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Abstract In this paper we study a beyond all orders phenomenon which appears in
the analytic unfoldings of the Hopf-zero singularity. It consists in the breakdown of
a two-dimensional heteroclinic surface which exists in the truncated normal form of
this singularity at any order. The results in this paper are twofold: on the one hand,
we give results for generic unfoldings which lead to sharp exponentially small upper
bounds of the difference between these manifolds. On the other hand, we provide
asymptotic formulas for this difference by means of the Melnikov function for some
non-generic unfoldings.

Keywords Exponentially small splitting - Hopf-zero bifurcation - Melnikov function -
Borel transform

Mathematics Subject Classification 34E10 - E4E15 - 37C29 - 37G99

1 Introduction

The Hopf-zero singularity (also called central singularity, Gavrilov—Guckenheimer or
fold-Hopf singularity) is any vector field X* : R3 — R3, having the origin as an
equilibrium point, and such that the linearization of X* at this point, DX™*(0), has
eigenvalues 0, +ia*, for some o* # 0. Equivalently, X*(0) = 0 and DX*(0) is
conjugated to
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This singularity has codimension two in the sense that it can be met by a generic fam-
ily of vector fields depending on at least two parameters. However, since D X*(0) has
zero trace, when one considers X* in the context of divergence-free vector fields, it has
codimension one. Following (Broer and Vegter 1984) we will refer to the divergence-
free case as the conservative case.

The generic families which meet the singularity X™* for some value of the param-
eters, which we assume is (0, 0), are called the versal unfoldings of the Hopf-zero
singularity. That is, they are families X, , of vector fields on R3 depending on two
parameters (i, v) € R2, such that X0.0 = X*, the vector field described above.

The unfoldings of this singularity, and the different behavior these families can
present, have been broadly studied (Takens 1973a,b, 1974; Guckenheimer 1981; Broer
and Vegter 1984; Freire et al. 2002; Dumortier and Ibafiez 1998; Champneys and Kirk
2004; Lamb et al. 2004; Gavrilov 1978, 1985; Gavrilov and Roshchin 1983; Gucken-
heimer and Holmes 1983; Dumortier et al. 2013; Kuznetsov 2004). The standard way
to proceed in the study of these unfoldings is as follows: first, one uses normal form
theory and, performing changes of variables, writes the vector field in the simplest
possible form up to some order. Then, one studies the effects of the non-symmetric
(higher-order terms) in the dynamics. In our case, following (Guckenheimer 1981),
we consider X, , a family of vector fields in R3 such that Xo.0 has the origin as an
equilibrium point with linear part (1). After the normal form procedure up to order
two, the vector field X, , in the new coordinates (x, y, z) takes the form

— =X(Bov— P12 +y (" +av +au+a3z) + O3(x, 3,2, 1, v)

dr

dy  _ N - - o

5 = (@ Faw faon+asz) £ 5 (Bov — /i2) + Os(%, 5, % v)

dz _ _ _ o
= R+ N2+ G+ 37 + yau? + yav? + yspv + O3(%, 3, Z, . v)

Note that the coefficients 1, y1, y» depend exclusively on the chosen singularity X*,
in fact only on its degree two jet. We also observe that the conservative setting is
obtained taking v = 0 and i = y; and imposing that the higher-order terms are
divergence free.

In Takens (1974) (see also Dumortier et al. 2013) it is seen that the generic conditions
B1 # 0,y # 0, and y» # 0, characterize a stratum of codimension two (dimension
one in the conservative case) in the space of germs of singularities of vector fields on
R3. We will assume them from now on. Moreover, the scaling z — y1z, allows us to
assume that y; = 1. In Takens (1974), Dumortier and Ibafiez (1998) the authors see
that there are six topological types of singularities of codimension two depending of
the choice of the parameters 81 # 0 and y» # 0 (see Figure 8.16 in Kuznetsov 2004).
In this paper we will deal with the Hopf-zero singularity corresponding to

B1 >0, >0, 2)
that we will denote, following (Dumortier et al. 2013), by H Z*.
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We will also assume the generic conditions Sy # 0, yo # O for the unfoldings
considered. Under these conditions, redefining the parameters, one can assume Sy =
yo = 1, obtaining:

v L _ o
E=x(v—ﬂlz)+y(a*+a1v+oezu+oe3z)+03(x,y,z,u, V)

dy _ _ _ _ _ o

d—? =X (a" + o +ap+0a3Z) + 5 (v - pi12) + O3, 3, Z, 1, v) )
dz _ _ _ -

T AT ZHmE+ )+ u’ 4 v+ ysuy + O3(F, 3, 2, 1, v)

and the conservative setting is obtained taking 81 = 1, v = 0 and imposing that the
higher-order terms are divergence free.

The versal unfoldings of the Hopf-zero singularity have been widely studied in
the past, see for example (Broer and Vegter 1984; Gavrilov 1978, 1985; Gavrilov
and Roshchin 1983; Guckenheimer 1981; Guckenheimer and Holmes 1983; Takens
1973a, 1974; Kuznetsov 2004). In these works, for generic singularities, depending
on the region in the parameter space where (i, v) belongs to, the qualitative behavior
of X,, , is studied. However, for the H Z*, there is one open region U in the parameter
space (see (5)) in which the behavior of X, ,, is not completely understood. These
unfoldings X, , are the candidates to possess chaotic behavior. In this work we study
these unfoldings and prove, as a direct consequence of our results, the existence of
heteroclinic transversal curves between two equilibrium points of X, ,, when (u, v)
belongs to a subset of this region U.

Let us to explain how this phenomenon is encountered in generic unfoldings X, ,
of HZ*.

Letus call X i the normal form of these unfoldings truncated at order two, that is,
system (3) neglecting the terms of degree equal or higher than three. In fact we also
neglect the second-order terms that only depend on the parameters w, v. This system
has a rotational symmetry and if we write it in cylindrical coordinates:

X=rcosh, y=rsinf, 7=12
it has the form:

dr _ _ do _ dz
— =r(v—-p12), —==ap+apu+av+asz, FH

-2 )
— 4
dr dr prEnr @

where og = ™.

The bifurcation diagram of system (4) has been studied by Guckenheimer (1981)
and Gavrilov (1978) (see also Guckenheimer and Holmes 1983; Dumortier et al. 2013
or Kuznetsov 2004 for a study of the normal form up to order three). We emphasize
some facts when f1, y» satisfy (2).

If © < 0, the system has no equilibrium points and the dynamics is known. At u = 0
the system has an equilibrium at the origin which bifurcates, for u > 0, in two equi-
librium points St = (0,0, £/w). For u > 0, the linearization DX i U(O 0, £/1)
has eigenvalues:
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AI—L:v¢ﬁ1ﬂ+i(ao+a1u+a2via3ﬁ), kzizkf, )\3i=:l:2\/ﬁ.

Therefore:
o if v > B1. /W, S’i is a repellor and 52 is a saddle-focus.
o if v < —B1 /1, S‘i is a saddle-focus and SZ is an attractor.
o if —B1 /1 <v < By, S‘i and S are saddle-focus.
The dynamics of X 12/«") as well as the one of X, ,, are well known in the first two cases.

In this paper we will focus in the last case, which presents the richest dynamics, and
we will take (1, v) € U, being

U={(u.v)eR*: >0, || <Bry/m}. )

The dynamics of X, , when (i, v) € U is studied in the previous references, but some
global phenomena still need to be completely understood. Let us give some details
about this problem.

When (i, v) € U, the truncated vector field Xzzw has Si as equilibrium points of
saddle-focus type connected by the heteroclinic orbit:

Wi={x=y=0, 2] =i} (6)

which consists on a branch of the one-dimensional unstable manifold of S’i that
coincides with a branch of the one-dimensional stable manifold of S2.

When v = 0, the two-dimensional stable manifold of S‘i also coincides with the
two-dimensional unstable manifold of §2, giving rise to a two-dimensional hetero-
clinic surface (see Fig. 1):

-2 Y2 o
g = . 7
" {Z " B+ i M} @

For v = 0 the system has a first integral in the general (both conservative and non-
conservative) case:

R _ - V2 _2>
HF,Z) =7 (—p+ 724+ 7).
"9 < g B1+1

When v # 0, the one-dimensional heteroclinic connection W persists, but this is not
the case of the two-dimensional heteroclinic surface. In this case the unstable manifold
of 2 and the stable manifold of S‘i do not coincide. More concretely, the intersection
of these manifolds with the plane z = 0 is two curves C", C* such that C" is inside
the interior of C® or viceversa depending on the sign of v. See (Guckenheimer 1981;
Kuznetsov 2004; Dumortier et al. 2013).

Let us consider X Z,v’ the truncation of the normal form up to order n > 3, which
is a polynomial of degree n. Then, denoting again the vector field in the new variables
by X .., one has:

Xpuw =X, +F,, where F (%,5,2) = Out1(X,¥,2, 1, v). (®)
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Fig. 1 Phase portrait of the z
vector field X, ,, for

(n,v) € T'y, forany n € N. In
red and blue, the one- and
two-dimensional heteroclinic
connections, respectively. The
domain bounded by the
two-dimensional heteroclinic
connection has size O(,/it)
(Color figure online) =

<

5™ (,v)

If (u,v) € U the truncation of the normal form XZ’V has again two saddle-focus
equilibrium points Si = (0,0, O(/i)) connected by a heteroclinic orbit contained
inr = 0.

However, it is known (Guckenheimer 1981; Kuznetsov 2004; Dumortier et al. 20 1_3)
that if we fix 0 = \/Lp # 0 and take & — 0T the two-dimensional manifolds of S’

do not intersect. Furthermore, when o = Lﬂ and p are small, scaling the system and
using classical perturbation methods one can see that the distance between the two-

dimensional invariant manifolds measured at their intersection with the plane z = 0
is of the form:

cw—}—cz,u—i—O( ﬁ) c1 #0, 9)

v 3/2
vV—, u’ v
NG

where ¢y, ¢2 depend on the degree three jet of X, ,. Therefore, if v is not of order wu,
this distance cannot be zero and the two-dimensional manifolds of S/} do not intersect.
Moreover, if the parameters (v, i) belong to a curve '), of the form:

Fn = {(M, V) celU :v= —§M+O(M3/2)} ’
2

one can ensure the existence of a two-dimensional heteroclinic surface (see again
Fig. 1) for any finite order n. Let us note here that, in contrast to what happens for
n = 2, the normal form X), , has a first integral only in the conservative case. For
this reason the heterochnlc surface exists for any value of the parameter p in the
conservative case. On the contrary, in the general case, if one takes the parameters
(u, v) small enough and away from the curve I, the two-dimensional stable and
unstable manifolds of the points S do not intersect.

Next, we consider the whole vector field X, , = X}, , + F; ,,. In Dumortier et al.
(2013), Kuznetsov (2004), it is shown that:
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+(1sv)

WS4 ()

I

Lo ST >

W(S_ ()

=

S_(p,v)

(a)

Fig. 2 The distance between the invariant manifolds. a The distance d™S(i,v) between the one-
dimensional invariant manifolds of S4 (i, v) and S—(u, v). b The two-dimensional invariant manifolds of
S+ (u, v) and S—(u, v) until they reach the plane z = 0

e It also has two equilibrium points S+ = (0,0, O(/1t)), which also are of saddle-
focus type if (u, v) € U are small enough.

e The one-dimensional invariant manifolds of the equilibrium points S, (s, v) and
S_ (u, v) generically split. Indeed, in Baldomé and Seara (2006) and Baldoma
et al. (2013) an asymptotic formula for the distance between these manifolds,
which turns out to be exponentially small in ,/u, was obtained. In the former
work the conservative setting for some non-generic unfoldings was considered
and the generic case in both the conservative and the general setting was studied
in the latter (see Fig. 2a).

e The behavior of the two-dimensional invariant manifolds is more involved. Recall
that X, , = XZ’U + Fl’}!v, and the remainder Fﬁ’v, isof order O, 41 (%, ¥y, Z, L, V).
Moreover, as the points and its manifolds until they meet the plane z = 0 are inside
adomain in R? of size O(/w), inthisregion we have: ) (X, ¥, 2) = Opt1(/10).
Therefore, the distance between the manifolds is given again by (9) and conse-
quently, when |v| # O(u), they do not intersect.

After these considerations the relative position the two-dimensional stable and
unstable manifolds of the points Sy is known, except when |[v| = O(u). For this
reason, we will study the distance between them when

v <o*u,  (u,v)elU (10)

for any given constant o*.

In particular, when (u, v) are close to I';, (or for any sufficiently small p in the
conservative case) the heteroclinic connections that exist for X7, |, will be generically
destroyed in X, ,,. Obviously, the breakdown of these heteroclinic connections cannot
be detected in the truncation of the normal form at any finite order and therefore, as it
is usually called, it is a phenomenon beyond all orders.

Since X,» = X}, , + F}; . cither in the conservative case or in the general case
when (u, v) are close to I';, the breakdown of the heteroclinic connections must be
caused by the remainder F;’Z,w which is of order F,’L”U()E, ¥,2) = Ouy1 (J10). As this
is valid for all n, the distance between the invariant manifolds should be smaller than
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Fig. 3 The intersection between =0 Yy
the invariant manifolds and the
plane z = 0, and the distance
D™S$(0, i, v) between them

WU (S_(p,v))

any finite power of the perturbation parameter ,/iut. For this reason, one expects this
distance to be exponentially small in ,/z when the analytic case is considered. Note
that, in the general case (that is, when two parameters are considered) one expects to
find a curve I', such that the distance between the two-dimensional invariant manifolds
is exponentially small when (i, v) € I'y. In fact, we will prove the existence of a
wedge-shaped domain W™ (see Fig. 4) around I such that, when (i, v) € W"5, this
distance is exponentially small and the two-dimensional invariant manifolds intersect
transversally along two heteroclinic curves (see Theorem 1.1 and Corollary 1.3).

Let D"3(0, W, v) be the distance between the two-dimensional invariant manifolds
of the equilibrium points Si (u, v) at the plane 7 = 0 (see Figs. 2b, 3). Our final goal
is to provide asymptotic formulas for this quantity. However, due to the technical com-
plications to deal with this exponentially small phenomenon, we have split the whole
proof in two papers; the present work and (Baldoma et al. 2016). In the former, we
provide asymptotic formulas for D"*(@, 1, v) when non-generic analytic unfoldings
are considered, whereas for generic unfoldings we provide sharp upper bounds. In the
latter we give the asymptotic formula in the generic case. It is worth mentioning that
all the proofs in this work are also true for the generic case and therefore, in Baldoma
et al. (2016), some results derived in this work will be used.

1.1 The Regular Versus the Singular Case: Main Result

As it is well known by experts in the field, in order to obtain asymptotic formulas for
the breakdown of the two-dimensional invariant manifolds of Sy (¢, v) and S_(y, v),
one needs to obtain suitable parameterizations of these invariant manifolds not only
on real domains, but also over complex ones. These domains need to be O(,/i1)—close
to the singularities of the corresponding heteroclinic connection of the unperturbed
system X i’v in (4). We recall that the one-dimensional heteroclinic connection W;
in (6) exists for any (i, v). However, the two-dimensional one W in (7) only exists
when v = 0. Let us notice that the heteroclinic surface W, can be parameterized by
(, 0) (in cylindric coordinates), by:
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f:f(n@):\/ﬁm;,
o_s y2  cosh (Bi7) CeR Be2m. (D)
z=2Z(t,0) = /mtanh (By1),

Observe that (¥ (r,/11), 0(/1v), 2(t /1)) is solution of (4), with 6(r) = 6y + (o +
al,u)\/Lﬁ + & log cosh(Bi 1), for arbitrary 6.

