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1. Introduction. The phenomenon of the splitting of separatrices occurs when a dynam-
ical system having an invariant object (a fixed point, a periodic orbit, a torus, etc.) with
coincident branches of its stable and unstable invariant manifolds (a separatrix) is perturbed.
Generically, a new invariant object of the perturbed system arises which still possesses stable
and unstable invariant manifolds, but the latter no longer coincide.

The problem of measuring the size of this splitting is long-standing in dynamics. It is
related to the existence of transversal homoclinic points and, consequently, with the noninte-
grability and with the size of the stochastic zone of the system under study.

The most popular tool for measuring the splitting of separatrices is the Melnikov ap-
proach [26]. It is based on classical perturbation theory and provides a first order approx-
imation for the splitting by using the distance between the stable and unstable invariant
manifolds of the perturbed system. Nevertheless there are plenty of interesting (and in some
sense generic) situations where this approach fails: when the Melnikov function does not cor-
rectly predict the size of the splitting or when no Melnikov function is available, for instance
when integrable systems near simple resonances are perturbed. In this case, Poincaré already
detected in [28] that the separatrix splits, but it turns out that the size of this splitting is
exponentially small in the perturbation parameter, what it is usually known as a beyond-all-
orders phenomenon. Consequently a direct application of a first order perturbation theory
never will be able to provide a good estimation for this exponentially small splitting. There
are other settings, related, for instance, to Arnold diffusion and fluid transport, when the
splitting of separatrices is exponentially small in the perturbation parameter, but from now
on we will restrict ourselves to the case of near identity, analytic, area-preserving maps.
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1.1. Exponentially small splitting of separatrices in analytic maps. Throughout this
introduction we will avoid precise statements and technicalities, but we will give the main
ideas about the exponentially small phenomena.

Consider an area-preserving analytic map, close to the identity, that is, a map which can
be written as

(1.1) G(z,h) = z + hg(z,h), z€R?

where h is a small parameter and g(0,h) = 0, so that the origin is a fixed point for any value
of h. Assume also that the origin is a weakly hyperbolic fixed point. Namely, redefining the
parameter h if necessary, the eigenvalues A, A\™! of DG(0) are of the form A\ = e = 1 + O(h).
In this case, there exist W5 and W", the stable and unstable invariant manifolds of the origin,
respectively. The goal is to measure the discrepancy between these invariant manifolds. Notice
that, since for h = 0 the map G(z,0) = z, this is a beyond-all-orders phenomenon. The
strategy is to not consider the first approximation of the map G as simply taking A = 0, but
as the time h map of the vector field

(1.2) 2 = g(z,0).

It can be seen, for instance in [10], that this approximation holds under generic and checkable
assumptions. If the vector field (1.2) possesses a homoclinic connection vy associated with the
origin (the fixed point), then one expects that the exponentially small splitting of separatrices
phenomenon arises for maps of the form (1.1). In fact in [10] it is proved that, for any p € W*,

(1.3) dist(p, W) < K e~ 2™/,

with ¢ > 0 and K, a constant depending on ¢ and p but independent of h. Nevertheless this
upper bound is not useful for deciding whether the separatrix 7y splits or not. It turns out to
be mandatory to obtain an expression for the asymptotic behavior of the splitting.

We emphasize here that, even when the distance between W* and W" seems a good choice
for measuring the splitting, it depends on the point p. This is because this measure does not
exploit the area-preserving character of our map. There are several quantities more appro-
priate for this task. One of them is the Lazutkin invariant (see formula (2.7) in section 2.1),
which is related to the angle between W* and W" at a homoclinic point. An upper bound
similar to (1.3) for the Lazutkin invariant can be obtained but with K, depending only on o.

If the asymptotic behavior for the splitting has to be proved, the first question that arises
from (1.3) is how much bigger o could be. To find this optimal value of ¢ one has to know
the analyticity domain of ~y, the homoclinic connection of the vector field (1.2). It is proven
in [9] that ~p has complex singularities; henceforth it is analytic in a maximal complex strip
{t € C : |Imt| < op}. The bound (1.3) holds for any o < o¢, changing K, appropriately.
Notice that if we take any fixed o, < 0g, we do not obtain a sharp upper bound, simply
because the result also holds for o, with o, < 0 < g9, and henceforth, taking h small enough,
we get a better estimate than the previous one. As a consequence any asymptotic formula
will require taking o arbitrarily close to oy as a function of h.

The key point for proving the bound (1.3) is to obtain good parameterizations for the
invariant manifolds W*, W", which are analytic in the complex strip {¢ € C : [Im¢| < o} with
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o < 0p. The natural parameterization for the invariant manifolds is the functions v*5(¢) that
satisfy

(1.4) G(Y"*(t),h) =" (t + h).

Notice that the homoclinic connection 7 satisfies this invariance equation for the time h flow of
the vector field (1.2). As we have mentioned in the above paragraph, to obtain an asymptotic
formula for the splitting it is necessary to find solutions of the invariance equation (1.4)
defined for values of ¢ arbitrarily close to oy as a function of h. Since the strip is limited by
the singularities of the homoclinic connection g, this study becomes harder when the values
of t are closer to these singularities. The inner equation is a suitable approximation of the
invariance equation (1.4) for values of ¢ close to these singularities.

The main goal of this paper is to derive the inner equation for a large set of area-preserving
maps (the so-called generalized standard maps) and to obtain information about some special
solutions and their difference. This is a first step in the proof of an asymptotic formula for
the splitting of the invariant manifolds for these maps, but obtaining this formula is beyond
the scope of this work. Nevertheless we will provide some numerical results which, combined
with heuristic arguments (see section 4, especially (4.6)), support the relation between the
splitting and the inner equation.

1.2. The inner equation. An overview. The study of the inner equation has been at the
heart of the proof of the exponentially small splitting of separatrices in many examples, for
maps [18, 23, 24] as well as for flows [20].

In the case of area-preserving analytic maps, the use of the inner equation dates back
to [21], where a scheme to obtain an asymptotic formula for the splitting of separatrices of
the Chirikov standard map was established. In that paper, a particular instance of the inner
equation was introduced: the so-called semistandard map. Further development of the ideas
in [21] led to the first rigorous proof of the asymptotic formula for the Chirikov standard map
in [18]. A brief discussion on the splitting size of the Chirikov standard map can be found
in [13]. From the same authors, the survey on exponentially small phenomena [15] introduces,
among other things, the inner equations associated with polynomial standard maps and lists in
an informal way asymptotic formulas for the splitting of separatrices in those cases. It is also
remarkable that in the paper [16] resurgence theory is applied to the study of the solutions
of the inner equation associated with the area-preserving Hénon map. This paper is strongly
related to [14]. Also in the study of perturbation of the McMillan map [23, 24] resurgence
methods were applied to studying the inner equation. Summarizing, one can find rigorous
results on the inner equation in [18, 16, 24], particularly examples which are covered under
our present work, which also includes and generalizes those present in [15] and the numerical
study [17].

In the case of flows, the inner equation has been a successful tool for measuring the
splitting of separatrices when the Melnikov function fails to predict the size of the splitting,
as in the rapidly forced pendulum. (See [19, 20] or [2] for a generalization to arbitrary
polynomial Hamiltonian systems of one and a half degrees of freedom, following the study on
the inner equation in [1].) A different technique based on continuous averaging to study the
exponentially small behavior of the splitting can be found in [30].
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The purpose of the present paper is twofold, a combination of rigorous theoretical results
in a general setting and numerical experiments avoiding lengthy proofs in particular examples.
One of the numerical examples shows a type of behavior that is not covered by the surveys [15,
17] (see the end of this section).

We study some second order difference equations, called inner equations, which have the
form either

¢(z+1) = 26(2) + 6(z — 1) = =¢"(2) + G(¢(2))
¢z +1) = 20(2) + 6(z — 1) = =" 4 G(e?P)),

depending on the class of maps under consideration, and where G(w) is an analytic function
such that G(w) = O(w™*!).

These equations appear, in particular, in the problem of exponentially small splitting of
separatrices in generalized standard maps (see the next section for definitions), but they can
appear in studies of other types of maps (with parabolic fixed points, for instance), and, with
this applicability in mind, we consider them in their full generality (see (3.3) and (3.4)). In
particular, our present results generalize those on the inner equations appearing in [21, 18,
13, 15, 16, 23, 24]. Tt is important to remark that in the previous literature on the subject the
symmetries of the particular problems under consideration were exploited extensively in the
proofs. Our present formulation does not rely on additional symmetries, making it suitable
for applications. In particular, we provide all the technical details and complete proofs of the
statements concerning the inner equations and their solutions. As a side comment for the
specialists, there are several technical improvements in the proofs of our theoretical results,
which we expect can be applied in other problems related to difference equations.

We describe a large set of formal solutions of these inner equations, from which some true
solutions are obtained, and we derive a complete formula for their difference. The main results
are collected in section 3, while section 2 provides a more detailed introduction of the problem
and description of some of the known results. Sections 5, 6, and 7 are devoted to proving the
theoretical results, while section 4 contains the numerical results with a nonrigorous exposition
of their relation to the developed theory. It should be remarked that the relation between
the inner equation and the actual computation of the splitting, in the particular cases where
proofs are available (see [18, 23, 24]), is lengthy and full of technicalities. Our exposition here
tries to give the reader an idea of the link between the inner equation and splitting size, by
making very strong assumptions, in order to explain the obtained numerical results. These
assumptions are fully proved in the literature for the Chirikov standard map and the McMillan
map.

The numerical experiments have been conducted to test the applicability of the theoret-
ical results. Although academic in nature, they show the relation between the splitting of
separatrices and the difference between two solutions of the inner equation. Moreover, the
main example exhibits a behavior that is not covered by the surveys [15, 17]. In this example,

given by the map
x r+y+e(r—ad) — e’
= 3 27 |
Y y+e(z —a°)—ex
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where € is a small parameter, although the size of the splitting is much larger than the
guess suggested by [10], the leading term of its asymptotic behavior is provided by the inner
equation. As a matter of fact, the splitting size in this example behaves asymptotically when

e —0as
A n? 29/ /AD(3/4)?) |
1073 €xp <_7 + hij2 (1 + higher order terms),

where e = 4sinh?(h/2) and A is a constant related to some inner equation, while the naive
guess provided by the limit flow (see section 2 for details), in this case the Duffing equation
# = x — 22, would be exponential with exponent —72/h. That is, the correction term is larger
than any power of h. See sections 2.4 and 4.

