LY _o(42)). (54)

The following lemma can be easily proved.

Lemma 4 With the above notation, if a bounded and continuous function ¢%° : Dgu;;’* —
C3, with % = u, s respectively, satisfies the fixed point equation
;U,S — LU,S ° RU,S(é.u,S)7 (55)

then it is a solution of (19), (20) respectively.

In the rest of this section we will prove the following result, which implies straightfor-
wardly Theorem 2.

Proposition 1 Letk > 0 and 0 < B < 7 /2 be any fixed constants independent of § and o.

Then, if § > 0 is small enough, problem (19) has a solution " defined in D%l;;u, and (20)
has a solution ¢* defined in D25 both satisfying that {5 = é'(l;’s + Clu’s with the following

7B
properties:

1. gy = L™ 0o R™5(0) € X°U* x X°U“* and there exists a constant K independent of §
and o such that:

u,s u,s 2
5o llout,x =< K3~

2.4 € XOUF X XOU* and there exists a constant K independent of § and o such that:

u,
I

u,s u,s
” é‘0 ||0ut,><

s ”u,s < K
X log(1/8)
where x = u, s respectively.

From Proposition 1 we obtain solutions ¢" and ¢* of systems given in (19) and (20) respec-
tively. Note that by the definitions of X°"“Y and X°""$, and since " € A" and ¢® € A°ULS,
we know that:
lim  ¢%(v) = (0,0), lim  ¢%(v) = (0, 0).
Re v——o00 Re v—+o0

From now on, we will focus just on the parameterization of the unstable manifold, ¢",
being the proof for the stable one completely analogous. For this reason, if there is no danger
of confusion, we will omit the superindices —u— of ¢, XU, Dg‘fg, etc. Moreover, we will not
write explicitly the dependence on v of ¢ (or any function belonging to X°"). Finally, in the
rest of the paper, if no confusion is possible, we will denote by K any constant independent
of 6 and o. Obviously, these constants K will depend on k¥ and g, which we will consider
fixed.

Before proving Proposition 1 we will present some technical results.

Lemma 5 Let ¢1, ¢po € C", such that |p1|, |p2| < 1/2. Then:

1 1
I+¢1 1+¢

< 4|1 — P2l
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Lemma 6 Let f : C" — C be any function that is analytic in some open ball B(ré) X
- x B(ry) C C", and assume that there exists some ¢* € C" such that for all ¢ €
B(r&) X oo X B(rg):

@) < Klp —o*[F, (56)

for some constants K > 0 and k € N. Take ¢ € B(ré /2) x -+ x B(ry/2) and assume that
¢ —o* e B(rol) X -0 X B(r{)‘). Then there exists a constant K such that:

ID; f(9)l < Klp — ™I, (57)

where D denotes the derivative with respect to the jth component ¢ ;.

Corollary 3 Let F}', F3' and H" the functions defined in (13). If { € X°" x X°" is such
that || ¢ llout,x < 82C for some constant C, we have that for 8 small enough:

D F{(8¢,820(v), 8, 80)1, 1D H* (8¢, 820(v), 8, 6))
K2 if ve DO

K,B,00°
- B,

B (58)
K82|Z()(U) - 1|2 if ve D%%,T'

Proof We will prove this result just for D F}', being the other cases analogous. Note that
for § small enough (8¢, 8z0(v)) € B3 (rg/2) since by the fact that || ¢ [lout, x < 82C and the
definition (52) of the norm || . |[out, x We have:

C8zo(w) — 1] < 8°C < ri/2 if ve Do

K,B,00°
16 (v)| = 3 3 K (59)
C8|z0v) = 1| < ——— < ry/2, if ve D
|zo(v) — 1] Tog? (1/5) o/ k.B.T
and:
K8 <ry/2 if UGD%J}S’OO,
[8z0(v)] < K

- u 27 if c Dgut ,
log(1/) = "0/% T Ve P

Then we just have to take ¢ = (8¢, 8z0(v), 8, 80) and ¢* = (0,0,0,0,0) in Lemma 6.
Indeed, it is clear that ¢ = ¢ — ¢* € B3(r(‘)’) x B(8g) x B(0g). Then, since F|' is of order
three and analytic in B3(r(‘)‘) x B(8g) x B(op), we have:

|FI' (8¢, 820(v), 8, 80)| < K[(8¢, 820(v), 8, 80)> = K¢ — ¢*|%,
and then we have:

D1 F}(62. 820(v). 8, 80)| = | D1 ()] < K|¢p — ¢*[* = K|(8¢.620(v). 8. 80) [
< K|(8¢,8(z0(v) — 1), 8, 80)|°. (60)
Moreover, since, by (59), |8¢| < 83Clzo(v) — 1| if v e D2 and |8¢] < 83Clzo(v) — 1)3

x,B,00
: out L .
ifv e DE,ﬁ,T’ it is clear that:

K$ if ve DM

K,B,00°

[(6¢,8(z0(v) — 1),6,80)| < .
£ Ké8|lzo(v) — 1] if ve D%JE,T’

for some constant K. With this bound and (60) we obtain immediately bound (58). O
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Corollary 4 Let F}', F}' and H" the functions defined in (13). If § is small enough and
¢ llout,x < 82C for some constant C, there exists a constant K independent of 8 and o such
that, fori = 1,2:

K8 zo(v) = 1| if ve DM

K,B,00°

|F*(8¢, 8z0(v), 8, 80)|, [H" (8¢, 820(v), 8, 80)| <
i (0 ¢ K8 zow) =117 if ve DY .

Proof Again, we will do the proof for F}'. Reasoning as in the proof of Corollary 3, we know
that (6¢, §z0(v)) € B3(r[‘)1) if 6 is sufficiently small. Then, by the mean value theorem we
have:

|F}' (8¢, 820(v), 8, 80)| = | F{' (8¢, 8z0(v), 8, 80) — F1'(0,0,8, 8, 80)|
i

= / IDF}'(A8¢,8 + A8(z0(v) — 1), 8, 80)|dA - 8¢ (v), 8(z0(v) — DI, (61)
0

since F'(0,0, 8, 8, 80) = 0. By inequality (59) and the fact that, for v € Dg“;}T Slzo(v) —
1] < K, one can easily deduce that |5¢ (v)| < K|8(zo(v) — 1)]. Using this fact and reasoning
as in the proof of Corollary 3 to bound | D F{'(A8¢, § +A8(zo(v) — 1), 8, 80)|, inequality (61)
yields:

K& |zow) — 1] if ve DM

K,B,00°

F'(8¢,8 ,8,6 < .
| 1( ¢ ZO(U) U)' = [K83|Z0(U) _ 1|3 if ve D%l/tS,T’

and the claim is proved. O

Lemma 7 Letw € D%“fs. Then:

1. Ifw € D' . one has:

e\Rewl

| cosh w| >

2. If w € D, then:

|eiiclog((l+ez"’)/2)| < T

Lemma 8 There exist constants K1, K>, K3 and Ka, independent of § and o, such that

1 Ifwe D%;;,T and Imw > 0, then:

(a) Kilw—in/2| <|coshw| < Kr|lw —im /2],
(b) K3lw —in/2] < |zo(w) — 17! < Kylw — in/2],

2. Ifwe D%‘/E},T andImw < 0, then:

(a) Kilw+in/2| <|coshw| < Kr|lw +im/2]|,
(b) Kslw+im/2| <lzo(w) — 17! < Kylw +in/2],

Lemma9 Ifv € D%u/g and w = v+ ré'@ = withr € R,r > 0and s € (0, B/2], then
there exists a constant K # 0 independent of § and o such that:

lwxin/2| > K|vEin/2|.
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Lemma 10 Ifv € Dg“;g and w = v+ re!@ = withr e R,r > 0and s € (0, B/2], then
there exists a constant K independent of § and o such that:

1. (a)|coshv| < K|coshw|.

(b) Moreover; if w € D%‘,é,oo then:

M < Ke~Ireosm—p/2)

|coshw| —
2. |zo(w) — 1| < Klzo(v) — 1].

Lemma 11 Let R > 0 be a constant large enough, and v € Dg“fs We define the complex

path:
rf=fwecC: w=re™ P2 relo,R], (62)

Then, if o, c, 8 > O, the linear operator Ly  defined in (53) can be rewritten as:

Loc(¢) = — RETOO/ fe(v, w)p (v +w)dw,
FR

where ¢ € X°" and:

COShd v : ;L v v4w
fe(v,w) = 4coshd(v o) elaw/éecwetc[w+log((l+ez )/2)—log((1+4e2VFw)) /2)] (63)

Remark 12 For L_, _.(¢) we get the same result but in curves of the form ff =
{fwecC:we k).