Clearly this parameterization has singularities at 81f = =ix /2. Far from these
singularities, we will find parameterizations of the invariant manifolds for X, , which
are well approximated by the unperturbed heteroclinic connection (11), but this will
not be the case close to the singularities. This yields some technical difficulties.

A good way to start the study of the invariant manifolds in these complex domains
is considering smaller perturbations of the vector field X[ZL,V' Recall that X, , =

/ vt P2 v+ F 2, where Pi,v contains the degree two terms in the parameters p, v
in (3) and FM’U = (’)3 (x,y, 7, u, v). Weintroduce a new parameter g > 0 and consider

the following (artificial) vector field,
X5 = X0, + (WP + FL). (12)

Clearly, for ¢ = 0 we recover (8), while for ¢ > 0 the perturbation terms are smaller
than those in (8). We call the case g > 0 the regular case, while ¢ = 0 is the singular
one which represents a generic family of unfoldings of HZ*.

Imposing the condition ¢ > 0, one can see that the heteroclinic connections of the
unperturbed system X ;21,v give good approximations of the invariant manifolds, even
close to their singularities. The asymptotic formulas measuring the breakdown of the
heteroclinic surface in this case consist on suitable versions of the so-called Melnikov
integrals (see Guckenheimer and Holmes 1983; Mel’nikov 1963). Thus, one can start
studying the regular case to gain some intuition without getting lost with technical
problems and, after that, one can proceed with the singular case. This is what we
have done in the present paper. Notice that in the general case we take the parameters
satisfying |v| < 0*(ﬁ)q+2, (., v) € U which gives condition (10) when g = 0.

More precisely we have proven:

reg

Theorem 1.1 Consider a Hopf-zero singularity HZ* and X ., as in (12) withq > 0.
There exlsts wo > O0suchthatif 0 < u < po and (u,v) € U deﬁned in (5), the vector
field X *, has two equilibrium points S+ (., v) of saddle-focus type of the form

S, 1) = (0,0, £/70) + 0> + )T

In addition, S‘+ has a two-dimensional stable manifold and S_ has a two-dimensional
unstable manifold.

Foranyu € R and 0 € [0,2n], let D%S(u, 0, W, V) (DY5(u, 0, W) in the con-
servative case) be the distance between the two-dimensional unstable manifold of
S_(u, v) and the two-dimensional stable manifold of S (i, v) when they meet the
plane 7 = ,/utanh(B1u) (see (11)).
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Then, there exist constants Cy, Cy (see their formula in Theorem 2.5) and L (see
its formula in Remark 5.7) in such a way that, given Ty > 0, for allu € [—To, To] and
0 € S!, introducing the function:

- apu
B (u, 1) = % + ﬁ— [3 log cosh(B1ue) — (3 + o Lo(/12)7) log /iz] .
the following holds:

1. In the conservative case, which corresponds to By = 1 and v =0, as u — 0,

_orm

DS, 0, 1) = \/%% cosh3(u)|:C1 cos (9 O, u))
+Cysin (6 + 5w, ) + O (V! + (Vi) }

2. In the general case, given o* > 0, for p — 0% and |v| < o*(Jw)?*2, there
exists Co = Co(u, v) given by:

Cota v) =1 +J (VT2 + 0 (/™) (13)

where J, I # 0 are constants defined in (92) and (90), such that:

D™ (u, 0, pn,v) = //31)3- T coshH_%(,Blu) {Co (1 + O((ﬁ)q+l, %))

apT

eizﬂlx/ﬁ

+ Cosin (6+ 9w ) + O (W + (/) ]}

[Cl cos (9 + O (u, M))

In addition, there exists a curve
J
r,= {w, MeU tv=vl(/m =T/ + O(ﬂ"“)}

such that for all 0 < u < o one has:
Co = Co(p. 1Y (/1) = 0.

Remark 1.2 Notice that, if we take ¢ = 0 in Theorem 1.1, the relative error terms are
not small but O(1) so our result provides sharp upper bounds even in this case. Later,
in Sect. 2.5 these upper bounds are proven in a different (and easier) way. To obtain
asymptotic formulas when g = 0, one needs to deal with the so-called inner equation
as it is done in Baldoma et al. (2016).
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Fig.4 The curve I'y and the
wedge-shaped domain W"-*
around it. For values of u, v
inside this open domain, X,y
has two transversal heteroclinic
orbits, whereas if u, v belongs
to {[v] < B1/m\WWYS there
are not heteroclinic intersections

WS = (i) < v < v ()}

Corollary 1.3 Take Ty > 0, and 0 < u < po. Consider the curve T'y given in
Theorem 1.1. Then, there exists a wedge-shaped domain W*% in the parameter plane
around this curve (see Fig. 4) such that, for (i, v) € WS, and for fixedu € [Ty, Tp],
the function D“*(u, 6, 1) is exponentially small and has two simple zeros which give
rise to two transversal heteroclinic orbits between the points S+ (., v). Moreover, for
(m,v) ¢ Wuws, [_)“’S(u, 0, 1) has no zeros and therefore the two-dimensional stable
and unstable manifolds of S+ (i, v) do not intersect.

A more accurate description of the wedge-shaped domain W"* in terms of the
parameters § = /i, 0 = \/Lﬁ is given in Corollary 2.17.

Proposition 1.4 Consider the set HZ* of the Hopf-zero singularities HZ*, with
B1,y2 > 0. Then,

1. Given HZ* € HZ* and Xff,gv as in (12) the constant C := Cy —iCy, where Cy, Ca
are given in Theorem 1.1, only depends on the chosen singularity HZ* € HZ*

2. Let A be the subset of HZ* such that, if HZ* € A, then the constant C # 0. Then
A is open and dense in HZ* with the supremum norm.

1.2 Exponentially Small Splitting of Invariant Manifolds

The formulas given in Theorem 1.1 prove that the breakdown of the heteroclinic
connection is exponentially small in the perturbation parameter /i when (u, v) € I'y
in the general case or in the conservative case. Therefore, this work deals with the
problem of the so-called exponentially small splitting of separatrices.

This problem was already considered by Poincaré in his famous work (Poincaré
1890). There he studied Hamiltonian systems with two and a half degrees of freedom
and realized that this phenomenon was responsible for the creation of chaotic behavior.
He considered a model which, after reduction, became the perturbed pendulum:

¥y =2usiny + 2pue cos y cost.
Poincaré developed an analytic tool, rediscovered by V.K. Melnikov 70 years later, to
prove that the splitting of the separatrices is exponentially small in x, provided that ¢

is smaller than some exponentially small quantity. Of course, this latter assumption is
enormously restrictive, but many years had to go by until it could be removed.
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When studying exponentially small phenomena, one cannot use classical per-
turbation methods. Over the last decades more sophisticated techniques have been
developed mainly for Hamiltonian systems and area-preserving maps. Indeed, this
problem was not studied from a rigorous point of view until the end of the 1980s and
during the 1990s. Neishtadt (1984) gave upper bounds for the splitting in Hamilto-
nian systems of one and a half and two degrees of freedom and Lazutkin (2003) (see
also Gelfreich 1999) was the first to give an asymptotic expression of the splitting
angle between the stable and unstable manifolds for the standard map.

After Lazutkin’s paper, some works gave bounds for the splitting for rapidly forced
systems and for area-preserving diffeomorphisms close to the identity (Holmes et al.
1988; Fontich and Simé 1990a, b).

Later on, asymptotic formulas for several examples were obtained. The first works
were (Kruskal and Segur 1991; Delshams and Seara 1992; Gelfreich 1994). After
these pioneering works, partial results for general Hamiltonian systems were given
in Delshams and Seara (1997), Gelfreich (1997a), Baldom4 and Fontich (2004), Bal-
doma and Fontich (2005). A new approach that has had much influence in posterior
studies of exponentially small splitting was introduced in Sauzin (2001), Lochak et al.
(2003). It is important to note that, besides (Lazutkin 2003) and (Kruskal and Segur
1991), all the examples cited above deal with the so-called regular case, in which some
artificial condition about the smallness of the perturbation is required. In this case the
Melnikov method gives the correct size of the splitting.

In the singular case one often has to study a certain equation independent of param-
eters, usually called the inner equation. There are a few works dealing with this kind
of equations in different settings, see (Gelfreich 1997b; Gelfreich and Sauzin 2001;
Olivé et al. 2003; Baldoma 2006; Baldoméa and Seara 2008; Baldoma and Martin
2012), but, besides the works of Lazutkin and Kruskal and Segur, there are very few
works with rigorous proofs in the singular case for Hamiltonian systems (see for
instance Treschev 1997; Gelfreich 2000; Guardia et al. 2010; Baldoma et al. 2012;
Guardia 2013) or conservative maps (Gelfreich and Brinnstrom 2008; Martin et al.
2011). Numerical results about the splitting in the Hamiltonian setting can be found
in Benseny and Olivé (1993), Gelfreich (1997b), for two-dimensional symplectic maps
in Delshams and Ramirez-Ros (1999), Gelfreich and Simé (2008), Simé and Vieiro
(2009), Miguel et al. (2013) and in Gelfreich et al. (2013) the splitting is computed for
two-dimensional manifolds in four-dimensional symplectic maps. Besides the previ-
ous works on either Hamiltonian systems or symplectic maps, (Lazaro Ochoa 2003)
deals with exponentially small splitting of separatrices in the reversible setting and
the work (Fontich 1995) gives results for dissipative perturbations of Hamiltonian
systems.

The exponentially small phenomenon can be encountered in several problems of
bifurcation theory. In Broer and Roussarie (2001), the authors prove that chaotic
dynamics near a degenerate fixed point, in quite general families of planar diffeo-
morphisms, is confined to, at most, an exponentially narrow horn in the parameter
space. A particular case is the Bodganov—Takens bifurcation. Numerical studies for
this bifurcation are done in Simé et al. (1991), Gelfreich and Naudot (2009), Gelfreich
(2003). The latter also provides heuristic arguments to derive an asymptotic formula
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for the size of the chaotic zone. A related paper is Gelfreich and Naudot (2008) where
the authors study a inner equation associated with the Bodganov-Takens bifurcation.

For Hamiltonian systems of two degrees of freedom, the analogous singularity to
the Hopf-zero singularity is the 0% w singularity, also called Hamiltonian—Hopf bifur-
cation. In Gaivao and Gelfreich (2011), the authors study this singularity combining
numerical and analytic techniques. The same singularity in the reversible case is con-
sidered in Lombardi (1999), Lombardi (2000) where the author proves the existence
of homoclinic connections for every periodic orbit exponentially close to the origin,
except the origin itself. We emphasize the paper (Jézéquel et al. 2016), where the
authors prove the same result considering homoclinic connections with several loops,
using geometric arguments.

For the Hopf-zero singularity in Baldom4 et al. (2013), an asymptotic formula to
measure the breakdown of the one-dimensional heteroclinic connection Wy in (6) is
proven in the singular case for any value of (¢, v) small enough both in the conservative
and the general case.

It is worth mentioning that here we do not deal with a Hamiltonian system, namely
we study a vector field in R3 whose flow might not be volume-preserving (since we
consider not only the conservative setting but also the general one) and it is not a
reversible system. For this reason, some new ideas had to be used in order to prove
the results found in this paper. We stress that, even if the general case may seem more
difficult, the freedom to choose the parameters in a suitable curve on the parameter
space where a relevant quantity, the constant Cy in Theorem 1.1, vanishes simplifies
the proof of this theorem. The same procedure has been used in Broer and Roussarie
(2001), Gelfreich (2003). However, in the conservative case, the volume-preserving
property of the vector field must be used to prove that this constant is zero for any
unfolding.

1.3 The Shilnikov Bifurcation and the Hopf-Zero Singularity

To finish this introduction, let us mention that we believe that our results can lead to
prove the existence of Shilnikov bifurcations, (Sil’nikov 1965), in suitable unfoldings
X .,v- Indeed, the existence of such Shilnikov bifurcations for C*° unfoldings of the
Hopf-zero singularity is studied in Broer and Vegter (1984). Doing the normal form
procedure up to order infinity and using Borel-Ritt’s theorem, the vector field X, ,, can
be decomposed as X, » = X, + F°,, where X °,, has the same phase portrait as the
vector field X}, descrlbed above (Fig. 1) and F] °° = F7°,(x, ¥, 2) is a flat function
at the origin. Thelr strategy consists in constructmg sultable perturbations p;;°,, which
are also flat functions, such that the heteroclinic connections of the family X°, are
destroyed and some homoclinic ones appear giving rise to the so-called Sh11n1k0v b1fur—
cation. Therefore, an existence theorem is given, but the results do not provide condi-
tions to check whether a concrete family X, ,, possesses or not a Shilnikov bifurcation.

The case of real analytic unfoldings of the singularity H Z* has been open since then.
It is possible that the strategy of Broer and Vegter can be adapted to the analytic case.
Of course one cannot consider flat perturbations, but suitable perturbations could be
constructed (although not straightforwardly) following (Broer and Tangerman 1986)
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and (Broer and Takens 1989). However, another strategy must be followed if given any
unfolding X, ,, one wants to determine whether it will or will not possess a sequence
of Shilnikov bifurcations. The key point, as in the C*° case, is to check if the given
unfolding X, , does not have the aforementioned heteroclinic connections.

Progress was made recently in Dumortier et al. (2013), where the authors prove
a result equivalent to that of Broer and Vegter (1984) in the real analytic context,
assuming some upper and lower bounds of the distance between the invariant manifolds
of S'+ (e, v) and S_ (., v). The authors assume, among other conditions, that the
heteroclinic connections are destroyed and quantitative information about the splitting
is required. Our work provides asymptotic formulas of the splitting of these invariant
manifolds which, as a consequence, allow to check if the corresponding assumptions
in Dumortier et al. (2013) are satisfied. We leave the complete proof of the existence
of Shilnikov bifurcations for a future work.

1.4 Plan of the Article

The paper is organized as follows. In Sect. 2, we expose the strategy we will follow
to prove Theorem 1.1 by enunciating, without proving, the main results we will need,
namely, i) existence of suitable parameterizations of the invariant manifolds in complex
domains, ii) derivation and computation of the Melnikov function, iii) expression,
in complex domains, for the difference between the invariant manifolds and iv) the
exponentially small formulas for the difference in real domains. After that, still in
Sect. 2, we prove Theorem 1.1 as a consequence of Theorem 2.14. We postpone all
the technical proofs to Sects. 3-5.

2 The Regular Case: Heuristics of the Proof

Let us first define the complex norm in C", ||¢ || = max{|¢q], . . ., |, |}. With this norm,
we will denote by B(r), the open ball of C" of radius » > 0 centered at the origin.
Following the same strategy as the one presented in Baldoma4 et al. (2013) and also
discussed in Sect. 1, which involves normal form changes, scalings and redefinitions
of parameters, we can write X ff,gu, in (12), in its normal form of order three, namely:
& s v —B12) + 5 (o + v +aop + a32) + (VW f (%, 5,2, 1, v),

dt

dy 545 ; 13(%, 5,2

5 — % ((x0+(x1v+a2M+OZ3Z)+)’(V_ﬂlz)+(\/ﬁ) g(x,y, Z, U, V)7 (14)
dz - =2 = h(%. 5.7

5 = RHEHnE )+ (DTRE T E ).