We remark that although the computation of the actual splitting has been performed by
using the multiple precision package PARI-GP, the computation of the leading term has been
achieved by using the standard long double precision in C.

2. Generalized standard maps and exponentially small splitting of separatrices.

2.1. Generalized standard maps. We will say that an area-preserving map (z*,y*) =
F(z,y) is a generalized standard map if it can be written in the form
' =xz+y+ f(x,h),
2.1) * y+ f(z,h)
Yy =y+ flz,h),

where h is a small parameter. We will assume that f depends analytically in its arguments on
|h| < hg, |x| < po, for some fixed hg, pg > 0. We will be interested in the case when the origin
is a fixed point of F, that is, f(0,h) = 0. Moreover, we will assume the origin to be weakly
hyperbolic, although our study may be applied also to the case of a parabolic fixed point.

The parameter h is chosen in such a way that spec DF(0,0) = {e,e™"}. This last
condition is equivalent to imposing f'(0,h) = %f(o,h) = ¢, with ¢ = 4sinh?(h/2). We
further assume that

(2.2) fla,h) =" ful@)h"? = efo(e) + O(h’a).

k>0
Under these conditions, the map (2.1) can be written as a close to the identity map: with the

scaling & = z, hy = y, it becomes (using again x and y as variables)

(2.3)

z* = + hy + O(h*x),
y* =y + hfo(z) + O(hz).

When h is small, the map (2.3) is well approximated by the time h map of the flow of the
Hamiltonian system

T =y,
24 { y = fo(x).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/20/12 to 147.83.133.102. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

INNER EQUATION FOR AREA-PRESERVING MAPS 1067

We assume that the origin in (2.4), which is a fixed point, possesses a homoclinic connection,
Y(t) = (zo(t),yo(t)). By a shift in ¢, we can choose 7y such that z( is an even function,
that is, o intersects transversally the line {y = 0} at ¢ = 0. The invariant manifolds of the
origin for the map (2.3) are close to this homoclinic connection. Hence, if h is small, by the
conservation of the area, they must intersect. It is not difficult to check that the expansions
in powers of h of the stable and unstable curves coincide. As a consequence, the expansion
of the angle of intersection in powers of A vanishes, which, in view of the analytic nature of
the problem, suggests that this angle may have an exponentially small behavior in h. In fact,
Fontich and Simé, in [10], obtained an exponentially small upper bound for the angle. They
showed that if g is analytic in the complex strip {|Imt| < oo} and the map F' is defined
around the homoclinic orbit, then, for any 0 < o < 0g, the distance between the stable and
the unstable manifold of the origin of (2.3) is bounded by K,e= 27/ for any 0 < h < h,,
where K, and h, are positive constants depending on ¢ and K, depends also on the point
where this distance is measured. Restoring to the original variables, the same applies to the
invariant manifolds of the origin of (2.1).

Equivalently, a natural parametrization ~(t) = (z(t),y(t)) of the invariant manifolds of
the origin of (2.1), when condition (2.2) is satisfied, that is, a parametrization satisfying
Fo~(t) =~(t+ h), must be a solution of the difference equation

(2.5) x(t+h) —2x(t) +z(t — h) = f(z(t),h),

with y(¢t) = x(t) — z(t — h). This equation implies that the curve v = (z,y) is invariant by F’
and that the action of F' on v is conjugated to the shift on the parameter t: ¢ — t+h. One must
supply additional conditions on 7 to obtain the invariant stable and unstable curves: if 7y is the
unstable (resp., stable) manifold of the origin, then lim; , ~, z(¢) = 0 (resp., lim;_,o z(t) = 0)
is required.

Since the left-hand side of the invariance equation (2.5) is formally

2(t + h) — 2(t) + 2(t — h) = 4 sinh? (g%) (2)() = h2i(t) + O(hY),

it can be approximated, when h is small, by the second order differential equation

(2.6) = fo(z),
which is nothing more than (2.4).

In order to measure the difference between the invariant manifolds, the Lazutkin invariant
at a homoclinic point p = 7*(0) = v°(0),

(2.7) w(p) = det (%’Y“(O% %v5(0)> :

is often used, where y**(¢) are natural parametrizations of the unstable and stable manifolds.
Unlike the angle between the invariant curves, w(p) is a symplectic invariant and depends only
on the homoclinic orbit, not on the specific point p. Another symplectic invariant quantity
that can be used to measure the splitting of the separatrices is the area of the lobe between
two consecutive homoclinic points.
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Since an upper bound of the splitting of the separatrices is known, the question of its
asymptotic behavior when h tends to 0 arises. Some well-known examples in the literature
where this formula is available are briefly summarized in the next subsection.

2.2. Examples of generalized standard maps with exponentially small splitting of sep-
aratrices. There are not many examples with a complete proof of an asymptotic formula for
the splitting of separatrices in area-preserving maps. Here we quote two. There is a more
abundant literature about splitting of separatrices in Hamiltonian systems with one and a
half degrees of freedom (see [29, 8, 4, 30, 22, 27, 5]).

The first example is the Chirikov standard map, introduced by Chirikov as a basic model
of the motion of a system close to a nonlinear resonance (see, for instance, [3]). It corresponds
to taking f(z,h) = esin(x), with ¢ = 4sinh?(h/2). This map is in fact defined in the annulus,
and the limit flow (2.4) is a pendulum with the saddle at the origin. The separatrix of the
pendulum is analytic in the strip {|Im¢| < 7/2} and has a singularity at ¢ = in/2. The
symmetries of the problem imply that there is a homoclinic point p on the line x = 7.

In [18], Gelfreich proved, following the scheme developed by Lazutkin in [21], that

where the series on the right-hand side is asymptotic. In particular, the exponent in the
exponential is well predicted by the Fontich—Simé theorem in [10].

The second example is the perturbed McMillan map. The McMillan map itself was intro-
duced in [25] in the modelization of particle accelerator dynamics. In [6, 23, 24|, perturbations
of the McMillan family of the form

*
T =Y,

2.8

28 Yy =—x+ 2eoshih)y Cloifg;)y +EV'(y)

are considered, with V(y) = > ;< Viy?k analytic in a neighborhood of yy = 0. In the above

formula, h is the Lyapunov exponent of the origin, which is the small parameter, and £ is

independent of h and not necessarily small. The McMillan map is obtained when € = 0 and is

integrable with a polynomial first integral. See [6] for more details about the McMillan map.
With a linear change of coordinates, the map (2.8) can be written in the form (2.1) with

f(ﬂf,h)—c?m‘FmV (8 $>
(2.9) = ez — (2 —46Wp)a?) — 2(2® — (2 + 6813)2°) + O(eh),
where, again, ¢ = 4sinh?(h/2). The limit flow (2.6) is the Duffing equation
i=x— (2 —4EV,)a,

with homoclinic zo(t) = o/ cosh(t), a = (1 — 26V5)~ /2 (assuming |&| < (2V5)~!). Its singu-
larities closest to the real line are located at +im/2. In [23, 24], improving a partial result
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in [6], it was proven that, if V/(27) # 0, where

2k—1

V(C) = kam

k>2

is the Borel transform of V, then the invariant manifolds to the origin of (2.8) split when
€ # 0 and the Lazutkin invariant of a particular homoclinic orbit satisfies

AmE 2 2k ~
w = Wﬁ / Z h B]j(g),
k>0

where the functions B,‘: are analytic around & = 0, %2 = 1 — 2éV,/coshh, and B (£) =
472V (2rr) + O(€). If the map is written in the form (2.1), with the function f given in (2.9),
the Lazutkin invariant has an additional h? in the denominator. Again, the exponent of the
exponential is well predicted by the Fontich—-Simé theorem.

2.3. Numerical studies for polynomial generalized standard maps. In [17], Gelfreich and
Simé presented a detailed numerical study of the splitting of the separatrices of the generalized
standard map (2.1) in the case f(z, h) = ep(z), with p(z) = >_)_; prz® a polynomial of degree
n with p; = 1 (which implies f’(0,h) = ¢) and p, < 0. Is is also assumed that there is a
homoclinic curve to the origin in the limit flow system (2.6).

Then, via numerical experiments, the authors showed that the asymptotic behavior of the
Lazutkin invariant depends only on the relative position of the singularities of the homoclinic
solution of (2.6), on the degree n of the polynomial p, and on the coefficient p,,:

Ch

w = me—Qﬂp/h@(}l) 4.

where v = 2(n + 1)/(n — 1); p is the minimum distance to the real line of the singularities of
the homoclinic of (2.6); @(h) # 0 is either a constant, a periodic function, or a quasi-periodic
function of 1/h, depending only on the number of singularities at |Imt| = p and their relative
positions; and C,, depends only on n.

Also in this case, the exponential behavior is well predicted by the Fontich—Simé theorem.

2.4. A discrepant example. Numerical observations. We introduce the generalized stan-
dard map (2.1) induced by

(2.10) f(x, h) =e(x —a®) — 2.

Note that this map possesses terms in 2, like the McMillan map has (see (2.9)). Unlike the
McMillan case, the function defining this map is entire.

The limit flow (2.6) for this map is also a Duffing equation, in this case & = = — 3,
with homoclinic zo(t) = v/2/ cosh(t), whose singularities are located at the same place of the
homoclinic of the McMillan map, 7/2 being their minimum distance to the real line. Hence,
one could be tempted to infer that the exponential behavior of the Lazutkin invariant is of
order e=™/h.
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However, our numerical experiments suggest that the Lazutkin invariant at the first ho-
moclinic point over the line y = 0, in the topology of the unstable manifold, behaves like

A —27
(2.11) W= e mpth)/h g o
where
m 2Y/41(3/4)
2.12 h)y=— - L2 pt2 L O3/
(212) plh) = 5 = T2+ O
and A = 871.683.... In particular, the size of the Lazutkin invariant is much larger than

the naive guess, which, in turn, suggests that the approximation of the invariant manifolds
provided by the limit flow (2.6) is not good enough to predict the asymptotic formula of
the splitting. Section 4 is devoted to explaining these numerical experiments. In particular,
we will conjecture the source of the function p(h) and the origin and computation of the
constant A.