With these previous lemmas we can prove the following proposition, which characterizes
how the operator L = (Lg.¢, L—q,—c), defined in (54), acts on XU x xOUt,

Lemma 12 The operator L : X°" x XU — XU x XU s well defined and there exists
a constant K independent of § and o such that for all ¢ € X°U x x°ut:

I L(@) llout,x =< K3 || ¢ llout,x -

Proof We just need to bound || Ly,c(¢) |lout, since the case for || L_y —c(¢) [lou is com-
pletely analogous. Note that by Lemma 11 we have that:

[La,c(¢)(0)| = ‘ lim /fc(v, w)¢ (v + w)dw|,
R— 400
rf
where FIR was defined in (62) and f, was defined in (63). Now, parameterizing the curve
r'f oy yr) =re™=F/2 withr € [0, R], we get:
R
lim ei(”_ﬁ/z)fc(v, re'@=BI2e (v + re! B2 gy

R— 400
0

[La,c(@)(v)]

RECCI iorel™—F/2) T,
J elT=B/2), 5 e(rre( B12) ~ i—B/2)
= |cosh’ v 8c(v,r)p(v+re )dri,

cosh? (v + rei(™=F/2))
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where:

3o (v, 7) = go(v, refT=BI2)) = (ictre ™ HD-plop((14¢) /D) —log((1+e2 ) 2y

First we will see that there exists a constant K such that:
(—/2)
cosh? p eore™ "

- 64
cosh? (v + rei(T=B/2)) ©4)

On one hand, if re!™=8/2) ¢ D%‘/;,OO then by part 1b of Lemma 10 we have that:

—$/2)
cosh? p eo7¢

cosh? (v + rei(@—H8/2))

Kefd\rcos(nfﬂ/Z)\|eare<”’ﬁ/2)| < K e(o1=d)lr cos(r—p/2)] <K,

because |o| — d < 0. On the other hand, if re!™@—#/2 ¢ D°”I§ it implies that r < r* for
some r* < 400 independent of § and o. Then, by part 1a of Lemma 10, we have that:
cosh? v eore™ 2

h (o + rei Py < K[| < Kelollreosr=p/2)]
cosh? (v + rei(T—

< Kelallr*cos(nfﬁﬂ)l < Kedlr*cos(rrfﬂ/Z)l.

This finishes the proof of (64).
Now, to bound g. (v, r) we just use item 2 of Lemma 7:

|gc (U, r)| — |eiC(r€i(”_ﬂ/2) +log(l+e2”)710g(l+62("+”’i(ﬂ7ﬁ/2)>)) |
< o—cIm ret@=£/2) Q2T — pmersin(B/2) 2em < Q2T (65)
Hence, using bounds (64) and (65) we have, for v € D‘“‘;j
+o00
Lo (@ @) < KT / eere T g (0 4 rel TP (66)
0

Now we distinguish between the cases v € D,‘j“;s and v € ij“é 7~ On one hand, if
v e DX wehave v+ ref P2 ¢ D2, and then by part 2 of Lemma 10:

K,B,00

A

+o00
|Lac(@)(0)] < Ke*™ || ¢ llou,x / e SNT=BID|2 (v + re! TP — 1)dr
0

+00

K™ | 6 loux 120(0) — 1] / oo SnGe=p/2)f3 4. ©7)

IA
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On the other hand, if v € D% . let r* be the value such that v + re! @£/ ¢ D%lfti,oo N

x,B,T°
Dg“/‘ST Then:
-
|La.c (@) )] < Ke*™ || ¢ llout,x / e SINT=PID 70(v 4 ret TP — 1Pdr

0

+o00

+ / e sin(ﬂ*ﬁﬂ)/ﬂm(v + rei(nfﬂ/Z)) —1|dr
A

¥

S Kech ” ¢ ||0u[,>< /efarsin(nfﬂ/Z)/(S'ZO(v) _ 1|3dr
0
+0o0
+ / e—arsin(n—ﬂ/2)/6|Z0(v) _ 1|dr ,
7k

where we have used part 2 of Lemma 10 again. Now, since for v € D%‘};T we have that
lzo(v) = 1] < K|z9(v) — 1|3, this last inequality yields:

o
Lo (@) ()] < Ke*™ || ¢ llout,x |20(v) — 1] / =SB g, (68)
0
Hence, from (67) and (68) we can write:

o0
Lac@ @) < KE 1| loux 120(0) — 11" / e ST —/23 .
0

wherev =1if v € Dgu;; oo @nd v = 3 otherwise.
If we compute the last integral explicitly we get that:

2cm
a sin(B/2)

and then, by definition (52) of the norm || . ||out, the result is clear. ]

[Loc(@) (W) =8 ¢ llout,x lzo(v) — 11",

With Lemma 12, the first part of Proposition 1 will be proved. Concretely, we will prove
the following:

Lemma 13 The function {y = L o R(0), where R was defined in (18) and L in (54), belongs

to XU x X°U and there exists a constant K independent of § and o such that:

[RQ) ”out,xf KSZ-

Proof By Lemma 12 it is clear that we just need to prove that || R(0) [lout, x < K. Again,
we will just bound the norm of the first component of R(0), that is R1(0), being the second
one analogous.

By (18) we have:

872IF10, 820(v), 8, 80)|

§~2H"(0.620(v).8,80)
—14z3(v)

872IF10, 820(v), 8, 80)|

<

IR1(0)(v)] =

872 H"(0,820(v),3,80)

= —1+23(v)

1+
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First we will prove that, for v € D%“fg:

1

872HY(0.829(v).8.80)
—1423(v)

<2. (69)

-

Indeed, if v € D2 | by Corollary 4:

K,B,00°

8"2H"(0, 520(v), 8, 80)

_ Klzo() — 1|
—1+23(v)

T =1+

1
=2KS§|e’ coshv| < K§ < 3 (70)

where we have used that 2¢? cosh v = €2V + 1 is bounded in D%“é o and that § is sufficiently

small. Otherwise, if v € Dg“;iT, again by Corollary 4 we have:

872H"(0, 520(v), 8, 80)
—1+z3v)

_ Kélzo) - 17 8Kése®
T =142z  lcoshu|’

Now, using Lemma 8 we have:

1 1 1
< <
|coshv| — KilvFim/2| — K18log(1/8)’

since |v Fim/2| > Kélog(1/5) in Dg“;. Moreover, for v € Dg“/g 7 it is clear that e is
bounded. Therefore it is straightforward to see that:
K 1

= Tog(1/9) = 2 (1)

8"2H"(0, 520(v), 8, 80)
—1+23(v)

if & is small enough. Then, from (70) and (71), bound (69) holds true.
Finally, from (69) and using again Corollary 4 it is clear that:

_ K8|zo(v) — 1| if ve D |

R1(0 <2|872FX0, 820(v), 8, 80)| < . k. B,00

| 1( )(U)| = | 1( ZO(U) U)| = [ K(S|Z0(U) _ ]|3 if ve D%];},T7
and then from the definition (52) of the norm || . ||our We obtain the statement immediately.00

We enunciate the following technical lemma, due to Angenent [1], which will simplify
the proof of the second part of Proposition 1.

Lemma 14 [1] Let E be a complex Banach space, and let f : B, — By, be a holomorphic
mapping, where B, = {x € E :|| x ||< p}.
If0 < 1/2, then fi By is a contraction, and hence has a unique fixed point in By,.

The following result will allow us to finish the proof of Proposition 1.

Lemma 15 Let F := L o R and B(r) be the ball of X°" x X°" centered at the origin of
radius r = 8 || ¢o llout,x- Then, F : B(r) — B(r/4) is well defined. Moreover, there exists
a constant K independent of § and o such that if { € B(r):

1
I F(&) = %o llout,x < WK ¢ llout, x-
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Proof Note that it is sufficient to prove the inequality. Indeed, suppose that it holds, then
taking ¢ € B(r) and ¢ sufficiently small we have:

1
I F(&) llout.x < Il F(&) — %o llout,x + Il §0 llout,x < Tog(1/8) K I ¢ llout,x
1 1 1
+ 11 %o llout,x < §r+ gr = Zr»

that is F(¢) € B(r/4).
Now, recall that:

F() =8 =LoR()—LoR(0)=Lo(R(K)— R(O0),
where R was defined in (18). In order to make the proof clearer, we will decompose R as:

R(&)(v) = SO @) +T () () - £ (),

where:
§72FY(8¢C, 8 .8, 8
S(E)(w) = _ Ezi uzo(v) o) ’
1+bnn+5 H"(6¢,6z0(v), 8, 80)
—1+z3(v)
T()®) : 1| aw)
V) = — V).
14 bni + §72H"(8¢, 8z0(v), 8, 80)
—1+z(2)(v)

Then we have that:

R(&)(v) = R(0)(v) = S(£)(v) = SO)(v) + T(£)(v) - £(v).

Now we shall bound these two last terms separately. We will begin by S(¢) — S(0). We will
prove that:

I'S(&) = SO0) llout,x < ¢ lout, (72)

K
§log?(1/8)
and we shall do it using the mean value theorem:

1

S () = SO0)(v) =/DS(A§)(v)d?» ¢ (v).
0

So let us bound DS(A¢)(v) with A € [0, 1]. We claim that:

t
DSGOWI <108 , vebiel K g
| 0Klzo() — 117 ifv e D%+ | T §log?(1/8)

The second inequality is clear from the definition of D"“}E3 so we just have to check that the
first one holds. For simplicity we will bound just one entry of the matrix D S, being the other
three analogous. For instance we consider:
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87Dy F} (818, 820(v), 8, 80)
Dy$1(A0) ) = | 4 22bnid 2 HU (318620 (2).6.00)

—1+z5(v)
52 FY(81.L, 820(v). 8, 80 |:Abﬁ + 871D, H(8A¢. 820(v). 6, 8(7):|
- 2 2 :
| 4 Pb0i+8 HY (638,650 (2).8.00) —1+z5()
—14z3(v)

Our first claim is that, if £ € B(r) C X°" x A°", then for § sufficiently small:

- A2bni+38~2H" ()¢, 820(v), 8, 80)
—1+23(v)
A2bnii+8 " THY(8A, S 8,8 1
. ni+ ( 4; z0(v), 8, 80) . (74)
=1+ z5(v) 2

Indeed, by definition (52) of || . [lout,x and Lemma 13 we have that:
A < AK [ ¢ lloutx |zo(w) = 1]" < Kr|zo(v) — 1]”
= 8K || £ llourx 120(v) — 1]” < 8K8?|zo(v) — 11", (75)

withv = lifv € D%l/;,oo andv =3ifv € D%“;ST Then it is easy to see that for § sufficiently
small:
2 -
A Ibllngnl - K - l
| =1+ z5()| ~ log(1/8) — 4

(76)

ifv e Dg“é Moreover, (75) implies that || SAZ [lout, x < K83 < K82, Then, using Corollary
4 one can see that:
8§T2HY(8AL, 820(v), 8, 80)
—1+z5(v)

K 1
=

= log(1/8) ~ 4

(77

forv e Dg“/g and § sufficiently small. Using bounds (76) and (77) one can straightforwardly
see that (74) holds.
Our second claim, which is in fact Corollary 3, is that:

H t
1571 Dy FR AL (v, 820(0). 8. 80)] < | 0 fveDepo (78
nl P OCORES C = | K8|zo(v) — 17 ifve DX .