The functions f, g and & are analytic functions in B(7o)> x B(jio) x B(vp) C C3xC?,

LT ) = XARE 4 52,2, 1, v) + YBEE 4 52,2, 1, v) + O4(X, 5, 2, 1, v)
V) = YAGE 52,7, 0, v) — FBGE 4+ 52,7, wv) + Oa(F, 3,7, 1, v)

=

(%,
(
(F, 5,2, 1, v) = y3u? + yav? + ysiv + CGE* + 525, 2, 1, v) + Oa(F, 3, 2, 11, v)

Q1
=1
AR

)

il
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and A, B and C are functions satisfying:
XA, XB, JA, yB, C = O3(X, 3,2, jt, v),
when they are evaluated in their arguments.

Remark 2.1 In Baldoma et al. (2013) when the breakdown of the one-dimensional
heteroclinic connection was considered, we performed the normal form up to order
two. In this work we need to perform an additional step of the normal form procedure
for technical reasons which will be explained later on, see Sect. 4.1.1, even though
the terms of order three do not appear explicitly neither in our hypotheses nor in our
results.

In the remaining part of this section we give the main ideas of the proof of Theo-
rem 1.1. The rest of the paper is devoted to prove the results stated in this section. We
now summarize the subsections that can be found in this Section, each one consisting
in one step of the proof of Theorem 1.1 and Corollary 1.3. The first step, explained
in detail in Sect. 2.1, consists in scaling variables and introducing the new parameters
§= /o= 871w and calling p = ¢ — 2 as in Baldom4 et al. (2013). Still in this
preliminary section, we give a parameterization of the heteroclinic connection of the
unperturbed system which corresponds to the normal form of order two. In Sect. 2.2
we give parameterizations of the two-dimensional invariant manifolds adequate to
our purposes. In Sect. 2.3, we introduce and study the Melnikov function adapted
to this problem. This Melnikov function will be the dominant term in the difference
between the invariant manifolds. After that, in Sect. 2.4, we give some properties of
this difference which allows us, in Sect. 2.5, to give a sharp upper bound of this dif-
ference. Finally, in Sect. 2.6, we state and prove Theorem 2.14 which is equivalent to
Theorem 1.1 and Corollary 1.3.

2.1 Preliminary Considerations

This subsection is mainly devoted to fix notation and perform straightforward changes
of variables to put the vector field X,rf,gu, in (12), in a suitable way to work with.

Moreover, we also study what we call the unperturbed system.

2.1.1 Notation, Scalings and Set Up

We scale system (14) as in Baldomad et al. (2013), namely we define the new parameters
p, 8, o and rename the coefficients y», a3, B as:

p=q—2, 8=yu, oc=8"v, b=y, c=a3, d=p.
We also introduce the constant A3 from & given by

7(0,0,%,0,0) = h3z> + O@GY.
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In the new variables
x=08""% y=06"'5, z=6""248n3/2, 1=os1,

system (14) becomes:

d 82,8

d_: —x (0 —dg) + (¥ + cz) v+ 87 £(8x, 8y, 82, 8, 807),

d 82,8

d_f — <¥ + cz) x+y (o —dz) + 87g(sx, 8y, 82,8, 80), (15)
d

d—f — 14 b2+ 2) + 22+ 8Ph(Sx, 8y, 82, 8, 80),

where a(§2, §o0) = ap+aido +a8? withag # Oand f, g and h are the corresponding
ones to f, g and k. To shorten the notation, we write system (15) as

d
d—i =X(¢,8,0) = Xo(,8,0) +87X,(8¢, 8, 80), ¢ =(x,y,2). (16)

From now on, we will omit the dependence of o with respect to § and o.

Remark 2.2 Recall that b > 0, d > 0, The parameter § > 0 is small and |o| < d.
Without loss of generality, we assume that «g and ¢ are positive constants. In particular,
for § small enough, a(82, 80) will be also positive.

Since the functions f, g and & are real analytic, the same happens for X|. We call
B3(rg) x B(80) x B(op) C C3 x C? its analyticity domain.

2.1.2 Unperturbed System: 0 =0, X1 =0

Consider system (15) with 0 = 0, f = ¢ = h = 0. It is clear that it has rotational
symmetry. For our purposes it will be very useful to consider “symplectic” cylindric
coordinates:

x:@cosé, yzﬁsine, z7=2. a7n

The main reason is that this change of variables is volume-preserving. Therefore,
in the conservative case, after this change of variables the new vector field will be
conservative too. The unperturbed system writes out as:

a4 o _ PP VR (18)
a - Tt w T s T W T e

Since b > 0, the unperturbed system (18) has a two-dimensional heteroclinic manifold
connecting S (8,0) = (0,0, 1) and S_(5, 0) = (0, 0, —1) given by:

2br
d+1

{(r,z)eRz:—1+ +z2=0}.
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This manifold can be parameterized for + € R by the solutions of the unperturbed
system starting at time ¢ = 0 on the plane z = 0 and with angular variable 8 = 6y €
[0, 27r) by:

(d+1) 1
= Ro(t) := —_—, 19
g - 2b  cosh?(dr) (19
6 = Oo(t, o) := 6o — %z - §logc0sh(dt),
2 = Zo(t) = tanh(ds). (20)

Remark 2.3 For bounded |&|, with &€ = (x,y,z,1,0), f(§§), g(8&), h(6&) =
O(8%). Thus, using classical perturbation methods, one can easily see that the differ-
ence between the two-dimensional invariant manifolds is of order O (o) + O(§P13).
Therefore, if o is not of order 8773, this difference is not exponentially small in 3.
For this reason, in the rest of the paper we assume that 0| < ¢*8713, for some
constant o*, since the exponentially small case is the only one where the Shilnikov
phenomenon can occur, see (Dumortier et al. 2013).

Analogous considerations were done in the introduction for the generic case p =
—2 (see (10)).

From now on, we will omit the dependence of o with respect to § and o.

2.2 Local Parameterizations of the Invariant Manifolds

System (16) has two equilibrium points Sy (8, o) of saddle-focus type, see (Baldoma
et al. 2013) for instance, and also Lemma 4.1. The goal in this subsection is to provide
good parameterizations for the two-dimensional invariant manifolds associated with
S+(8,0).

It is useful to write system (16) in symplectic cylindric coordinates (17):

dr

5 =Y —do+ SPR(51, 0, 82,8, 80),

do

Y £ 5PG(r 0, 82, 5. 80), Q1)
dr )

dZ 2

i —142br +z° + 8PH(r, 0, 82, 8, 80),

where X; = (F, G, H) is defined as

2r cos® +/2rsin® 0

1 1

X1(6r,0,62,8,80) = [ —-sin J-cos0 0 [ X1(5¢,8,80)  (22)
0 0 1

being ¢ = (v/2r cosf, +/2r sinb, 7).
Let us explain how we construct good parameterizations of the invariant manifolds
which will be solutions of the same equation. The experts in the field know this is a key
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point to prove the exponential smallness of their difference. Due to the geometry of the
unperturbed system, it seems natural to write them as graphs over z and the angular
variable 0 (see Fig. 2). However, we will not do exactly that, but instead we will
introduce a new variable u defined by: u = Z; ! (z) = d”'atanh(z), or equivalently
7 = Zo(u) (recall that Zp was defined in (20)). The invariant manifolds in symplectic
polar coordinates will be parameterized by:

r=r"%u,0), z=2Zyu)), (23)

or in Cartesian coordinates

x = +/2r%s(u, ) cosb, y =+/2r"s(u, 0)sin6, z=Zou).

This method, being very useful for our purposes, has some drawbacks. For example,
it is obvious that z = Zo(u) — =£1 as u — =o00. Thus, if the z-component of the
equilibrium points S4 (8, o) is not equal to %1, respectively, these parameterizations
will not work for large values of |u|. Nevertheless, we will prove that these parame-
terizations exist for bounded values of u.

Now we give the invariance equation that the parameterizations r"* satisfy. To
simplify the notation, we introduce

X1(r)(u,0) = X1(8(Ro(u) + r(u,0)),0,8Zo(u),8,80), X, = (F,G, H) (24)

for a given function r (u, ). To avoid cumbersome notations, if there is no danger of
confusion, we will omit the dependence on variables (i, 6). Using this notation, the
parameterizations r"* have to satisfy the following PDE:

do du
—dpr + —

” % our =2(0c —dZo(w)r + 8" F(r — Ro(n)),

and, using Eq. (21) and that §* = d="(1 — Z3(u)) 1 4

—1+2br + 2} PH(r — R
(—‘;—cZO(M)-f—SpG(r—RO(M)))39r+( 20r 2 T O(M)))aur

d(1 — Z3(u))
=2(0 — dZy(u))r + 8P F(r — Ro(u)). (25)

Since it is reasonable to consider system (21) as a perturbation of the unperturbed
system (18) (o = 0 and X; = 0) studied in Sect. 2.1.2, we impose that r*5(u, ) =
Ro(u) + r"*(u, ), where Ry is given in (19). Using the relations

R((u) = —2dRo(u) Zo(u), —14+2bRy(u) + Z%(u) =d(l - Z(%(u)),
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and putting all terms which are either small or nonlinear in r}"* in the right-hand side
of the equality and the remaining terms in the left, Eq. (25) writes out as

L(ry) = F(r1), (26)

where £ and F are the differential operators defined by:

L(r) = (—5*‘01 - cZo(v)> dor + dur — 2Z0(u)r, 27)
d+1

F(r) =20 (Ro(m) +r)+ 8P F(r) + 7 Zo(u)H (r)

(28)

8P G()3er — <2br + 5pH(r)> "

d(1 — Z3 ()

We now define the complex domains in which ri”s (and therefore r"%) will be
defined. We first deal with the unstable case. We want these domains to be close to the
singularities of the heteroclinic connection of the unperturbed system (see (19)-(20))
closest to the real line. These are i%- Moreover, it will be convenient that these
domains have a triangular shape. To this aim, let 0 < 8 < 7/2 and «* > 0 be two
constants independent of § and o. Take k = «(8) any function satisfying that for
0<d<1:

K8 < k8 < - (29)
8d

Then we define the domain (see Fig. 5a):
v fyeC: Imul < = — k8 —tan BR (30)
e p = |V :Imv =54 K an fRev | .

We will split the domain D} 4 in two subsets. Let 7 > 0 be any constant independent
of B, k*, § and o. We introduce (see Fig. 5a):

u :{veD}{”ﬁ:Revf—T}, D,‘jyﬂ’Tz{veD,‘iﬁ :RevZ—T}.

K,B,00
Analogously, for the stable case we define (see Fig. 5b):
D;sc,,s = _Dll(l,fh Dz,ﬁ,oo = _D:lcl,ﬁ,oo’ D/sc,ﬂ,T = _D/l(l,ﬂ,T'
For any fixed real @ > 0, we also define the complex domains:

T, :={0 € C/2xZ) : Im6]| < w}. (€2))

The next result gives the main properties of the functions ril’s

Theorem 2.4 Let p > —2,0* > 0and 0 < B < 7/2 be any constants. There exist
k* > 1, 8% > 0, such that for all 0 < § < &%, if k = k(8) satisfies condition (29) and
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\ x - /
o onf |

u u DS S
H,B,OO Ry 7T 5 5 K',B7T K,,ﬁ,OO

“laa ] 17 %2a
/ u . \
K, K,

(@ (b)

Fig. 5 The outer domains D}{‘_ 8 and D; g Outer domain DIL(l 8 for the unstable case with subdomains

S
K,B,00

D}(" B.T and D/l(l, 00" b Outer domain DIS; 8 for the stable case with subdomains D,S(’ BT and D

lo| < 0*8P13, the unstable manifold of S_ (8, o) and the stable manifold of S+ (8, o)
are given, respectively, by:

", 0) = (2rS(u, ) cos 0, y/2r"S(u, 0) sin 6, Zo()), (u,0) € Dy 7 x Ty

with r**(u, 0) = Ro(u) + r;]’s(u, 0) and r;“ satisfying Eq. (26).
Let us introduce

nT(w) = aw F 8(cw F ed ' log(l 4 e=2)).

We decompose r\"* into r|"* = r\g’ + |}’ being

“ FO) (w,0 -8 (nT(w) — nT@w)))

Foo cosh% (dw)

u,s 2
rio (u, 0) = coshd (du) dw,

with F in (28) and we take — in the unstable case and + in the stable one.
Then, there exists M > 0 such that for all (u, 0) € DE;T x Ty

P, 0)] < M8P*3| cosh(du)| >

Irw, 0)] < M (52f’+"| cosh(du)| ™% + 8714 cosh(du)rl) ,

and.:
|9y (u, )] < M3 cosh(du)| ™, [3pr("*(u, 0)] < M8P*| cosh(du)| ™.

In addition, the function r|y is defined in the full domain DE;, x Ty.
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The proof of this Theorem can be found in Sect. 4.2. We stress that this result is also
valid in the singular case p = —2.

2.3 The Melnikov Function

Our final aim is to find an asymptotic formula of the difference A = r" —r® = r{' —rf.
Recall that by Theorem 2.4 we have:

A, 0) = rio(u, 0) — rig(u, 0) + i (u, 0) — ry; (u, ).

Theorem 2.4 suggests that |, and r}, are larger than r{; and r},. Hence, it is natural to
expect that the first order of the difference is given by the difference of these dominant
terms. That is, we expect that:

Au,0) = riy(u, 0) — ripu, 0) + h.o.t.

We will see that this approach is valid for p > —2, that is, for non-generic unfoldings.
We postpone the study of the case p = —2 to Baldoma et al. (2016), where we will
see that this assumption is not true.

Let us consider the difference r}‘o — rfo, which is 2 —periodic in 6, so that we can
write its Fourier series:

M(u,0) = rigu,0) — rigu,0) = > MU e (32)
1€Z

We introduce n(w) = aw + dcd~! log(cosh dw). We observe that, for real values of
u, w, n(w) —n) = nT(w) —nT(u), with nT introduced in Theorem 2.4. Therefore,
using the formula for " in the mentioned result, we have that

+o0 _s—1 _
M(u,@):cosh%(du)/ 7O (.0 =8 (nw) "(“)))dw, (33)

—00 cosh% (dw)

which is the Melnikov function adapted to this problem. As F(0)(u, 0) is periodic in
6, the coefficients M(u) for u € R are:

. +oo ,—ils™ n(w) £l
M () = coshi (du)el’ 1w / ¢ IO 4 @
—00 coshd (dw)
Moreover, from (34) it is clear that we can write series (32) as:
M (u. 6) = coshd (du) Z T(gl]eil(9+5*1au+cd*11ogcosh(du)), (35)

leZ
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where T([)” are the constants:

+oo ,—il( aw+ed™! log cosh(dw)) {11 ()
- [ O (36)

—00 cosh% (dw)

In addition MU (u) = coshi (du)ei! @~ ew+ed™ " logcoshid) 1]
In the following theorem we provide upper bounds for T([)l] for |I| > 2 and closed
formulas for T([)“ and T(%f Yin terms of the Borel transform of some functions depend-

ing on the perturbation terms. We also prove that (besides the average T(go]) they are the
dominant coefficients of M. To this purpose, we recall that given a function m(w, 6)
such that for some k € R can be written of the form m(w, 6) = 3", o m, (@) w" 1+,
with m,,, periodic in 6, we define its Borel transform m (¢, 0) as: B

é-l’H“l‘k

M, 0) =) ma®) T (37)

=0 + 1+ ik)

To avoid a cumbersome notation, we introduce

fd+1 fd+1
w(w,@):( %wcos@, %wsin@,—iw,0,0)

and ﬁ(w, 0) = cosOf(w(w,0)) + sinfg(w(w, #)) with f and g the perturbation
terms in system (15).