2.5. Inner equation for generalized standard maps. In all the aforementioned examples,
the constants wy, Bar (é), Cy, and A in the leading term of the asymptotic behavior of the
Lazutkin invariant are related to a suitable inner equation, whose solutions provide better
approximations of the invariant manifolds for values of ¢ in some regions of C than the one
provided by the limit flow (2.6). Even in the case of the generalized standard map defined
by (2.10), where the limit flow (2.6) does not provide enough information, the numerically
evaluated constant A in (2.11) is obtained from such an inner equation.

In order to be able to construct the inner equation we will impose several conditions on
the function defining the generalized standard map.

Let F' be a generalized standard map of the form (2.1), induced by a function f(z,h) =
> k>0 fr(x)hF*2 | satisfying the hypotheses in section 2.1. We furthermore assume the follow-
ing:

(HP1) For each k >0, fi(z) = Z?’;l frjo?, with fgq, # 0.
(HP2) The function k — (dj, — 1)/(k + 2) has a global maximum on N. Let I C N be the set
where this maximum is achieved.

Hypothesis (HP2) implies a restriction in the rate of growth of the degree of each of the
polynomials fj, which can be at most linear in k. We also remark that, combining hypotheses
(HP1) and (HP2) with the fact that f is analytic in the bidisk D,, x Dy, one obtains that
the domain of analyticity with respect to = depends on h and tends to be the whole complex
plane when h tends to 0.

We fix y € C. We introduce the new unknown ¢(z) defined by z(x + hz) = h™*A\¢(2),
with
 k+2
S dp—1

and A a parameter to be determined later. Note that, by definition of I in (HP2), « is indeed
independent of k € I. The invariance equation (2.5) becomes

Q@ for any k €

(2.13) Gz 4 1) = 20(2) + p(z — 1) = KX F(h™Ag(2), h).
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With the standing hypotheses, the right-hand side above admits an expansion of suitable
positive powers of h as follows:

ha)\_lf( a)\¢ Zka’] —a(j— 1)\] 1¢]( )hk+2
k>0 j=1
dp—1
:th+2—a(dk—1) fk, k)\dk 1 dk Z B (dx—17) fk )\] lgb]( )
k>0 7j=1
_ Z fk,dk)\dk_l(bdk + (/)(hmin{l,oz})7
kel

where in the last equality we have used the definitions of @ and I. The inner equation is
obtained by keeping only the first term in A in the right-hand side of (2.13):

(2.14) Bz +1) = 20(2) + ¢z — 1) = > _ fra, A% %

kel

Let n = min{dy, : k € I}. To simplify the notation we introduce the coefficients G such that

D fra AT e =GRt

kel k>n

Now we take X such that \»~' = —(G,,)~'. With this choice, the inner equation associated
with the generalized standard map is

(2.15) Sz +1) = 20(2) + ¢z — 1) = —¢"(2) + Y Gro"(
k>n+1
with Gj, = G A\F~. Notice that G(¢) := D k>ntl G #" is analytic in a neighborhood of ¢ = 0.
In the trigonometric case one can proceed analogously. Indeed, assume that f(xz,h) =
> k>0 fr(2)hF2, with f satisfying the following:
(HT1) For each k£ > 0, fi(z) = ;i__dk fk,]e is a trigonometric polynomial of degree
dy > a, with fk,dk £ 0.
(HT2) The function k — dj/(k+2) has a global maximum on N. Let I C N be the set where
this maximum is achieved.

For any x € C, we define ¢(z) by x(x + hz) = —ilog (h*\) 4 ip(z) with
k+2

(2.16) a= for any ke I
dp,
and \ a parameter. Then, the invariance equation (2.5) becomes
(2.17) Pz +1) —26(2) + ¢(z — 1) = —if(—ilog (h*A) +i¢(2), h).

As in (2.14), the inner equation is the above equation when A — 0. In this case, taking A
appropriately, one obtains

(2.18) Bz +1) —20(2) + ¢p(z — 1) = —eP7D9E) 4 Z Gt

k>n
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where n — 1 = min{dj, : k € I'}. The discrepancy in the definition of n in both cases allows us
to make a unified treatment of the problem in the next sections.

Since the original invariance equation (2.5) is autonomous, the inner equation (2.15)
or (2.18) does not depend on the choice of the complex number y introduced with the new
unknown ¢. Nevertheless, this complex number is essential when the size of the splitting of
separatrices is studied and has to be well chosen. Roughly speaking, it will measure the expo-
nential smallness of the splitting, which turns out to be O(he=2™™x/" for some v € R. This
asymptotic behavior has been proved only for particular maps (see section 2.2), but there is
numerical evidence (see sections 2.3 and 2.4) that it also holds in a more general setting. We
plan, in a future work, to prove it for the generalized standard maps.

In the examples presented in sections 2.2 and 2.3, x is chosen to be the location of the
singularity of the homoclinic solution 7 of the limit flow (2.6) that is closest to the real line.
In the example in section 2.4, x is also related to the singularities of a homoclinic solution of

some flow, which is no longer (2.6) but & = x — 23 — 27,

2.5.1. Some examples of the inner equation. Here we show how the inner equation is
derived for some examples.
The first one is the map introduced in section 2.4. Its inner equation is

(2.19) Hz+1) —20(2) +p(z—1) = —¢"(2).

Indeed, in this case f(z, h) = e(z—x3)+e22" with e = 4sinh?(h/2). Therefore, fo(x) = z—a,
for(z) = fop1z — for32® — f2k,7a:7, and for_1(z) = 0 for £ > 1, which implies that dy = 3,
dor, = 7, and dog_1 = 0 for k£ > 1. In this situation, it is clear that n = 7, & = 2/3, and the
set I = {2}; therefore the right-hand side of (2.14) is fo7A5¢", and defining A adequately, we
encounter (2.19).

Now we compute the inner equation for the generalized standard map induced by f(z, h) =
e(x — 23). In this case for(z) = fokax — f2k73x3, dor, = 3, for+1(x) = 0, and dog1q = 0 for
k > 0, and this implies that n = 3, & = 1, and the set I = {0}. Then, the right-hand side
of (2.14) is f07d0A2¢3, and we obtain the inner equation

(2.20) Az +1) —20(2) + ¢z — 1) = —¢3(2).

We can also encounter inner equations having infinite terms on their right-hand sides,
for instance, by considering f(z,h) = esin(x) + >~ aph®**2sin((k + 1)z). In this case
dop =2k +2,dogy1 =0, n =2, =2 and I = {k € N: k is even}, so that the inner equation
is

Bz +1) = 20(2) + ¢z — 1) = —e?@) + 3~ G (eH1).

k>2

The main purpose of this paper is to provide some particular solutions of the inner equa-
tion (2.15) and (2.18) as well as to compute an explicit formula for their difference. The precise
statement is placed in next section, while its proof is spread over the subsequent ones. As we
have already commented in section 1.2, this computation has been at the heart of the proof
of the splitting of separatrices in all the known examples, and it also gives an explanation to
the numerical results concerning the example in section 2.4.
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3. Main results. We consider the linear operators

(3.1) A($)(2) = p(z +1) — ¢(2)
and
(3.2) A*(9)(2) = A(9)(2) = A(¢)(z — 1) = (2 + 1) — 2¢(2) + p(z — 1)

and two types of inner equation. The first one, under the hypotheses (HP1) and (HP2), which
from now on we will call polynomial case, is

(3.3) A*(¢) = g(o, 1) = —¢" + G(, ),

and the second one, under the hypotheses (HT1) and (HT2), which we will call trigonometric
case, is

(3.4) A*() = g(¢, ) == ="V 4 G(e?, p),

with G an analytic function in some open bidisk D(g) x D(y) € C? and such that

(3.5) Gy, pn) = Z Gr(p)y* in the polynomial case,
k>n+1

(3.6) G(eY, p) = Z Gr(p)eky in the trigonometric case.
k>n

The parameter p is included for the sake of completeness and is a regular parameter.

Remark 3.1. Let a € R be such that an > 1. If we consider inner equations of the form
either A?(¢) = g(¢“, i) in the polynomial case or A%(¢) = g(a@, 1) in the trigonometric one,
the results in this section also hold true with the same proof. However, in order to avoid a
new parameter, we restrict ourselves to the hypotheses above.

In this section we present the results dealing with both formal and analytic solutions of
the inner equation.

Given v > 0, we will denote by

Cll=] 4l = § 62 = S 2 | oy Blg) €
k>1

the space of formal power series in z7" without constant term, whose coefficients ¢;,_; depend
analytically on pu € B(ug).
Proposition 3.2. Letn>2, r=2/(n—1).
1. If n is even, then (3.3) and (3.4) admit a unique formal solution ¢ such that ¢ €
Cllz7"], {u}] with ™t = —r(r+ 1), in the case of (3.3), and, in the case of (3.4),
¢ — ¢o € Cl[z7"], {u}], with

(3.7 ) = p1ox (~ g )

n—1

Moreover, any formal solution of the inner equation (3.3) belonging to Cllz~"/2], {u}]
is of the form ¢(z —c, 1) for some ¢ € C and co such that cg_l = —r(r+1). The same
applies to any formal solution ¢ of (3.4) such that ¢ — ¢g € C[[z="/2],{u}].
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Imz

Dy, /

Rez
—ip \

Figure 1. Unstable domain.

