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ABSTRACT. We study the Gevrey character of a natural parameterization of
one dimensional invariant manifolds associated to a parabolic direction of fixed
points of analytic maps, that is, a direction associated with an eigenvalue equal
to 1. We show that, under general hypotheses, these invariant manifolds are
Gevrey with type related to some explicit constants. We provide examples of
the optimality of our results as well as some applications to celestial mechanics,
namely, the Sitnikov problem and the restricted planar three body problem.

1. Introduction. Let us consider a dynamical system defined through a map F':
R™ — R™ with a fixed point at the origin. To each invariant subspace F of DF(0)
one can try to identify its corresponding counterpart for F', that is, a manifold
tangent to F at the origin invariant by F', if it exists. Of course, these invariant
manifolds need not be unique, or even if they do exist, they can be less regular than
the map F', depending on the resonance relations in Spec DF'(0)g. In the case that
F is analytic or C*°, one can even ask if there exists a formal invariant manifold
tangent to F, that is, a formal power series which solves at all orders an appropriate
invariance equation.

One way to obtain manifolds invariant by F' is by using the parameterization
method. A brief description is the following. If £ c R™ is a subspace of dimension n,
invariant by DF'(0), one can try to find an invariant manifold by F' tangent to E
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at the origin as an embedding K : B, ¢ R®™ - R™ (here B, denotes the ball of
radius p) such that K'(0) =0, DK(0)R" = E and a reparameterization R: B, - R",
R(0) =0, satisfying the invariance equation

FoK=KoR. (1)

Well known examples of invariant manifolds are the strong stable and unstable
manifolds, which, roughly speaking, are associated to the eigenvalues A of DF'(0)
such that |A| > > 1 and |\ < v < 1, respectively, for given constants p and v. See,
for instance, [13, 14, 15] and [7, 12, 8] and the references therein. These manifolds
are as regular as the map in a neighborhood of the fixed point. In particular,
analytic if so is the map. Their expansions in power series are convergent.

When one considers invariant manifolds tangent to subspaces associated to sub-
sets of non-resonant eigenvalues the situation becomes more interesting. The in-
variance equation can be solved at all orders, due to the non-resonant character
of the eigenvalues. This solution provides a formal invariant manifold. In general,
this formal series corresponds to a regular meaningful object if one imposes the
non-resonant eigenvalues to be of modulus larger (resp. smaller) than one. That
is, when the non-resonant manifolds are submanifolds of the strong unstable (resp.
stable) manifold. See for instance [7]. If the map is analytic, these non-resonant
manifolds are also analytic and, again, their expansions are convergent.

Here we consider the totally resonant case, that is, manifolds tangent to subspaces
associated to the eigenvalue 1 and, thus, submanifolds of the center manifold. We
call these manifolds parabolic.

When the map is tangent to the identity at the fixed point, that is, DF'(0) = Id,
any subspace of R™ is invariant by DF(0). In order to identify the subspaces
which are susceptible to have an invariant manifold tangent to them it is necessary
to pay attention to the first next non-vanishing terms of the Taylor expansion
of F at the origin. This is the case considered in [5], when one looks for one
dimensional manifolds. See also [18]. In the latter, only analytic manifolds where
considered, while the former includes the case of finite differentiability. The former
also includes the construction of formal solutions of the invariance equation (1).
Under the conditions in [5], if the map F is analytic or C*°, the parabolic invariant
manifolds exist and are C*° at the fixed point. See also [11] and the survey [1] in
the setting of complex dynamics.

In [2] it is studied the case of F analytic, tangent to the identity and with
invariant manifolds of dimension two or greater. These manifolds are analytic in
their domain, although in general the fixed point is only at their boundary. In this
case, however, it is easy to see that in general there are no formal solutions (in the
sense of power series) of the invariance equation (1). In the same setting, in [3] it is
shown that the invariant manifolds can be approximated by sums of homogeneous
functions of increasing order.

In the present paper we assume that F' is an analytic local diffeomorphism in a
neighborhood of the origin in R x R% x RY and satisfies

1 0 0
DF(0)=]0 Idg 0 (2)
0o 0 C

with 1 ¢ SpecC' and Id is the identity matrix in R?. When d = 0, that is, when 1
is a simple eigenvalue of DF(0), this class of maps was studied in [4]. There the
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authors proved that if the map F' has the form

N
=z @ [r-az +20n_-1+0On41
F’(Z)ERXR ( Cz+ 0y )’

where O; stands for O(|(x, 2)|?), with a # 0, N > 2, the invariance equation admits
a formal solution K(t) =Ygl Kjtj, K; € R1+d’7 with some polynomial reparame-
terization R, and that the series is a-Gevrey with ao = 1/(N - 1), that is, there exist
constants ¢y, co > 0 such that

|55 < ciepit®, =0,
Furthermore, if a > 0 and SpecC c {z € C | |z2| > 1, z # 1}, there is an analytic

solution K of the invariance equation, defined in some convex set V with 0 € 9V,
that is a-Gevrey asymptotic to K, that is, there exist constants c1,cy > 0 such that

Here we generalize these results to the case d > 0, d’ > 0. That is, if the map
F has the linear part (2) and certain conditions on the nonlinear terms are met
(see Theorem 3.1), the invariance equation (1) for the map F admits a formal

n—1

INOEDY K;t!

J=1

<cieyn!®e|”, n>2 teV.

solution K'(t), which is y-Gevrey for a precise v (defined in (4)). We provide
examples for which this value of v is sharp, that is, K (t) is not v'-Gevrey for any
0 <+’ <~. These conditions can be seen as non-resonances, because they allow to
solve some cohomological equations (see also Claim 4.2). Also they would imply the
existence of a characteristic direction, if the map was truly tangent to the identity
at the fixed point.

Adding some additional conditions (see Theorem 3.3), we also prove that there
is a true invariant manifold given by an analytic parameterization K which is -
Gevrey asymptotic the the formal series K in some complex convex set with 0 at its
boundary. We will refer to this manifold as a parabolic manifold and we notice that
the information about its internal dynamics is given by R(¢) which, in our case,
turns out to be a polynomial. Depending on R the parabolic manifold may behave
as a (weak) stable manifold (in the sense that the iterates of its points converge to
de origin) or a (weak) unstable manifold. In those cases we will denote them by
parabolic stable/unstable manifolds.

Of course, the conditions that allow the existence of a formal solution are weaker
than the ones we need to impose in order to have a true invariant manifold. However,
we prove that if the map possesses a one dimensional parabolic stable invariant
manifold to the origin, tangent to a particular direction associated to an eigenvalue
equal to 1, and it is non-degenerate (in the sense of Proposition 3.2), then there
are suitable coordinates in which the map satisfies our conditions (listed in (3) and
hypotheses below).

Our results provide upper bounds for the coefficients of the asymptotic expansion
of the invariant manifold. The existence of lower bounds remains open. Although
we provide examples that show the optimality of our results, we also prove that if
the map is the time one map of an autonomous analytic vector field, satisfying our
hypotheses, the invariant manifold, when written as a graph, extends analytically
to a neighborhood of the origin (see Claim 4.2). That is, the invariant manifolds
can be more regular than what we claim. This is no longer true for the stroboscopic
Poincaré map of time-periodic equations (Claim 4.3). However, although obtaining
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lower bounds is out of the scope of the present work, we show in Proposition 3.8
that the conditions to obtain such lower bounds cannot depend on a finite number
of coefficients of the Taylor expansion of the map F'.

An important consequence of our present results is the Gevrey character of some
invariant manifolds in some problems of Celestial Mechanics. In several instances
of the restricted three body, like the Sitnikov problem or the restricted planar three
body problem, the parabolic infinity is foliated by periodic orbits. The associated
stroboscopic Poincaré map satisfies the conditions of our existence result (Theo-
rem 3.3) with d’ = 0, which implies that the manifolds are at least 1/3-Gevrey at
the origin. See Section 4.3 for more details. Simé and Martinez announced in 2009
[16] that, in the case of the Sitnikov problem, the manifolds are precisely 1/3-Gevrey,
which would imply the optimality of our result in the sense that these manifolds
are not more regular. The numerical experiments in [17] strongly support the same
claim for the restricted circular planar three body problem. These computations
and the example we provide in Claim 4.3 move us to conjecture that the invariant
manifolds of infinity of the restricted three body problem are exactly 1/3-Gevrey
(see Conjecture 4.5 for the precise statement).

The structure of the paper is as follows. In Section 2 we introduce the definitions
and notations we will use along the paper. In Section 3 we collect the main results of
the paper. Section 4 is devoted to present some examples that show that the Gevrey
order we find is optimal. We also show how our theorems apply to the restricted
three body problem. The rest of the paper contains the proofs of the results on
Section 3. In Section 5 we obtain the formal solution of the invariance equation.
Its Gevrey character is studied in Section 6. The existence of the true manifold is
proved in Section 7. The appendix contains the proofs of Propositions 3.2 and 3.8.

2. Set up and notation. Let & c R x R? x R? be an open neighborhood of
0=1(0,0,0). We consider F:U — R x R? x R? | the real analytic maps defined by

z x—ax™ + fn(2,y,2) + fonia (2,9, 2)
Fly|=|y+a 'Biy+a™ ' Byz + gnr (2,9, 2) + gsnr1 (2,9, 2) | (3)
: 2+ ho (2,9, 2)
where:
e N, M > 2 are integer numbers;
e the constant a is non-zero;
e 1¢SpecC;
e fn(z,y,2) is a homogeneous polynomial of degree N such that fy(x,0,0) =0.