Finally, it only remains to bound the last term of DS. We claim that:

Abi 4+ 871D, HY (8L, 8 8,98
52F;‘(5xg,az()(v),5,5a)[ n+ nH7 (828, 820(v) J)]‘

—1+23(v)
K$ ifve DO |
= e > (79)
Kdlzo(v) — 17 ifv e D?,ﬂ,T'

This can be proved using Corollaries 3 and 4 to bound D, H" and F}' respectively, and
inequality (75) to bound 7.
In conclusion, from (74), (78) and (79) we obtain:

bos e oy < | K ifve D
PaSIAE DTS Kojzo) — 112 ifv e DO
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and then, doing the same for the rest of the entries of the matrix DS, bound (73) is proved.
Finally, (73) and the mean value theorem yield:

1
S v) —SO)(v)| < DSz, v)ldr-c(v)| < ————|¢c(v)],
[S(&)(v) — S0)( )I_/I (A&, v)ldA - ¢ (V)] 5log2(1/5)li( )|
0
and that implies bound (72).
Now we shall proceed to bound 7 (¢)(v) - ¢ (v). We claim that:
7)<l < K <1l (80)
; f out,x = 310g(1/5) ; out, x -
Indeed, using (75) and the first inequalities in (76) and (77) with A = 1, it can be seen that:
bni + 82 H%(8¢, 8z0(v), 8, 80) __ K
—1+z5(v) ~ log(1/8)’

if & is small enough, and consequently it is clear that:

1 K
ey — = D)
1 4 bnia+8=2HYGE 520 (v).8.00) log(1/68)
—1423(v)

Moreover, by the definition (17) of the matrix A it is straightforward to see that |[A(v)¢ (v)| <
K8 el Using this fact, bound (81) and the definition (52) of || . [lout, x, it is clear that
for v = 1, 3 we have:

K
T . —1IV< —
7)) - ¢W)llzo(v) — 11" < 510(1/5) 1< Mlout, x »
and then (80) is proved.
Finally, using (72) and (80) we have that:

I R(E) = R(O) llout,x = I15(¢) = S0) +T(Z) - ¢ llout,x

1 1 K
<K = )
< K0 Noue (810g2(1/8) * 810g(1/8)) = slog(1/8) 1€ llou,
and then by Lemma 12 we obtain the desired bound:
K
” Lo (R({) - R(O)) ||out,><§ K$ “ R(;) - R(O) ”out,xf T 1 oy ” ; ”out,x .
log(1/6)
]

Proof (End of the proof of Proposition 1) As we already mentioned, the first part of Propo-
sition 1 is proved in Lemma 13.

On the other hand, note that Lemmas 14 and 15 imply that the operator 7 = L o R has a
unique fixed point " in the ball of X" x X°" of radius 8 || £ [lout, x- Then we just need to
define ¢} = ¢% — ¢y Itis clear that {" = &y + ¢ and that by Lemma 15:

K
”{1u ”out,x = ||§u - é-(l)l ”out,x:”}—(gu) _:'L-(O) ”out,xf W “;u ||0ut,><

-~ u
= Tog(1/8) 150 llout, x
and then the second part of Proposition 1 is clear. O
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4 Proof of Theorem 3

Again, we will just focus on the proof for the unstable manifold, ¢", being the one for the
stable manifold analogous. We will also omit the superindices —u— whenever it does not
lead to confusion.

Lemma 16 Let Vi(u,§,0) = Z(;l(Zo(u) —z24(8,0) £ 1) — u, where z4.(8, o) is the third
component of the critical point S+ (8, ). Then, for all u DE)“};YT, there exists a constant C
independent of § and o such that:

[Vi(u,8,0) =éC.

Moreover, given any constant k, if u € D,??/;’T, then for § > O sufficiently small:

u—+Vi(u,d,0) € Df("/’tz’ﬂ.

Proof Consider the function f(¢) := zgl(z()(u) + t(—z+(8,0) £ 1)). It is clear that
Vi(u,8,0) = f(1) — f(0). Moreover, for any u € DI‘C’“;; ¢ and § > 0, the function f
is analytic. Using that:

1

- | =|cosh?ul < M if ue D™ .,
_1 +Z(2)(u) | |— «,B.T

and that, by Lemma 2, | — z+ (8, 0) &+ 1| < K§, one can easily see that | f/(¢)| < §C. Then,
by the mean value theorem, the first part of the lemma is proved. Moreover, using the bound
of Vi(u, 8, o) it is straightforward to check that the second part of the lemma also holds. O

Proof (End of the proof of Theorem 3) We just need to take k = k /2. Then, by Lemma 16,
ifu e Doué 7 u+ Ve(u,$, o) belongs to DO‘/‘E g = = D% 'g» Where we know by Proposmon 1
that the parameterizations ¢" and ¢* are defined. Then we just have to define ¢®* and ¢" as:

') =+ V_(u,8,0)) +¢-(3,0),
@ ) = ¢ u+ Vi(u,8,0)) + 548, 0),

where {+(8, 0) = (n+(8, 0), n+(8, 0)), and n4, n+ were defined in (14). As we pointed out
in Sect. 2.2.1, both ¢®*(u) and ¢"(u) satisfy system (27), and they are parameterizations of
the stable and unstable manifolds of S_(§, o) and S4 (8, o) respectively.

Finally, note that, for u € D,‘(’?E’T, one has:

€ D‘;jj;j (82)

oS ()llz0) — 11 < 18 + Vi, 8, 0)llz0) — 117 + (228, 0)llz0) — 1P,
for some constant K. Now, on one hand, by Proposition 1 and using that for u € Douﬁ T

zo(u) — 1 K
<14+ —
z0(u+ Vi(u,8,0)) — 1 log(1/3)

we have:

125 (u + Vi (u, 8, 0)|zo(u) — 1P < KI1E"S(u + Vi@, 8, 0)lzo(u + Va(u, 8, 0) — 1
< K [[¢"S|lgn< K82

out

On the other hand, recall that ¢+ (5,0) = (+£(8,0),n+(5,0)), where nL(d,0) =

x+(8,0) 4+iy+(8, 0), and then by Lemma 2, since | cosh | is bounded in DI‘(”“E’T, we obtain

[¢+(8,0) cosh? ul < K 82, and thus the last statement of Theorem 3 is clear. ]
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5 Sketch of the Proof of Theorem 4

In this section we present the main ideas of how Theorem 4 is proved. As we already men-
tioned, the proof is analogous as the one found in [3], and hence for more details we refer
the reader to that paper.

5.1 Existence of Solutions ¥

First we will introduce the Banach spaces in which we will work. For * = u, s, we define:

Xin* = (g Dj;:;j; — C. ganalytic, |¢[l};’,:= sup [s"¢(s)| < co}.

mn,*
SEDﬂo.ﬁ

As usual, in the product space X1"* x X"* we will take the norm:
us u,s u,s
1(P1. D2) Il =1 1l + 1 D21l55), - (83)

Now, if we call ¥ = (i, ¥) the solutions of (33), F = (F;, F>) and define:

ho = lim s3H(0,0,—s"'0,0), (84)
Res—o0
hw,s) = s> [by ¥ + HW, —s~',0,0)], (85)
= —(@—cs Hi+ds™! 0
Als) = ( 0 (@ —cs™MHi+ds™' )’ (86)
and
ROW)(s) ( ! )A< o F®=TL0.0 o)
S) = = — N —_———
1+ hWw,s) 14+hos™! 1+ h(¥,s)
then system (33) can be written as:
WL Aew+ RN (88)
ds 1t hps 1Y 5

Lemma 17 A fundamental matrix of the linear homogeneous system

v 1

e v,
ds Tt hos 17

mi(s) 0 d Ciya (TP 0
M(s) = ( 0 mz(s)) =s(1+hos™") 0 eilastpen ) 89
where B(s) = —(c + aho) log(s(1 + hos™H).
The functional equation that lI/(;J ** have to satisfy is the following:
0
W) = M) [ Mis 40T REGG + e, 90)
Foo
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where R was defined in (87), and +00 corresponds to the stable case and —oo to the unstable
one. For functions @ € X)™* x A)™*, we introduce the linear operators:

0
B“’S(qb)(s):M(s)/M(s+trlq>(s+t)dt,
Foo

so that the fixed point equation (90) can be written as:
Yyt = FU (W) = B o R(¥,). 1)

The main result in this subsection, which is equivalent to item 1 of Theorem 4, is the
following:

Proposition 2 Given By > 0, there exists p > 0 big enough such that system (83) has two
solutions Wy belonging to X™* x X\"™* x =u,s, of the form:

u,s _ s u,s
Y =Y0 T

. u,s .S in,* in,* u,s in,* in,* . . u,S ;u,s
with Wy g = B" o R(0) € X377 x X377, Wy € Xy x X7, satisfying [| V)7 |l 3. <
u,s u,s
1%,0 lin.3.x-
Moreover; the functions W(;l ** are the unique solutions of system (88) satisfying the asymp-

totic condition limge s 7o lI/(;l *(s) = 0, where — corresponds to u and + to s.

This proposition is proved in [3] in the case d = 1, and the case d # 1 can be proved
identically.