Theorem 2.5 Consider the 2m -periodic in 6 function

m(w, 6) = ‘/d%lw”%“‘a’ (F(w, 0) — g/%h(w(w, 9))) . (38)

Let (¢, 6) be its Borel transform as defined in (37) and mM its first Fourier coefficient.
Then, writing C = C; —iCy = %”iﬁ“] (%), C1,C eR,

11 ; C an C
T([)” _ T([) 1 _ 5p—%—tae—m (E + (’)(8)) .

Moreover, there exists a constant K such that:

2 an 3|l

‘T([)n‘ <Ko i SHW =2 (39)
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In conclusion, defining 9 (u, 8) = 8 'au + cd™! [log cosh(du) — log S]for uelk
and 0 € S one has that:

M(u,6) = coshﬁ(du)[r[o] (40)
,0) = 0

T oPie5E (cl cos(0 + 9w, 8)) + Ca sin(0 + O (u, §)) + 0(5))}.

The proof of this result can be found in Sect. 3.1.

Due to the exponential smallness of Tg], |I| > 1, the dominant term of the Melnikov
function for real values of u is its average T([)O]. We will give more details about this
coefficient in Sect. 2.6, Theorem 2.9.

Remark 2.6 An immediate corollary of Theorem 2.5 is Proposition 1.4. Indeed, on
the one hand, by its definition, the constant C depends only on the singularity H Z*.
On the other hand, C # 0 if and only if 72! ( ) # 0, which is a generic condition.

2.4 The Difference

In this section we study the difference A(u, 0) = r{'(u, 0) — r‘f(u, 0). We give only
the main result and some intuitive ideas of the proof. For all the details we refer the
reader to Sect. 5.

First, we find an equation for the difference A. To this aim, we subtract the PDEs (26)
for r}’ and rf, and then using the mean value theorem, we obtain an equation of the
following form:

(=87'a —cZo))d A+ 3y A — 2Zo(w) A
= Qo +1L,0)A+DLw,0)0,A+13(u,0)0gA. 41

Here the functions /1, I, I3 are “small” in the appropriate sense. More precisely, denot-
ing r;, = (r{' +r7)/2 4+ A(rj' — r})/2, the functions /; are:

1 !
ll(u,é)zg/ 8,F(rk)d)»+8p(d—+l)20(u)/ 3, H (r)dA
2/, 2 o
[ 0, G(ry)0gryd ) oy H (1)) 0,r.d
5 L (r2)9r )L_Ml——lg(u))/;l P H (r).)0ur.dA
b u S
- d(l——Z(z)(u))(aurl + 01y, (42)
b
I A | s e 4
h,0) = = s D - 2d(1_zo( ))f Hedh  (43)
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Fig. 6 The domain Dy g

u+\iﬁ:}5 K

\ﬂ\
/

UR

1
3(u,0) =— % [1 G(r;)dA. (44)

The precise meaning of “small” will be given in Lemma 5.2.

Recall that r{' and r} are defined, respectively, in the domains D} e BT X T, and
D? BT X T,. Thus, their difference will be defined in the intersection of these two
domams So, from now on we will consider (u, ) € D, g x T, where we define
Dy g as (see Fig. 6):

Dy g = D,‘(‘,ﬁ’r N Dz’ﬂ,T. (45)

Now, we study all the solutions of Eq. (41). First we notice that, by the so-called
method of variation of constants, every solution A of (41) can be written as:

A(u,0) = P(u,0)k(u,0), (46)

where P is a particular solution of this same equation satisfying P (u,0) # 0, and
k(u, 0) satisfies the associated homogeneous PDE:

(—8‘1(1 - cZo(u)) ok + 0,k = lr(u, 0)d,k + I3(u, 0)dpk. (47)
Let us now mention some properties of these functions k and P.

To study the function k& we shall rely on the form of Eq. (47). One of its main
features is that if £ is a particular solution of (47) such that (£(u, 6), 6) is injective in
Dy g x T, then any solution k of (47) can be written as:

k(u,0) = k(§(u. 0)),

for some function I;(r). As a consequence of (46) and of the above equality

Au,0) = P(u, 0)k(E(u, 0)) (48)
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with P a particular solution of (41) and & a particular solution of (47).
Since the functions /; are “small,” Eq. (47) is a perturbation of:

(-5—1a — CZo(u)> gk + 3k = 0.

A solution of this equation is given by &y(u, 0) = 0 + 57 lau + c¢d™! log cosh(du).
Then, we look for a solution of (47) of the form:

Ew,0) =0+ 6 'au + cd ' logcosh(du) + C(u, 0), (49)

where, as expected, C will be a “small” function.

Notice that, if the existence of & of the form (49) can be proven then the function
k(r) has to be 27 -periodic in its argument. Indeed, since k is 277 -periodic in 6 one has
that k(E (u,042m)) = k(.f (u, 0)). The claim follows from the fact that £ (u, 0 +27) =
E(w,0)+2m.

To study the particular solution P of (41) we note that, being o0 = O(8P*3) and ;
“small,” Eq. (41) is a perturbation of:

(—5—1a - cZo(u)> WA + A —2Zou)A = 0.

A solution of this equation is given by Py(u) = cosh?/4(du). Therefore, we look for
a particular solution of (41) of the form:

P(u, ) = cosh®4(du)(1 + Pi(u, 0)),
where P (u, #) will be “small.”
As a conclusion of all the previous considerations, one obtains the following result,

which characterizes the form of the difference A as well as the sizes of the functions
Py and C described above.

Theorem 2.7 Let p > —2 and || < §P136*. The difference A can be written as:
A(u,0) = P(u, 0)k(Eu, 0)) = cosh”(du)(1 + Py (u, )k, 0)),  (50)
where k(t) is a 2m —periodic function, the function & is a solution of (47) defined as:
Eu,0) =60 + 8 'au + cd” ' logcosh(du) + C(u, 0), (51)

and it is such that (§(u, 0), 0) is injective in Dy g x Ty,. In addition, P is a solution
of (41) and Py and C are real analytic functions, defined in D, g x T, such that:

1. There exist Ly € R and functions L(u) and x (u, 0) such that

C(u,0) = §"*2d " aLglogcosh(du) + aL(u) + x (u, 6), (52)
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where, for all (u,0) € Dy g x Ty:

8p+3

|L(u)| < M8PF2, |L'(w)| < M8P*2, |x(u, )| < ———,
| cosh(du)|

(53)

for some constant M. Lo and L(u) are determined by a finite number of Taylor
coefficients of the functions f, g and h appearing in (15). Formulas for Ly and
L(u) are given in Remark 5.7. Moreover, L(0) = 0, L(u) can be analytically
extended to Do g and it is well defined on the limit u — *im/(2d), u € Do g.

2. There exists a constant M such that for all (u,0) € Dy g x T,

M5p+3

Pi(u, )| < ——>
P Ol = T @]

(54)

Moreover, in the conservative case Py can be chosen as:

0,C(u,0) —Il3(u, )
8~ la+cZo(u) + 3(u,0)’

Pi(u,0) =

where I3(u, 0) is given by (44).
The proof of this result can be found in Sect. 5.

Remark 2.8 Notice that, if p = —2, the logarithmic term in the function C (see (52))
has the same size as the corresponding one in definition (51) of £. However, when
p > —2, the function C is indeed a perturbation term of order O(8” +2) log §|) over
complex values of u.

In fact, when p > —2, we do not need the exact form (52) of C, we only need to
know that |C(u, #)| < K8P*? when u € R which is easier to check. However, it is
mandatory in the generic case p = —2.

2.5 Sharp Upper Bound

Even though this is not the final goal of this work, which deals with asymptotic
expressions, in Proposition 2.12 of this section, we provide an upper bound for A (u, 0)
when u, @ € R. On the one hand, we will gain some intuition about the main problems
we will have to overcome, and on the other hand, some of the results proven in this
section will be used in the proof of Theorem 1.1.

A straightforward consequence of Theorem 2.7 is that:

Au, ) = cosh?%(du)(1 + Py(u, 0)) Z Y iEw.0) (55)
leZ

where P1~and & are given in Theorem 2.7 and Y1 the Fourier coefficients of the

function k(t), are unknown. They depend on § and o although we do not write it
explicitly.
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Now we are going to study separately the average Y%l in Theorem 2.9 (in fact this
result also deals with the average T(EO] of the Melnikov function) and the rest of the
Fourier coefficients Y,/ # 0 in Lemma 2.11. The sharp upper bound for A (u, 6) is
a straightforward consequence of these results.

Theorem 2.9 Let p > —2. Let Y% be the average of the function k(t), given in
Theorem 2.7, and T([)O] be the constant defined in (36).

1. In the conservative case, for all 0 < § < 8y one has:
Y=o, =0
2. In the general case, for all 0 < § < 8 and |o| < §PF3o*
O = v 0Pt Y =1 4578378, 0), (56)
being I # 0 independent of § and o and J=J+00) given in (90) and (91),

respectively.
In addition, there exists a curve

o =000 = —§5P+3 + 08P+
such that for all 0 < § < &g one has:
YO = yls, 602(8)) = 0.
Moreover, given constants ai, a; € R and a3 > 0, there exists a curve
0 = 0,(8) = 00(8) + O(6%e™ 7% (57)
such that for all 0 < § < &g one has:
YOI = Y015 5, (8)) = a8 75 .
Along these curves one has:
T = %6, 0.(8)) = 0P+,
For the proof of this theorem we refer the reader to Sect. 3.2. We stress that the

item 1 is standard in the usual scenarios of Hamiltonian or reversible vector fields and
symplectic maps. However, in our setting, the proof involves delicate arguments.

Remark 2.10 In the general case, let us now fix some constants af“ >0anda; <0
as in the previous theorem. Fix also a;' ,a, € Rand a; ,ay > 0. Define a:‘ (8) as
the curve of Theorem 2.9 corresponding to the constants afL, a; and a; ,and o, (6)
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Fig.7 The curve o = af 8)
and a wedge-shaped domain W
around it. Inside this domain, the
coefficient Y101 js exponentially
small

W= {07(9) <o < 07 (3)}

as the curve in of Theorem 2.9 corresponding to the constants a; , @, and ay . By (57)
one has that o (8) < Uf ) < a:‘ (8) for § sufficiently small. Define the domain:

W:i={0.0)eR?: 0. (8) <o <o) (5)

in the parameter plane. This domain is a wedge-shaped domain around Jf (8) (see
Fig. 7). Moreover, there exists §p > 0 such that forall 0 < § < ég and (8, o) € W, by
(56), the coefficient YI°/(§, o) is exponentially small. More precisely, let us denote
as = min{a, a; }. Define a; = a; and @, = a; if the minimum is achieved in a5,
otherwise we take a; = a; and a; = a, . Then:

TS, 0)| < |a@|8%2e~ 75 if 0<68<38y, (5,0)€eW.

Now we are going to deal with the Fourier coefficients Y1, with I # 0. From
expression (55) of A, one can see that Y/ are exponentially small with respect to §.
Indeed, as a first exploration, we can consider the case P = y = 0. This case can
give some insight since, as one can see from the bounds of P; and x given in (54)
and (53), respectively, they are “small” functions when we take large «. If we make
this simplification, using expression (55) of A:

A(u, 0) = cosh®4(du) Z L il (O+E )
leZ

with & (u) = 8o +d~" (¢ + 872 Lo) log cosh(du) + L (u) (see formula (51) of
& and take x = 0). Then we have that T!1¢!/§@) are the Fourier coefficients of the
function A(u, 6) cosh™2/d (du). In other words:

’T[l]‘_ e*ilé(u) /ZJT A(u,@)e*"le }
0

2 cosh?/4(du)
Au, 6)
cosh?/4(du)

< ‘e—iléw

su
0el0,27]

We note that this inequality is valid for allu € D, g = D, g1 D} BT In particular,
taking u = u4 = i(w/(2d) — «$§) forl < Oand u = u_ := —uy for! > 0 and
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using that the constant Ly € R and that Im logcosh(duy) = arg(cosh(duy)) = 0,
one obtains:

‘T[l]‘ < K(K(S)—Z/def(%fwcfallmL(ui)\)ll\ sup |A(us, 6)].
0€[0,2m]

Recalling that A = r! — r} and using that |r}"*(us, 6)| < M7k 3 by Theorem 2.4,
we obtain readily (renaming K):

sp—2/d

e*(%*ﬂtK*O(um L))l
T2/d :

x| < x
<K

In particular, there exists a constant K, independent of / such that:

8p—2/d
,3+2/d

oI
— T 4
e~ 2d5 ,

‘T[:tl]’ <K

and for |[| > 2:

SP=HA g
—3 3 de 2d5 4 s
K312/

] < &
where we have used that §|Im L(u4)| is arbitrarily small by bound (53) and condi-
tion (29) on k.

The following result, whose proof is postponed to Sect. 3, states that the same
exponentially small bounds hold when Pj(u, ) # 0 and x (u, 8) # O.

Lemma 2.11 Let YU [ € Z, 1 +# 0, be the coefficients appearing in expression (55)
of A. Take « as in Theorem 2.4. There exists a constant M, independent of k such
that:

sp—2/d
3+2/d

5P

o,
———e 254, I|>2
3+2/d =

‘T[il]‘ <M o~ Sk ‘T[z]‘ <M

As a consequence of this result we obtain the sharp upper bound:

Proposition 2.12 Let p > —2, k be as in Theorem 2.4 and |5| < 8¢. In the general
case we take |o| < §P30*. Let YO = YION(5, 8) be the constant provided by
Theorem 2.9. In the conservative case YOV = 0. Then, for real values of u and 9:

8[772/(:1 (05,4
| A, 0)] < cosh®(du) (IT[OJI + M s /demw) :
K

for some constant M.
Moreover; in the conservative case, or in the general case if we take the parameters
(8, 0) in a wedge-shaped domain VV around Uf (8) as in Remark 2.10, the distance
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between the manifolds is exponentially small. In particular, if we choose the parameters
aéc > «, aéﬁ > p —2/d, for (§,0) € W one has:

|A(u, 0)] < M cosh?9(du)sP~2/de™ 20,

for some constant M. The bound is also valid in the conservative case taking d = 1.

2.6 First Order of the Difference: End of the Proof of Theorem 1.1

In this section we provide Theorem 2.14 and Corollary 2.17. The former gives a first
order of the difference A (u, ) also studied in Theorem 2.7 and the latter a measure
of the domain where heteroclinic transversal intersections occur. Moreover, we will
give the proof of Theorem 1.1 and Corollary 1.3 as corollaries of Theorem 2.14 and
Corollary 2.17, respectively.

Recall that Y% is the average of the function 12(1) of Theorem 2.7. Since we want

to obtain (non-sharp) results also in the case p = —2, we define:
fo(r) = 01 4 Z ?(gl]eilr, ?(gl] _ T([)l]efilad*lL()aPH log3 (58)
10

where Ly € R is given in Theorem 2.7 and Tg] are the constants appearing in the
Fourier coefficients of the Melnikov function, defined in (36). Our candidate to be the
first order of the difference is:

Ao(u, 0) = cosh?4(du)(1 + Pi(u, 0))ko(€(u, 0)), (59)

with & defined in (51). We note that we have not chosen the average of ko to be
the coefficient T(EO] appearing in the average of the Melnikov function (as one might
expect) but Y01 the average of Ig(r) in Theorem 2.7.