We introduce the notation

v= ﬁaﬁ‘layf]v(o,o,o) eRY, w= ﬁaﬁ‘lazf]v(ao,o) eR?,
so that 0, fx (2,0,0) =2V 10" and 9, fn(,0,0) = 2N 1wT;

e gn(z,y,2) is a homogeneous polynomial of degree M such that gps(x,0,0) =0,
Dygn(2,0,0) =0 and D, gar(x,0,0) =0;

e fsns1 has order N +1 (the function and its derivatives vanish up to order N
at (0,0,0)), gsar+1 has order M + 1 and hso has order 2.

Since F' is real analytic, it can be extended to a complex neighborhood Uc of U.
For simplicity, we will denote also by F' this complex extension.

We introduce the following notational conventions we use throughout the paper.
We denote by W (t) = Yys0 Wit* any formal series in ¢ and if W (t) is a map, we



GEVREY PARABOLIC MANIFOLDS 4163

denote Wy, = %DkW(O), if the derivatives are defined. The expressions Wq;, W41,
etc. will mean 22:0 Wiet*, Yksiel Witk etc., and we will use them without further
mention. The projection over the x, y or z-component is denoted by 7%, 7¥ and 7.
If W()e Clra+d (or if W is a map taking values in (C1+d+d/, or a power series with
coefficients in (C“d’fd’)7 we write W* = 7®W, WY = gV W and WZ* = m*W. We also
use T¥YW = WY = (W* WVY), or any other combination of the variables.

We finally introduce the constants

1 —, i N<M,
o= — and = N_ll (4)
N-1 W, lf]\]->]\47

which will play a capital role in our results.

3. Main results. We start dealing with formal solutions of the invariance equation
FoK = KoR. We provide conditions that ensure the existence of a formal solution
as a power series, which turns out to be y-Gevrey.

Theorem 3.1. Let F' be a map of the form (3). If the matriz By satisfies that

e if M < N, the matrix By is invertible,

e if M = N, the matrices By + lald are invertible for | > 2,

e if M > N, no conditions are needed for By,
then there exist formal power series R(t) = ¥,51 Rut™ € R[], K(t) = X150 Knt" €
R[[t]]"+4* % with Ky = (0,0,0) and K; = (1,0,0)7 such that

FoK = KoR (5)

(in the sense of formal series composition,).

More precisely, under these conditions, there exists a unique polynomial R(t) =
t —atN + bt?N1 such that for any c € R, there is a unique formal power series
K(t) = ¥po1 Knt™ € R[[¢]]MY with Koy = (0,0,0)7, K; = (1,0,0)T and K% = c,
satisfying (5).

This expansion is y-Gevrey, that is, there exist constants c1,co >0 such that

HKTI“ SClchL!’Y, n207

where ||| is a norm in R4+

We prove Theorem 3.1 along Sections 5 and 6. First, in Proposition 5.1 we prove
the existence of the formal solution of (5) and provide formulas to compute it.
Then, with the aid of some technical lemmas, we prove in Proposition 6.6 that this
formal solution is y-Gevrey.

The following proposition emphasizes the conditions on our map given by (3) are
not too restrictive when considering parabolic-hyperbolic fixed points.

Proposition 3.2. Let F:U - R xR? x R? be a real analytic map of the form
Fla,y,2) = (2,y,02) + N(w,y,2),  N(z,y,2) = O(|(z,9,2)[*),

with 1 ¢ SpecC, having an invariant curve associated to the origin of the form
(y,2) = p(x). Assume that there exist N >2 and a # 0 such that

N (@, p(2)) = ~az™ + O(|2|¥*) (6)

and that ¢ is C" with v > N. Then, by means of changes of variables and a blow
up, F can be expressed in the form (3) for some M > 2.
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The proof of this result is elementary. We defer it to Appendix A.

The following result assures that, under additional conditions, the formal ex-
pansion K given by Theorem 3.1 is the asymptotic series of a true solution of the
invariance equation, analytic in some domain with 0 at its boundary.

Theorem 3.3. Let F be a map of the form (3). Assume that a >0 and
e If M >N, the matriz C satisfies SpecC c {z € C:|z| 2 1}\{1}.
o If M < N, the matriz C satisfies SpecC c {z € C: |z| > 1} and the matriz By
is such that Spec By c {z € C:Rez > 0}.

Then, for any 0 < B < am, there exist p small enough and a real analytic function
K defined on the open sector

§=5(B,p)={t=re¥ eC : 0<r<p, ol <B/2} (7)

such that K is a solution of the invariance equation F o K = K o R.

Moreover, K is v-Gevrey asymptotic to the y-Gevrey formal solution K. That
is, for any 0 < B < 8 and 0 < p < p, there exist constants ci,ce such that, for any
n>2,
<cregn!|t”,

HK@)_ S a0

forallteS;={t=re?ecC : 0<r<p, o <B/2}.
In particular, K can be extended to a C*° function in [0, p).

The proof of this theorem is given in Section 7.
Now we give conditions that ensure that the manifold given by Theorem 3.3 is
unique (in a suitable open set).

Theorem 3.4. Under the same assumptions of Theorem 3.3, if the matrices C' and
By satisfy that

SpecC c{zeC:|z|>1}, and Spec By c {z € C:Rez > 0},

there exists a unique right hand side branch of a curve in the center manifold which
is a parabolic stable manifold to the origin. That is, if we denote by B(p) c R1*d+d
the open ball of radius p, the following local stable manifold

W, ={(x,y,2) € B(p) : F*(x,y,2) € B(p) n{z >0}, for all k >0}
satisfies that W5 = K([0,p)).

This theorem is proven by using the same geometrical arguments in [4]. We omit
the proof.

Remark 3.5. In the last two theorems we have assumed a > 0. Clearly, if a < 0, the
map F~! has the form (3) substituting a, By, By and C by —a,-B;,-By and C~*
respectively. Therefore, if a < 0, we can apply (if the other conditions are satisfied)
Theorems 3.3 and 3.4 to F~! obtaining a local unstable parabolic invariant manifold.

A straightforward consequence of Theorem 3.3 is the following.

Corollary 3.6. Ifa + 0, there exists a unique constant b such that the real analytic
maps

f(z) =z -az™ + fonei(2), R(z) =z —ax + ba*N 71
are conjugated in a domain S(B,p), with 0 < § < am and p small, by means of
an analytic function h : S(B,p) - C which is a-Gevrey asymptotic to a a-Gevrey

formal series at 0.
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In the next section we will provide examples and describe the parabolic manifolds
as graphs of functions. We remark that

Remark 3.7. Let F' be a map of the form (3) satisfying the hypotheses of Theo-
rem 3.3. Then, the graph invariance equation

POz, @(x)) = ©(F* (2, ®(x))) (8)

with the condition ®(0) =0, D®(0) = 0, has a y-Gevrey solution if and only if the
invariance equation FoK = KoR has a y-Gevrey solution with K (¢) = (¢,0) + O(t?)
and R(t) = t — at? + bt?N~1. It is unique if the hypotheses of Theorem 3.4 are
satisfied.

Indeed, if ® satisfies (8), then K (z) = (z, ®(x)) and R = F*(z,®(z)) is a solution
of FoK = KoR. Let h be the y-Gevrey conjugation provided by Corollary 3.6. Then
R(t)=h oRoh(t) =t-at" +bt*N" and K = K o h is the solution we are looking
for. Reciprocally, if F o K = K o R, then ®(z) = K¥*((K*)™!(z)) is solution of the
graph invariance equation. Notice that K?(t) =t + O(t?) is invertible around the
origin and its inverse is Gevrey.

The same happens at a formal level. In this case, only the hypotheses of Theo-
rem 3.1 are required.

The statements in this section provide upper bounds to the coefficients of the
formal solution of the invariance equation. In the next section we will give exam-
ples that show that our results are sharp but also examples that show that a map
satisfying our hypotheses can have an analytic invariant manifold. To provide con-
ditions that ensure the existence of lower bounds of the coefficients remains an open
problem. The following proposition shows that these conditions cannot depend only
on a finite number of coefficients of the Taylor expansion of F' at the origin.

Proposition 3.8. Let F be an analytic map of the form (3) satisfying the hy-
potheses of Theorem 3.1 and $(x) = Y iso pra® a formal solution of the invariance
equation (8). Forp>0, let pep(x) = Yockep P

Then, for any p > 2, there exists an analytic map G such that

\|F(x,y7z) - G(w,y7z)|\ = O(H(:’U7yuz)“p+1)

with grapho<, as invariant manifold to the origin. If p > max{N, M}, G satisfies
the hypotheses of Theorem 5.1 and, consequently, graph <, s a parabolic invariant
manifold.

We defer the proof of this proposition to Appendix B.

In the following section we consider some examples. It is often easier to provide
examples of maps arising from flows. The following remark is straightforward, but
allows us to apply our results directly to flows.

Remark 3.9. Let X (z,y, 2,t) be a T-periodic vector field, (z,y,2) € R x R% x R,
of the form
_axN + fN(xvyVZat) + sz+1(93,y;Zat)
X(;L', Y,z t) = xMilBly + xMilBQZ + gM(xa Y, z, t) + 92M+1(x7 Y,z t) . (9)
Dz + h22($7y727t)
Assume that the functions fy, f>n+1,9Mm, 95041, hso satisfy the hypotheses in Sec-

tior} 2 for all ¢ € [0,T] and that 0 ¢ Spec D. Then, any stroboscopic Poincaré map
of € = X(&,t) has the form (3) with the same a, By, By and C = TP,
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4. Examples. In this section we provide several examples. In particular we show
that, under the hypotheses of Theorem 3.3, the parabolic manifold (and, conse-
quently, the formal solution) is indeed v-Gevrey and not more regular, that is, it is
not 7'-Gevrey for 0 <+’ <.