5.2 Asymptotic Expression for the Difference AY

Below we sketch how formula (36) can be found, which is an adaptation of the results of [3]
for the case d # 1. The first step is to realize that, since ¥ and ¥ satisfy equation (88), its
difference Ay = (A, Ay ) satisfies the following homogeneous linear equation:

day 1
ds |1+ hos

—A(s) + ﬁ(s)] Ay, (92)

where R is the matrix defined by:
1
R(s) = / DR(FS(s) + A (s) — ¥ (s)))dA,
0

and R was defined in (87). As in [3], one deduces that any analytic solution of equation (92)
that is bounded in the domain Eg, ,, defined in (35), can be written as the following integral
equation.

AYo(s) = s9(1 + hos™hH?

PUCIE Y1)

(1 + hot—1)d (Ri(1), A (1))dt |, (93)

N
s e i@ HBO | ot /

—ip
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efi(erﬂ(t))

WWQZO), AYy(H))dt, (94)

s
Awo(s) = Sd(l + hos—l)dei(as+;3(s)) /

—i00

where B(s) = —(c + aho) log(s(1 + hos™H).
Now we define the linear operator G by the expression:
- ‘ i@+ =
eTIesHBO) 7, e (R (@), Cb(t))dt)

i ) —i@+p0) | =
ol (@s+B() fiioo m(f]gza)’ @ (1))dt

G(@)(s) = s/ (1 + hos™H? (
and the function:

—i(as+pB(s))
AW o(s) = 57 (1 + hos ™) (Koe 0 )

Then we can rewrite (93) and (94) in the compact form:
AYy(s) = A% ,0(s) + G(A¥)(s). 95)

Adapting the steps followed in [3], one can see that the operator Id — G is invertible in a
suitable Banach space, and therefore we can write:

Ay = (1d - G)" (A% 0) = D~ G" (A% 0). (96)

n>0

The last step, once we know that A¥ can be obtained form formula (96), is to study how
the operator G and its iterates G" act on A¥ o. What one can prove is that there exists some
constant K (p) such that:

TG(AW,0)(s) = s9e T @HO) (K (p) + 0 (s~ ).
and that:
G (A% 0)(s) = O (sdfze*“wﬂ(s») .

Using standard functional analysis, formula (36) for A is found, finishing the proof of
Theorem 4.

6 Proof of Theorem 5

Theorem 3 provides parameterizations of the invariant manifolds satisfying the same equation
(27). Nevertheless, it does not give enough information about the behavior of these manifolds
near the singularities =i /2. To obtain this information we will use the solutions lll(;"s of the
inner equation (33) given in Theorem 4. For this reason, in this section we will deal not with
system (27) but with (32) (which comes from (27) after a change of variables). Moreover,

we will restrict ourselves to the matching domains D,I(nf;:%z and D,r(ng;igz (see Fig. 3), or

more precisely to these domains in the inner variables, that is D:l%h]l;ﬁ and D::lfg}:}z (see the
definition 40).
Let us consider the Banach space:

xmebx — (g D,?%}:EZ — C, ¢panalytic, sup |s|*|p(s)| < o0}, *=u,s

mch, x
SED»(,;&I,/&Z
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with the norm:

lplhs=sup IsI*lp(s)l,

mch, *
SEDK,ﬂpﬂz

and we endow the product space X™MM* x xMh-* with the norm:

u,s u,s u,s
1(P1. D2) llimch, « =1 D1 e + 1162 llich, -
Now we present the main result of this section, which is equivalent to Theorem 5:

Proposition 3 Let W™5(s) = §¢"*(8s + im/2), where "5 are the parameterizations given
by Theorem 3. If s € D}:%l:’;z,for % = u,s, one has W"5(s) = ¥y (s) + W,"*(s), where
llf(;] S are the two solutions of the inner system (33) given by Theorem 4 and:

) ) 1-
17 len, < < K877,

mch, x —
for some constant K.
Now we shall proceed to prove Proposition 3 for the unstable case. The stable case is
analogous. As usual, we will omit the superindices —u— of the domain D,’(“%hl b’ the Banach

space X mech and the norm || . ||meh, Whenever there is no danger of confusion.
Before proceeding, we will explain the main steps to prove Proposition 3.

6.1 Notation and Outline of the Proof of Proposition 3

First of all, let us introduce some notation. We will call v =(y, V) the sol~utions of (32).
Recalling the definitions (31) of [(8s) and m(8s), (85) of h (¥, s) and (86) of A(s), we define:

h(W,s,8,0) = [byy + HW, —s~" +81(85), 8, 80)] (s* + 85°m(85)), 97)
_[ai(s,8,0) 0
A(s,8,0) = ( 0 (s, 5. a)) (98)
XoW,s) = —— [A)¥ + F(&, —s~1,0,0)], 99
o(¥,s) 1+h(l1/,s)[() ( )] 99)
1
X\ ¥, s,80)= — — 8,0 + F(W, —s~' 4+ 681(55), 8,8
1(¥,5,8,0) [T h@5.3.0) [A(s, 8, 0)W + F(W, —s~" 4 81(85), 8, 80)]
- [As)¥ + F(&, —s~,0,0)], 100
1+h(lI/,s)[ (s) ( )] (100)
where:
ai(s,8,0) = —(a + c(—s~ '+ 81(85))i — 80 +ds~" — 8di(Ss),
ar(s,8,0) = (@ 4+ c(—s~ '+ 81(85))i — 80 +ds~' — 8dI(8s) (101)
Note that A(s, 0, o) = A(s), and h(¥, 5,0, 0) = /:l('lf, s).
Then, the full system (32) can be written as:
dv
g Xo(W,5)+ X1 (¥,5,6,0), (102)
S
and the inner system (33) reads:
dw
=X, 5). (103)
ds
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Let us consider ¥" defined as the parameterization of the one-dimensional unstable manifold
of system (27) given by Theorem 3 in the inner variables, that is ¥"(s) = §¢"(8s + i /2),
which is a solution of (102). Moreover, consider the solution ¥;' of the inner system (103)
given by Theorem 4. Then, if we define their difference:

o=t -y, (104)
we have that ¥ satisfies:

av}
ds

= Xo(W§ + W'\ 5) + X1 (0 + W', 5,8, 80) — Xo(¥, )

= mﬁ(s)wf + R}, 8,0)(s)

where ho was defined in (84) and:
R, 8,0)(s) = Xo(¥y + ¥\, s) — Xo(¥, 5) — Du Xo(¥y', $)¥'

1
14+ AWt s) 14+hos™!

+X1 (¥ + 95,8, 0) + [ } Als) o

1

+——— Dy FWY, s~ 0,00
1+ h@Y, s) 0 !

1 -
Dy | —— | (AP + FY, 5710, 00w, 105
+ w|:1+h(l1/6“,s)i|( O + Fy', s DY (105)

Now consider the linear operator acting on functions (¢1, ¢2) € X mch o yymeh.

fF(Sl,s) ml_l (w1 (w)dw )

106
fr(Sz,S) m2—1 (W) (w)dw (106)

L(p1, $2)(s) = M(S)(

where the matrix M (s) was defined in (89), s;,i = 1, 2, were defined in (41) and I"(s;, 5)
is any curve in Df(“‘g: p, going from s; to s. Note that, since for w € DL“%I} 4, the functions
mi (w)_ld)l (w) and mz(w)_1¢>2(w) are analytic, by Cauchy’s theorem the integrals in (106)
do not depend on the choice of the curves I"(s;, ).

With this notation, it is clear that ¥ satisfies the fixed point equation:

Ul'(s) = I(cr, c2)(s) + Lo R, 8, 0)(s), (107)
being:
2. k)6) = M) (1) (108)
and
cr=mi DY), e =m; ()9 (52). (109)

Now, let us explain the main steps to prove Proposition 3. First of all, we note that the fixed
point equation (107) is equivalent to:

Wl =T(cr, e2) + LoRO,8,0) + Lo [RWE, 8, 0) — RO, 8, 0)], (110)
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where:
Lo[RW),8,0)—R(O,5,0)]
= M(s) ( frm,s) m;(w)[Rl(lpu’ 5, 0)w) = R1(0.4, o) (w)ldw )
S M2 WIR2 (P, 8, 0)(w) = R2(0, 8, o) (w)ldw
Note that:

1
RWY, 8, 0)(w) — RO, 8, 0)(w) = / Dy ROW, 8, o) (w)dr ¥ (w)

0
1

= / Dy RO — @), 8, o) (w)dAr ¥} (w).
0

Now, since we already proved the existence of both parameterizations ¥" and ¥, we can
think of the integral term as independent of W', that is:

R, 8, 0)(w) — R0, 8, 0)(w) = B(w)¥] (w),
where the matrix B(w) is given by:
1
B(w) = / Dy ROA(P" — ), 8, o) (w)dA.
0

Therefore, for & € x™ch » ymeh e can define the linear operators:
BW)(w) = B(w)¥(w), GW)(s) = Lo BW)(s), (111)
and then equation (107) can be rewritten as:
(Id — G ¥ =Z(c1, c2) + Lo R(0, 8, 0). (112)

We will proceed to study this equation as follows. First, in Sects. 6.2 and 6.3 we will study
the linear operators £ and B respectively. Then, in Sect. 6.4 we will study the independent
term of (112), thatis Z(cy, ¢2) + Lo R(0, 8, o). Finally, in Sect. 6.5 we will see that joining
the results of the previous subsections allows us to guarantee that the operator Id — G is
invertible in X™" x x™°h and to obtain the desired bound for the norm of v

6.2 The Linear Operator £

As we already mentioned, in this subsection we will study the operator £. However, before
we present two technical lemmas. The first one is completely analogous to Lemma 9, and
can be proved in the same way.

Lemma 18 Lets € DI o and w = s1 + (s — 51), 0 = 53 + 1(s — 52), with t € [0, 1].
Then there exists K # 0 independent of § and o such that:

lwl, |w] = K|s|.