The nextresult shows that Y= the Fourier coefficients of I;, are well approximated
by Y=, the Fourier coefficients of ko defined in (58). The proof of this Proposition
is done in Sect. 3.4.

Proposition 2.13 Let p > —2 and « a sufficiently large constant. Let Y pe the
Fourier coefficients of order =1 of k(t), in Theorem 2.7, and T([)ﬂ] the ones given
in (58). Then there exists a constant M such that:

+3-2
I ,?«([):I:l]‘ <M (Ilog/c|82(p+1—}l> N sP+3—3 ) o §(Bed).

2
K4+H K1+

el

where we assume that, in the general case, |o| < 8P13g,. Recall that d = 1 in the
conservative case

Now we can state the theorem which gives the asymptotic for the difference of the
invariant manifolds A = r{' — r{.
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Theorem 2.14 Let p > —2,and0 < § < §. Consider the functions m(w, 6), 9 (u, &)
andthe constants C1, Cp defined in Theorem2.5. In the general case take |o| < §7 g%,
Let Y1 = YN, 8) be the constant provided by Theorem 2.9. In the conservative
case recall that Y0 = 0.

There exists Ty > O such that for all u € [—Ty, To] and 6 € St

Au,0) = COSh%(du)T[0]<1 +0 <3p+3> )

4 8P~ coshi (du)e™ 55 [cl cos (9 + 9 (u, 8) — ad ' LosP 2 log 5)
+ Cysin (0 9w, 8) — ad™ L8P log 5) o (51’+2 n 53) ]

where we recall that d = 1 in the conservative case.

Remark 2.15 Even though this result is valid for p > —2, it only provides an asymp-
totic formula for A in the case p > —2. However, when p = —2, it gives an upper
bound which coincides with the one given in Proposition 2.12.

Remark 2.16 Observe that if we take the parameters (o, §) belonging to one of the
curves given in Theorem 2.9 with a3 > 0 we obtain that the distance A(u, ) =
O(e’ﬁ, e’%) and, therefore, it is exponentially small.

Proof Recalling definition (59) of A and the form (50) of A given in Theorem 2.7,
we can write: A(u, 0) = Ag(u, 0) + A1(u, 0), where

A1 (u, 8) = coshi (du)(1 + Py(u,6) Y (TU] _ Y(g”) AEWO 60y
1£0

First of all we note that since we are taking u € [—Tp, Tp] and 6 € S! we have
that all the functions are real and bounded. Then, using Proposition 2.13 to bound

(T[i” — ?([)ﬂ]>, Lemma 2.11 to bound | Y| and Theorem 2.5 to bound |?([)”| for
|I] > 2, we obtain

1 o
[A1(u,0)] = K <82(p+1_“) +8”+3‘5> e,

Again, we omit the explicit dependence on k. Since A has the size of the remainder
in the asymptotic expansion for A, we only need to deal with Ag.
Recall that by (58), f(gl] = T(g”e_”“dflLOst logd o that both have the same

modulus. Then, by the bounds obtained in Theorem 2.5 for the coefficients v ,I#£0
and using the expression (59) of Ag one has that

Ao(u, 6) =coshd (du)(1 + Py (u, 0)) [T[O] + 2Re (?g”efé(“»“)

+ O (5”_%6_%)] )
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Again, using formula for T(gl] in Theorem 2.5 as well as Theorem 2.7 for & one has
that

?(gl]eié(u,e) _ 81)7%67% (gei(9+aalu+glog(coshdu)c‘l[c+aLoaP+2]1oga) + O(5p+2))

and the result follows taking C; = Re (C), and C; = —Im (C), since by Theorem 2.7,
|P(u, 0)] < K8P*3 foru € R. O

Corollary 2.17 Take Ty > 0, and 0 < § < 8g. Consider the curve 03(8) given in
Theorem 2.9. Take the constants ali = :I:,/Cl2 + C% > 0, azi =p—2/d and a3jE =

o. Define 0’3: (8) as the curves in of Theorem 2.9 corresponding to these constants.
Consider the wedge-shaped domain around af (8) (see Fig.7):

W ={(6,0) eR?0 <8 <8 : 0, (8) <o <0 (8)}

in the parameter plane. Then, for (§,0) € W¥*, and for fixed u € [—Ty, Tp), the
Sfunction A*(0) = A(u, 0) is exponentially small and has two simple zeros which
give rise to two transversal heteroclinic orbits between the points S+(8, o). Moreover,
for (8,0) ¢ W+, A*(0) has no zeros and therefore the two-dimensional stable and
unstable manifolds of S+ (i, v) do not intersect.

Proof This corollary is an easy consequence of the implicit function theorem applied
to formula A(u, 6) = 0 given in Theorem 2.14 and using that, for (8, 0) € W*, one

has that
T < Je? 4+ 2 sP—ie 5,

Theorem 2.14 and Corollary 2.17 easily yield Theorem 1.1 and Corollary 1.3:

End of the proof of Theorem 1.1 and Corollary 1.3 We point out that A(u, 0) is not
the actual distance between the invariant manifolds, since we computed the difference
in “symplectic” cylindric coordinates. The actual distance is given by:

D, 0) = \[2(Row) + (0, 0)) = \/2(Ro(@) + r}(u, 0))

1

Using definition (19) of Ry(u) one obtains:

Du,0) =,/ d—li)— N cosh(du)A(u, 6) + O2(A(u, 9)).
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And using the results of Theorem 2.14 one obtains:

b
O cosha ! (du) {T[O] (1 + O, 5P+3)

+ Y P [Cl cos (9 + O, 8) —ad ' LysPt? log 8)

+ Casin (9 9, 8) — ad~1Los" 2 log 5) +o (5!’” n 53)]}

Where Y% is given in Theorem 2.9.

To obtain the formulas given in Theorem 1.1 and Corollary 1.3 we undo the change
of variables in Sect. 2.1, which gives l_)(u, 0) = /mD(u, 0), we take into account
the notation § = /i, o = s~y = v/J/i, b = y2,d = B and ¢ = a3 (so that
the conservative case is proven). The wedge-shaped domain W™ is the domain W*
expressed in terms of (u, v). O

The remaining part of this work includes the proofs of the above results. However,
these proofs are not exposed in the order provided in this section. We have preferred to
postpone the most technical but standard demonstrations to the end of this work and
give priority to the ones involving the exponentially small behavior of the difference
A(u, 0) and of the Melnikov function M (u, #) when u, 6 € R, namely, the results in
Sects. 2.3 and 2.6. As any expert in exponentially small phenomena knows, the results
for real values of u, 6 are consequence of the results for complex values. Therefore, we
will perform the proofs of the above-mentioned results, assuming that the result about
the existence of complex parameterizations (Theorem 2.4) and the general form of the
difference A(u, 0) for complex values of u (Theorem 2.7) hold true. We will do this
in Sect. 3. Then, we will proof Theorems 2.4 and 2.7 in Sects. 4 and 5, respectively.

All the constants that appear in the statements of the following results might depend
on §*, o* and «*, but never on 8, o and k. We assume that §* and o * are sufficiently
small, and «* is sufficiently large satisfying condition (29). Finally, to make formulas
shorter and avoid keeping track of constants that do not play any role in the proofs,
we will use K to denote any constant independent of the parameters §, o and k. These
conventions are valid for all the sections of this work. We shall not write the proofs that
are either for standard results or too technical and that do not provide any interesting
insight. For these proofs we refer the reader to Castejon (2015).

3 The Exponentially Small Behavior

We first begin with the results related to the exponentially small behavior for real
values of u. That is, Theorems 2.5 and 2.9 and Proposition 2.13.

3.1 The Melnikov Function: Proof of Theorem 2.5

Since for real values of (u, 6) the Melnikov function M (u, 0) € R (see (33) for its
definition), one has that T([)_l] = T([)l], where the coefficients Tg] were defined in (36).
Hence, we just compute Tg] with [ > 0.
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For C e Rand/, n, Q € N, we define the following integrals:

Jc _ /+oo e—a*‘aims sinh” (ds)

n,Q cosh@+1+iClll () ds, Q+1>n 1)

Let us denote by fykmn, ggkmn and hgrmn the Taylor coefficients of f, g and 4,
respectively, namely:

f(6x.8y.82.8.80) =D 87 > farmn(0)x"y"2", (62)

q=3 k+m+n<q

and analogously for g and h. In the following we shall write fyxm, instead of
Sqkmn(0), but of course these coefficients still depend on o. Note that one has
Sakmn = Jagkmn(0) + O(0) = fakmn(0) + O(8P13), since we just consider the case
lo| < o*sPt3.

Denote by a; [ . the [-th Fourier coefficient of the function cosk 6 sin™ 6. Recalling
definition (28) of JF, notation (24) and definition (22) of F and H, it can be seen that,
forl > 0, TO introduced in (36) writes out as:

1y =y 4+l (63)

with,

q 1 k+m+1

[l P [11 l,ed™!

Top =3 Z Z 8 qu’""( b ) Uity km g2
q=3 k+m+n=<q

00 ar1 k+m+1

Y q eTr- [71 led™!

Tog =29 Z Z 8% 8qkmn ( b ) D1 Dy mn 4201 (64)
q=3 k+m+n=<q

o a1 k+m-+2

M ep q a+1 [ ylecd™?

Yo =38 Z Z 8% hgkmn b kmln-‘,-l k+m+n+2d=1°
q=3 k+m+n=<q

belng ) € the integrals defined in (61). We are interested in bounding these integrals
for |I| > > 2:

Lemma 3.1 Let C be fixed. For any M > 0 there exist 8o, K > 0 satisfying that for
all0 < 8 < 8o, || =2, Q > 1andn such that Q + 1 > n, the following hold:

am 3|

‘ ’C) < KMQ25 Qe 50577 |
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Proof Take p > 0. Using Cauchy’s theorem, the integration path of the integrals Iég
can be changed to: s = s(t) := —% (% — p8) + 1, € (—00, 00). Then one obtains:

1"

n,

oo +oo ,—8 laill|t h" (ds (¢
C= e_Hm(ﬁ_P)/ ¢ sinh” (ds (1)) (65)
—00

COShQ+1+iCU|(ds([))
Since for z € C, |2+ HCI| > |7|@+1—IClarezl and | arg cosh(s(t))| < /2, then
| cosh @i CH (ds (1)) > | cosh @ (ds (1)) ]e 7113

Using this bound in expression (65) of IrllCQ and standard arguments, one can prove
that there exists K > 0 (which is also independent of p) such that

‘1132‘ < KO (p5) Qe §MI(F—p=ICI3).

n,
The proof is finished taking p sufficiently large and § sufficiently small. O

Our goal now will be to find an asymptotic formula for the integrals / ’iCQ with! =1,
which will dominate over the integrals with |/| > 2. First of all, we give a recurrence
that is valid for all / # 0. The proof follows integrating by parts.

Lemma 3.2 Let C be fixed. Then, foralll #0,n > 1and Q > Osuchthat Q+1 > n,
the following recurrence holds:

I,C — |l 1.c n—1 ¢
S =———__ph 1 :
nQ T ds(Q +icl) et T g vicy 2072

Now we summarize some properties of the Gamma function that will be needed
later on.

Lemma 3.3 Let z, A € C. Then:

L T@rE =IT@P.
2. (Stirling Formula) If | arg z| < m, then:

P2 0m) 11+ 0EY).

1
I'(z) = e*ze(Z 1)
3. Ifz =iy, y € R, then:

JT

riy)| = ——> .
= S 72

4. If|argz| < 7 and |A| < A* for some constant A*, then:

Fz+A) =T@z*A+0E").
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5. There exists a constant M > 3/2 and a function J(z, A) such that for all z € C
with |z| > 3, |argz| < w, and all A € R with A > 1, one has:

Tz +A4) =@ 1+, A)),
and |J (z, A)] < MT'(A).
Proof Every item above, except item 5, are standard facts, see for instance
in Abramowitz et al. (1964). To prove item 5, we use previous property for A* > 3

and after that we proceed by induction. See the details in Castejon (2015). O

Finally, we can give an asymptotic formula of Inlg

Lemma 3.4 Let C be fixed. Then for all Q > 1 and n > 0 such that Q + 1 > n one
has:

27 /o \ Q+iC (=i)* 0-1 o
1,¢ .
I = — | — RSP O 25 |,
e d (da) ro+ivio ((d8> ¢ )

where the O means uniformly on n, Q and C.

Proof We first deal with the case n = 0 and after that we will proceed by induction.
Performing the change of variables w = tanh(ds), one has that:

d(Q 1+1C) i la d(o— l+tC)+zS Ly
/ (1+ (1 —w) “dw.

Naming:
_d(Q+1+i0)+is
N 2d ’

we can rewrite the last equation (see for instance Abramowitz et al. 1964) as:

b=0Q+1+iC,

1! I'(b—aT
nga/(waﬂ”a—mwmwzﬁ”&hL—ﬂiﬂ
’ —1

I'(b) '
so that we can write:
Le o
e —p0+Cy-l____ £ r¢ .=r®-arl(a). 66
0.0 rQ+1+iC) o =T -alta) (66)

We now shall find an asymptotic expression for Fg. Let:
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sothat b —a = A+ z_ anda = A + z4+. We note that |argz4| = /2 < 7 and
that for sufficiently small § one has |z4| > 3. Then, by item 5 of Lemma 3.3 we have
Fg =I'(A 4+ z-)I'(A + z4+) and consequently:

g =stetreonco (e e w) (14 2o m)
=4 ATE )T (14 J(Z+,A) 1+Z J(z-, A) ),

with|J (z+, A)| < MT(A). Now we are going to give the asymptotic behavior of the
above expression. We have that:

A a o+ () @2c2s\F
Z+Z’_<ﬁ) <_ a? ) '

Feoren =27 (o) e Ha + 00,

1 1
(1 + Z—J(z+, A)) (1 + Z—J(zf, A)) =1+I'(Q+1 +1C)|e (’)(5) (67)
+ —

The first equality is straightforward from definition. The second one has to be proven
by using items 3 and 2 of Lemma 3.3. The third one is the most involved. Taking into
account that | J (z+, A)| < M|T'(A)|, A = (Q 4+ 1)/2 and that Q > 1, one checks that

1 1
’(1 + —J (24, A)) (1 +—J(z-, A)) —1
T4 Z—

On the one hand, for C = 0 it is clear that (68) yields (67). On the other hand, for
C # 0, we have that [I'(Q + 1 +iC)| = I'(Q + 1)|CT(iC)|. Thus, using item 3 of
Lemma 3.3 we obtain:

< KoT'(Q+1). (68)

IT(Q + 1 +iC)||sinh(x C)|'/? xIC|

re+1n= =IC)I72 <KT(Q+1+4i0)e™T . (69)

Equations (68) and (69) yield the last equality in (67).

Substituting the equalities in (67) in expression (66) of Ioly’g and using that |I"'(Q +
14+iC)| > K > 0 we obtain the result for n = 0.

Forn > 1 and Q + 1 > n we proceed by induction, using the recurrence of
Lemma 3.2. The important fact is that, in the recurrence for I l‘g, only the term

involving I 1 0-1 contributes to /,’ 1L.¢ bemg the other one smaller. O

End of the proof of Theorem 2.5 First we focus on T([)l]. We shall study T[ ! 7 appear-
ing in formula (63) of T(E” taking / = 1, the other two are done analogously. We
decompose T(E}]f into

Yok =710+ (70)

0.f
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where, following formula (64) of T(g,l}’

00 ar1 k+m+1
(1 _ [1] 1,ed™!
q=3 k+m+n=q

') ari k+m+1

[11 _ ¢p q [1] led™!