It is more convenient to work with differential equations and manifolds represent-
ed as graphs. That is, for a given time periodic system X (z,y, z,t) of the form (9),
we look for formal solutions (y,z) = @(m,t), depending periodically on ¢, of the
invariance equation:

XY (2, ®(a,t),t) = Dp®(x,t) (X" (z, ®(2,t),t)) + %(f(x,t). (10)

It is often useful to use the following equivalent definition of a s-Gevrey series
(see [6]): a formal series Y ,50anz™ is s-Gevrey if there exist cj,c2 > 0 such that
|an| € c1c5T(1 + sn), for all n > 0.

4.1. Some elementary examples. The first one is a generalization of the ones
in [4]. Here we add the variables corresponding to the eigenvalue equal to 1 but
still require the presence of the hyperbolic directions.

Claim 4.1. Let X (x,y,2) be the autonomous vector field
X(z,y,2) = (—amN,xM’lBlerg(x,y,z), Cz+aczc), (z,y,2) € Rdede’, (11)
with ¢ # 0, C' an invertible matriz and g = gar + gspr+1 as in (3).

Assume that a, By satisfy their corresponding conditions in Theorem 3.1. Then

o If M >N andd >1, for any g(x,y,2) = O(|(z,y,2)|M*), the formal invari-
ance equation (10) has a y-Gevrey solution which is not v'-Gevrey for any
0<y <.

o If M <N, taking g(x,y,z) =x"b, b+ 0, with v> M + 1, the formal invariance
equation (10) has a solution ®(x) = ¥,,5; Ppa™ which is y-Gevrey and is not
~'-Gevrey for any 0 <~ <.

Proof. We introduce ®(z) = (4(2), ¢ (z)). We have that ¢(z) = 3,50 nz" satisfies
—ay nppz™N = ¢ > ™ + zte

n>2 n>2

or, equivalently,
Z Ypa" = —2'C e —aC! Z (n=N+1)x"p_Ns1-

n>2 n>N+1
Therefore 1), = 1y_1 = 0, 1y = —C~'c and
Y =—a(n-N+1)C "y N1, n2l+1. (12)

Then ¢, =0if n= £+ k(N -1) and

k-1
Yesp(N-1) = (- [T +i(N -1))C* e,

i=0
which implies, since N — 1> 1, that [¢pxn-1)] 2 || IC|~ (a||C|™)*T (£ + k)/T(£).
Then, using that I'(£+ k(N - 1)a) = (¢ + k) we conclude that the formal series 1)
is exactly of order « = 1/(N -1).

If M >N, v=1/(N-1), then, ¥ is exactly of the Gevrey order claimed in

Theorem 3.1. Therefore, no matter the Gevrey order of ¢, the asymptotic series P
is v-Gevrey.
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Now we consider the case M < N. The invariance of the formal solution ¢(z) =
Yons2 ™ reads

—a Z ’I’LgOnJ?TH—N_l = bx¥ +B1 Z SOnzn+M—1'

n>2 n>2
Since M < N and Bj is invertible, w2 =+ =@,_a =0, ©p_pr41 = —Bl_lb7 and
on=-a(n+M-N)B on_Nints n>v-M+1.
In the same way as in (12), it follows that ¢ is Gevrey of order v=1/(N-M). O

We emphasize that, when M < N, the map defined by (11) has a Gevrey formal
solution of order precisely v = 1/(N — M) even if d’' = 0, that is, even if F is tangent
to identity, but the same claim (for this particular example) only holds for M > N
if d > 1. In the next subsection we will deal with the case M > N and d’ = 0,
which is the relevant one in the problems of celestial mechanics we will consider in
Section 4.3.

4.2. The tangent to the identity case (d’' = 0) when M > N. In this section we
present a family of differential equations of the form (9) having a formal solution
of the invariance equation (10). We check that this formal solution is precisely
~-Gevrey. Recall that in this case v=1/(N -1).

The example we will consider will be given by a non autonomous time periodic
vector field. The reason is because if the vector field is autonomous, the parabolic
invariant manifold is analytic (when written as a graph), as the following claim
shows.

Claim 4.2. Assume M > N. Let X be an analytic vector field of the form
X(z,y) = (—az" + f(z,y), Bie" 'y + g(2,9)),  (2,y) eRxR? (13)

with f = fn+ fsne1, 9= 9m +9sm+1 as in (3), a # 0 and By satisfying the condition
stated in Theorem 3.1. Then, the invariance equation (10) has a real analytic
solution ¢ : B, c C - C? tangent to the x-azis at the origin.

As a consequence the real analytic maps

F(z,y) = (z—az™ + f(z,y),y + Biz™ 'y + §(z,y)),

with a # 0, which are the time 1 map of systems like (13), have an analytic solution
of the graph invariance equation (8).

Proof. The one dimensional invariant manifold we are looking for is the graph of a
function y = p(x) satisfying the equation
dy 1

& v  fap Vo) o

We introduce the new variable u by y = xu. The system becomes

d 1

£ = m[(amN’lId + Bja™M 1 - x’lf(ac, Tu))u + x’lg(ac, xu)] (15)
We introduce the functions f(z,u) := f(z,zu) and g(z,u) := g(z, xu) and we notice
that they satisfy f(z,2u) = 2| O(||(z,w)]) and g(z,u) = O(|z|** ) + O(J| ™ [u]?).
In addition, since f and g are analytic functions at (z,y) = (0,0) and M > N, so
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are the functions z N1 f(z,u), 2™ f(z,u) and 2™V g(z,u) at (x,u) = (0,0). We
rewrite (15) as

du 1 M-N __-NF -N
o= S P [(ald + By —z N f(z,u))u+ 2 Ng(z,u)].  (16)
We consider now the system
i =—az+x VN f(x,u), o= (ald + Biz™™N — 27N f(z,u))u+ 27V g(x,u). (17)

The origin is a fixed point, having a single hyperbolic direction corresponding to
the eigenvalue —a. Indeed, when M > N, the linear part of the field in (17) at
(z,u) =(0,0) is A = diag(-a,ald). However, when M = N, this linear part is

A~ -a 0
"\ 0.[#Ng](0,0) ald+B; )’

which may be not diagonal. Using the non-resonance condition —a ¢ Spec (Bj +lald)
if M = N and that a # 0 if M > N, one deduces from the theory of nonresonant
invariant manifolds ([7]) that the one-dimensional invariant manifold corresponding
to the eigenvalue —a is the graph of a real function h, analytic at = = 0, which is
a solution of (16). Let h(z) = cx + O(z?) (the constant ¢ is 0 if either M > N or
0.[™™g](0,0) = 0). Then y = zh(x) = O(2?) is a real analytic solution of (14)
tangent to the x axis. O

Claim 4.3. Let X be the 2m-periodic vector field defined by
X(z,y,t) = (-az™, bz 'y + 2 cost), (z,y) e R?,

with a,b > 0. The parabolic stable manifold has a formal Taylor expansion at 0
which is Gevrey of order exactly v =1/(N -1).

Proof. We first note that Theorems 3.3 and 3.4 assure the existence and uniqueness
of the parabolic stable manifold when a,b > 0.

For any initial conditions x, yo, g, the associated flow is given by
x(t) =

0
(1+a(N =1)(t-to)z) )"

zd* cost

dat|,

y(0) = (1+a(N =1t~ t0)e0) [0+ [

o (1+a(N - 1)(t - to)ay 1)

where we have introduced § = b/a. Since we are looking for the stable invariant
manifold, we want the solution such that (xz(¢),y(t)) — (0,0) as ¢ > co. Hence,
since 3 > 0, we need to impose

oo 1
N+1
Yo = — T f - costdt.
o (1+a(N - 1)(t - to)a 1) VD

Therefore the stable invariant manifold is described by

oo 1
y=p(a,t) =" f
O (1+a(N-1)raN-1

)a(N+1)+,8 cos(t + 1) dr.

Notice that ¢ is 2m-periodic with respect to t. Now we will prove that the series of
¢ at 2 =0 is Gevrey of order v =1/(N -1). First we introduce o = (N +1)+8>1
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and we decompose
oo i(t+7) + —i(t+7)
o(x,t) = -Vt [ € € ~dr
0 2(l+a(N-1)TzN-1)
i (N-1) i~ (VD
= et [ T T g et [ e T
o 2(1+wu)° o 2(1+wu)° ’

with z7! = a(N -1). We take 6 € (0,7) and change the integration path in the
above integrals as:

9 it ooe’? euix_(N_l)u o it coe™ % e—HiT
x,t) = —pxe / ————du-pux-e f ————du
) =-n o 2+u)y M 0 2(1 +u)°

It is well known that these integrals define the confluent hypergeometric functions
U (see [9, p. 280]) so that

-(N-1),

o(x,t) = —%xz (e”\ll(l, -0 +2, ,uz'x_(N_l)) + e_”\ll(l, -0+ 2, —,uia:_(N_l))) .
By [9, p. 302], an asymptotic expansion of ¥(a,c,z) for large |z| is

Y(a,c, z) = Z( 1)”Mz—a—n

n>0 n.

with (a), =T'(a + n)/F(a). Therefore, the Taylor formal series at 0 of ¢ is

Plr.0) == B s 3T o) (i D) (D))

(N—l)(2n+2)

cost S T2n+1+0)
(o ) nZ;) p2n+2

£ (N-1)(2n+1)
sint Z r'(2n+ O’)

GlioR
This formal series is Gevrey of order v = 1/(N - 1). Indeed, comparing T'(k + o)
with D(1+~y(N -1)(k+1)) =T(k+2) we conclude that ¢ is a Gevrey formal series
of order exactly 7. O

4.3. Aplications to celestial mechanics. The three body problem describes the
motion of three point bodies evolving under their mutual Newtonian gravitational
attraction. The restricted three body problem is the simplification of the three body
problem obtained by assuming that one of the bodies has zero mass. Consequently,
the bodies with mass, usually called primaries, describe Keplerian orbits. See, for
instance, [19].