=21

2. If n=2m — 1 with m > 2, the formal solutions are

(33) e =Y O rln)iog =,

k>1 0<]<[m 1]

in the case of (3.3), with cy = co0 satisfying c~ L= —r(r+1), and

I L.l e KD DD DI ]

k>1 0<i<[:25]

in the case of (3.4). The symbol [x] stands for the integer part of x. The coeffi-
cients cy—1,j are analytic functions in B(puo).
The solution is unique, provided that c¢,,—10 = 0. Any other formal solution of the
form (3.8) or (3.9) is obtained from these by translation.
Now we deal with the analytic solutions of the inner equation. Let us define the complex
domains where these solutions are defined. For any p,y > 0, we introduce (see Figure 1)

(3.10) D, ={2€C:[lmz| > —yRez +p}, Dj,=-D;,
Let ¢ be defined by (3.7) in the trigonometric case and <;~50 = 0 in the polynomial case. Let

¢ be the truncation up to order n in z=" of the formal solution provided by Proposition 3.2;
that is, if n = 2m with m > 1,

(3.11) o(2) = do(2) + D ex1(u)=™",
k=1

and if n = 2m — 1 with m > 2, ¢¢ in the polynomial case is

(312) DICED DT DRIt

k=1 0<j<[ &

m— 1]
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and in the trigonometric case is

(313) () =)+ S ekrgu)log =

k=1 0<ji<[75]

Theorem 3.3 (existence theorem). Let r = 2/(n — 1) and ¢y be such that ¢ ' = —r(r + 1).
For any v > 0 there exists py big enough such that for any p > po the inner equations (3.3)
and (3.4) have two analytic solutions ¢ : DY’y x B(ug) — C such that

(bu,s(z, :U') = ¢0(z) + ¢u,s(z’ /L)a

with
sup |22 (2, )| < 400,
(2,1)€D5p x B(po)

Now we state the theorem for the difference ¢" — ¢°. First we define the complex domain
(see Figure 2)

(3.14) E,,=D;,ND} ,N{z€C:Imz <0}\{z € C:[Rez| <1, [Imz] < p+ 1},

where the difference between two solutions of the inner equation (3.3), ¢" — ¢°, is defined.

Figure 2. Inner domain.

To unify the notation we introduce the new parameters

(3.15)

2 trigonometric case,

P + 2 polynomial case, | co polynomial case,
a | 1 trigonometric case.

Theorem 3.4. Let ¢™* be two analytic solutions of (3.3) and (3.4) satisfying the conditions
stated in Theorem 3.3.
Their difference ¢" — ¢° : E , x B(po) — C can be expressed as

(3.16) ¢z, 1) — (2, 1) = Cu(z, 1) Zpi(ﬂ)ezmkz + Ca(z, 1) Zpi(,u)ez“kz,

k<0 k<0

with pi, pi analytic functions in B(po) and 1, (o satisfying that
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1. their Wronskian

(Cl C? gl z :U' C2(Z=M) ‘ — 1;

‘ Glz+1p) Glz+1p)
2. there exists a constant C such that for any z € E, , and pn € B(po),

—v zf
g (@0~ g )| <€

withv=~0—r,0=0ifn>3,v=~0—-1ifn<3,0=0ifn=2,ando =1 ifn=3.
From now on we will skip the dependence on p being always analytic.

‘zl—ée%riz (Cl(z’ 'u,) — 8Z¢S(Z, lu’))‘ < Ca

4. Numerical results. In this section we present some numerical results concerning the
generalized standard map (2.1) given by the functions fi(z,h) = e(z — %) — 22" in (2.10)
and fo(z,h) = e(x — x3). We recall here that ¢ = 4sinh?(h/2).

We notice that both functions fi, fo satisfy the hypotheses of section 2.5. Henceforth, as
we show in section 2.5.1, we can construct the inner equation for the generalized standard
map induced by them:

(4.1) A*(¢) = —¢" and A*(¢) = —9¢”.
The first one corresponds to f; and the second one to fo.
Let
O = ¢" — ¢°

be the difference between the two solutions of the inner equation (4.1) given by Theorem 3.3.
First, in a general setting, we relate the main term of © to the Lazutkin invariant for the
standard map (2.1) induced by f. Next, we compute the actual Lazutkin invariant for the maps
defined by f; and fs, which is computed numerically by using multiprecision routines. After
that we summarize the method for computing the main term of the difference © := ¢" — ¢°,
by exploiting the theoretical framework we have developed. One aspect worth noting is that
these computations have been performed through standard long double precision arithmetic.

A similar, but more detailed, numerical comparison between the Lazutkin invariant and
the difference © is performed in [12] for the Swift-Hohenberg equation.

4.1. The relation between the Lazutkin invariant and ©. For computing the first asymp-
totic term of © we now take advantage from the fact that we have an alternative expression
for © by using the functions {; and (5 given in Theorem 3.4. Indeed, we actually can write

the difference © as
Zpl 2mikz + <2 Zp2 2mikz
k<0 k<0

with pj(2) = >0 pkezmkz, j = 1,2, 1-periodic functions. We recall that by Theorem 3.4,

W ((1,¢2) = 1, and henceforth p; = W (0, (2) and pa = W((1,0).
On the one hand, we introduce the new quantity wi,(2):

(4.2) win(2) = —%W(@,Cl)(z) = —pg Z2mk‘p2 ik~ _omip? e 2,
k<0
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The last equality has been deduced as Imz — —oo. On the other hand, note that by using
the first approximations of ¢; and (3 in Theorem 3.4, since £ > 0, (1(z) — 0 as Imz — —o0,
and (o(z) = O(2"), the main term of © is

2
O(z) = G (2)p1(2) + Q(2)p2(2) = C2(2)p2(2) = ZZ%G_%M-
We recall here that only p2_1 is unknown; the other quantities are defined in terms of the inner
equation. Henceforth, both wi,(2) and 27¢O(z) are asymptotically equivalent.

In order to compare the numerical results with our theoretical framework we will gather
in a rather informal way several facts, some of them not proven. In particular, to transform
assumptions (A1) and (A2) below into proven facts would require involved arguments even
for particular cases. For this reason, we will avoid precise statements. The chain of reasoning
is a slight modification of that in [23], which also follows [21, 18].

Let f be a real analytic function satisfying the hypotheses in sections 2.1 and 2.5. We
first remark that there exists a solution of the invariance equation (2.5) induced by f, z"(t),
ir-antiperiodic, entire, and real analytic in ¢, such that limget——oo 2%(¢) = 0 and z"(0) =
x"(=h) (and z"(t) — 2"(t — h) > 0 for ¢ < 0). Then, the function z°(¢) = z"(—t) is also a
solution of (2.5), with the same regularity, satisfying limpe;—oo 2°(t) = 0. Hence, y"5(t) =
(z"5(t), z*5(t) — 2™°(t — h)) are natural parametrizations of the invariant manifolds of the
origin. We notice that p = 7v"(0) = 7°(0) = (2"*(0),0) is the first homoclinic point. Let
D(t) = x°(t) — x"(¢t).

Using the h-step Wronskian

the Lazutkin invariant (2.7) can be written as

U <8 d U S u d U
(4.3) w(p) = det (3, 9% ) y=0 = o det(¥ 7" =7 =0 = EWh(x ; D)ji=0-

Since both z* and x*® are solutions of the second order difference equation (2.5), their
difference D also satisfies a linear second order equation, namely,

(4.4) AZD(t) = — ( /0 1 a% (s2(8) + (1 — )a(£), h) ds> D).

Notice that if z" is close to x®, then (4.4) is close to the linearization of the invariance
equation (2.5) around z". Hence, our first assumption is that

(A1) there is a (real analytic) solution 1 of (4.4) close to z".
Let 12 be another (real analytic) solution of (4.4) with Wj(n1,72) = 1, which can be obtained
by the “variation of constants” method. Hence, we can write D = ¢111 + can2, where ¢; and ¢
are the h-periodic functions ¢; = Wy(D,n2) and co = Wj(n1, D). Substituting this expression
for D into (4.3) and using that 7 is close to &", we have that

(1.5 wlp) ~ LWl D)o
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Since f satisfies the hypotheses of section 2.5, we can construct an inner equation associ-
ated with the standard map induced by f. The second assumption is
(A2) there exists x € C (which can depend on h) such that, for values of t satisfying
[t — x| = O(h), £"5(t) are close to h™*A¢"5((t — x)/h). Here ¢"5 are the solutions
of the inner equation (3.3) given by Theorem 3.3, and «, A\ are both parameters
introduced in section 2.5. Since f is real analytic, one can assume that Imy > 0.
As a consequence, since, by Theorem 3.4, (1(z) = 0,¢"(z) + O(z"1e?mi%),

B(1) ~ h A ( - X)/R) = BTG~ X)/h).

Recall now that pa(z) = —W(©,(1)(2). Hence, taking into account the scaling and assump-
tion (A1), for values of ¢ close to x,

Wi (1, D)(t) = Wi, (R~ "X\, A= *AO)((t — x)/h) = 2> " N\2pa ((t — X)/h).

Then, since Wy (n1, D)(t) and W (¢1,0)((t — x)/h) are both h-periodic and since the first one
is a real analytic function, we easily have that for real ¢

%th, D)(t) = 2h™**"*Re (A? : %pz((t - x)/h)) = 2172 2Re (A win ((t — x)/1)) |

with wi, defined in (4.2). Hence, evaluating at ¢ = 0,
(4.6) w(p) = 2h 22 2Re ()\2 - win(—x/h)) -

Our goal now is to check numerically the above formula for the maps induced by f; and fo.

4.2. The limit flow and its singularities. In the cases of the Chirikov standard map and
the perturbations of the McMillan map in [18] and [23], respectively, x = ir/2 is the closest
to the real line singularity of the homoclinic orbit of the limit flow (2.6). In the maps induced
by fi(z,h) = e(z — %) — €227 and fa(x,h) = e(x — 23) under consideration, the closest to
the real line singularity of the homoclinic of the limit flow & = z — 3 is also ir/2 (see section
2.4). Nevertheless, our numerical computations show that this singularity is not the right
guess for x in the case of fi. For this reason, we consider the higher order (in h) limit flow

(4.7) t=x—12°—ex’.

The parametrization, xy(t, h), of the homoclinic loop to the origin such that 4(0,h) = 0 has
a singularity at

oo dz
p(h) =/ > - ,
zo(0,h) \/72/2 — 24 /4 — eaB /8

where 20(0,h) = /2 + O(h?) is the positive root of 22/2 — 2*/4 — £2®/8 and the integral is
computed along the real line. The other singularities can be obtained by changing the path
of integration. It can be seen that

(4.8) p(h) = ig — im%@zhm + O(h3?).
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We remark that, although the singularities of the homoclinic of (4.7) tend to the singularities
of the limit flow & = 2 — 23 from (2.6) (in a rather slow way), they are of a different type:
whereas the latter are poles, the former are branching points.

We choose the values x = i5 — i21/4r%4)2hl/2 for fi and x = iF for fy, and we will assume

that (A2) holds for them.