Yo =39 Z Z ) qumn( 5 ) Uy tm ) g2 (71)
q=3 k+m-+n<q

On the one hand, using Lemma 3.4 with C = cd~ ! and 0=q+ 2d~ L

k+m+1 0] )
d+1 . 24¢
27 2 ° Jakmn (\/ = ) (—i)"agyy oot
: C am
T(El(]) = T(Sl’—a—‘ae—m E —
’ +54i5 2 :C
q=3 km+n=q d7TaTaT (g + 1+ 3 +1ig)
k+m+1 0] )
d+1 —14+24i¢
00 qumn < Jbr > ak—i—l,maq +3tig

2
+ 8P a3 E
q=3 k+m-+n=q

0@)

da-1+3+§

k+m+1 | y e
s Friom ( %) (iyalll, | oS
=Tyl sy Y 2
24;¢ 2 .
B q=3 k+m+n=q detatiar (6] +1+ it lﬁ)
2 an

+0(5P+1—ae—m), (72)

where we have used that |a,£ ,Eljn
coefficients of the functions cos* @ sin™ 0), and we have assumed that the radius of
convergence of f is sufficiently large and thus second sum converges. To bound T(EH,

using again Lemma 3.4 with C = cd~! and Q = k + m 4+ n + 2d ™! it is easy to see
that:

1]

ml =< 1 for all kK and m (because a are Fourier

54 | pled™! ) < §a—Utmtn+3) (ﬁ)k+m+n+% 5
n,k—Q—m—i—n—Q—Zd’l - d .
Then, T(g}% in (71) can be bounded by:
|T(EIH < K(Spﬂ*ge*%, (73)

where again, we have assumed that the radius of convergence of f is sufficiently large.
Remark 3.5 We need to ensure that a point of the form « (xo, yo, 20, 0, 0) is in B(ro),

the ball of analyticity of f. For that, we note that, rescaling § = €4, we can consider
o = ex as small as we want.
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Using (72) and (73) in (70) we obtain an asymptotic expression for T([)}} and reasoning

analogously for the other sums appearing in formula (63) of Tgl] we obtain:
2

k+m+1 5
s C
( /d—l&;l) (—i)"aq+3+lﬁ
d Sp_i_lae_m Z Z

245¢ 2 .
=3 kbminmg A7TITAT (g + 1+ 3 +1)

[ _
TO

d+1

1 1 . 1
(et + ssmlhs = 55 sl )|
+0 (5[’“_%6_%)

Substituting f, g and & by their Taylor’s expansion (62) and using that taking the
two last variables in f equal to zero implies that the second sum in (62) is done
only over the terms k + m + n = g, we have that the function m defined in (38) in
Theorem 2.5 can be written as

o0 a1 k+m+1
m(uh@)=z Z <T) (_i)an+1+§+ig

q=3 k+m+n=q

. . Cjd+1
cosk 0 sin™ @ (qum,, €086 + ggkmn SINO — i Thqkmn> .

Therefore, using definition (37) of the Borel transform, a direct computation shows
the asymptotic expression of Tol given in Theorem 2.5 and we are done in this case.

To bound T[ for |I| > 2, we use formula (63) and the bound in Lemma 3.1 with
C =cd™!and Q =k +m+n+2d7! to obtain:

q 1 k+m+1
’T([)l]‘ < K(S”_He—% 3| Z Z Mk+m+n8q (k+m+n)< _l'; )
q=3 k+m+n=<q

d+
<|qumn“k+1 m| + |3qkmnak m+1| + \hqkmn“m )]

_2 _am 3l
< K§P de 205 4

where in the last inequality we have used that ¢ — (k +m + n) > 0 that f, g and &,
are analytic functions and that the constant M in Lemma 3.1 can be taken sufficiently
small so that the series is convergent.

Finally, to prove the asymptotic expression (40) of M (u, 0), we first take defini-
tion (35) of the Melnikov function and use bounds (39) of T([)l] with |[| > 2. Then, for
ueRand 6 €S, one has that:
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M(u,0) = coshd (du) [T([)O] + T(g]]e"w*‘sfl"‘“”dfl log cosh(du))

Using the asymptotic formulas for T(El] and T(g_l] and the fact that 778 = e~#a 1088
we obtain directly expression (40). O

3.2 The Average of the Difference: Proof of Theorem 2.9

Note that both, T([)O] and M1 () (in (36) and (34)) are defined by means of an integral
involving F 101(0) which from (28) turns out to be:

d+1

FON0) () = 20 Ro(u) + 87 (F (0N + 57 Zow)(HON.  (74)

In addition, from definition of F, G and H in (24),

(FO) = F @GRy ), 8Zo(). 8),  (HON® = HY G Ro(w), §Zo(u), 8)
with FI9 G and H the average of the functions F, G and H defined by (22).
3.2.1 The Conservative Case

In this subsection we shall prove that the coefficients Y and T(go] are zero in the
conservative case. In this setting we have d = 1 and 0 = 0. Whenever we refer to
previous formulas and expressions where these parameters appear, we shall substitute
them for these values directly.

Proposition 3.6 If the vector field (16) is conservative, T(SO] =0.

Proof We consider the system

d

d_: = —2rz + 8PF5r, 52, 8),

de o

& Y 457G sr 82, 5). 75
" 5 T (8, 8z, 9) (73)
dz

di' = —1+42br + 22 + 8"H (57, 82, 8).

As system (16) is conservative, system (75) is still conservative and one has:
3 F(sr, 82, 8) = —0,HO 5, 52, 8). (76)

Using (76) one can easily see that system (75) has the following first integral:

.
Ur,z) = —r + br? +rz% + 81’/ H (55, 82, 8)ds.
0
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Note that, using definition (36) of T[O], with F191(0) in (74), and property (76):

+o00 0] +o0
T _ / 70w 4, f L URyw), Zo(w))) dw.
—oco cosh”w —oo dw

Then, we have:
T = — lim [URo(1), Zo(0)) = URy(—1), Zo(—D)].

Noting that (Ro(£t?), Zo(£?)) — (0, £1) as t — =00 and that U/ (0, £1) = 0, we
obtain T([)O] =0. O

Now we will prove that Y% = 0. This proof is more involved and requires some
preliminary considerations. We shall use the fact that, in the conservative setting, the
two-dimensional invariant manifolds of S; and S_ always intersect. This can be seen

using standard arguments of volume preservation. Let us introduce some notation
concerning this intersection. We fix 6y € [0, 27) and consider the following plane:

Yy = {(x,y,2) € R3 : x sinfy — ycos by = 0}.
We define p; as the first common intersection of the two-dimensional invariant man-
ifolds of Sy and S_ contained in the section Xg,. This point p; is O(8P3)-close

to (}7 cos by, Ll;sin 6p, 0), which is the intersection of the heteroclinic surface with
>g, N {z = 0} in the unperturbed case. The orbit of p, namely:

Lpi={e:(p1), t € R}, (77)

where ¢; stands for the flow the vector field (15), is a heteroclinic orbit and for small
d it intersects many times the section Xg,. We define:

n=min{r > 0 : ¢/(p1) € Zgp}, p2 = @i (p1),
and:
n=min{t > : ¢;(p1) € Loy}, p3 = ¢ (p1).
Remark 3.7 Note that, § < 0 provided that § is sufficiently small. Indeed, this can

be easily seen since 6 = —a/§ —cz 4+ 867G (dr, 0, 6z, 8, 80). Then p, has angular
variable 6p — 7 and p3 has angular variable 6y — 2.

We define z; and u; as:
zi =m(pi).  ui=Zy'(z;) =atanh(z;), i=1223. (78)

with 7, the projection on the third component. See Fig. 8a.

@ Springer



J Nonlinear Sci
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(a) (b)

Fig. 8 The domains 7 and 7>. In red, the unstable manifold of S_, and in blue the stable manifold of
S+ . The continuous (respectively, dashed) lines on the left are mapped to the continuous (dashed) lines on
the right with the same color via the flow ¢. a The domain 77 on the section Xg,. b The domain 73 on the
section Xg, (Color figure online)

We point out that with this notation we can write:
A(u;, 6p) =0, i=1,2,3,
where as usual A(u, 0) = r"(u, 0) — r*(u, 0).
Lemma 3.8 Ler u; and us be defined as in (78). Define:
T = E(uy, 0) = 0o + 8 oy 4 clogcoshuy 4+ C(uy, 6p),
where &(u, 0) and C(u, 0) are the functions given in Theorem 2.7. Then:
&E(us, 0p) = 6y + 87101143 + clogcoshuz + C(usz, 6p) = t* + 2.

Proof Let sg > 1. For any s € [—sp, Sol, we define u = u(s) as the (unique) solution
of:

E(u(s), O — 27s) = T*. (79)

The fact that Eq. (79) has a unique solution for all s € [—sp, so] if 6 is sufficiently
small can be seen, for instance, by the implicit function theorem. By definition of 7*,
the unique solution at s = 0 is u(0) = u;.
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Now, since A(uy, 6p) = 0 and A(u, 0) = cosh?w)(1 + P;(u, 0))lz(§(u, 0)) by
Theorem 2.7, using that cosh(u1) # 0 and that P; is small we have:

0= k(E(u1,60) = k(z*) = k(Eu(s), o — 2715)).
Thus, A(u(s), 6p — 2ms) = 0. Hence, defining

ru(s) == r(u(s), 8o — 27ws) = r(u(s), 6o — 27s),
we have that the curve:

(s) = (ra(s), 6o — 2ms, Zo(u(s)), s € [—so, S0l

is part of a heteroclinic orbit expressed in the symplectic polar coordinates. Since
u(0) = uy and p; in these coordinates is (r"(u1, 6p), 6o, Zo(u1)) = yu(0), clearly
¥n(s) is a part of the heteroclinic orbit I, , defined in (77).

Taking s = 1, we obtain the point in I', with angular variable 6p — 27. By
Remark 3.7, this point is precisely p3. This implies that (1) = u3, and then Eq. (79)
yields.

60 — 27 + 8 'ausz + clogcoshuz + C(uz, 6y — 27) = t*,
and since C (u, 0) is 27 periodic in 6 we obtain:
0o + 6 'ausz + clogcoshus + C(usz, 6p) = t* + 2.

m}

Lemma 3.9 Let uy and u3 be the u—coordinate of the heteroclinic points py, p3 €
gy, respectively, defined in (78). Let Y pe the average of the function k(z) given
in Theorem 2.7. Then one has:

vl — L A, o)
27 Ju, cosh®(u)(1+ Py (u, 6p))

(8_105 +cZo(u) + 0,C(u, 90)) du.

Proof 1t can be obtained straightforwardly from the fact that:

o L [T
TH = o k(t)dr,
s

T*

where t* = 0y+5~ Yoyui+c logcoshu+C(u1, 6p). Indeed, one just has to perform the
change T = 0p+8~'au+clog cosh u+C (u, 6p). Then, recalling that by Theorem 2.7:

Au, 0p) = cosh®(u)(1 + Py (u, 60))k(Bo + 8 au + clogcosh(u) + C(u, 6p)),
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and that by Lemma 3.8:
6o + 8 'auz + clogcoshuz + C(us, p) = t* + 2,

one obtains the claim of the lemma. O

Proposition 3.10 One has:

/ul cosh?(u) (8 o+ cZo(u) +13(u, 9())) du=0 (80)

where 13 is defined in (44).

Proof Let us denote by r%(z, 0) := r“(ZO_1 (z), 0) the r—component of the unstable
manifold of S_ as a function of z and 0, and similarly 7*(z, 6) for the stable manifold
of 4. We denote:

G(r,z) = G(5r, 69, 82, 8),

where G is the function defined in (22) (recall that in the conservative case there is no
dependence on the parameter o). We shall prove the following:

3 prt(z.00) -
/ / 6o + 2 — 87 G (r, 2))drdz = 0, (81)
z1 Ji%(z.60)

with z1 and z3 defined in (78). This yields claim (80). Indeed, assume (81) is true.
Then we make the change:

1 A ,
r= fk = E(FU(Z, 00) + ,‘:S(Z’ 90)) + E(Fu(zﬂ 00) - FS(Z9 90))5 AE [_15 1]5

and, denoting A(z, 8) = 7(z, 6p) — 7*(z, 6p), Eq. (81) becomes:

23 1 1 ~ ~
/ (8_1a +cz — 3 / 8P G (7, z)dA) A(z, 0p)dz = 0.
z —1

1

Then, we perform the change z = Zo(u) and recalling definition (78) of u; and u3,
and definition (44) of /3 we obtain (80).

To prove (81) we shall use basically that the system is divergence free, and apply the
divergence theorem in a suitable three-dimensional domain. However, we first need
to introduce some notation. Consider the intersection of the two-dimensional unstable
manifold of S_ and Xg,. The lower part of this intersection is a curve that joins pj and
P2, having a shape close to an arch of ellipse. Similarly, if we consider the intersection
of the two-dimensional stable manifold of S and Xg,, its upper part is a curve that
also joins py and p;, with a similar shape. We define 77 C Xy, as the domain bounded
by these two curves (see Fig. 8a).
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Asin (16) we denote by X the vector field defining our system and X, Xy and X,
each of its components. We note that if p € 977 and:

X, (p)sinfy — Xy(p)cosby # 0

then there exists a unique 7(p) > 0 such that ¢ (,)(p) is the next intersection of the
orbit going through p and Xg,. This is clear from the fact that the orbits inside W"(S_)
are O(8)—close to the orbits of the heteroclinic connection of the unperturbed system
for t € (—oo, T], for some constant 7', and the same happens for the orbits inside
W5(S;) and ¢ € [T, 00). Moreover, there are just two points p*, pi € Xy, (close to
S_ and Sy, respectively) such that:

XX(pj:) sin 90 - Xy(pj:) COS 90 =0.
See Fig. 8a. For such points we can define  (p) = 0. With this definition, the function

@z(p)(p) is continuous for p € d77. Then we define T, C Xy, (see Fig. 8b) as the
domain bounded by 97>, where

01> = {@e(p)(p) : p €T}

Finally, we define:

I3 ={e:(p) : p€dTi, t €(0,7(p))}
We point out that 73 is tangent to the flow of X. Moreover, 71, 7> and T3 are the
boundary of a closed three-dimensional domain. That is, there exists a closed domain

V C R3 such that 7y U T U T3 = 9V. Now we use the divergence theorem in this
domain V. Since divX = 0 we have:

0:/// diVXdV:/f X~}713vdS
1% A%
=/[ X~ﬁT,dS+f/ x.rmds+// X - jigds, 82)
T b T

where 713y denotes the unitary normal vector to 8V pointing outside V, and the same
with ﬁT,-, i = 1,2,3. Since T3 is tangent to the flow, X - ﬁr3 = 0 and moreover,
i, = (—sin6y, cosbp, 0) = —rir,. Thus, (82) becomes:

0= / (Xysinfy — X cosp)dS — / (X sinfy — Xy cos Bp)dS, (83)
D, Dy

where D = T>\T; and D> = T1\T> (see Fig. 8b). We take the parameterization:

x =+/2rcosfy, y=+2rsinfy, z=z
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and we note that

X, (V2r cosbp, v 2r sinbp, z) sin By — X, (v/2r cos 6y, v 2r sin by, z) cos by
=2r (5_104 +cz—8PG(r, z)) .