Lemma 19 Let s € DY ;) and w = s1 +1(s — 51), 0 = 52 + (s — 2), with t € [0, 1].
Then there exists K independent of § and o such that:
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a(1—1)Im (s—s1) a(1—1)Im (sp—s)

Imi (s)m; ' (w)| < Ke Ima(s)my ' ()] < Ke
where m1 and my are defined in (89).

Proof We will do just the case for w. We have:

T +hos™D iiatmurpir-pant
wd (1 + how=1)4

First of all note that by Lemma 18 we have that:

my(s)my ! (w) =

s?(1 4 hos™14
wd (1 + how=1)4
Moreover, for § small enough we have that |s|, |lw| > K log(1/8) > 2h¢ and hence:
(1 + Jhos™"))*
(1 — Jhow=17)*

1+ hos™!
1+ how™!

s+ hos—1)4

wd (1 + how=1)d (113)

On the other hand, we have that:

‘e—i[a(s—w)+ﬂ(5)—ﬁ(w)]‘ < ooIm (s=w) lIm B(s)|+{Im B ()
Recall that B(s) = —(c+ahg) log(s + ho) and therefore Im B(s) = —(c +aho) arg(s + ho),
obtaining for Im B(w) an analogous expression. It is clear that for s € Dm%]: g, We have

Ims < Ims; < 0, and then, since A is real, we also have that Im (s+ho) < 0. Consequently,
we have arg(s + hg) € (7, 2) and hence:

[Im B(s)[, [Im B(w)| < (¢ + alho|)27.

Then it is clear that:
emilals—w)+BO)—BW)]| < yalm (s—w) 4 (ctalhol) — a(1=DIm (s=sp) A7 (c+alhol) (114)

In conclusion, from (113) and (114) we obtain the initial statement. ]

The following lemma studies how the linear operator £ acts on functions belonging to
chh % chh_

Lemma 20 The operator £ : XM x ymeh . ymeh o ymeh o v00 defined and there exists
a constant K such that for any ¢ € X™N x XM then:

I £0@llmeh,x < K|l lmeh,x -
Proof We will check the bound for the first component. We have:

T Log(s) =mi(s) / my (w1 (w)dw.
I(s1.5)

Taking I" (s1, s) as the segment from s to s and parameterizing itby y (1) = s1+1(s—s1),t €
[0, 1], we have:

7' Log(s)] < Is —s1|/|m1<s>m;‘(s1 +1(s — 51))p1(s1 + (s — 51))|dt

1
Klst — s1 111 llmen / my(symy (51 +1(s — st + 15 — )] 2.

IA
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Using Lemmas 18 and 19 it is clear that:

A

1
7' Lod(s)| < Klsi — 5| 1 llmen Is] 7> / e I=DIm (s =s1) g
0

Kl|s —s
= B gy e 1512 [1 =
allm (s — )

Finally, we note that as Im (s — s1) < 0 we have that |1 — evIm (S_S1)| < 1. Moreover,
from the definition of Df(“%}: 4, using standard geometric arguments, it is easy to see that
there exists a constant C (B, f2) such that |s — 51| < C(B1, B2) |Ims — Im sq|. Then it is
clear that |7'L o ¢(s)] < K || ¢1 llmen |s|~2, and consequently || 'L od |lmen< K
Il &1 llmch- O

6.3 The Linear Operator 5

Now we proceed to study the operator 5, defined in (111). However, before we will need to
study the vector field X;.

Lemma 21 Consider the vector field X1 defined in (100), and let & € x™h x xmeh gycp
that | ¥ |lmeh, x < 1. Then there exists a constant K such that for all s D,'(“Cﬂhl P

1X1(&,5,8,0) < K8|s| ™%

Proof First of all we will rewrite X, which was defined in (100), in a more convenient way:

1 1
l+h(W,s,8,0) 1+h,s)

X (¥, s,8,0) = [ ] [A(s, 8, o)W

1
1+ A&, s)
+F W, —s~" +51(85),8,0) — F(W, —s~',0,0)],

+FW, —s~ +81(8s),8,0)] + [(AGs. 8. 0) — A(s)¥

where /(5s) was defined in (31), fz(lI/, s) in (85), A(s) in (86), h(¥,s, 8, 0) in (97) and
Al(s, 8, o) in (98). In the following we shall bound each term.
Our first claim is that:

1 1
H: — = iH < K§. (115)
L+h(W,s,8,0) 1+h,s)
First of all, note that by Remark 6 and the fact that |¥ (s)| <||¥ |Imch, x |s|~2 we have:

(¥, 5,8,0) < (b I1W llme,x IsI™*+ Kls|7?) (Is]* + K82s*])
< K(s|72+Is|7 " + 8% + 82Is))

1 1 1
K 8% 4+ 51ty —. 11
= (log2<1/6> gy 0T )5 2 (16)
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Note that this bound is also valid for fl(lll, s) = h(¥, —s~1,0,0). Then, by Lemma 5 we
obtain:

< 4h(¥,s,8,0) — h(&,s)]|

1 1
[1 +h(@.s.8.0) 1 +ﬁ<w,s)]
< 4|by ¥ + HW, —s~" +81(85), 8, 80)| 85> m (8s)|
+4 |HW, —s~' +81(85),8,80)— H(W,~s~1,0,0)|s]*. (117)

Now, on one hand, we have:
by + HW, —s~' +81(85), 8, 80)| 18s°m(8s)| < K (Is|™* + s 77[) 8%Is|* < K. (118)
On the other hand, note that:

|HW, —s~' +81(85),8,80) — HW, —s~",0,0)|

1
< |(81(85), 8, 80)| / 18(e.6.0) H(W, —s~' + A81(8s), 18, A8 )|dA.
0

Since for A € [0, 1] and for § small enough one has ¢ = (¥, —s~ 14 ASL(8s), A8, Abo) €
B3(ro /2) x B(8p/2) x B(op/2), from Remark 6 and applying again Lemma 6 (with ¢* = 0)
we can bound all the derivatives of H by K |¢|?, and then it is straightforward to see that:
|HW, —s~" +81(85), 8, 80) — HW, —s~",0,0)|
1
5/K|(w, —s7VF A81(85), 18, A80) [2dA - |(81(8s), 8, 80)| < K |s| 72| (81(8s), 8, 80)|
0
< K3|s|7?,

where we have used that |¥ (s)| < K |s|~2. Hence it is clear that:
|HW, —s~' +81(85),8,80) — HW, —s~',0,0)| s|* < K (119)

Substituting (118) and (119) in inequality (117), claim (115) is proved.
Our second claim is that:

|A(s, 8, 0)W + F(W, —s~ ' + 81(8s), 8, 0)| < K|s| 2. (120)

This is straightforward to check, since the matrix A(s, 8, ) is bounded for s € Dl‘(n%l} X
(which is clear from (98) and (101)), ¥ € x™ch x x™ch and |F (@, —s~' +681(85), 8, 0)| <
K|s| 3.

Our third claim is that, since as we already mentioned |h (¥, s)| < 1/2, then:

<2. (121)

1
‘1+fz(lP,S)

The last claim is that:
[(A(s,8,0) — A(s)W+F (W~ +81(85).8,0)—F(W,—~~",0,0)| < K8|s| 2. (122)
First, we note that:

Als, 8, 0) — Als) = ((—1 —ic)8l(8s) — 8o 0 )

0 (=1+ic)dl(és) — do
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and since |8/(8s)| = O(8'17), it is clear that:
[(A(s,8,0) — AW < K8 | W lmeh,x |s] 7>
On the other hand, using the mean value theorem and Lemma 6 it is also easy to see that:

|[F(W, —s~ '+ 681(85),8,0) — F(¥, —s 1,0, 0)|

1
< / Doy F(W. —s ™"+ 131(35). 18, 0)|d1](81(55). 8)| < K]s| 2,
0

so inequality (122) is clear.
In conclusion, from bounds (115), (120), (121) and (122) we obtain:

|X1(,5,8,0)] < K8|s| >

Now we can proceed to study how the operator B acts on XY™ x xmeh,
Lemma22 Ify € (0,1) and ¥ € X™P x X" with || ¥ |meh.x< 1, then B(¥) €

xmeh s ymeh g4 there exists a constant K such that:

K
B x< ————.
” ( )“mch, 10g2(1/5)

Proof Recall that:
R, 8, 0)(w) = Xo(¥y + ¥, w) — Xo(¥', w) — Dy Xo(¥y, w)¥
1
1+, w) L+ how

+X1(l1161+‘1/,w,8,0)+|: :|./I(w)l,[/

+——— Dy FW, w0 0w
1+ h(w, w) 0

- A w lIJ + 1 lp , W 1, (), () lp,
and hence:

DyR(¥, 8, 0)(w) = Dy Xo(¥y + ¥, w) — Dy Xo(¥, w) + Du X1 (¥ + ¥, w, 8, 0)

1 . 1
+ . - Aw)+ ——— Dy FY, w™1,0,0
|:1—|—h(l1151,w) 1+how] O g w e )
1 _
+ Dy | ———— | (A + F&E, w™',0,0)).
W[Hh(w’wj( (W)W + F (¥ )

We will see that, for w € D™h

i<.B1,B2"
DyRW,$,0)(w)| < ———. 123
[ Dy R( )(w)] og2(1/3) (123)
First of all we claim that:
K
Dy Xo(¥) + ¥, w) — Dy Xo(&), w)| < ——. 124
[Dy Xo(¥ ) — Dy Xo(¥y, w) Tog2(1/8) (124)
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This can be shown using the mean value theorem in each column of the matrix Dy X¢. For
example, we will prove the result for the first one, Dy, Xo. Writing &), = '1/6’ + AV, the mean
value theorem gives us the following bound:

1
Dy Xo (W + W, w) — Dy Xo(Wd w)| < / Dy Dy Xo (W w)| dij@ (w)|
0

1
§/|DwaXo(‘1/x,w)|d)» 1 et x ]2
0

1

K |V
< / |D11/D¢X()(t1/)\, w)|dk ” ||mch,><
0

. (125
log*(1/9) (129
Then it is clear that in order to prove (124) it is only necessary to prove that the integral is
bounded, or equivalently, that the integrand Dy Dy, Xo(¥;,, w) (which is a 2 x 2 matrix) is
bounded for A € [0, 1]. Note that, from definition (99) of X, fixing w € Df(“/cs}]‘ b it is clear
that Xo(¢, w) is bounded and analytic if:

¢ € B*(fo) C B(ro) N {¢ € C* : |h(p, w)| < 1/2},

for some 7. Then, Cauchy’s theorem implies that the derivatives of X with respect to ¥ and
V¥ are bounded. Hence, using again the same arguments, we prove that all the derivatives of
order two are also bounded. Since for ¥ € X™" x x™h we have that AW (w) € B2(7/2)
for § small enough and A € [0, 1], we obtain that Dy Dy Xo(¥), w) is bounded and thus
(124) is proved.