Among the several instances of the restricted three body problem one finds the
Sitnikov problem, which is the special case when the primaries move in ellipses and
the massless body in the line orthogonal to the plane of the primaries through their
center of mass. The relevant parameter in the Sitnikov problem is the eccentricity e
of the orbits of the primaries. When e = 0, the Sitnikov problem is integrable.
Another important subproblem is the so called restricted planar three body problem
(RPTBP), when the massless body moves in the plane where the primaries lie, while
the latter describe Keplerian ellipses. In this case, a relevant parameter is the mass
ratio of the primeries, u, which can be assumed to be in [0,1/2]. When p = 0, the
RPTBP is integrable.
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In both cases, the parabolic infinity can be written as
i= —i(x +y1)3 (2 + (z +91)°0p)
=34+ @+ )°00)

21 .
j= i(x+y1)2(rv—y1)y+ (z+11)° O
t=1,

where (z,y1,7) € Rx R xR"™ and Oy, stands for a function in (x,y1,¥,t), 1-periodic
with respect to ¢, analytic in a neighborhood of z = y; = 0, ¥ = 0 and of order
O(|(x,y1,7)|*). In the case of the Sitnikov problem, n = 0, while n = 2 in the
RPTBP. See [20] for the derivation of the above equations in Sitnikov problem
and [10] in the planar restricted three body problem.
It is immediate to check that any stroboscopic Poincaré map of the system (18)
has the form
x x—ix4+y1(’)3+(’)5
nl=nt iyw?’ + y%OQ + 05|,
Yy g+ 597° + 11904 + O3
which has the form (3) with
1

17
Consequently a = 1/3. Since the eigenvalues of B; are positive, Theorems 3.1, 3.3
and 3.4 apply. Hence we have

1
d=1+n, d' =0, N=M=4, a-= By = | Idiy.

Corollary 4.4. The parabolic infinity in the Sitnikov problem (for any e € [0,1))
and in the RPTBP (for any u € [0,1/2]) possesses invariant manifolds which are
1/3-Geuvrey.

As we have already mentioned, Theorems 3.1, 3.3 only provide upper bounds on
the coefficients of the expansion of the invarariant manifold. However, in view of
Martinez and Simé’s numerical computations [17] and the example in Claim 4.3,
where a time periodic perturbation of a system with a parabolic fixed point is
considered, we present the following conjecture.

Conjecture 4.5. The parabolic infinity in the Sitnikov problem, with e € (0,1), and
in the RPTBP, with € (0,1/2], possesses invariant manifolds which are precisely
1/3-Gevrey, that is, they are not v'-Gevrey for any 0<~' < 1/3.

5. Formal parameterization of the manifold. In this section we obtain a for-
mal solution of the equation FoK = KoR, that is, a formal series which solves the
equation at all orders. We will need also a precise expression of the coefficients in
order to obtain Gevrey estimates for them.

We will use the following notation, that arises from the Faa-di-Bruno formula.
Assuming that f and g are two C* functions such that f o g makes sense, f(0) =0
and ¢g(0) = 0, we have that (fog); = llle(fog)(O) satisfies

l
(fogh= Z Z fk[gllv"'7glk:|' (19)

k=1 it

1;>1



GEVREY PARABOLIC MANIFOLDS 4171

Here fj, and gy are k-multilinear symmetric maps. This expression also holds when
dealing With the composition of formal power series f(w) = Y5y fiw' and §(v) =
Y51 g1v'. The coefficient of the I order term of the formal composition f og is given
by (19). It depends only on fe(w) = $h_, frw® and g (v) = ko gxv®. The only
term of (fog)l in which f; appears is fggl, and the only term in which g; appears
is fig;-

We introduce the maps

I—U,IN

5(1'73/72): Yy ) G(:L',y,z):F(z,y,z)—ﬁ(x,y,z), (20)
Cxz

for [ > 2, the family of operators

~(By +alld)™Y, if N=M,

A =1-B7', if M <N, (21)
~(la)™'1d, if M>N
and
L =min{N, M}.

Proposition 5.1. There exists a unique b € R such that for any c € R there exists a
unique formal power series K(t) = ¥i°, Kit!', K; e RYH4 with Ky = (1,0,0)" and
K% =c, such that R(t) = t—at™ +bt*N~! and K satisfies the equation FoK~KoR =0
formally.

The coefficients of K and R can be given inductively. For [ >1 we have

—(C-1d)E},
‘AZEHL 1 Zf N<M,
Al(El+L 1+B2Kl) Zf NZM,
EF TKY TK? if 1+ N
a(l (1+N—1+U [ +w ' K7), if l#N,
if 1=N
and
R 0, if 1>1, 1N,
PN T b= BEy +0 Ky v w'KF, if 1=N
where

N I+N-1
x x x
El+N—1 =-a Z HKl, + Z Z Gk‘[Klla“'aKlk]
Litotly=l4N-1 =1 k=N il=la N1
1<l;<l-1 1<l;<l-1

-1 k
Sk e (22)
k=2 Lietlp=l+N-1 =1
1<l <I+ N =2
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I+L-1

Yy _ Y
Elp1= Z Z Gk[Klw'”vKlk]
k=M Lyt =l+L-1
1<l;<min{l-1,l+L-M}

min{l-1,l+L-N}

k
_ S K 3 [1R. (23)
k=M-L+2 Iy +tlp=l+L-1 i=1

1<l;<l+N-2

and

! I-N+1 k
Elz = Z Z Gz[Klu"'vKlk]_ Z K}i Z HRll (24)
k=2 =l k=2 Litetly=l =1

1<l;<l-1 1<l;<l+N-2
In addition, if 1<I<M-L+1, K/ =0.

Proof. First we prove by induction that there exist a formal series K (t) = ¥,,51 Knt™,
K, = (K* KY, K?)T e R™9*" and a polynomial R(t) = ¥, Rnt", R, € R, with as

n>1
much as possible coefficients equal to 0, such that the error

E'=FoKg-KqgoRqin1

satisfies
I+N M+1 1+1\\ " . B
Ez(t):{(o(t ), 0(M™),0(*Y)),  if I<M-L+1, 25)

(O M), 05y, 0t ), if 1>M-L+1.
To deal simultaneously with both cases we introduce P(l) as

P(l) = M +1, if 1<l<M-L+1,
[+ L, I>M-L+1.

Note that P(I-1)+1> P(l) and that P(l) = max{M + 1,1+ L}.

We can write E'(t) = ¥, ELt", with EL ¢ R x R? x RY. We denote by
Ellfiv_l,Eéf(’l) and Ell’z the first non-zero terms of (E“*, EMY E“*) respectively.
From the proof it will become clear that E;fﬁ_l,Eg(’f) and E;™* actually do not
depend on m provided m >1-1. We will simply denote them by E}’ _4, E;’,(l) and
EF respectively. These values are the ones which appear in the statement.

Taking R(t) =t —at + O(t"¥*1) and K; = (1,0,0)7 the claim holds true for I = 1
because

E'(t) = Fo K (t) - Ko o Ren(t) = (O(tNh), 0(tM*h), 0(t?)).
Now, let [ > 2 and assume that there exist polynomials K1 of degree at most
[ -1 and Rqyn-2 of degree at most [ + N — 2 such that
El—l(t) _ ((9(_tl+N—1)7 O(tP(l_l)), O(tl))T

We remark that the value of the constant b = Ron_1 will be determined at the step
l=N.

In addition, we assume that K;’ =0,1<j<l-1<M-L+1.

We look for K; e R x R% x RY and Rj.n_1 € R such that Kq(t) = Kq_1(t) + Kit!
and R51+N_1(t) = RSH_N_Q(t) + Rl+N_1tl+N_l satisfy (25) Deﬁning Al(t) = Kltl, we
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have that
El =FoKg-KqgoRqgina
_pi1
+FoKqg-FoKqg - (DFoKq1)A
+(DF o Kq 1)
- KqoRgin-1—-KqoRgin-2
—Ajo Rgyn-2.

By the induction hypothesis,

4173

El—l(t) _ (EEL;N_ltHN—l’ Ey tP(l71)7 Elztl)T + (O(tHN), O(tp(l)), O(tl+1))T.

P(1-1)

Now we identify the lowest order terms in (26), (27), (28) and (29).
Using that ! > 2 we easily estimate (26)

(FoKg-FoKg 1~ (DFoKg1)A)(t) = (0N 2),0(#2M2), 0(t*))"
_ (O(tHN), O(tp(l_1)+1), O(tl+1))T

since 2l + M -2>M+1+2l-3>M+1and 20+ M -2>1+L+1-2>1+ L.
Concerning (27), taking into account that K7 = (1,0,0)7,

((DFoKq-1)A1)(t) = ( KUt + By K M-1 4 By Kt M-1 4+ (M)

(1= NatV O KF + 0T KP4 wT KN =1 4 O(tl+N))

CKith+O(th)

As for (28), taking into account that K7 =01if 1 < j <l-1< M- L+1, which implies

that
K/t l-1<M-L+1,
Kyop i tM- 14 O(tM-1+2) otherwise,

Ksl(t) = {

we have that

)

Rl+N—1tl+N71 O(tl+N)
(KqoRgin-1—-KqoRqino)(t) = 0 +| AJ(t)
0 O(tlJrN)
where

Y IKJO(#**N=2), |-1<M-L+1,
A7(t) = O(tl+M+N—L)

In all cases O(t+M+N-Ly = O(tP(-1)+1)
Finally we evaluate (29)

Ao Raun-2(t) = Ki(t —at + OtV ) = Kyt! — laK it NV + O (") K.

otherwise,

From the above calculations, since [ > 2, we have
(Ef n_y +a(l-N)KJ - Riyy-1 + v K + w K7 )t
BN (t) = By t7 0 + al KN 4 BUK UM By KM
(Ef +(C -1d)K7)t!