4.3. Numerical computations. We now define
(4.9) @(h) = h2OT2A722 X/ Py (p), Gin(2) = 262™#Re (win(2)) |

taking A = 1 and, on the one hand, « = 2/3 for f; and, on the other hand, o = 1 for f;. We
note that, since y has no real part, checking formula (4.6) is equivalent to checking that
w(h) = dzm(—x/h) < limw(h) = lim  @p(2).
h—0 Imz——o0

First we show the results for @(h). We have numerically computed this quantity by using
multiprecision routines written in PARI-GP. In Figure 3 we show the computed values for
fi(z,h) = e(x — 2%) — 22" and for the map induced by fa(z, h) = e(z —23). Let us denote by
@;(h) the value of @(h) for the corresponding maps f;, i = 1,2. We have added a correction
factor esc = 85 - 10~* in order to have the same magnitude for both values of @(h).

6.755

6.745

6.735

—log(@1(h))
---log(wa(h) - esc)

6'7257 1 1 1 1 ]
0.0005 0.0015 0.0025 L 0.0035 0.0045 0.0055

Figure 3.

These numbers have been obtained by explicitly computing w(p) = det(5%(0),+°(0)),
following the strategy in [7]. Due to the exponentially small behavior of this quantity, it
has been necessary to compute 4**(0) with increasing accuracy, thus making it impossible to
achieve very small values of h.

Notice that, in the case of the map induced by fao(x,h) = e(x — 2%), the values of @o(h)
converge quite quickly, when h becomes smaller, to a constant value

(4.10) @9(h) = 1.00083 - 10°.
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6.772
s7707 R
. —
6.7695¢ .
—log(@in(h)) for fy
---log(@in(h) - esc) for fo |
6.7682 ‘ ‘ ‘ ‘ b
-7 —6.05 -5.1 -4.15 -3.2 -2.25
Imz
Figure 4.

In the case of the map induced by fi(x,h) = e(x — 23) — €227, the convergence of the values
of @1(h) is slower, as Figure 3 shows. However, computing @ (h) for h = 1/2000 + k/40000,
k =0,...,199, and making some assumptions on the form of the asymptotic expansion of
@1(h) in h, it is possible to extrapolate the limit value with better accuracy.

In this way, we have obtained that

(4.11) &1(h) ~ 871.683.

We remark that, with the computed data, in which each value of @;(h), i = 1,2, has a few
hundred correct digits, it would be possible to obtain a better approximation of this value
and also to compute the coefficients of the asymptotic expansion. Since our intention was to
compare the results obtained by the analysis of the solutions of the inner equation, we have
not pursued this direction.

Now we compute @iy(z). By definition (4.2) of wiy(z) and (3.1) of the operator A,

(4.12) @in(2) = 47 Re(O(2) - A(0:6°)(2) — 0:6°(2) - A(O)(2)) + O(e™ 2222 ¢ 7270%),

where we have used that, by Theorem 3.4, (1(z) — 0,¢"(z) = O(e 2™z 1),
For symmetry reasons, we choose z = —ip with p € [2.25,7]. We have used long double
precision in C for calculating ¢™"(z), 0.¢>"(2). The strategy was suggested in [15]:
e First we compute the formal series ¢y up to order N big enough. We know that the
solutions ¢*" are close to ¢y if |2| is big enough. Analogously for 0. ¢%".
e We evaluate the formal series ¢n(z £+ k) and 0,¢n(z £ k) with k& € N big enough.
e Since both ¢*" satisfy the inner equation, we obtain ¢*"(z) and ¢*"(z+ 1) recurrently.
Analogously for 0,¢*"(z) and 0,¢*"(z + 1).
We have computed @iy (2) for the inner equations (4.1). Our results are given in Figure 4,
where we have added the scaling factor esc = 871 -107°.
We can observe that, on the one hand, when Imz € [—-3, —2] the theoretical error in (4.12)
is big. On the other hand, when Imz € [-7,—6] the round-off errors (for f1) begin to be
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bigger than the theoretical error, and hence the computed values have noise. Nevertheless
for values of Imz € [—5, —3] the computed values of @i,(z) behave like a constant. More
precisely, we have found @y, (2) = 871.6833. .. for A%(¢) = —¢7 and @i, (2) = 1.000832. .. 10°
for A2(¢) = —¢?, which agree with the results for @(h) given in (4.10) and (4.11).

5. Formal solutions of the inner equation. In this section we prove the existence of
formal solutions of the inner equation (3.3). The proof of the existence of formal solutions
of (3.4) follows the same procedure. Hence, we skip it.

We start by defining the spaces to which these formal solutions belong. For n € N and

r(n—1) =2, we define
CL € (C},

Z Ck—1
without constant term, and, if n = 2m — 1, m > 2,

k>1
Ck,j S (C},

where [z] denotes the integer part of x, the space of formal power series in =" and log z, with
the power of log z bounded by the power of ™", without constant term.

We will say that ¢ = O, with k& € N, if and only if 2*"¢ € C[[z""]] is a power series
with terms 277" for j > 0. We will also use Oy, ; in X8 with k € N, j € NU {0}, meaning
that ¢ = O, ; implies that 2*"(log 2) $(z) is a formal power series with terms of the form
2 ¥ logl 2, with k¥ > 0 and j/ > —j such that j/ < 0 whenever ¥ = 0. We keep both
notations in order to emphasize that O, is a series without logarithms, while O, is a series
whose leading term does not have logarithms.

We collect several properties of these spaces in the following lemma, whose proof is straight-
forward.

Lemma 5.1. Let n > 2, r = 2/(n — 1), and g be an analytic function around the origin
with g(y) = Ay* + O(y**1) for some £ € NU{0}. The spaces X, for n even, and X8 forn
odd, have the following properties:

1. X, and X% gre invariant by the formal differential operator g—;. Furthermore, if

¢ € X% (resp., X, ), then g—;qb(z) = 27 2)(2) with ¥ € X% (resp., X,).
2. If #(2) = az™" + d(2), with ¢ = Ogj, 0 < § < [1/(m — 1)] (resp., Oa.), then
g(az"" + ¢(2)) = Aa'z"" + ¢(2), with o = Ogyryr; (resp, Ogyyy)-
Moreover, in the case n = 2m—1, X198 is also invariant by translation; that is, if p(z) € Xiog,
then ¢(z —c) € X8 for any c € C. In the case n = 2m, if ¢ € X, then (2 —c) € X, s.
We recall the function g(y) = y™ — G(y). We remark that, since the operator A% can be
written formally as

the space of formal power series in z="

that is, » = 1/(m — 1), then

j
(5.2) X8 = {¢(Z) => ) Ck—lvijgTZ

F2losi< =]

10 0? 1 ot
(5.3) A2¢(z) = 4sinh? <§ £> o(z) = (@ + 1294 + - > o(2),
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item 1 in Lemma 5.1 implies that the inner equation (3.3) is well defined in X, and X8, We
introduce

(5.4) e(¢) = A%(¢) — g(9).

It is clear that e(¢)(z) = z272¢(z) with é € X,% (resp., X,.).

The next lemma follows directly from the definition of X8,

Lemma 5.2. Letn =2m—1,r=1/(m—1), ¢ € X0, and €(¢) be as in (5.4). If 2%¢(4)(2)
has no terms of order N or smaller in z=" (that is, no terms of the form z=*"log z, with
1<k <N), then e(¢p) = Ony1)r42,1, where L = [N/(m — 1)].

Definition 5.3. Let n > 2, N € N, r = 2/(n — 1), and ¢ € X, or X,°5. We will call
truncated series of order N of ¢ to ¢n having the following form:

1. Ifn is even,

N
7 Ck—1
ng(z) - Z skr
k=1
2. If n=2m — 1 is odd,
m—1 c N 1
~ 1 .
B SE=TS SR SR N
k=1 k=m OS]S[%]

Throughout the proof of Proposition 3.2, we will need to compute several times the formal
series g(¢ + 1¥) — g(¢), with different ¢ and . The following lemma, which follows from the
properties in Lemma 5.1, summarizes the result.

Lemma 5.4. Letn > 2, r=2/(n—1), N>2, N €N, and ¢ € X, or Xle e define
YN = ¢N — dn_1, where dn and dn_1 are the truncated series of order N and N — 1,
respectively. We have the following:

1. Ifn is even,

n—1

906N (2)) = 9(On-1()) = ~n g () + Oy
2. If n=2m —1 is odd, writing L = [N/(m — 1)],

n—1

96N (2)) = 9(On-1(2)) = ~n gt (=) + Oy

The following proposition implies the existence of a formal solution of the inner equa-
tion (3.3) and hence Proposition 3.2.

Proposition 5.5. Let n > 2, r = 2/(n — 1), and co be such that ¢i~' = —r(r +1). The
inner equation (3.3) admits a formal solution ¢ with 2" (p(z) — coz™") € X, if n is even, and
2 (p(2) — coz") € X,%8 if n is odd.

Let N > 2 and QNSN be the truncated series defined as in Definition 5.3. Writing the
truncation error of order N as

en = e(on) = A%(dn) — g(dn),
where € was defined by (5.4), we have that
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L. if n > 2 us even, ey = O(ny1)r42;
2. ifn=2m—12>2is odd and L = [N/(m — 1)], then
(i) if 1< N <m—1, exy = Onyiyrt2
(11) me < N, EN = O(N+1)T’+2,L'
Proof. We deal first with 1. We prove the claim by induction over N. We start by assuming
N =1. Let ¢1(z) = coz~". By item 2 in Lemma 5.1 and using (5.3), we have that

@1(2) = A%(d1)(2) = 9(31()) = r(r + 1) 5+~ + Oy

The claim for N = 1 follows from the facts that r = 2/(n — 1), which implies O;,;1), = O2,12
and ¢! = —r(r +1).

Now we assume the claim for N — 1; that is, there exist coefficients ¢, 1 < k < N — 2,
such that QNSN_l satisfies

~ An_
en—1(2) = e(dn-1)(2) = % + O(N41)r42-

We look for (JNSN(Z) = QNSN_l(z) + en_12~ V" satisfying the claim. We have that

en(2) = en1(2) + A% (Tt) = g (dv-12) + St ) + 9(dn-1(2).