With this parameterization, equality (83) yields (81). O

End of the proof of Theorem 2.9 (conservative case) Proposition 3.6 says that T(EO] =
0. To see that Y% = 0 we note that from item 2. in Theorem 2.7, we choose P; such
that:

87 la + ¢Zo(u) + 8,C (u, 6p)

=8 la+cZo(u) +1 u, 6p).
1+ Py (u. 60) o(u) +13(u, o)

Then, substituting this in the equality of Lemma 3.9 we get:

1 ("% Au,0
ol = — # (8_1()( +cZo(u) + I3(u, 90)) du.
2w Jyu, cosh®(u)
Finally, Proposition 3.10 yields that Y% = 0, and the proof is finished. O

3.2.2 The General Case

In this section we will prove the statements about the coefficients T([)O] and Y1 in
Theorem 2.9. We have:

1 2 »
L — k(7)d. (84)
27 0

We perform the change = 6 + C(0, 6) in the previous integral, where C (u, 0) is the
function in Theorem 2.7 and we use that by Theorem 2.7 we have:

Au, 0)
cosh?/4(du) (1 + Py (u,0))

kO + 8 ou +cd™! log cosh(du) + C(u, 9)) =

After this change (84) becomes:

1 (% A,0)

ylor —
2 Jo, 1+ P1(0,0)

(1 4+ 09C(0, 0))do, (85)
where, using bounds for C (0, 6) obtained in Theorem 2.7,
6 =0+0 (31’+3) 0 =21+ O (51’+3) . (86)

Now, on the one hand, by Theorem 2.4 we have:

|AQ,0)] < [r{(0,0)] + |70, )] < K7™ (87)
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and recalling the notation M (u, 0) = rj,(u, 6) — rlso(u, 0):
A, 0) = M, 0)] = [0, )] + 11,0, 0)] = K (8270 46744},

where we have used the bounds of r;]is (u, 0) given in Theorem 2.4. On the other hand,
by Theorem 2.7:

1
13C (0, 6)] < K8PF3, ‘— -1

< K|P1(0,0)] < Ks"™3. (88
T P0.6) < K|P1(0,0)] = (88)

Thus, using bounds (86), (87) and (88) in Eq. (85) we obtain:

2

1
ol — ), M0, 0)do + OPT) = M9 0) + 0P, (89)

where we have used that p > —2.
We introduce the following notation:

d+1 [T 1
=4 / L — (90)
b J-oo coshit?(dw)

o +00 (F(0)10) 4 S£L 70 () (H (0))10]
:J(a’a):ﬁ/ FOY+ G Z@HEO o
—00 coshd (dw)

and observe that for all w € R:
|F(0)| = [F(8Ro(w), 6, 8Zo(w), 8, 80)| < K&8°
and also |H (0)| < K83, so that J is bounded as 8§ — 0. Therefore, we can write
J(8,0) =17+ 0O(©). 92)
Now, by formula (34) of M 11 (y) and expression (74) of F 01 we get:
T\ = MON0) = o1 + 873 ).
We rewrite (89) as:
YO = vV L 0P+ = o1 4 57737 + 0P,
Then, putting 0 = 68713, we have that Y9 = 0 if:

f(6,8):=61+J+0@©) =0.
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It is clear that I # 0, and thus,

T 0) = (1)
f<_7’0)_0’ a&( 1’0)_17&0’

Then we can apply the implicit function theorem, so that there exists §p and a curve
69(8) = —J /I + O(8) such that £(69(8),8) = 0forall 0 < § < &. Finally,

J
02(8) :=60(8)8P 13 = —73P+3 + O,
To obtain the curves o, (§) we solve the equation:
g0, ) =T — g =61+ 7] L OB - g =0.

with 8 = a16%e™ 265, where we use that a3 > 0 so that 8 is small when & is small.
As:

2(c2(8),0) =0, g—g (o:?(a), 0) =1+ 06P) £0,
o

these equations have a solution o, (§) satisfying:
0.(8) = 00(8) + O(8%2¢~ 7).

Clearly, since T(g()] = ol + 87737, one has:

J
T =16, 0.(8) = T <5, —751’+3 + 0(5P+4)) = 08P,

3.3 The Exponentially Smallness of Y!'1: Proof of Lemma 2.11

Let us to introduce the function
Fu,0) = 8a~ " (€, 6) — 0) = u + s~ [cd—1 log cosh(du) + C(u, 9)] ,

where £ and C are defined in Theorem 2.7. In this result it is proven that (£ (u, 0), 6)
is injective in D, g x T, then (F(u, #),6) is also injective in the same domain.
In particular, for all (u,6) € D, g x S!, the change (w,0) = (F(u,6),0) is a
diffeomorphism between D, g x S! and its image D,(, g X S!, with inverse (u, 8) =
(G(w, 6), 0). Then, if we define the function:

Ew,0) = Y YO+ aw)
leZ
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one has that G(w, 0) satisfies:

A(G(w, 6), 6)
cosh?/4(dG (w, 0))(1 + P1(G(w, 6),6))

E(w,0) = 93)

Note that £(w, ) is 2 —periodic in 6, and its /—th Fourier coefficient is:
E[I](w) _ T[l]eus”aw.
Hence, we know that for all w € l~),(, B

‘TU]‘ _ b - ‘eﬂ'a—lawl
2 -

sup |E(w, 0)]. (94)

2
efié‘lawl/ g (c/'(w’ 9)67i19d9
0 0eS!

This inequality is valid for all w € Dy g. Let us denote u+ = =i (% — 8). Then, if
in (94) we take w = w4 = F (u4,0) € 5,(,,3 forl <OQandw =w_ := F (u_,0) €
l~),(,ﬁ for [ > 0, one obtains:

1] < e (8 e lm Cc DU sup | s, 0)]. (95)
fes!

Recall that F is the inverse of G, so that from (93) we obtain:

A(u, 0)

E(ws,0) = cosh?d(dus)(1 + Py(uy, 0))’

Thus, using bound (54) for Py, that |cosh(dus)| > K&k, and taking « sufficiently
large, bound (95) writes out as:

K am
e~ (35 —er—lm Cus DI gup | Auy, 6)] . (96)

ddkd fes!

it

Now, on the one hand, taking into account that the constant L, given in Theorem
2.7, satisfies Ly € R, we have:

Im C (u, 6)| < d~" (¢ + aLo)[Im log cosh(du)| + a|L(ux)| + |x (1, 6)].

Since uy is purely imaginary, Im logcosh(duy) = arg(cosh(duy)) = 0. Then,
using (53) in Theorem 2.7, we obtain |[Im C(u 4, 6)| < K 8P*2 . Therefore:

e—(%—a/«—ﬂmcwi,@)l) < Ke_%'m’(. (97)

Moreover, we take § sufficiently small so that:

Blw

2ds
1 — — (ak +|Im C(ux, 0)]) >
o
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and then, for |/| > 2, one has:

o~ (8% —ax—Im Cus O | < = 98)
On the other hand, by Theorem 2.4 we have:
|AQus, 0) < Iri(usg, )] + |ri(us, 0)] < Kor < K(SP 99)
U4, < |ri(us, ry(u4, <—— <K—.
* = = | cosh(du4)|3 K3
To obtain the claim of the lemma for |/| = 1, we use bounds (97) and (99) in

Eq. (96). Similarly, for |/| > 2 we use bounds (98) and (99) in Eq. (96).

3.4 Fourier Coefficients of Aj: Proof of Proposition 2.13

Consider the function A (u, 6) = A(u, 0) — Ag(u, 6) defined in (60):

A, 0) = cosh® (i) (1 + Pya, 00) 3 (Y1 = F{T) 00,
120

with £(u, ) = 6+ 5~ au+d~" log cosh(du) + C(u, 0) defined in (51) and Y1, T/
the Fourier coefficients of k and IEO in (50) and (58), respectively. We point out that in
order to obtain sharp bounds for Y — f([)ﬂ] we need to take u € D, g C C (see
(45)), but @ can be taken real. Thus, we will take 6 € S'.

Proceeding as in beginning of the previous Sect. 3.3, one can prove the following
bound for | Y1 — ?(l)ilu which is similar to the one for |Y!| in (96):

‘T[:Fl] B Y([f”‘ < . e~ (8 —ex—Mm Cu=.01) qup |A | (uy, 0)],

ddkd feS!

where us = +i (35 — «8). Using bound (97), we obtain:

) K
‘T[jF” _ T(g*”‘ < Sz—ze*mw sup |A; (g, 6)] . (100)
dgd peS!

We claim that there exists a constant K such that for all @ € S!:

§2(p+D ] §r+3
|logwe] . (101)

|A1(us, 0)] < K ( 1
K K

Indeed, first we write A; = A — A in a more adequate form. We recall that, by
definition (32) of the Melnikov function M, A = M + r{'; —r},. Then,

Ar(u,0) = M(u,0) — Ao(u, 0) + riy(u, 0) — ri; (u, 0).
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It is clear that, by Theorem 2.4,

82(p+1) 5p+3
K b

which is smaller than the upper bound in (101). Therefore, to prove (101), it only
remains to study the difference between M and Ay.
We introduce some notation:

Fou) = u + 8o 'ed 'logcosh(du),  C(u,0) = C(u,0) — ad~"Los"+? log(s)
F(u,0) = Fou) + 8a~'C(u, 0). (102)

Notice that Fy(u) is injective so that it has an inverse. We also introduce the function
flu,0) = Fy ' (Fu, )
and we note that, since by (52) in Theorem 2.7, | C (us,0) < Ksrt? | log k| (see (102))
|f (s, 0) —us| < K67 [logx. (103)
Now we rewrite M (u, 0) in (35) as

2 . _
M(u, 0) = coshd (du) Z T([)l]ezl(9+5 laFy(u))
leZ

and we observe that

M(f(u,0),0) = COSh% df(u,0)) Z T([)l]eil(e—&-(s—laﬁ(u,é)))_ (104)
leZ

In addition, the function Ag in (59) is:

Ao(u, 6) = cosh™(du) (1 + Py(u, 0)) | YO 4 3 xlfle! 0+~ ek (o)
10

_ T[l]e—ilad*ILole’*z log 8
=10

where we have used that "f‘(gl] . As a consequence

M@, 0) — Ao(u, 0) = M(u, ) — M(f(u, 0), 0)
+ cosh?/9(d £ (u, 0) YL = cosh®d(du) (1 + Py (u, 6))T!! (105)

+ [ Dot af @i ) (coshdd f u, 0)) — cosh(du) (1 + Py (u,6)))
1£0
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We shall prove bound (101) bounding each term in (105), with u = u.
Recall that M = r}\, — rj, so that, by Theorem 2.4 and (103)

1
M (uz,6) — M(f(us,0),0)| < K6"lus — fus.0)] sup ————
weDy s | coSh(du)]

82p+2

< |logx]| (106)

K4

so this term satisfies bound (101).
By Theorem 2.9, the terms involving TO[O] and Y9 in (105) are zero in the conser-
vative case. In the general case, since we take o = 0, (§) these terms satisfy:

| cosh2/(dur)(1 + Py (us, 0) T < K592~ 55 | cosh?4(dup) T < Ko+

where we have used that, from Theorem 2.7, | P (u+, 0)| < K§Pt2 =1,
Finally, we deal with the last term which (see (104)) we rewrite as

=(0)
_ cosh?/d (dus)
cosh?/d(d f (u+, 0))

= (M(f(ui, 9),0) — coshz/d(dui)T([)O]) [1 (1+ Py (uie))} .

We first note that, since M = r{‘o — r]SO, using Theorem 2.4 to bound r}’(’)s, Theorem 2.9
to bound T([)O] and (106) one has that

cosh?4(duy)
cosh*4(d f (u+, 0))

oF
IZ0) < K5 |1
K

1+ P (1&9))‘ .

Therefore, using bound (103) of | f (#+, 6) — u+|, one has that

2/d 2
|: cosh™“(du4) ] B 1' - KS |log k|
cosh?4(d f (u<, 0))

K
and, since | Py (u+, 0)] < K8P2~1 we conclude that

82(P+D | log k|

I20) < K .
K

and bound (101) for Aj(u4, 6) is proven.
Finally, we use bound (101) in (100) and the proposition is proven.
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4 Parameterizations of the Invariant Manifolds

We will prove Theorem 2.4 in Sect. 4.2, as a non-trivial consequence of the existence
result Proposition 4.4. This proposition is proven by using the fixed point theorem and
its proof is given in Sect. 4.1.

The complete proofs of the results in the present section are extremely technical
and can be found with all the details in Castejon (2015). Here we present a summary
of the methodology used in the proof.

We will use the notation and properties stated in Sects. 2.1, and 2.2. Moreover,
as usual, my, my, m; will denote, respectively, the projection over the x, y and z-
component of a given vector.

4.1 Existence of Complex Parameterizations

As we explained in Sect. 2.2, on the one hand the parameterizations r**(u, 6) in (23)
cannot be extended up to the unbounded domains u € D,l(llsg On the other hand,
the characterization of the unstable and stable manifolds is given for u — =oo.
To overcome this disagreement, we deal separately with the unstable or the stable
manifold of the equilibrium points S_(8, o) or S4 (8, o), respectively, of the vector
field X in (16).

4.1.1 Setting and Result of the Existence of Invariant Manifolds

We perform two different linear changes of variables, C" and CS, to the vector field
X, such that they put

e the equilibrium points S+ (8, o) at (0, 0, F1) and
o the linear part DX (S(3, 0), §, §0) in their Jordan form.

Here have taken the sign — for the —u— case and + in the case —s—.
Lemma 4.1 Let |o| < 8§P30*. We write 3‘; = (0,0, F) and ¢ = (x,y,2). The
two equilibrium points S+ (8, 0) = (x(8,0), y=(8,0), zx(8, 0)) of the vector field
X in (16) are of the form:
x£(8,0) = 0@, y£(8,0) = 0@P"),  z5(5,0) = 1+ 0",
There are two linear changes of variables C* and C® of the form
{=C"(.8.0) = Mz(8,0)({ + 5+(5.0)) — S5 (107)

where M= (8, o) = Id + O(8P1) (and therefore C** = Id + O(8P*4)), such that

ls . . .
d_‘; = X558, 5,80) = Xo(£.8,0) + 8P X" (8¢, 8. 80), (108)

with Xo the same as in (16) and
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1. thevector field Xlll’s((?f, 8,80) =03 (82, 8,80) and it is real analytic in B> (o) x
B(0) x B(6p) C C? x C2.

2. S# = (0, 0, F1) are equilibrium points of X"*, respectively, and the linear part
is in real Jordan form, that is

XY(88_,8,80) = X (854,8,80) =0,

R O@P3) 0EPt3) 0
DX\*(88%,8,80) = | OB+ O@P+H3) 0
0 0 O@Ert)

Proof The proof of this result can be encountered in Castejon (2015) and uses that
the vector field X is written up to its normal form of order three, see Remark 2.1. O

Now we perform the symplectic cylindric change (17) to system (108):

d .

d—’; = 2}"(0’ — dZ) + (SPFU’S(SI’, 9, 817 39 30)7

do

E — —% —CZ + SPGu’S(Sr, 9, 827 8, 80—)7

dz 2 u,s

3= —1+42br +z= + §"H"*(8r, 0, 8z, 8, 80),

where X|* = (F"%, G"5, H"®) is defined as

W 2rcos® +/2rsinf 0

X610, 82, 8,80) = —ﬁsin@ J%COSQO X582, 8, 80) (109)
0 0 1

and 2 denotes ;C = (v/2rcosf, +/2rsiné, Z).
The invariant manifolds associated with S+ = (0, 0, 1) will be parameterized as:

r=R"Y,0), z=Zy), veR, 0eS!

with R"*(v, 8) — 0as v — Foo, respectively. As the equilibrium points are 3‘;, one
has

(vV2R“S(v,0) cosB, /2R™S(v, 0)sin b, Zp(v)) — S; as v — Foo.