Our next step will be to prove that:

K
Dy X (W) +¥,w,8,0)| < K§ < ———.
| Dy X1 (% )l T
In fact, we will prove the result just for the derivative with respect to ¥, being the one with
respect to ¥ analogous. Note that if ¥ + W' = (¢ + g, ¥ + V) € XN x X" then
W+ 5+ lw| =2, ¥ + Jg) € ameh 5 xmeh (o0, Then first using Cauchy’s theorem and
later Lemma 21, we have:

(126)

2
1 U
Dy X1(¥y +¥, w,8,0)| < W/IXl(er%‘Jr lw| %', ¥ +W3,8,0)|d9
0

2

< 7/K6|w|’2d6 = K35,
27 |w| 2

and the claim is proved.
Now we claim that:

< Klw|™? <

_ 12
log?(1/8) (127

1 1 ~
_ - A
H:1+h(d/5',w) 1+howlj| )
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Indeed, on the one hand, note that A(w) is bounded. On the other hand, we observe that for
& small enough:

- 1 1
AWy, w)l < =, |how| ™' < ——— <,
2 log(1/8) ~ 2

and then by Lemma 5 and definition (84) of 4o we obtain that:

1
L+hWwd,wy  1+how!

< 4lhWwy, w) — how™'| < K|w| ™2

and then bound (127) is clear.
Our next claim, which can be easily proved using Lemma 6 and the fact that [¥'(w)| <
K|w| 73, is that:

1 K
————— Dy F w0 <2K[w|? < ————. (128)
1+ h(¥, w) log=(1/8)

Finally, we claim that:

Dy | ——— | Ay + F@, w™,0)| < Klw[ 2 < —~— (129)
1+ h(¥), w) log?(1/8)

Indeed, we note that Dy (1+h (¥, w))~! is bounded. We have to use that (1 +h(¥y, w))~!
is bounded and analytic in a ball of radius 7o, and use Cauchy’s theorem in a ball of radius
70/2 (where ¥ belongs to) to prove that the derivative with respect to ¥ is bounded. Finally,
(129) follows from the following bounds:

AW < K ¥ Imeh,x 1w| ™2, [F, w™',0,00)] < K|w| 3.

In the second bound we have used Remark 6.
With bounds (124), (126), (127), (128) and (129) we obtain that:

1

K
|B(w)¥ (w)| < / Dy R(AY, 8, o) (w)|dA Y (w)] < —5——|¥ (w)],
log=(1/8)
0
and then, since || ¥ ||mch, x < 1, it is clear that:
BWw < ——— ¥ =T
Il B( )”mch,x_ 10g2(1/5) I ”mch,x_ lng(l/a)

6.4 The Independent Term

Finally, in this subsection we will study the independent term Z(cy, ¢2) +L0oR(0, §, o). First
we note thatif in Lemma 21 we take ¥ = ¥)' € Jmeh o pmeh noting that X1 (¥, s, 8,0) =
R(0, 8, 0)(s) (see the definition (105) of R) and that for p big enough || ¥ [lmch, x < 1, we
obtain immediately the following corollary:

Corollary 5 R(0,5,0) € X meh o ymeh g there exists a constant K such that:

'R(0, 38, 0) llmeh,x < K38.
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Lemma 23 Z(c1, ¢2) + £ o R(0, 8, o) € x™eh 5 ymeh 4.
I£oR(O,6,0) ”mch,xf Ks.
Moreover:

1 Z(c1, c2) + L 0RO, 8, 0) [lmeh,x< K877

Proof The first part is a direct consequence of Lemma 20 and Corollary 5. To prove the
second part, recall that:

I(cy, c2)(s) = M(s) (2) = (2282) ’

where M was defined in (89). Focusing on the first component, using (109), we have:

my(s)
mi(s)cy = Yi(s1).
my(s1)
First we claim that:
[y (s < k&3 (130)

Indeed, we have [{'(s1)| < [¥"(s1)| + [ (s1)], so we just have to check that both terms
satisfy the bound. On the one hand, for § small enough i /2 + 518 € Df(’u;}uT (see (21) for
the definition of D' and (41) for s1). Then by Theorem 3:
[ sl = 188" (518 +in/2)| < K8 |z0(518 +im/2) = 1° < K&°[518] .
Then using that |s;8] > K8 (see (42)) we obtain immediately that:
VACHED Chlmgs

On the other hand since, by Proposition 2, w(‘)’ € X;n’u, from definition (83) of the norm
I ||iun,3’X we know that:

WS GO =I5 5, Is117 < K&,

in,3, x

where we have used (42) again, and then the claim is clear.
Then, by (130) and Lemma 19 we obtain:

Imi(s)cy| < Ke @M G1=9)530-y) < gg30-y)
For the second component we obtain an analogous bound, and therefore it is clear that:

IZ(c1,¢2) lmch.x<  sup [s]°K8077) < ks'77,

mch
Sepkﬁpﬁz

and the lemma is proved, since § < st-v, O

6.5 End of the Proof of Proposition 3

From definition (111) of G and using Lemmas 20 and 22, we obtain that || G(¥) |lmch, x <
K 1og=2(1/8) if || ¥ |lmch.x < 1. Hence, we have:

1G1:=  max {{1G(¥) llmen,x} =

[l meh, x <

log?(1/8)"
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and then it is clear that for § sufficiently small || G ||< 1. This fact implies that Id — G is
invertible in X™" x x™h Then equation (112) and Lemma 23 yield:

[P lmeh,x = I (Id — G) ' (Z(c1, €2) + £ 0 R(0, 8, ) llmeh, x
< 1dd — &) NI Z(er, c2) + £ 0 R0, 8, 0) llmeh,x < K877,

proving thus Proposition 3.

7 Proof of Theorem 6

Let Ag be the difference between the parameterizations ¢ defined in (43). Our goal now
is to provide a dominant term for this difference, as Theorem 6 enunciates. Note that Ay,
being a solution of (47), satisfies:

/ml_l(w)N](B(w)Ago(w))dw
Ap(u) = M(u) (2)+ N , (131)
/mgl(w)nz(za(w)mp(w))dw

u—

where B was defined in (48), M in (50), m1 and m» in (51), and ¢ and ¢; are some suitable
constants.

As we did in the previous sections, we first need to introduce suitable complex domains
and Banach spaces in which we will work. First of all, we define:

uy =i (% - K(Slog(l/S)) ity u_=i (—% n K510g(1/8)) =i
Now, let E = {it € C : t € (1, ty)}. We consider the following Banach spaces:

X' = (¢ : E — C : ¢panalytic, sup |[e*T/271D/% cos=d(1)p(it)| < oo},
iteE

with the norm:

6 llspi=sup [e* /271D cos™ (1) (it))|. (132)

iteE
As usual, in the product space X*P' x X! we will take the norm:

(@1, D2) llspl,x =l D1 llspt + | P2 llspt -

The main result of this section, which implies Theorem 6, is the following:

o
Ago(u) = M(u) o |’
)

where M was defined in (50), and:

d ) )
(C(l)) _ (mll(u+)(—18)»)eal+z(L-+ah0)log(lA)Cin) (133)

0 —1 <)\d PR o ——
c, m, (u,)(la) o~ ¥h 1(C+ah0)log(zk)cin

Proposition 4 Let:
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where A = k log(1/8) and Ciy is the constant defined in Theorem 4. Then, if Cin # 0, we
have that Ap = Agg + Ay, where Ay is such that:

K [ Ago lsp1, x

A <
Il Apy ”spl,x_ log(1/8)

s

for some constant K independent of § and o .

Now we proceed to prove Lemma 3, which was stated in Sect. 2.5. To do that we will use
the following technical lemma, which we do not prove here (see [5]).