By item 1 of Lemma 5.4,

~ CN-1 7 08_1 CN-1
(5.5) g <¢N—1(Z) + W) —9(dn-1(2)) = NN Owt1yr+2-
Hence, using again (5.3),

An—1 CN—1
en(z) = N2 T AN Nz T ONt1yr+2s

where the coefficient Ay is

(5.6) AN = Nr(Nr+1) +ncf ™t = ﬁ (N— ”;rl> (N +n).

Clearly, the claim follows if Ay is different from 0, which is true since n is even and positive.
Now we assume n = 2m — 1, m > 2. The induction process from the previous case

can be used, provided that Ay # 0. This is true for N # m. Hence, the claim holds for

1< N <m—1. Let ¢p_1(2) = co/2" + -+ em_2/2™ D" be the corresponding function. It

satisfies

< Ap—
(5.7) em-1(2) = €(@m-1)(2) = 255 + Ofmsyrse-

Now we consider the case N = m. Since \,, = 0, this case cannot be dealt with as before.
We need to include logarithms in the formal series.
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Notice that, from (5.3),

logf_1 z

Zlcr+2

logf_2 z
Zlcr+2

+0(0—1) + Okryayp-

log* log*
(5.8) A2 ( ‘;if) = kr(kr + 1)% — 0(2kr + 1)

mnr

We look for <z~5m = QNSm_l—i—z/)m satisfying the claim, with ¢, (2) = cpm—1,127"" log 24+cm—1,02~
Hence we have that

€m = €m—1 t Az(wm) - g((gm—l + wm) + g(ém—l)-
From (5.8), we have that

mr(mr+1 1
(5.9) A2(¢m)(z) = (7)1%1(2) — (2m7‘ + 1)cm_1y1— + Omr+471,
P2 mrt2
while, from 2 in Lemma 5.4,

n—1

(5'10) g(ggm—l(z) + wm(z)) - g(‘l;m—l(z)) = _nCOzQ Q;[)m(z) + O(m+1)r+2,La

with L = [N/(m — 1)] = [m/(m — 1)].
Hence, substituting (5.9) and (5.10) into the expression for €, above, we obtain

Am 1
€m(2) = em-1(2) + ?Wn(z) — (2mr + 1)Cm—1,1w + O(m+1)r+2,La

where the coefficient Ay was introduced in (5.6) and, in fact, satisfies \,, = 0. Since €,,,_1(2) =
Ap_12m T2 4 Om+1)yr42 (see (5.7)), taking c—11 = Apm—1/(2mr + 1), we have that ¢,, =
O(m+1)r+2,.- Notice that the coefficient ¢,,—10 is free. Hence, the claim is proven for 1 <
N <m.

Now, proceeding by induction, the result is proven. [ ]

6. A solution of the inner equation. The goal of this section is to prove the existence of
a solution of the inner equation satisfying the properties stated in Theorem 3.3.
For any ~, p > 0, we recall the complex domains

D} ,={z€C:|lmz| > —qRez +p}, Dj,=-D ,

defined in (3.10) (see Figure 1). We also introduce the norms

lelis, = sup 6 (z)

zeDsyp

and the Banach spaces

Ay, ={¢: Dy5 — C such that [[¢]}7 , < +oo}.

We also define the functional space

Xltl,}cs,%p = {(10 : D}ylzls) — C such that @(z) = (log z)_k@(Z) c X;ﬁ,p ,
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and, if there is no danger of confusion, we will simply denote them

X, =X, X=X =

s o u,s
v,y,p? VJi','Y,P’ vyy,p? D’%p - D’%p‘

From now on we will denote by C' a generic positive constant independent of v, p,v. We
state (without proof) the following lemma, which will be used without mention throughout
this section.

Lemma 6.1. Let 0 < vq1,v9. For any p1 € X, and 3 € X,,,

0102 € Xy, and o1 02llvr s < |lp2lln - @11l -
Also there exists C > 0 such that if 0 < vy < vy and ¢ € X,,, then
peX, and |l <Cp o,
As in the previous section, we will denote by O, and O, a generic function belonging to
log .
A&, and X 7, respectively.
Theorem 3.3 is rephrased in terms of the Banach spaces X5 , in the following proposition.

Proposition 6.2. Given v > 0, there exists pg > 0 such that for any p > po the inner
equation (3.3) (polynomial case) or (3.4) (trigonometric case)

(6.1) A*(¢) = g()
have exactly two solutions ¢™° of the form
B = o+,

where ¢y is the truncated series of order n defined in (3.11), (3.12), and (3.13), depending on
the case we are dealing with, and ™ € X7, .
The properties of ¢y that we are interested in follow from Proposition 5.5.

Corollary 6.3. Let us consider the remainder of order n:

co = (o) = A*(do) — g(¢o),

where ¢g is the truncated series of order n defined in (3.11), (3.12), and (3.13).

For any ~v > 0 there exists pg big enough such that the following hold:

1. If n is even, ¢pg = coz™" + Oq,. in the polynomial case, and ¢g = glog(—rz_z) + O, in
the trigonometric one.

2. If n =2m —1 is odd, for the polynomial case ¢pg = coz™" + Oz + Omy1. Notice that,
since m > 2, in particular we also have that ¢o = coz™" + Og,1. In the trigonometric
case, we have that ¢y = glog(—rz_z) + Or + O@n—1)r,1, which also implies that ¢g =
Llog(—rz"2) + Op1.

3. For any value of n we have that €g € Xppi0.

The proof of Proposition 6.2 is performed in two steps. In section 6.1 we introduce a linear
equation which is close to the first order variational equation of (6.1) with respect to ¢¢. Such
linear equations can be easily inverted in the adequate Banach spaces. Finally, in section 6.2
we look for ¢ as a solution of a suitable fixed point equation.

From now on we will deal only with the —u— case, the —s— case being analogous. For
that reason we will omit —u— from our notation.
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6.1. The linearized inner equation. We introduce the function
(6.2) H(z)=(1+z1—-24+1-2"Y

for both cases, the polynomial and the trigonometric one with ¢ defined in (3.15). In this sec-
tion we are going to study the following linear homogeneous second order difference equation:

(6.3) A*(9)(z) = H(2)¢(2).

We recall that the Wronskian of two solutions, ¢1, @2, of a linear difference equation is
defined as ) »
¢1(2 P2(z
W(op1, z) =
(01, 82)(2) P1(z+1) ¢a(z+1)
In addition, on the one hand, (6.3) has the obvious solution 72(2) = 2%, and, on the other
hand, it is a well-known fact that 71 = b - 7y is a solution of (6.3) if and only if
1 1

Ab(z) = n2(2) - ma(z + 1) - Az +1)E

One can also deduce that W (ny,n2) = 1.
We will need a right inverse of the linear operator A defined in appropriate Banach spaces.
For this reason we introduce the formal operator

(6.4) AT R)(z) =) h(z — k).

k>1

We emphasize that we are dealing with the unstable case.
Lemma 6.4. Let o > 0. For any v > 0 there exists pg > 0 such that, for any p > po,
A7V X1 = Xanyp is a Tight inverse of the operator A defined in (3.1) with ||ATY] < C.
The proof of this lemma is straightforward and can be found in [18].
The first variational around ¢q of the inner equation (6.1) is given by

(6.5) A*(¢) = A%(¢) = Dg(¢o)9,

and we notice that

Dg(¢o) = { —n¢g " + DG(¢o), polynomial case,

—(n —1)e®=D 4 DG(e?)e®, trigonometric case.

By using the identities ¢ ' = —r(r+1) and nr = r+2, the fact that H(z) = ({—1){z~2+
O3, and Corollary 6.3, the result is as follows.

Lemma 6.5. For any v > 0 there exists py > 0 big enough such that the following hold:

1. The function H(z) satisfies H = Dg(¢pg) — A, with A € X412 if n # 3, and A € Xii_gm

if n = 3.
2. The function ny(z) = 2° is a solution of (6.3). Consequently, the function 1, defined
by
1
o
S DY ey ey G

is also an independent solution with W (ny,n2) = 1. By Lemma 6.4, 1 € Xp_1.
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We notice that property 1 of Lemma 6.5 implies that the linear equation (6.3) is a good
approximation of the first order variational with respect to ¢ given in (6.5).

Finally, as we will see in the lemma below, Lemma 6.5 allows us to invert the linear
operator L(¢)(z) = A%(¢)(2) — H(2)¢(2).

Lemma 6.6. For any v > 0 there exists pg > 0 such that for any p > po the operator
L(¢) = A*(¢) — H - ¢ has right inverse L'+ Xoi9, — Xanyp if @« > £ —1 and has the
exTPression

(6.6) L7Yh)y =m - A (g h) —mg - A7y - h).

Moreover, ||L71(h)||ay,p < Cllhllas+2,4.ps C being an independent constant of v, p.

Proof. We will omit v, p from the notation. On the one hand, 7,72 are independent
solutions of the homogeneous linear equation L£(¢) = 0, and hence, by the variation of con-
stants method, we obtain formula (6.6). On the other hand, if g € X 4o with o > ¢ — 1,
then 13 - g € Xpgo_¢ and 9y - g € Xpppy1, and by Lemma 6.4, n; - A~ (ny - g) € X, and
no - A7y - g) € Xa. The bound ||£71(g)||a < C|lgllat2 is obtained by a direct application of
Lemma 6.4. |

6.2. The fixed point equation. In this section we are going to prove Proposition 6.2
about the existence and properties of solutions of the inner equations (3.3) (polynomial case)
and (3.4) (trigonometric case),

A*(9) = —g(9),

of the form ¢ = ¢g + 1, with ¢y given by (3.11) (n even), (3.12) (n odd, polynomial case),
or (3.13) (n odd, trigonometric case).
We introduce

1
(6.7) co = —A%(do) + g(do), Rwo:¢{4zﬂm%+w¢xr—»dm

and we note that if ¢ = ¢y + v is a solution of the inner equation, then, by 1 of Lemma 6.5,
1) has to satisfy the second order difference equation given by

(6.8) N2() — H - = eg + A -9 + R(Y).

As we proved in Lemma 6.6, the linear operator £ has a right inverse in some adequate Banach
spaces. Using it, we will obtain a solution of (6.8) by using the fixed point equation given by

(6.9) Y =F@) =L ep) + LTHA-Y)+ Lo R().