O(tHN)

- l 1

+| o@Dy L Ot N YK
O(tl+1)
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This expression permits to choose (K", K, K;) and Ry,n_1 in order to E! has the
claimed order. We start dealing with the third component. We have to take

Ki=-(C-1d)'E}.

When dealing with the second one we have to distinguish two cases. If P(I-1) =
M + 1, which means that [ < M — L +1 we have that [+ L —1 < M. Then if
L=N<M, K/ =0. Otherwise, if L = M < N, I <1 and this case is void. Now
suppose P(I-1) =1+ L-1. If M < N, we take

K} = Al(E}.; |+ B2KT),

while, if N < M,
Kly :AlElerL—l'
Finally, considering the x component, if [ # N, we take

1
a(l—N)(

g T T
Riyn-1=0, K=- Efy o+ K +w'K}),

otherwise,
Ron-1 = E3yn_1 +v KX +w' K5, Ky, is free .

We write ¢ = K%, which can be chosen arbitrarily. We recall that Ron_1 corresponds
to the coefficient b.

Now we come to compute E}, y_,, EY,; | and Ef,;_;.

By definition, E} is the term of order [ of T*EY = F*o Ky q — KZ_oRqin-2,
that is,

1
E; = ﬁDleEl‘l(O).

By the Faa di Bruno formula (19),

! -1 k
Elzzz Z FkZ[Kllv'HuKlk]_ZKlj Z HRh (30)
k=1 ettt k=1 Litotl=l =1

1<l;<l-1 1<l;<I+N-2

In the first term of (30) the addend with k = 1 vanishes because K{ = 0. Moreover,
for k > 2, F¢ = G. In the second term, the addend with & = 1 also vanishes.
Moreover, if kK >1—- N + 1, since

> ﬁ Ry,

detly=l =1
1<l;<l+N-2
is the coefficient of ' in
R(t)k — (t _ atN + bt2N—l)k — tk _ aktk+N—l + O(tk+2N_2),

the addend with this k vanishes because then [ < k£ + N — 1 and the next non-zero
term after order k is of order k+ N — 1. This proves formula (24).
Analogously,

El+N—1 — 1
I (I+N-1)!

1

I+L-1__y pnl-1
vl TETO

Dl+N—17T.’,CEl—1(O)’ E;J+L_1 —
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Applying again Faa di Bruno’s formula we obtain

I+L-1 -1 k
Ely+L—1 = Z Z Flg[Kll""aKlk]_ ZKZ Z Hquz (31)
k=1 glp=leL-1 k=1 litotlp=l4L-1 *71
1<l;<1-1 1<l; <+ N-2
and
I+N-1 -1 k
Elm+N—1: Z Z F}?[Klu"'aKlk]_ Klf Z HRh
k=1 tl=l+N-1 k=1 Lttlp=laN-1 =1
1<l;<l-1 1<l;<l+N-2

We begin by determining the indices in (31) that provide non-zero terms in £/, .

The term with k = 1 in the first addend (31) vanishes because it would be FY K}, |,
but for B! we are working with K.;_;. Moreover, since F/=0if 2<k <M -1, the
sum must start with k= M. Also, M <k <ly+--+lp=1+L-11impliesl > M -L+1.

In addition, when [ = M — L + 1, we always have that
lh++lg=M-L+1+L-1=M.

Therefore, if {= M -L+1, k=M and [y =-- =1 = 1. Since K; = (1,0,0)7, the
corresponding term is
M)

y 1 M ry
FM[K1,~~-,K1]=M8m F (0,0):O.

Then if I < M — L + 1 the first term is void. To finish with the first term, we note
that for all 4, using again that k > M,

M-1+L<lh+-—+l=l+L-1 = [<l+L-M,

that is, the first term of (31) has the form claimed in formula (23). With respect
to the second term of (31), we only need to note that K7 =0 for 1<k <M -L+1,
and analogously as before, that

k
Z H Rli
ly4etlp=leN-1 =1
1<l;<l+N-2

is the coefficient of #*V=1 of R(t)*. Therefore since if vanishes for k <1+ L -1 <
k+ N -1, we have that [ + L — 1 > k + N — 1 which implies that k <!+ L - N. This
ends the proof of formula (23) for EY. To check formula (22) for E}, \_; we use the
form of F(x,y,2) = x — ax’ + G*(z,y, 2) and the proof follows the same lines as
the one for ElerL_l. O
6. Gevrey estimates. Before starting to obtain the Gevrey estimates of the for-
mal solution K we perform two changes of coordinates. The first one is a close
to the identity change that uses the (NN - 1)-degree approximation of the formal
parabolic curve obtained in Proposition 5.1 to put it closer to the z-axis. In the
new variables the parameterization will be the embedding to the z-axis plus terms
of order at least N.

The structure of this section is quite similar to the counterpart in [4], however,
there are some differences to take into account.
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Lemma 6.1. We define the change of variables
(JJ, Y, Z) = (I)('fa Y, 2) = KSN—I('/E) + (07 Y, Z)a
where Kcn-1(Z) = Z;V:f K;77. In these new variables:

1. F=®"1oFod® has the same form (3) of F with the same constant a, vectors
v, w" and the same matrices By and C.

2. The formal solution K and R of F o K — K o R =0 obtained applying Propo-
sition 5.1 to F satisfies

K@) =(t,0,00"+0(Y)  and  R(t)=t-at" +bt* 1 = R(t).

3. The Geuvrey character is not affected by this change, i.e., if one of K or K is
Gevrey of some order the other is also Gevrey of the same order.

The proof of this lemma depends on cumbersome but straightforward computa-
tions and uses, among other properties, that K} =--= K3, , | =0.

Next we perform a rescaling of parameter A to achieve a good control on the
growth of the terms K of the formal solution up to some suitable order [y so that
we can start an induction procedure to estimate the terms K; from Iy on and obtain
a significantly simpler bound from them.

Let U c C*9*4 he the domain of a complex extension of F. Let B(d) be a ball
of radius ¢ > 0 such that B(d) cU.

Let G = F - £ with £ defined in (20). Given A > 1 we introduce

F('I:’ y7 Z) = AF(A_1x7 A_ly’ A_lz)’ G(J:? y? Z) = AG()\_lx’ A_1;y7 >\_1Z)7

i o - o (32)
R(t) = \E(A™4), R(t) = AR(A1),

and for the sake of simplicity, we omit the dependence of A on the notation.

Lemma 6.2. Let d be such that B(6) is contained in the complex domain U of F.
Let G=F - L and k =max, . 5 |G(x,y,2)]- .

For all <§0,5~, to >0 anfi lo € N, there exists X := X(do, €, pto,l0,0) > 1 such that the
functions F, G, K and R defined above in (32), satisfy the following properties:

1. F has the form (3), where the corresponding values of a,v,Bi, By and C
(which we denote with the same letter with tilde) are

a=AxW"Dg G WDy =Wy B M,

with i = 1,2 and C = C, respectively. The domain of F contains a ball E(g),
with § = A5 > &.

2. R(t) =t —atN + ot>N=1 with b= \"2N*2b. We further ask |)\"7a| < & where ~
is defined in (4). As a consequence a < e.

3. Formally we have that

FoK-KoR=0.
4. Let k= max _ |G(x,y,2)|. Itis clear that & = A& and hence |G| < ARd ™"
(z,y,2)eB(9)
for all k> 0. }
5. | K| < ol for all N <l <ly. We recall that K; =0 if 2<I< N -1.

We remark that o := &% does not depend on the rescaling parameter .
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Lemma 6.3. The matrices A; defined as in (21) with By instead of By, after the
changes of wvariables in Lemmas 6.1 and 0.2, satisfy A; = A=A if M > N and
A = \M=LA; when M < N. Moreover, if | > 1o > 2|a|™!|| By,

IA; | < 22N (1)a))7E, if  M>N.

The following technical lemmas are slight variations of lemmas in [4]. For the
reader’s convenience, we state and prove them.

Lemma 6.4. Let k,veN, v>k and 8 > ﬁ Let also
k
J,;V = k!ﬁRk,u, where Ry, = Z H Ry,
i+ +lg=v =1
1;>1

and Ry are the coefficients of the polynomial R(t) =t—atN +bt?N1. Leto = (;% and
m=2E . We have

N-1"
Jhp =k
[Ja | < (v =N+ (v -mN +1)[a™(1+ o))", if %keN,
J,a” =0, otherwise.

Proof. Note that Ry, is the coefficient of #” of the polynomial (¢ - at™ + bt2N-1)k.
Then, we can rewrite it as

Rk,y = Z

mi+mao+ms =k

| ~
K ey, (33)
mi!ma!ms!

mi1+Nmao+(2N-1)msz=v
The conditions on the indices mo, m3 in the previous formula imply (N - 1)mg +
2(N -1)mg = v -k, that is, mo + 2mg = (v - k)/(IN - 1) € N. Therefore Ry, =0 if
m:=(v-k)/(N-1)¢N. When v =%k, my=m3=0and m=0. Then Ry =1 and
J,i’k =Kk!8. If m > 1, we reduce (33) to a sum with a single index as

Rk _ [7] (V_(N_l)m)' (_d)m—ngi)mg-
v mazo (Vv =mN +mgz)!(m - 2m3)!ms!
Using
_ — | — — |

(= (V= Dm)! < = (V- m). <(v—(N-1D)m)™ ' (v-Nm+1)

(v=Nm+mg3)! (v - Nm)!
and
(%] |d|m—2m3|g|m3 (%] 1 b ms 1

Ja O g 2 < a™ (1 + o)™,
miazo (m —=2m3)!ms! al m%;() ([m/2] — m3)'ms!| a2 [%]‘| " (1 +ol)
we get

Ri] € e (v = (N = 1)m)™ (v = N + D)™ (1 + o) ™2,

[5]!
Finally, since k = v — (N - 1)m, using that m > 1 and that
(v = (N -1)m)¥ (v - (N -1Dm))™ " (v - (N - Dm)™"

(v-N+1)8 [((W-N+1)-(v-(N-1)m+1)]8
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(v—(N-1Dm)™*
= (- (N - ym + 1)m=D-D5 ©

1,

we obtain

[T o] < (= (N = D)m) P (v = (N = D)™ (= N+ DJal™ (1 + fo])™2,

%]

where we use that (N -1)3 > 1.