Lemma 24 Let v > 1. Then there exists a constant K such that, if u € E, then:

K
/7wa S oo
) | cosh w| §v=llog"="(1/9)

Proof (Proof of Lemma 3) Since M (u) is a fundamental matrix of z = A(u)z, with A(u) =
diag(aj(u), az(u)) defined in (44), we have that:

» Jo ar(w)dw 0
_ Awydw _ [ €
M) = elo Aw)dw _( 0 i arwd | (134)

Let us compute just m 1 («). We have:

u u u

ai 1 1
/al(w)dw =-5 71 Shosd ) dw—i—a/l Shord ) dw

0 0 —1+z2(w) 0 —1+z3(w)
—d—i0 / 0 = 1)+ 1) + ().
1—
—1+z3(w)

Now we shall give an asymptotic expression for each of these integrals separately. Note that:

8hozg(u)
-1+ Zo(u)

K
<
~ log(1/8)

<1,

if 6 small enough, and hence we can write:

i 5hozo(u)
1 — 5/10z0(u) -1+ ZO(u)

—1+z3) k=0
Hence, we can express I as:
sh f I Shoz3
L) = ——/ hozgw) ) e oy s
-1+ zo(w) 8 1 — Shozy(w) =1+ z5(w)
0 —1+z3(w)
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Now, note that:

u

i 1 Shozs K
ﬂ/ ﬁ_l_ng) dw 7/
b) 1 _ Shozg(w) —1+zj(w) )

0 —1 +z(2) (w)

Zo(w)

IA

By T
- cosh w|2 ~ log(1/68)
0

where in the last inequality we have used Lemma 24. Hence we have:

_ai [, Shoziw) (4;4)
I(u) = 2 J (1+ —1+z§(w))dw+0 Tog(1/3)
O{l

1 1
= -5 + ahoi (—5 sinh? u + log cosh u) + 0 (m) . (135)

In the case of I, we can rewrite it in the following form:

u u

1

0 0 “T+z3(w)
Now, we have:

u

u
1
1 Shozy(w) /

0 —1+z3(w)

u

8hozg(w)
—1+Z3(w)

1
deKzS/ dw < ;
| cosh w| log(1/6)
0

where we have used that for u € E one has |cosh™! u| < §~! log_](l/(S) and |u| < m/2.
Then, it is clear that:

u

1 1
’ﬂ”=“/?w+0(ﬁaﬁ5):““+0(6aﬁ5)' (136)

0

Finally, /3 can be decomposed as:

I(u) = (— d—lc)/zo(w)dw+( d—lc)/ 7—1 zo(w)dw.

. Shozd(w)
—14z3(w)

Again, we have:

Shozg (w)
—1+Z3(w)

A

| zo(w)dw

u
(- d—lc)/ - Bhozo(w) — 1| zo(w)dw| < K/
0

—1+z3(w)

IA

1 K
KS/ s—dw < ,
| cosh” w| log(1/6)
0
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where in the last inequality we have used Lemma 24. Then:

i 1
I(u) = (—d — ic)/z()(w)dw + 0 (log(l/é))
0

1
=(d+ic)l h o\—————)- 137
(d +ic)logcoshu + (log(1/5)) (137)
In conclusion, from (135), (136) and (137) and the fact that m, (u) = ¢/t +100+1300),
the asymptotic formula (51) is proved. =
Lemma 25 We have:
1 ar rom | @hy ;
1 . =55 ,—ilF+—=2+(c+ahp) log 8]
m N u) = e Be ll2T2
1 () (cd gd+ra logd(l/z?)
x e—i(c+aho)logk 1+0 ;
log(1/8)) )"
1 an  crom  ¢hg
~1 _ —4F Li[F+ =L +(c+ahp) log 8]
mo Y u) = e well2 T2
2 () kd §d+xa 1ogd (1/8)
. 1
iletaho)logh (1 L o f —— 138
X (10 (arm): e

where & = k log(1/9).

Proof Again, we will prove the asymptotic expression just for m1(u4), being the other case
analogous. First of all, from Lemma 3 we obtain:

my N uy) = Cosh_d(u+)emg+ e‘““*eiahoi[f% sinh? 1 +log cosh "Jr]

. 1
—iclogcoshu
X e * (1 +0 (log(l/S))) . (139)

Recall that uy = i /2 — ix5log(1/8). Then we have:

cosh™(uy) = m (14 O0(S5log(1/9)), (140)
—% sinh?(uy) = % + 0 (8% 1og*(1/8)) (141)
log cosh(u) = logé + log(k log(1/8)) + O (82 log2(1/8)) . (142)

Moreover, it is clear that:
ol /8 — o= 5F paxclog(1/8) _ ,—%F 5% (143)

Finally, we have:

e M = e_mTﬂ(l + O (8log(1/6))). (144)
Substituting (140), (141), (142), (143) and (144) in (139) the claim is proved. O
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In the following we will proceed to prove Proposition 3, which will be possible with the
lemmas below. In order to simplify the process, we will introduce the notation. For ky, k2 € C,
we define:

T(ky, ko) () = M(u) (2) , (145)

where the matrix M (u) was defined in (134). Note that with this notation we have that
Ago = I(c(l), cg).
For functions ¢ € XP' x XP! we define the following operator:

mi (u) / my ! (w)r ' (Bw)g (w))dw
U+

_ (91w _
Mz(u)/mgl(w)ﬂz(B(w)qﬁ(w))dw

where the matrix B(w) is defined in (48), m(w) and my(w) are defined in (51).

Lemma 26 A = Ap — Agp satisfies:
Agi(u) = I(ct — ¢}, e — ) () + G(Apo) () + G(Ap1) (u). (147)

Moreover,

0 0 Ke %
c1—c3l, lea—¢
| il 5 <

= 5 log(1/5) .

Proof To prove the first statement we just need to realize that the fixed point equation for
Ag (131) can be written as:

Ap =1(c1, c2) + G(Ag). (149)

Then, since Ap = Agg + Ag; and Agpy = I(c(l), cg), this last equality yields:

Apr = I(c1, e2) — Z(cY, &) + G(Apo + Agy),

and using that the operators Z and G are linear we obtain equality (147).

Now we proceed to prove bound (148). We will just bound ¢; — c(]), since the other
component is analogous. We will write Ap = (A&, A§) and Ap; = (A&;, A§;), for j =
0, 1.

First note that, since G;(¢)(u4) = 0 forall ¢ € X spl s xspl, equalities (145) and (149)
yield:

cr =my ! (uy) A& (uy).

Moreover, since by definition Agpy(uy) = Z (c?, cg)(u+), we also have:
of = my ws) Ao (u).

Then it is clear that:

ler — O = Imy ' w) || A8 (uy) — Ako(u)). (150)
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Now, taking into account that u € D,r(“;}l“gz N D,I(I,’g;‘jgz, from Corollary 2 we know that:
1 Uy —im/2 Uy —im/2
Ab(uy) = 5 [Awo (%) + Ay (%)] : (151)

where we have written Ay; = W}-l — w;ﬁ, for j = 0, 1. Here w(l)’ % is the first component of
the corresponding solution of the inner system (33), ¥, S, and w;l’s satisfy:

l‘wu,s(”+—"”/2)‘< K8~ 152
s |1 8 ~ log2(1/8)

for some constant K. From (150) and (151) we have:

M+‘—iﬂ/2

1
ler —cf| < lmy gl Hgm/fo ( 5

)—AEo(u+)

+‘§Aw1 (7“_8"”/2)“. (153)

Now, on one hand, from Lemma 25 it is clear that:
1

-1 4
m, (u <Ke 28 ——M ————|
m )] < ST (173)

(154)

where we have used that:

o1+ (@ho+o) log ] ,—iho+e) log i | _ (155)

On the other hand, from definition (133) of c? and cg and the fact that A&p(uy) = m (u+)c(1)
it is clear that:

—in)d : :
A%.O(u_‘r) — ( ; ) efoz)\Jrl(chotho)log(ft)h)cim

where A = k log(1/§). Then, from formula (36) of AY¥ in Theorem 4 and this last equality
we have that:

1 —im/2
‘aAwo (u) — Afo(us)

(—=in® i :
; :’ ; e ar+i(c+ohp) log( M)Xl(_lk) ,

where yx is the first component of the function x in Theorem 4. Now, since by this result we
know that |x1(s)| < K|s|~', we have:

1 —im/2
'gAwo (%) — Abo(us)

Kd_l ) . Kd_l
<K (Skalel(ci»aho)log(flk)' <K sk (156)
- 1) - 1)

Then, bounds (152), (154) and (156) yield:

1 —im/2
imy ! ()] (‘gﬂl/fo (%) — Ako(uy)

am

1 M+—iﬂ/2
7A L S
+‘6 "”( 5 )D
1 1
25

=Ke s (81+d og(1/3) T 5atwaty log<1/a)) ' (7

Then, taking « > O suchthat0 < k@ < 1 —y, from (153) and (157) we obtain immediately:

ar 1

-0 <Ke 20 ———M———
et =il = K T oa(1/8)

[}
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Lemma 27 Let ki, ky € C. Then, Z(k;, k) € X' x X! and:

ar 1
“I(kl, k2) ||sp1,><= (|kl| + |k2|)€ 2 (1 + 0 (m)) .

Proof We will bound just the norm of the first component of Z (ky, k), that is 1T(ky, ko) =
mi(u)ky. Forit € E, from Lemma 3 we have:

a(m/2-t])
Imi(it)ky||cos ¢ te 5

aGr/24i—t) . - 1
= lkille 5 ezat eahoz[sm t/2+logcost] etclogcost 1+0 )
k1]l el Il | Tog(1/5)

Note that, since ¢ is real and |f| < 7/2, we have that logcost is real. Moreover, since
. ]
o, a, hy € R, we have that |¢!77| = |e@hoilsin®1/2+logeostl| — | and then:

Imy(it)ky|| cos™ 1T /271D — |y |2/ 2H1=1D/8 (] 4 O _ L))
log(1/8)

Then it is clear that:

o 1
sup |m1(it)ky || cos™@ 1T/ 2D/ = |ki|e D sup e*ID/8 (1 +0 (7))
itcE itcE log(1/8)

wr 1
= lhale= (”O(W))’

and hence:
ar 1
1 on
Z(ky, ko) lspi= lkilezw (1+0 | ————) ),
| 7w Z(ky, k2) llspi= lk1le ( + (log(l/a)))
obtaining the desired bound. O
Lemma 28

1 = — 1
— 5 (ctaho) ) -
I Ao ||sp1,><— 8d+]€2 crano (|Cm|+|Cm|) (1+0 (log(l/B)))'

Proof Since Apy =T (c?, cg), we just have to bound c? and c(z) and then use Lemma 27. We
will just bound c(l), being the other case analogous. Recall that:

—ind . .
&= m;l(u+)( la ) o—oFilc+aho) log(—in) ¢,
with A = k log(1/8). On one hand, from formula (138) and (155) it is clear that:
7 )| = 1 o5 (1 Lo (L)) (158)
1\t cd §d+ra logd(l/S) log(1/8) )

On the other hand, noting that log(—iA) = log A —imr/2 and e =% = ¢~ 1021/8) — gre e
have:

d d

_ «“ log”(1/8) Skae%(chaho)
$
d d

— K log(S (1/8) 5kae%(c+aho).

and
(=i)) oM Fi(caho) log(—ik)
)

ol (c+ahy) log ’

(159)
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From (158) and (159) it is clear that:

1
|C(])| — 76%(C+ah0)€_% IC

si+d in|»

and then the initial claim is proved by Lemma 27. O

Lemma 29 There exists a constant K such that, for all it € E and l, j = 1,2, the matrix
B = (byj) satisfies:

|byj (ir) cos> ()| < K 8.