Proposition 6.7. Let v > 0. There exists p1 > 0 big enough such that, for any p > p1, the
fized point equation (6.9) has a unique solution ¢ € X1 ,.

Proof. We first note that there exists pp > 0 such that £7!(ey) € X425, Since, by
Corollary 6.3, €9 € Xpq4.,p, if po is large enough. Let oo = 2”£_1(€0)”r+2mpo- During the
proof of this proposition we will denote by K a generic constant depending only on ¢, po,
and v, and we will omit the dependence on v and p in the Banach spaces and norms.

Let 11,199 € B(op) C Xr+2. We start by bounding the difference || F(¢1) — F(¢2)|r42.
By Lemma 6.5 we have, taking v, =0if n # 3, and v, =r/2 if n =3, that A € X0 4 p1»
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provided that p; is large enough. Henceforth, if ¢p € X190, A-¢ € Xopig—p,. Applying
Lemmas 6.1 and 6.6, we can easily check that

(6.10) I£7HA - (1 = ¥2))llr+2 < Cor "™ [ Allrra—u, - 01 = V2]l

Now we deal with R(¢1) — R(1p2). We recall that R was defined in (6.7). We notice that

1
Ritn) — R(n) = (43 — v2) /0 D2g(dy + Ain)(1 — ) dA
1
(6.11) Ty /0 (D290 + M) — D9l + Min))(1 — ) dA,

We first claim that, if A € [0,1] and z € D, ,, with p; big enough,
(6.12) |D?g(do(2) + M1 (2))] < Kl2|7" < K277,

where ¢ was defined in (3.15). Indeed, we deal first with the polynomial case. In this case, by
definition (3.5) of g, there exists a constant K such that |g(y)| < K|y|". Moreover, since g is
an analytic function, Cauchy’s theorem implies that if yo € D(0/2),

(6.13) ID%g(yo)| < Klyo| ™2 sup  |g(y)| < Klyo|" 2.
ly—yol|<|yo|/2

Also, since 11 € B(gg) C X,42, there exist constants 0 < K; < Ky and p; big enough,
Ki|z|™" < |¢o(2) + Mh1(2)] < Ka|z|™" < 0/2 for any A € [0,1], and z € D, ,,. Then, using
nr =1+ 2 and estimate (6.13),

[D?g(¢0(2) + Mpu(2))] < K|¢o(2) + Ma(2)[" 72 < K[|z 7™ = K277,

which proves bound (6.12) in the polynomial case. The trigonometric case is easier since
lg(y)| < K|e?™= 1|, and henceforth, a standard Cauchy estimate leads to bound (6.12). Hence,

if Y1, 2 € B(0o),
|D?g(¢0(2) + A(¥1(2))) - (WF(2) — ¥3(2))]| < Kl2| " (2) — ¢2(2)|.
Now we claim that, for A € [0,1] and v, 4 € B(go),
[D?g(¢0(2) + A(11(2))) = D*g(¢o(2) + A2 (2))]13 (2)] < K 2|7~ |ih1(2) — 1ha(2)].

Indeed, since g is an analytic function, D3¢ is bounded in D(p), and henceforth, for any
y1,92 € D(0), |D?g(y1) — D%g(y2)| < K|y1 — y2|, and the claim is proved, provided that p; is
large enough to ensure that for any z € D, ,,, ¥1(2),1%2(2) € D(o).

Finally by using the previous computations and formula (6.11), one obtains that R(¢1) —
R(¥2) € X6 U Xopqay4ry2 = Xrr6 C Apya and moreover

(6.14) [R(W1) — R(¥2)[lr+a < Clo| 2|1 — ¥2llr+2-
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Then, by Lemma 6.6, L~} (R(¢)1) — R(22)) € X, 12 and moreover

1L (R (1) = R(¥2))lrt2 < Clp| 2|11 — tolrsa-

Using this bound, (6.10), and definition (6.9) of the operator F, one has that, if p; is large
enough and p > p1,

IF (1) = F@2)llrs2 < Cor ™1 = olrsa < %ll% — allr42,

and hence F is contractive (we recall that r — v, > 0). Moreover, if ¢ € B(oo),

1
IFW)lr+2 < IFO)llr+2 + 1F0) = FW)llr+2 < leollr+2 + 51442 < o,

which ends the proof of the proposition. |

7. The difference ¢" — ¢°. By Proposition 6.2 the existence of two solutions ¢™° =
¢o + YP™° of the inner equation is proved. Let us write © = ¢" — ¢® and also introduce the
function

1
(7.1) E=- /0 (1= ND2g(6° + M@ — ¢°)) dA - (¢ — ¢°).

We recall that both ¢"* are solutions of the same nonlinear difference equation:
(7:2) A¥(¢) = —¢" + G(¢) = —9(0).
Consequently, the function © satisfies the linear difference equation
(7.3) A*(©) = (=Dg(¢%) + E) - ©.

Although we do not have a good representation of the difference © = ¢" — ¢°, by means of
Proposition 6.2 we already know that it is well defined and some not optimal bounds for © are
provided. This allows us to define a new linear equation (7.3) from which O is also a solution.
In conclusion, we will use © = ¢* — ¢° both as a known function (to define F(z)) and as an
unknown solution of the above linear equation.

The goal of this section is to prove that any analytic solution of (7.3) satisfying adequate
boundary conditions has to be exponentially small, that is, of O(e~?™#). In fact, as claimed
in Theorem 3.4, we will provide an exact formula for ©.

7.1. Notation. Given p,y > 0, let us recall the complex domain
E,,=Dj,ND; ,N{ze€C:Imz <0}\{z € C:[Rez| <1, [Imz| < p+17}
defined in (3.14) (see Figure 2).

For v, k € R, we also introduce the norms

1 _
lellvme = sup [27e(z)],  lellk,, = sup |2 (log 2)

z€by,p z€by,p

Fo(2),
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ip + iy

"z Im z

Figure 5. Path ~..

and the Banach spaces

Yorrp=A{: Byp = C such that [[pllu, < +oo},

yll,(’)fmp ={¢: E,, — C such that H(p”}ji’%p < 400l

If there is no danger of confusion, we will simply denote

1 1 1 1
Vo =Yoo - lv=1lorp Yk =Voknp I-lg =115,

Lemma 7.1. Let 0 < v1,v2. For any f € Y, and g € V,,, then f-g € Yy, 11, and

”f : g”l/1+1/2 < HfHVI : Hg”l/2'
Also, there exists a constant C' such that if 0 <1y <wvy and f € Yy,
fe€V and | fln < CP_(VQ_W)HJCHIQ'

As in previous sections, we will denote by O, and O, a generic function belonging to
log
va’YvP and yy,k,fy,p’

7.2. A right inverse of the operator A(¢)(z) = ¢(z 4+ 1) — ¢(z). In this section we
are going to construct a right inverse of the linear operator A,

(7.4) A(9)(2) = d(z +1) — ¢(2),

defined on functions belonging to yi‘f,f with v,k € R. We will follow the results introduced

respectively.

in [11] (which provide an explicit formula for A=1), and we also give useful properties of this
operator when it acts on yi"fL ke

We first notice that, since E, , is an open set, for any z € E, , there exists o(z) such that
{weC:|z—wl <20(z)} CE,, Asa consequence, the complex path v, = v! V42 (see

Figure 5),

() ={=ilp+ 71 —1t) +t(z—0(2)), t€[0,1)},
(7.5) V2(t) ={z —o(2) +it, teE (—o0,0]},
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is contained in the complex set £, ,.
Given h an analytic function and z € E, ,, we introduce the linear operators

(7.6) A:%hx@::/‘gggggjqdu and A;%hx@::/

V=

h(w)
1 — e—2mi(u—=2) du.
Proposition 7.2. Let v,k € R and v > 0. We define the linear operator

Al ATl ifv <o,
1 AT ifr>0
- .

There exists pg > 0 such that, for any p > po,

1. ifv#0, A7 yl‘fl,mp — yif’,jw is a right inverse of the operator A;
. o —1 . )log log . . .
2. ifv=0, A ": yl,kmp — y07k+1mp 18 a right inverse of the operator A.

Moreover, in both cases, there exists a positive constant C such that |A™|| < C.

Proof. Throughout this proof we will denote by K a generic constant depending only on ~
and v. We will omit v, pg, and p from our notation of the Banach spaces and norms.

We fix v € R, v > 0, fulfilling the hypotheses of Proposition 7.2 and pg < p big enough.
Let h € yi‘fl,k, and introduce ¢ = A~!(h). Our first observation is that ¢ is an analytic
function defined in E, ,. Indeed, for any oo > 0 we define the set

Qoo ={u€E,,:u—0ogcE,,}

We emphasize that E , = Uy >082s,. Moreover, we note that if z € Q,, we can take o(z) = o9
in the expression (7.6) of ¢(z). Henceforth, in order to deduce that ¢ is an analytic function
in Q4,, we have only to study the convergence of

h
/ O R—,
2 eF2mi(u—z) _ 1

To this end, we observe that |eT2m(2—2) — 1| > |eEt2nletrHImz| _ 1| and that |[h(72(2))] <
C(2)|t|7" log®(|t|) for some function C(z). Therefore, if v < 0 and t € (—oo, 0],

h ’Yg t it Zad ™ mz
|e27’ri(('yg—(z)))_’_1| < 2C(2)[t] 7 logk (J¢] )2 letimal)

and we are done for the case v < 0. The case v > 0 can be handled analogously.
Now we are going to check that A™! is a right inverse of the operator A. We take into
account that if z,z+1 € E, ,,

h(u)

eF2mi(u—z) _q du,

Aa@=$/

Yz+1—"7=

and therefore, since the only singularity of Th(u)/(eT2™(#=2) — 1) is u = z and it is a simple
pole with residue h(z)/2xi, we have that both ¢, are solutions of A(¢) = h defined in the
complex domain E, ,. Here we have proceed exactly as in [11].
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It remains only to prove that ¢ = A71(h) € yi",%, provided h € yi"fl w  We restrict

ourselves to the complex domain E%pr C E, , defined by
E%p/ =D} ,ND; ,N{z€C:lmz <0}

We notice that, if the following bounds are proved,

(7.7) |2 (log 2) *p(2)| < K|B% 4 2 € Eyprys i1 £0,
(7.8) (log 2)*'(2)| < KI5, 2 € Eypryy, v =0,

then the same statement holds for z € E, ,. Indeed, assume that bounds (7.7) and (7.8) are
satisfied, and let z € E%ID\E%W,. We have two cases, Rez < 0 and Rez > 0. On the one
hand, if Re < 0, it is clear that z + 1 € E%H’Y and that ¢(z) = p(z + 1) — h(z). On the
other hand, if Rez > 0, z—1 € E%pjw, and consequently ¢(z) = ¢(z — 1)+ h(z). In any case,
lp(2)] < |e(z £ 1) + |h(2)|. Here we have used that A(p) = h. Therefore, if v # 0, using
bound (7.7), we obtain

lp(2)] < KRN (12 £ 1 [log(= £ 1) + |27 Hlog 2*) < KAl || log =[*,

and the result is proved for v # 0. Analogously we check the result for v = 0.