The next lemma collects two technical results on bounds of some products of
factorials.

Lemma 6.5. Let N >2, 8> ﬁ and Ng = NAN-1),
i) Let k>1, v> kN and

My, = > (Il )P, (34)

L1+ +lg=v

;=N
If v <kN, the sum in (34) is void and we define My, =0. We have
{Mk,yg (v—k+ 1PN, v > kN,
My, =0, otherwise.
it) Let k>1, v>k and
i, = S (Wl k), vk (35)

li++l=v

;=1 or I;>N
(If v < k the sum in (35) is void and we define J,iu =0.) We have
L (Ns+ k-1
< Ny
Proof. 1) If kN > v, one has that My, = 0. Let us assume that kN < v. One

can check that, if a,b,c € N with b < ¢, then (a + b)lc! < bl(a + ¢)!. Therefore, for
l1,la,-+, 1l > N such that Iy +--- + I = v one has that [;!l5! < NI(l; + I3 - N)!, that

IoM5! < N1y + 1y = N)Us! = N(Iy + 1y = 2N + N)Us! < N12 (11 + Iy + 13 - 2N)!
and applying this procedure recursively we get
Lol LS NNl 4+ 1 = (K= 1)N)! = N L (v = (k- 1)N)L.
On the other hand it is clear that
#{l++l=v, 2N}y =#{mi ++mp =v-kN, m; >0}
_ (V—kN+k— 1)

J? v-k+D)" vk

SV

- k-1
Therefore

My < NVCD (0= (k= )N (kal)

k-1
Now we use that NP < NAWV-1) that
(z/—lcN+k—1)_y—kN+k—1 v-kN+1

“en —_ k:71
L1 1 7 <(v-kN+1)
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and that
(v-k+1)! _1)(N-
oM > (v - (k-1)N +1)*-D®-1

to obtain
My, < NE (v = (k-1)N)P(v - kN + 1)}
(v-EkN +1)k1!

(v - (k—1)N + 1)fN-DG-1)”

Finally the bound in i) follows because 5(N - 1) > 1.
ii) For k = v, J,iu =1 and the bound is obvious. Assume that v > k. Then,

5 k-1 k 8 k-1 k i1
Jk7lj: Z p M/C_i’y_iﬁ(l/—kﬂ-l). Z ; Nﬁ

<NE'(w-k+1)V

i=0 =0
Ng+1)F -1
<(w-k+ 1)!5%
N
and the proof is complete. O

Now we are going to prove that f((t) = Ys1 Kit' is Gevrey of order . Recall
that v was defined in (4).

Proposition 6.6. Let 6,k be as in Lemma 6.2. We take &y = 2(1 + N,), with
N, = NYWN-1) gnd g, o and ly according to the cases

e N<M,

.

- 8(L+]o])
Ho =1,
~ Ms-M -1 4y " N 2R
lp >max{6k(1+N)" 6" (Nla|) ", N+ ———(1+N)" [1+— .
N |ajo™N

e M <N,

. 1 1
5“mn{a1+ww’4uﬁlul+wnv2}

1
N, 5\
67| B\ 1+ N, :

4p-1 2R
lo> N + o (1+NA,)N(1+ r )

- N, |a|oN

Mo =ming 1,

Let F rescaled with A depending on 0o, €, po, lo as in Lemma 6.2 and K be the formal
solution K (t) = £32, Kt/ of equation Fo K — K o R=0. Then

1K, < o, j20.

Proof. We use the formulas for K and E in Proposition 5.1 applied to F, and hence

we have that K; =0if2</< N-1. By Lemma 6.2 and the choice of parameters we

have that | K| < poj!" for N < j <ly. We will use Lemmas 6.4 and 6.5 with 3 = .
We assume by induction that | K| < 5! for 1< j <1~ 1 for some I > lg.
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We start bounding K ;- We introduce

! ~ - - I-N+1
= Z Z Gz[Kll7'“7Klk]7 Hl2: Z Ksz;J
k=2 i k=N

1<l;<l-1

so that Ef = Hl1 - H12 We have that, by 4 of Lemma 6.2, taking A such that
po(Ny +1)/6 <1/2 and using Lemma 6.5,

e /\f‘vl” Lo, + D] (L= k+ 1)1
|H}| ﬁA’iZfs kﬂgjlg,z < Z[ ( B )
k=2 k=2 !

AU [ (N, +1 P _
2 [“0( b )] < ol A28 2 (N, + 1)°N; 1.

Ny
Moreover, for H7, it is clear that |H?| < Zl N+l M0k|7|Rk 1| = o Zl N+l J,ivl. Then,
using Lemma 6.4 and writing m = (I - k:)/(N 1),

I-N

N-1
|HE| < po(l=N+ 1)1 35 (I=mN + 1)]al™ (1 + o))"/

m=1
<po(l=N+1)1(1- N +1)2/a|(1 + |o])'/?
< ol AN [2]al(1 + |0|)1/2].
Therefore, since |KL[ <[ (C-1d)™ | EF | < [(C 1) | (| H} | + [ H]),
| KL < pol AT [28072(Ng + 1)2N5" + A2 [2]a| (1 + |o]) /2] (36)

and taking A big enough we obtain | K| < pol!”.
To bound K} we introduce H and H}' so that E**' = H} - H}}:

I+L-1 o R min{l-1,l+L— N} 3
ngz Z Z G%[Klu"'aKlk]v Hl4: Z Rkl+L—1~
k=M k=N

Li++lp=l+L-1
1<l;<min{l-1,l+L-M}

We distinguish two cases, when L = min{N,M} =N and L = M < N. First we
deal with the case L = N. In this case v =1/(N-1), N, = N and po = 1. By item ii)
of Lemma 6.5, we have that

_ 1 I+N-1 1 1 I+N-1 1+ N k
AH <A VE— S 2, AN 1+N—kw( _ )
H l l” l|a| k;w k,+N 1§k Nl|a| k;\/[( )
. )\Nf l+§:1(1+N)k
< R ! -
Nllal k=M 0
1+N\M
)
"Nl 5

since we are assuming that 1+SN < 1g(f\' = 1/2. Therefore, using that § = Ad, that
M > N =L and that [ > g,

- 2 (1+N\M] 1
HP| <g [ AN-ME ( _ ) <=
”Al l H 0 [ KJN|(L| 5 3

by definition of Ig.
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Now we deal with H'. Tt is clear that |H]'| < Yty Jl<1:,l+N—1' Recall that
Jeten-1 # 0if and only if k =1+ N -1-m(N - 1) for some m ¢ N. If m = 1,
then k =1+ N—-1-(N-1) =1 which is a contradiction, because k < !—1. Moreover,
since k> N, m < (l-1)/(N -1). Therefore, using Lemmas 6.3 and 6.4:

1

1 =
| A HE| < 20N Z I (1+ N —mN)|a™(1 +|o|)™2.

Ial

Then, since |a(1 + |0|)1/2| <e(l+|o]) <1/8 and @ =A\"V"Da, we have that

JAH} | < a2 (= N)laP(1+Jol) < 17X D [lal(1 +|o])] < *l”

lall
if X\ is big enough. On the one hand, when N < M, R’ly = A/(H} + H') and the
previous bounds imply the induction result. On the other hand, when N = M,
K} = A(H} + Hi + B2K7). By (36), the term |4; B2 K7 | is bounded by 1!7/3 if A
is large enough and therefore, also in this case, we are done.

Now we deal with the case L = M < N. Recall that v=1/(N - M). Then

1173 M| -1 A Mo
JAH? | < AME[BIY Y TR = .
k=DM 0
~ +M-1 1 1+ N, k
SAMEIBT S (i + M k) po(l+ Ny)
k=nr Ny d
_ k
<)\M|Bll|l|’yl+%1(/’(’0(1j_N’Y))
Ny k=M d
1B, (oL N) Y
< AMogiL m( - ”)
N7 K}
since ug < 1 and 1+N” <= 1 =1/2. Moreover, using that 5=\,

. Bi'| (1+N. 1
AH?|| < ol pdt 2*”71(%) < = pol!”
H l z|| Mol o K Nw 5 3M0

by definition of p.
Now we deal with H'. By induction hypothesis, |H}'| < o Shnw J,;HM&.
Then, using Lemmas 6. 3 and 6.4:

l+1\;{/:N—1 ]

AHE | < poX MBI Y, (U M= N)Y(1+ M = mN)[a™ (1 + o))"

m=1
<20 MY BTY[(1+ M = N)Y (1 + M - N)|a|(1 +]o])?
< 200NN BT |al (1 + o) 2 (1 + M = N (1+ M - N)

since |a|(1 + |o])Y? < e(1 +|o|)'/? < 1/2. Now we stress that, since y = 1/(N - M),

l+M-N
— 1Y - 1 1
(I+M-N)"(l+M-N) <l U+ M- N+ 13D <.