Proof Recall that:
1
B(u) = / DR(¢p) (w)d2,
0
where R was defined in (45). Note that ¢, = (1 — A)¢® — A¢" and hence, by Theorem 3 it
is clear that:

l@x ()| < K8%| cosh™ ul. (160)

We will prove that for j = 1, 2:

I/ DR(p:) ()| < (161)

| cosh? u|’

and then from the definition of B and the fact that cosh(i#) = cost, the statement will be
clear. In fact, we will just do the proof for the first entry of the matrix DR, since all the others
are analogous. If we compute this entry, we get:

872 F1 (8¢, 8z0(u), 8, 80)
14 b&Er+8"2H (893.820(1).8.50)

DR (pp)(u) = D

—I42z0(u)?
! : w)
| 4 baE+I2H Gg).020w).0.50) e |
—14z3(u) D)
-1
+ 2
b&,5,+8"2 H (8¢3.820(1).8.80)
(1 + — 143w )
b&, + 87D H (83, 820(u), 8, 80)
x d ay (W), (u)

—1+z3u)
= DeR1(0) W) + DeRY(92) () + DR (02) (w).
First we claim that that:

Kés

_— 162
| cosh? u| (162)

| DeRi (@) w)| <
This can be proved computing the derivative explicitly and then using bound (160) and

Corollaries 3 and 4. We skip the details since the proof is completely analogous as the one
of bound (73).
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Our next claim is that:

K §?
|DeRT (@) ()| < ————. (163)
| cosh” u]|
First of all note that for § small enough:
birbi + 672 HGpi S20w). 8, 80) | | Shozgw) | K 1 o0
—1+z3u) T=l gy | T log(1/8) 2
and then by Lemma 5, we have:
1 1
| 4 baE+6 2 H (g 020(w).8.,80) _ Shozh ()
—1+23(u) —1+23(u)
< ————— |b&E + 8 (HGp, 520w, 8, 80) + 8 hozo(u))
|—1+z3<u)|| o ’ |
[b1&1161 + K831 + 9320 + lg225)D] (165)

= 2
| — 1+ z5@)|
where in the last inequality we have used the definition of &g. It is easy to check that, since
bound (160) holds, for u € E, we have that:

3
1803 (W), 1893 ()zow)1, 1895 (u)z3 (u)] <

| cosh? u|’
Moreover, we also have that:
PRI S
Rl = |cosh®u| ~ |cosh u|’
and then (165) yields:
Klai(u 83 K83 |ay(u
|DeRi (o) )] < = 1|+1(zg)(|u)| coshou| — |co|shl3(u|)|'

Finally we just need to note that |a;(u)| < K/§ to obtain bound (163).
Our last claim is:
2

|DeR3 (@) ()| < | (166)

cosh3 u|’

This is quite straightforward to prove, using inequalities (160) and (164), Lemma 6 and that

la1 ()| < K/é.
In conclusion, from bounds (162), (163) and (166) we have:
|Dgnl(u)|sl<( L )5 K
|cosh®u| | cosh? u| | cosh? u|
and thus (161) is proved. ]

Lemma 30 The operator G : XP' x XP1 — XPl 5 xSP\ s well defined, and for ¢ €
APl el
K ||¢ ||sp1,><
< —7
1G(®) llspl,x = Tog(1/5)
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Proof Again, we will bound just the first component:
1
1G1(@) D) = ml(it)/ml_l(iw)ﬂl(B(iw)(¢>(iw)))dw .
I

Recalling the asymptotic formula (51) for m(it) it is clear that:

al/S, d e—txw/S.

Im(it)| < K cos? te |m1_1(iw)| < Kcos “w
Using these bounds and Lemma 29 we can bound G (¢)(it):

I
IG1(¢)(it)| < K cos? te"‘t/‘s/cos_d we¥W/8

t

Ké
cosZ w

lp(iw)|dw.

Then, since ¢ € XP' x AP recalling definition (132) of the norm || . llsp1, x we have:

¢ Gw)| <[ ¢ lspt,x cos? we™*T/2=IwD/3

and therefore:

I+
o 1
G1(@)(i1)] < K8 cos? 1™ 5 || ¢ [lgpr.x / e WmDIS—— g,
COoS“ w
t

It is not difficult to check that for t € [7_, 7], there exists a constant C independent of § and
o such that:

I+

eat/é/e—a(w—\wl)/é 1 dw < Cetxltl/& 1 ,
cos? w k8 log(1/8)
t

and then we obtain the desired bound:

K ” ¢ ”spl,x

1G1 (@) llsp1, x < log(1/8)

Proof (End of the proof of Proposition 4) From Lemma 26 we can write:
(Id = G)Ap; = I(c1 — ¢}, 2 = €3) + G(Ago).

We note that, for § > 0, Ag; € X! x X! although a priori its norm is exponentially large
with respect to §. Indeed, we have Ap; = A — Agop, and it is clear by Lemma 28 that
Agg € X sl 5 APl Moreover, we have:

|Ag(in) cos™ 1e* TRV < (119" 13y + 16° Iur, 120G = 117 cos ™ e /271D

< K82 cos® 4 1] m/27ID/0 < 5=W@HD T g < 00, (167)

and thus it is clear that Ap € AP x P! and hence Ap; € X' x AP, Since from Lemma
30 we know that || G || < 1 for § small enough, the operator /d — G is invertible in X spl s spl,
Therefore we can write:

A = (Id — G) " [Z(c1 — ¢}, c2 — ) + G(Apo)] .
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and consequently we have:
| Ags ”sp],x <\Iid—-¢g ||g_pi>< [” I(cy — C(l), cy — Cg) ”spl,x + [1G(Ago) ”sp],x]
< K (1Z(c1 = . ea = D llsprox + 1G(Ag0) llspi ) - (168)
Now, from (168) we will be able to improve bound (167), realizing that in fact it is not
exponentially large with respect to §. On one hand, using first Lemma 27 and after Lemma
26, we have:

I Z(c1 — Y, e — D llsprx < K(le1 — Q| + e — e (169)

- K
— 84+l log(1/8)"

Then, from Lemma 28 it is clear that, if || Agg [|spl,x 7 O (which is equivalent to Cj, # 0),
we have:

K || Ago llsp1, x
0 0 pl,
IZ(c1 —cj,ca —c3) llspl,x < Tlog1/8) (170)
On the other hand, from Lemma 30 we have:
K || Apo ”sp] X
A <" 171
1 G(Ago) llspl,x < log(1/8) (171)
Substituting (170) and (171) in (168) we obtain the desired bound:
K || Ago lsp1,
Il Apr llspt,x < —
log(1/3)
[m}

Proof (End of the Proof of Theorem 6) From Proposition 4, we know that Ap = Ao+ A¢q,
with:

\Ag1(in)] = K2 wlx ae/a-inss) ot
=" Tlog(1/5) ’

and hence by Lemma 28 we obtain:

. K T e _
1401GN] = =175 e2(CTho) (10| + [Cin|) e @ T/271D/8 cos 1.

g(1/8)
For ¢t = 0 this formula gives the bound:

K T —\ _am
|A¢1(0)|5Wez“+“h0> (ICinl 4+ 1Cinl) e~ 2. (172)

g(1/8)

Moreover, by definition of Agy it is clear that Agy(0) = (c(l), cg). Then by definition (133)
of c(l) and cg , Lemma 25 and formula (159) we obtain:

1 an b4 —i(ez 4o 1
0 __ —ax  F(ctaho)—i| G+ +(ctahp)logs
1= 5a71¢ 25 Cipe ( ) (1 + 0 (7102%(1/5))) , (173)

and ¢ = . Finall , we just need to realize that, since & = ag + @180 + O(82), we have:
2 1 Yy ]

_am _%r
e W —=e B

14+ 06).
and:

 Fletaho)—i (%+@+(a+o¢ho) log 5) 3 (etaoho)—i (%+%+(a+o¢0ho) log 5)

I+ 0(@)),
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so that (173) becomes:

1 agmT z — _i(ex 4 %m0 1
c(l) - e,%cmez(cﬁLaohg oay) 1( -+ =5 +(ct+aoho) logé) 1+0 ) (174)
sd+ log(1/8)

Then, from (172) and (174) and the fact that Ap(0) = (c?, cg) + Ag1(0) we obtain:

_fom aghg ho) log §
B 1 apr £ (cranho—oan) Cine z( TF+ =5+ (ctaoho) log ) 1
Ap(0)= sar1e re? (on 1 eghy
S Fel(T+T+(C+aOhO) loga) lOg(l/S)
mn
and the theorem is proved. O
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