The proof of bounds (7.7) and (7.8) is easy but requires tedious computations which will be
omitted here. Nevertheless, we point out that for any fixed z € E%pjw we can take o(z) = 1/2
in the definition (7.5) of .. [ ]

7.3. Two independent solutions of the linear equation (7.3). We recall that © = ¢"—¢*
satisfies (7.3):
(7.9) A% = (—Dg(¢°) + E)O.

The following lemma states the properties of £ that we will need. Its proof is completely
analogous to that of bound (6.12), provided ¢" — ¢* € Vrj24,p-

Lemma 7.3. Let v and p satisfy the conclusions of Proposition 6.2, and E be the function
defined in (7.1). We have that E € Yy 6_¢,p-

As we did in section 6.1, we split

—Dg(¢®) + E = H + M,

where H was defined in (6.3), M € YV,,o if n # 3, and M € y}ffm if n = 3. We rewrite (7.9)
as
A*©)-H-©=M-0.
A solution of the homogeneous equation A?(¢) = H - ¢ is 12(z) = 2°. The function

1
n2(z + 1)?72(2’)> € Vi

is another solution satisfying W (ny,n2) = 1.

m(z) =2fA~1 (
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By using these decompositions as well as Proposition 7.2 for the operator A~!, we can
obtain solutions of the nonhomogeneous linear equation A%(p) — H - ¢ = h.

Lemma 7.4. For any v > 0 there exists py > 0 large enough such that for any p > po the
operator L(p) = A?(¢) — H - ¢ has right inverse defined in E. -

(7.10) L7y =m A (g h) —n2- AN - h).

There exists C > 0 such that for any o € R and h € YVay2,,, we have the following:
L Ifa#{—1and a# —, then L7(h) € Var,p and [[L7HR)|lanq.p < Cllllat2,7.p-
2. If either a« = € —1 or a = —{, then L' (h) € y;‘j%mp and ||£_1(h)||f’g1mp <
Cllhllas2p-
The next lemma provides a fundamental system of solutions of the linear equation (7.9).
Lemma 7.5. Let v > 0. There exists py large enough such that, for any p > po, (7.9) has
two independent solutions, N1 and 12, satisfying

M (2) = 0:0°(2) +11(2), 1 € Vrtsm,ps

R Zé 1

_ N A1 log
m(2) = rde(2¢ — 1) Tha(), e yy’k’%pj
with v =min{r — 0,1 — 4}, k=0 1ifn#3, k=1 ifn =3, and dy defined in (3.15).

Proof. First we look for 7};. By construction, 0,¢° is a solution of the variational equation
A2%p = —Dg(¢*)p; therefore, the equation that 7} has to satisfy is

(7.11) A(p)—H-¢o=M-p+FE-09,¢°
We look for 7} by means of the fixed point equation
(7.12) p=LNE-0.0°) + LM - ).

We are interested in solutions belonging to ),13. It is enough to check that the norm of the
linear operator G : Vr13 — YVy43 defined by G(¢) = L7Y(M - ¢) is less than one. This fact
follows from Lemma 7.4 together with the facts that £ € V,16_¢, M € Vypio if n # 3, and
M e yl‘fm if n = 3. One easily then deduces that

(7.13) i = (1d—G) " (LTHE - 0:¢")) € Vrss

is a solution of (7.11).
Now we deal with the second solution of (7.9). We observe that, since 7; is a solution,
the function 7, = b - 7j; is also a solution of the linear equation (7.9) satisfying W (7y,72) = 1

if and only if b satisfies
1

N f]l (Z + 1)?71 (Z) '

By Proposition 6.2, 7, = 0,¢° + 01 = 0,¢0 + 9,9° + 71, where 0,4, 71 € YV, 3. Moreover,
using the definitions of dy, ¢ in (3.15) and Corollary 6.3, it is a direct computation to check
that b has to satisfy the linear equation

Ab)(2)

z2€—2

A(d)(2) = R

+5(2)
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with S € Y _9p3ifn=2,5¢€ y1°§£+3y1 ifn=3,and S €Y o959, if n > 3. We take

226—1

O e

and note that r2d§A(bo)(z) = 22672 + O_yy, 5. Henceforth, the difference by = b — by satisfies
an equation of the form

(7.14) A(by) = S(z),

with S € Y gpyz if n =2, 5 € y1°2g£+31 if n =3, and S € Y_ss424, if n > 3. Applying

Proposition 7.2, one has that (7.14) has a solution b; belonging to Y_gp19 if n = 2, y1°§,£+2 1

if n =3, and Y_9py14, if n > 3, and the result follows. [ ]

7.4. A final formula for ® = ¢" — ¢°. Since © is a solution of the linear homogenous
difference equation (7.9), the general theory allows us to write it as

(7.15) O(2) = p1(2)m(2) + p2(2)m2(2),

with 71,72 being two independent solutions of (7.9) and p1, p2 being 1-periodic analytic func-
tions in E, ,. Moreover, if W (ni,n2) = 1, the functions p; and py are determined by

(7.16) p1(2) =W(O,m2)(2),  pa(z) = —W(O,m)(2).

Lemma 7.6. Let v,p > 0, and n1,m2 be two independent solutions of the linear difference
equation (7.9) satisfying that W (ni,m2) =1 and that 1 € YVr11 and 12 € V4.
Then there exist coefficients p"f,p”zC (depending on 1y 2) such that

(717) — 771 Zpk’ 2mikz + ,’72 Zpk 27r1k:z
k<0 k<0

Proof. We first point out that we already know that © = ¢" — ¢° = " —¢° € V42,
provided that, by Theorem 3.3, "* € X,"%,. In addition, if h € Y, . then A(h) € Vyy1,2+,2p-
Indeed, standard arguments can be used to prove that if h € Y, ,, then 0.h € V,112,,2,
(see, for instance, [1]). Therefore, if 2,2+ 1 € Ea, 2,

1 1

1
|h(z +1) = h(z)| < ||3zh||u+1/ P < K0, h||1/+1| Gk

0 +t|u+1 —

Using the above property, that © € ),1 2, and formula (7.16) for pi, p2, one has that p; € )
and p2 € Vyr4+4. In particular, p;,ps — 0 as Imz — —oo, and since they are 1-periodic,

k 2mik o 2mik
= pie’™* pa(z) = ) phe’™*,
k<0 k<0

and the lemma is proved. [ |
We recall that the existence of independent solutions of the linear difference equation (7.9)
satisfying the hypotheses of Lemma 7.6 is guaranteed by Lemma 7.5. Hence Lemma 7.6 applied
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to 11,172 already gives an expression of © which is exponentially small. Among other things,
we have proved that there exist v, p > 0 such that

(7.18) €227 (2) = 6°(2))| < K, z€ By,

Nevertheless we have not proved Theorem 3.4 yet. We need to look for more suitable
independent solutions of (7.9) to apply Lemma 7.6.

Corollary 7.7. Let -y > 0. There exists pg > 0 big enough such that, for any p > po, (7.9)
has two fundamental solutions of the form

Ci(2) = 0:0°(2) + (i (),
4
G2(2) )(Z) +G(2),

- z
Corde(20 -1

with dy defined in (3.15) and (] satisfying

sup |21 €*T( (2)] < oo
z€Ey

.. . . it .
In addition, (3 € Vr—tq,p if n >3, (e Victqp if n=2, and (e yl"_ng if n=3.

Proof. As in the proof of Lemma 7.5, we write C% = (1 — 0,¢°. We note that C% satisfies
(7.11):
A%(1)(2) = H(2)¢1(2) = M(2)¢1 (2) + B(2)8:6°(2).

We write ((2) = *™#({(2), and we notice that ¢ has to satisfy the equation
(7.19) A%(Q)(2) = H(2)¢(2) = M(2)¢(2) + *™ E(2)0:¢°(2).

We introduce g (z) = e>™*E(2)0,¢°(z). We first claim that g € Y5_. Indeed, we note
that 0,¢° € Vy_1, and we recall that

1
(7.20) E(2) = —/0 (L= X)D%g(¢° + A(@" — %)) dA(¢" — ¢°).

The claim follows from the facts that, by (7.18), |z ~*™?(¢" — ¢°)| is bounded and, moreover,
|D%g(¢° + A(¢" — ¢°))| < K|z|*"* if 2 € E,, (which can be proved as in (6.12)).
It is clear that a particular solution ¢ of (7.19) is given by a solution of

¢ =L (o) +G(0),

where G(¢) = L~H(M - ¢).

First we observe that, by Lemma 7.4, the independent term £~ !(yg) € Y1_. Second we
check that (Id — G) is invertible in };_,. Let ¢» € V4. Since M € y§+2 for any n > 2, we
have that M -1 € Vatr—t; and consequently, by Lemma 7.4, G(¢) € Vigr—e and, moreover,

_r 1
G e < o™ 2IGW) sy < 75" Clllis < 5 llh—r
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This implies that the norm of the linear operator G : V1_y — YVi_¢ is less than one, and
therefore Id — G is invertible. To this end, we can write ( as

¢=(1d-6) (L (¢0)),

and we deduce that ¢ € Y1, and ||¢|l1_¢ < 2||£7 (o) |l1_¢, which implies the result for (;.
The existence and properties of (o follow from those for 75 in Lemma 7.5. |
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