Therefore, by Lemma 6.2,

~ - 1
A | < ol AN [2] BT NN al (L fo) 217] < S paolt”,
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if A is big enough. Notice that, by Lemma 6.3, AiBy = AiBs, so that by (36) we
can take A big enough such that || A;Ba K[| < pol!”/3. Therefore, we also get in this
case that | K| < pol!”.
Now we deal with R’l‘” We decompose f(f = Hl" + Hl6 + Hl7 + Hl8 with
. N 6 _ 1 -1
H = — K7, H K{R )
1 Z_N Z lljl l; 1 ~(l_N)Z kAVk, I+ N-1
b+t by =1+ N-1
1<l;<l-1
1 N-1 5 5 (0K} +w"KF)
FY7E 2 > GilKy, K], Hf =,
a(l - N) k=N li++Hlp=l+N-1 a(l B N)
1<l;<1

H =

where in H] we use that K§ =---= K% |, =0 by Lemma 6.1 and that IN(ly,f(f are
already known. We notice that, using ii) of Lemma 6.5 and that pg < 1

N-1 N

lo- N N,
i+l =l+N-1 0 v

l;=1 orN<l;<l-1
1
< —pol!”
4/~L

by definition of ly. To bound |Hf| we use Lemma 6.4 and we get

1 -1
HY| <po—-—— S k"R
| l|—N0||( N)Z k,l-N+1

-1

=3
0N (1= N(m-1))a™ (1 +|o])™?

m=2

1
SHO =77
lal(t-N)
<uol”| |2|a| (1+o]) = ol XD [2]a| (1 + |o])] < ,mm
where we used that |a|(1+|o]) <e(1+]o]) <  and that X is large enough. To bound
H{, we recall that HNV <1/2,a=X""Na and that 0 = Ad. Then, by definition of lo:
= I+N-1

|Hl|—| |(l—N) Z 5 Jl?,l+N—1

M\ I+N-1

_7| %) Z (I+N-Ek)I7

= 42"*

2M\R " (M0(1+N )

< ol ! 2rud ! (1+_N7)N
SE-MN, 3 . N

la| N, 0
1

<= upl!.

—4M0

Moreover, since by Lemma 6.2, v = A" V=Dyand @ = ANV, Hl8 can be made
smaller than fil!”/4 provided X is big enough. Then |K[| < pol!”. O
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7. A solution of the invariance equation F'o K — K o R = 0. In this section
we prove Theorem 3.3, that is, there exists a real analytic function which is a true
solution of the invariance equation in an appropriate domain and it is y-Gevrey
asymptotic to the formal solution K found in the previous section.

We will use some basic properties about Gevrey functions. A summary of these
properties can be found in [4]. See also [6].

We begin by applying Borel-Ritt’s theorem for Gevrey functions to the formal
solution K ([6, p.17]). Let 0 < B < am be an opening of a sector. Then there exist
p small enough and a y-Gevrey real analytic function, K., defined on the sector
S(B, p), which is v-Gevrey asymptotic to the formal solution K (see (7) for the
definition of the sector). Then,

FoK.,-K.,oR=F

being F a real analytic function on S(8, p) v-Gevrey asymptotic to the identically
zero formal series. As a consequence, for any closed sector

S1:=81(B,p) = {teC:0<|t| < p, |arg(t)| < B/2} c S(B,p)

there exist cg, ¢ such that

|E(t)] < coexp (—c|t|_1/7) , ifteS.
We look for a real analytic function H defined on S; such that
Fo(K.+H)—(K.+H)oR=0,  sup|H(t)exp (c[t| /") < +oo. (37)
teSy

For that we rewrite (37) as a fixed point equation. Let us introduce C(t) and N as:

Id 0 0
C)y=| 0 Id+B[K*®)M"' 0 |, N(H)=F(K,+H)-F(K.)-C(t)H.
0 0 C

Then the equation (37) becomes
C(OH (1) - H o R(t) = ~B(t) - N (H)(t). (39)
We introduce S1(3,p) = int(S1(3,p)) and the Banach spaces
Xy = {H :51(B,p) u{0} - C™, C° real analytic in S;(53,p) and |H||¢ < +oo}
with
| H e = sup | H () |[e]exp (cft[ /7).

teS1

It is straightforward to check that, if Hy, Ho are C° functions in S(p,5) u {0},
satisfying that Hy(0) = H2(0) = 0, then, denoting AH (t) = H; — Ho,

[NV D) ()] <an|HL () + [EM 7 (azlt] + aslt] ™) [ Ha (1))
+ aq| B[ | H1(D)],
|N=(HL) ()] <by|HL ()] + bat] [ Ha (8]
[NV (L) (8) = N*Y (Ha) ()| <ar| AH (2)]? (39)
[t (azlt] + aslt M +aa| B2l ) [AH (1),
|A=(HL) (t) = N*(Ho) ()| <by [AH (1) + baft] | AH (1))

To prove the above inequalities we take into account that K¥, KZ = O(|t*) as well
as the form (3) of F.



4184 INMACULADA BALDOMA, ERNEST FONTICH AND PAU MARTIN

We observe that, by scaling the variable z, the norm | Bs|| is as small as we need.
In addition, the matrix C' does not change with this scaling.

We are forced to distinguish two cases according to the different values of M and
N.

7.1. The case M > N. Recall that we are assuming that SpecC c {z e C: |z| > 1}.
In this case we reinterpret (38) as the fixed point equation

H(t) = F(H)(t) = (C(t))"' [H o R(t) - E(t) - N (H)(1)] (40)

which is, essentially, the same as the one considered in [4]. A crux point is that, if
H € Xy 14+4+ar, then

|H o Rlo < e” 2D A | (41)

so that this term is contracting. Following the steps in the mentioned work, one can
easily check that, taking 0 < 8 < ar and p small enough, the fixed point equation (40)
has a unique solution belonging to the Banach space &p 114+’ for any p, B such that
S1(B,p) c S(B,p). As a consequence, the invariance condition (37) can be solved
and the solution K, + H is analytic in the sector S(8, p) and a-Gevrey asymptotic
to the formal solution K.

7.2. The case M < N. When M < N the strategy developed for the case M > N
can not be applied. In this case bound (41) is not longer true. Indeed, as shown
in Lemma 7.1 below (see also [4]), |R(t)| < [t|(1 + vt/ ™')™ with v > 0. Then, if
HeXp1qrar,

—c\t|‘(N‘M)

e H o R(1)[ < | H|Jgem O < | Hlgeme8 (V=D eos ™™

This implies that the term H o R is not contracting. For this reason we rewrite (38)
as another fixed point equation. We recall that, when M < N, v =1/(N - M) and
we are assuming that Spec By c {z € C:Rez >0} and that SpecC c {z e C:|z| > 1}.

First we define an appropriate norm in Cd+d" We take a norm in C% such
that ||C7'|4 < 1. Notice that, since Spec By c {z € C : Rez > 0}, there exists a
norm in C? such that |[Id — Bit™M Y4 < 1 - p|t|~! < 1. This follows from the fact
that Id — B1¢t™~1 is in Jordan form if Bj is in Jordan form as well. Therefore, since
KZ(t) =t +O(t?), taking p small enough,

1yl
(- Bi[KEOM ) a < 1.
We finally define

|Cz,y, 2) | = max{|al, [ylla, =] a}-

If necessary, we will write |(z,y)| = max{|z|, |y| 4}
We rewrite equation (38) as:

G(H)(t) = -E(t) + N(H)(t) + (0,0, H" o R(t))", (42)

with G(H)(t) = C(t)H(t) - (H® o R(t), HY o R(t),0). The usual way to proceed
is: 1) to find a formal inverse, S, of the linear operator G, ii) to prove that S is
continuous in appropriate Banach spaces and iii) to write equation (42) as a fixed
point equation and to apply the fixed point theorem.
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The formal operator S = (§%,8Y,8%), acting on analytic functions T', defined by

S (T)=>T"o R,

320

SUT)=3" ﬁ(Id + Bi[K. o RM YTV o BRI

720i=0

S*(T)=C"'T*

is the formal inverse of G. The proof of this fact is straightforward. We (formally)
rewrite equation (42) as:

H=F(H):=-S(E+N(H)+(0,0,H*oR)") (43)

To obtain accurate bounds for S, we need precise estimates on the convergence
of the iterates R¥(t) for t € S(B3,p). Given v >0, let R, : [0,00) - R be defined by

u

) = W vy

Lemma 7.1. Let R:S(3,p) » C be a map of the form R(t) =t —at™ + O(|t|N*1),
a>0. Assume that 8 < am. Then, for any0< v <a(N-1)cos\, with A= (N-1)5/2,
there exists p small enough such that

4

K k _
IR0 s REGD = (i

In addition, R maps S(B,p) into itself.

Proof. Writing t = |t|e?, the computation of the modulus of R(t) gives
IR(t)| = [t][1 - alt|" " cos(N - 1)0 + O(|t|™) ]

and R, (u) = u(1 - avu™~t + O(u?N=2)). Therefore, since acos(N -1)3/2 > av and
p is small enough, |R(¢)| < R, (|t]), for all t € S(B, p).

Since R, is the flow time 1 of the one dimensional equation 7 = —avu”, i.e.
R, (u) = o(1,u), then RE is the flow time k of the same equation, that is:

u

RE(w) = p(kyu) = —— L
Using that %’Ry(u) >0, it is easy to prove by induction that |RF(t)| < RE([t]).
To prove that R(S(8,p)) c S(B,p) is straightforward, see [4]. O

Now we deal with the linear operator S.

Lemma 7.2. Let 0 < B <an/2, 0 <v <a(N -1)cosA and £,¢" € R. If p is small
enough, then, for any B € (0,8) and p € (0,p), S is a well defined, linear and
bounded operator from Xpi1q x Xear 10 Xo—pre1,1+d X X ar- In addition,

2

N A, ) STy < |CHIT? | e
a0\ L e IS < ICTHIT e

IS5 (T e-nra1 < |7
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Proof. Let T be a function belonging to Xy 144+a/- Since S*(T7) = C~'T7, the claim
is clear. We have that

|S=HT=) (@) < 2% |75 (R ()] < Y |T* o R ()] exp (~e| R (6)| )

320

Y|t c ) _1yof
H | | | agexp(_ 1/7(1+]1/|t|N 1)(1 Y
520 (1 + juft|N-1) It

<

N-1\a(N-M)
7‘(NC_M) (1+w1/|t\ )

(N— o o |t
o e L
0 (1+zvN-1)

Let I(t) be the integral in the right hand side of the last inequality. By performing
the change of variables

v= (1 + a:l/|t|N_1)a(N_M),
dv = a(N = M)vjtN 1 (1 + apftN-1) @0

= a(N = M)p|t|N 1o~ M-D/(N=M) g,

dx

we have that

1 v (4 -
I(t) = f NIV~ (=M A1) [(N=M) g
) a(N - M)v[gN-1 )1 ‘ Y Y

|t|—(€—M+1)/(N—M)
(N - M)pft|M-1

Integrating by parts we easily obtain

f°° =€y~ (E-M+1)/(N=M) g0
|

t|-(N-M)

1 e [0-M+1]
I(t) < EN=M g ——— ¢ I (¢t
) < N e Noar )
and the claim is proven since we can take |t| < p small enough. O

It is clear that E' € Xy 114+q for any 0 < p < p and 0 < B < fp < am. By Lemma 7.2,
S(FE) € X_p+1,14d X Xo,0r © X_pre1,1+d+ar- We introduce

2
=2|S(E)|- D=——"——.
0=21S(B)|-arvn, T

Lemma 7.3. Let 0< 8 <am, 0<v<a(N-1)cosA and p small enough such that
the conclusions of Lemmas 7.1 and 7.2 hold true. For any 0< < and 0< p< p,
we introduce B_pr41(0) € X_nr+1,14d+a the closed ball of radius o.

Then, if p is small enough, the fixed point equation (43), H = F(H), has a unique
solution H € B_pr41(0).

Proof. Let H € B_p141(0). We notice again that, by means of a scaling in the z-
variable, |Bz| is small enough. In addition, since N > M, [t| > [t{N~™. By using
bound (39) of |N'(H)|, we have that, for |t| < p < p,

7 _ _ e —(N—I\/I)
IV (H o < (oarft] M Dl +(as + ag)lt] + as| Bl ) | H| -arsa
< (p"* + ag|| Ba|) | H| - 141,
Z - - —c —(N-M)
IN*CH) |- aren < (bt DT b)) [ H | -agen < 2| H | -aria

if p is small enough. Hence, by Lemma 7.2

[S(HE))-ar41 < max{D, [C7} (0 + as| Ba|)) | H | -ass1.
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We take p and | Bz| small enough, such that
- 1 -
max {D, |G} (0 + s Ba) < S (1= [C7H]). (44)

Moreover, since |S*(H? o R)|ar+1 < |C7 Y| H?|-ar+1,

|FED] < [SNVH)) [ -arer + |S*(H" o R)|-ar41
1 -
< SA+ICTDIH - arvx < | H -arsa-

We have proven that F(B_pr41(0)) € B_pr+1(0)-
Now we check that F is contractive. Indeed, let Hy, Hy € B_pr41(0) be two
functions in B_pr41(0). Again using (39),

ISV (HL)) = SN (Hz))|-ar+1 < max {D, [C7} (0% + as| Ba )| Hy = Ha-ara
and, since |S*(Hf o R— H5 o R)| a1 < |C7Y| | Hf = Ha|-pr41, we obtain

1 _
|F(H1) = F(Hz)|-pr41 < 5(1 +[|CT DI H1 = Ha|l-are1,
using (44). O

We deduce from this lemma that equation (37) is satisfied for H € X_pr41 14d+ar-
Therefore, the function K = K. + H is a solution of F'o K = K o R, analytic in

S(8,p) and with K as its asymptotic ~v-Gevrey series. This proves Theorem 3.3 for
the case M < N.

Appendix A. Proof of Proposition 3.2. We write ¢ = ¢« + s, being ¢, the
Taylor decomposition of ¢ up to order r. Note that p(0) =0. We also will use N,
and the notation introduce in Section 2.

We perform the normal form procedure (using the struture of eigenvalues) to
assure that N (z,,0) = O(|(z,y)|"), the change of variables

(,9,2) = (,y - 9. (), 2 - 9%, (2))
and the blow up
z = u, g=u"v, z=u"w
for some n,m € N to be determined later. We obtain the new map F = (F*, FV, F"):
F(u,v,w) =u+ N7 (u,u™v + @% (u), u"w + ¢Z,(u)),
1

Fv(uv 'U,’LU) = m [umv +Ny(uvumv + (pgT(U),’U,nU} + @ir(u))
(F(u,v,w)) } l
'HPZT(U’) - wZT(F“(u,v,w))] )

F*(u,v,w) = 1 [u"w+ N (u,u™v + @%.(u),u"w + ¢z, (u))

(F“(u,v,w))n
+%, (u) = 0%, (F* (u, v,w))].
We have that F' is a real analytic map and that

F(u,0,w) = u+ NG (u,u™ 0 + 92, (w), u"w + 2, (u)) + o(lul"),
where V5" is a polynomial of degree r. Then,

F* (u,0,w) = u+ N2 (u, 0% (u), 92, (w) + O(Jul™ o], Jul " wl]) + oful").
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In addition, since
N2 (u, 92 (), 0% () = N (u, 0¥ (), 0% (u) = o(Jul™1),
taking m+2 > N and n+2> N and using (6)
F'(u,0,w) = u~ f*(u,0,w)u=u~(au™ "+ O(ul™) + O(ul™ o], lul" [w]) Ju.

Therefore, F'* satisfies the form of the first component in (3).
Now we deal with FV. We first note that, since ¢ is invariant, we have that

per(u) + NV (u, 02, (u), 92, (u)) = 92, (F*(u,0,0)) = o([u]").
Secondly, we observe that, using the mean’s value theorem

Fv(u; v, U}) = + Bl(u7 v, w)v + un_mBQ(u7 v, ’lU)’LU + O(Hulr_m)7

1+ fe(u,v,w))™

B, By being matrices with every entry of order at least O(|(u,u™v,u"w)|). Note
that,

v
(I + f(u,v,w))™
By (u,u™ v, u"w)v =By (u,0,0)v + O(|u|™ [v[*) + O(|ul" w]?),
By (u, u™v,u"w)w =Bz (u,0,0)w + O(ju™[v]*) + O(lu]" [w]?).

=v+mau™ " v+ O(|ul™ o)) + O(lul™ [v]*) + O(|ul" [w]?),

Let My, My € N, My, My > 2 and B;, By real matrices be such that B;(u,0,0) =
BuMi-1 4 O([ul*?), i = 1,2. Eventually, By, By can be the zero matrix if either
B1(u,0,0) or Ba(u,0,0) are flat at u = 0. In this case one can take either M; > N
or My > N.

We have then that

FY(u,v,w) =v + (mau™"'1d + w1 B+ ™27 Byw + O([uM||v))
+O(Jul"w]) + O(ul™ [v]) + O(ul™ [0)*) + O(ul" [w]*) + o([ul™™)

The result follows with M = min{M;, N} taking m + 2 > max{M;,N}, n = m +
max{0, M — Ms} >m and B; and Bs adequately.

Finally we deal with F. We recall that N*(z,y,0) = O(|(x,y)|") and we
notice that p*(z) = O(|z["). Indeed, ¢* satisfies

Co™(x) + N* (2, 0%(2), 0 (2)) = (& + N* (2, 0" (), 9" (2))

or, taking into account condition (6),

(c-1a+ [ 1azNZ(x,go%x),AwZ(x))dA)soZ(m - N (" (2),0) - o ()
b o7 (2 + N (2, 07 (1), 97 (2)))
~0(jafY).

Since the matrix in the left hand side is invertible if |z| is small enough, ¢*(x) =
O(Jl=)™.
Performing analogous computations as the ones for F'¥ and taking into account
that ¢Z,.(z) = O(|z|") and that N*(z,y,0) = O(||(z,y)|") one obtains that
F¥(u,v,w) = Cw + Cru™*™ " Lo+ O(|lu, v, w|?) = Cw + O(|u, v, w|?)

and the proof is complete since N +m-n—-1> 1.
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Remark A.1. As a consequence of the proof, Proposition 3.2 holds true if F € C”
with 7 big enough (including the C* case). In addition the map of the form (3) is
also C".

Appendix B. Proof of Proposition 3.8. Since graph ¢ is the formal invariant
manifold of F', it satisfies

G(F*(z, o(x))) - F**(z, ¢(x)) = 0. (45)
Let §(2) = pgp(F (2, 0<p(2))) = F¥* (2, p<p(2)). We claim that g(z) = O([z[P*1).
Indeed, using that ¢; = 0 (since graph ¢ is tangent to the z-direction), we have that

G(F*(z,5(x))) =p<p(F* (2, 0p(2))) + [0<p(F* (2, &(2))) = 0<p(F* (2, 0p(2)))]
+@5p(F*(, 4()))
=pep(F* (2, cp(2))) + O V7)) + O] ")

and

FO2(, p(x)) =F9% (2, pap(2) + [FV7 (2, 0(2)) = F7 (2, 04p(7))]
=FY*(2,05p(2)) + O(|"*1).

Hence, taking into account (45), the claim follows.

We define G by G* = F* and G¥* = F¥* + g. Clearly, F(z,y,2) - G(z,y,2) =
O(|(x,y,2)|P*'). We only need to check that graph ¢, is invariant by G, which is
true since, by the definition of g and G,

‘Pép(Gw(anDsz?(f))) = ‘PSP(FI($7@SP($))) = Fy’z(xa%’sz)(x)) +g()
=GV (2,94 (2)),

which concludes the proof.
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