We look for the parameterizations R™* of the form R"S = R+ Rlll’s. We introduce
the analogous notation to the one in (24):

XS (R)(v,0) = XS (5(Ro(v) 4+ R(v,0)), 0, 8Zo(v), 8, 50),

X\ = (F"*, G"*, H""). (110)
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As we did in Sect. 2.2, we will omit the dependence on (v, 6) if there is no danger
of confusion. One can easily check that R‘f’s have to satisfy the invariance equation
given by L(R]"*) = F"*(R]"*), where L is the linear differential operator in (27):

L(R) := (—5—1a - cZO(v)) R+ 9,R —2Zo(v)R
and F%* are:

FUNR) =20 (Ro(w) + R) + 87 F(R) + 87 L 20wy ()

(111)

2bR + §PH" (R
—SPG“’S(R)BQR—< + ( )) R

d(1 — Z%(v))

The functions R"® = Ry+ RT’S lead to parameterizations of the invariant manifolds
if R}"* satisfy, respectively:

L(RY) = FU(RY), lim Rj(v,0) =0, (112)
V—>—00

L(R}) = F¥(R)), lir4r_1 R} (v,6) = 0. (113)
V—> 100

Problems (112) and (113) can be written as fixed point equations using suitable
right inverses of the operator £. These right inverses can be found easily solving
the ordinary differential equations satisfied by the Fourier coefficients R!!(v) of any
periodic function in 8, R(v, #) that is a solution of L(R) = ¢, for a given function ¢.
Indeed, given ¢ (v, 0), we define:

G .0) =Y gMwe”. x=us,

leZ

with g*[” as:

0 e—izrl(ﬁ(v+s)—n*(v))

G*($) (v) = coshi (dv) (v + 5)ds,

Foo cosh% d(w +s))
* =u,S, (114)

where, on the one hand, we take — sign in the unstable case and + in the stable one
and on the other hand, we have used the notation T introduced in Theorem 2.4:

nT(w) =aw F§(cw F ced™! log(1 + e:l:2dw)).

We stress that a compact expression for G* is given by:

(w0 -8 (nT(w) —nFw))

Foo cosh%(dw)
% =1, S8, (115)

G*($)(v, 6) = coshi (du) dw,
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Remark 4.2 Using that, if w is real nT(w) = aw + cd! log(2 cosh w) one obtains
the more natural expression for the Fourier coefficients:

u . 0 e—il(3*1as+g log C"il:)(;}i‘((g)x») 1
G (#)(v) = coshi(dv) . (v + 5)ds,
Foo coshd(d(v + s))

* =u,Ss. (116)

However, expressions in (116) are not well defined when we take complex values of
v. For this reason we take definitions (114), which for real values of v coincide with
the ones in (116), and are well defined when we take v € D,‘j;

Lemma 4.3 One has L o G** = Id. Moreover, if we define the operators:
]}u,s — gu,s o Fus
with F*5 given in (111), we have that if Rlll’S satisfy the fixed point equations:
=FYRY), R} =F(R)), (117)

then they are solutions of problems (112) and (113), respectively.

Since we will find solutions of the fixed point equation (117) by means of the fixed
point theorem, we now set the Banach spaces we work with. For the unstable case we
will consider functions ¢ : Du x T, — C, where the domain Du is defined in (30)
and T, is defined in (31) (see also Fig. 5). They can be written in the1r Fourier series:
P, )= ,79 T(v)e!'?. We define the norms:

Hqﬁ[ = sup ’cosh” (dv)qﬁm(v)‘ sup ‘cosh’" (dv)¢[l](v) ,
UGD:,/S,T veD}‘(‘f} .

||¢||nmw :Z ‘¢[l] e'”‘”,
leZ. e

|.L¢J.|nm 0 ”¢”nma) + 119y ¢”n+1 m,w +4 1”89¢”n+1 m,w’

and we consider the Banach spaces:

X, = H¢ D“ﬁ — C : ¢ isanalytic and ||¢], ,, < —l—oo},
XU = {¢ D4 x T, — C : ¢ is analytic and @], < +oo},

X;mw = {fl) :Dg g x Ty — C : ¢ isanalytic and [|¢]];, .., < +oo}.

For functions ® = (¢1, ¢2, #3) € Xplopop i= XY, 0 X XY, X AL

n,m,w n,m,w n,m,w?’ belonglng
to the product space, we will take the norm:

@5y o = X {1D115 0 s 192050 1000 103115000} -
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For the stable case, we consider norms and Banach spaces analogously defined in the
corresponding domains Di, 8 and for ¢ : T,, — C, we will take the Fourier norm:
1610 = Yiez [#11] 1.

Now we can state the result which guarantees the existence of solutions of the fixed
point equations (117). We will devote the rest of the section to prove it. During this
section we will modify the value of the parameters «, § T and w of the domains
DY PR T, and DS PR T,, a finite number of times. We will abuse notation and use
the same letters for the modified values.

Proposition 4.4 Let p > —2 and 0 < B < 7/2 be any constants. There exist
0*,8% > 0andk™* > 1, suchthat forall0 < § < §* ifk = k (8) satisfies condition (29)
and o satisfies || < o*8P13, the fixed point equations in (117) have solutions Rlll’S
defined, respectively, in D,ljlsg X To,.

Moreover, they satisfy that Ru S = Rfos + R1 | with the following properties:

L Ry = Fus(0) € X3u2sw and there exists M > 0:
s +3
LRy 155, < MoPT>.

2. R}y € st

5 . and there exists a constant M such that:

S [|u,s +3
LR 135, < MSPT2 | R 5 32a)

This result yields the following corollary:

Corollary 4.5 Under the same assumptions of Proposition 4.4, the two-dimensional
invariant manifolds of system (108) can be parameterized, in symplectic polar coor-
dinates as:

r=R"(v.0) = Rov) + R\*(v.0), z=2Zo(). (v.6)€ Dy x T,

with R}l’s satisfying the properties in Proposition 4.4.

In the following we will sketch the proof of Proposition 4.4 in the unstable case.
4.1.2 Solutions of the Fixed Point Equation: Proof of Proposition 4.4

Fist, in Lemma 4.6, we study the behavior of the linear operator G** acting on functions
¢ belonging to the Banach spaces A Secondly, in Lemma 4.8, we deal with the

n,m,w*
independent term F"(0). Finally, in Lemma 4.9, we check that the operator 7% is a
contraction.

Lemmad4.6 Letn >0, m >0and¢p € X
foralll € Z:

1. Ifn > 1, then |G* ()"

m.o There exists a constant M such that

< m|o"]2,,.

n—1,m
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l u
all sM [¢!1],
2. Ifl #0andn > 0, then |G (¢)||nm_ M
As a consequence we have that if n > 1, |G"(9)|I};_ Lmw = < M@l . More-

over, lfqblol(v) =0, then for alln > 0:
1G (D)o < MNP0

Ifn =0, 106G (D) lpm.00 = MNPy .o

5. 0fn =1, 100G D)y m.w < MISG .0
n > 1, then GY(¢) € X“ Lm.o and:

R

In conclusion, if p € X n .o
Ugu(fﬁ)ﬂn 1,mw — M”¢”n m,w*

Sketch of the proof The main idea to prove this result is to redefine adequately the
Fourier coefficients G"!/(¢) changing the path of integration. Take v € D, p fixed
and consider s = s+ (¢, v) defined implicitly by (see Fig. 9):
1) 1) B
st — c—si + 2 (log (1 + ezd("“i)) — log (1 + eZd“)) = —ret7,
o do
It can be proven that the function s (¢, v) is well defined for all ¢+ € [0, +00) and
ve D! 8 and moreover that v + s (¢, v) € D;l:, ' Consider the curve (see Fig. 9):

={zeC:z=s+(t,v), t €[0,R]}.

Then, one can prove that, if m > 0 and ¢ € X, , one has:

I UNCEEIE () .
o (v + z)dz,

G"M(g)(w) = — lim coshi (dv) ;
R=>too rf  coshd(d(v +2))

where the coefficients G*'"! were defined in (114), and we take the integral over I" f

for / > 0 and over I'? otherwise.

The proof of Lemma 4.6 follows now from standard arguments O

Now we are going to bound the independent term of the fixed point equation (117)

which is F%(0) = G" o F4(0) (see (111)) with

F0) = 20 Ry(v) + 8P F*(0) + apd;r 1ZO(v)H“(O).

Lemma 4.7 Let Cg be some constant, and R such that | R||2,2,o < Cr. There exists
a constant M such that:
IF"(R — Ro)ll30.0» IIG"(R—= R0, IH"(R—Ro)5,, < ms?
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Fig. 9 The domain ngﬁ with
an example of the curves
s4(¢,v) and v + s (t, v). The
discontinuous lines are —ze!f/2
and v — 1e'P/2, respectively

u I
/@’B 2d

with FU, G%, H" defined in (110). In particular, this holds for R = Ry.

Proof We will use the properties of X} := (f", g", h") stated in Lemma 4.1. We first
prove the bound for F" being the one for G" analogous. By definitions (110) and (109)

F"(R — Rop)(v,0) =F"(6R(v, 0),0,8Zp(v), 8, §0)
= V2R(v,0) cosOf (P (v, 0), 8, 80) + /2R (v, 0) sin0g" (® (v, 6), 8, 80).
with
®(v,0) = (8/2R(v,6) cos b, 8\/2R(v, ) sin 6, §Zo(v)).
By Lemma 4.1, f" is of order three in all their variables and f“(0, 0, —8,68,80) =0
for all § and o. Therefore, since ||\/ﬁ||1’1,w < 400 and Zg(u) = tanh(du), we have
that
If (@ (v, 0),8, 803, < K&
Reasoning analogously, we obtain the same bound for g", and thus,
IF*(R — Ro)ll} ., < K&°.

With respect to H", we have:

H"(R — Rop)(v,0) = H"(6R(v, 0),0,8Z(v), 8, 80) = h" (P (v, 0), 8, §0).
Again, h" is of order three in all their variables, 2" (0, 0, —§, 8, §0) = 0 and moreover

0¢h"(0,0,—4,48,80) = 0,h"(0,0,-38,8,60) = 0. The bound for H"(R — Rp)
follows by using the same arguments as above. O
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Now we deal with the independent term F 1(0).

Lemma 4.8 Let 0| < o*8P+3. There exists M > 0 such that U]}“(O)Jjg’zcu <
MsPT3,

Proof By Lemma 4.6 it is enough to prove that [|F*(0)[ly , , < M8PF3 (recall that
FU=G%0 F"). This is clear, by Lemma 4.7:

d+1
b
< K (0 +8"IF O .0 + 871 Zollf ol H* O3 5.0,)

< K(o + 673 < k§P+3,

IF4O)32,0 = 120 Rolly 5,0, + 8PN F (O3 5., + 87

1Zo - H*(0)l3,2,0,

O

We prove now that the operator JFY is contractive in an appropriate Banach space.
More precisely we prove the following result:

Lemma 4.9 Let [o| < o*8P13. Assume that ¢1, ¢» € 2?3““) satisfy for C > 0 and
i=1,2that||¢:]5,, < C8P+3. Then there exists M > 0 such that:

L @) = F* @) 42,0 < MSP 1 — ¢2]l5 5.0

Proof We skip tedious computations and only give an sketch of the proof. See details
in Castejon (2015). Using that G" is linear and Lemma 4.6:

L7 (@1) — P (@D 2.0 < MIF(¢1) — F (@2)I2 5 0-
Itis only necessary to prove thatif || ¢; |3 , , < C§P13, then:

7 (@1) — F @25, < KPP |d1 — d2 3.0 (118)

We decompose the operator 7" in (111) into 7" = F}' + F5' + 73 + F} with

FI@) = 20 (Ro(v) + ¢) + 87 F(¢) + 87 L1
U(p) = —6"G ()b
Fi(p) = —8P

Zo(v)H" ()

—  H%¢)d,
d(l—Z@(v))H (#)dvep

2b
.

Fa@ =90z Z22(v)
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Proceeding as in the proof of Lemma 4.7, one can prove (after tedious but easy com-
putations):

IF (1) — FU @)% 5., < M8 lid1 — 211520
1G (1) — G (@) 13,00, IH" @1) — H @) l4.2.00 < M8 b1 — 211320 (119)

As a consequence, the operator F7' satisfies the bound in (118) since || Zo[l1,0 < K.
With respect to F5', we write:

3(P1) — F3 (¢2) = (G (91) — G (42))dp1 + G (¢2)05 (1 — ¢2).

. . vu
Then, since ¢; € X3’2’w,

175 (@1) = F5 (@25 5,0, NG (1) — G (@2)13,0,41961115,5 0,

u " " (120)
F1G @) 11%0. /136 (61 — D214, 0,
Now we note that:

loepilyse  ld1ls,,  8PF2
Lt} < K il < K < K 12]
82k? - Sk - k2 = (121

loeills s, < K

and:
u K u K u
190 (1 — P23 2,0 < allae(dn — )20 = ;[Ld)] — 0211320 (122)

Note that since [[¢ill5,, < C8P13, then ||¢; 1520 < Ci—18P+2. Therefore,
Lemma 4.7 with R = ¢, applies. Thus, using this lemma and the bounds in (121),
(122) and (119) in inequality (120), we also obtain that the operator 5 satisfies bound
in (118).

We leave to the reader to check that 73 and F}' also satisfy bound (118) using the
fact that || (1 — Z§) """, _,, < K. o

End of proof of Proposition 4.4 Proposition 4.4 is a corollary of Lemmas 4.8 and 4.9.
Indeed, let p > —2and |o| < 0*8P73. Define o := 2[[.7}“(0)Jj‘3{2’w and B(p) C ‘)%U,Z,w
the ball of radius o centered at zero.

We claim that 7" has a unique fixed point in B(p). Indeed, we point out that
0 < K713 by Lemma 4.8. We first check that 7" is contractive. By the properties of
the norm ||.||" and Lemma 4.9, for ¢1, ¢» € B(0):

n,m,w

5p+2

- - K - ~ K
[ 7 (1) — FH (@) 30,0 < S—KW:”(%) —FU ) 30,0 < &1 — 215 2.0

K

Clearly, since p > —2 and «* is large enough, FYis contractive in B (0).
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It remains to check that Y : B(o) — B(o).If ¢ € B(p), by Lemma 4.9:

8p+2

~ ~ ~ ~ 1
H.fu(¢)l|g,2,w = |.|_'7:u(¢) - ‘Fu(O)JJg,Z,w + H‘Fu(o)ﬂg,lw = KTud)JJg,Z,w + EQ'

Taking x* < « large enough, [L.?Eu(¢)ﬂ§',2,w < o. That is, 7* : B(o) — B(0).
Therefore, by the fixed point theorem Fhasa unique fixed point in B(p).

It is clear that R} € B(p) is the fixed point of F" obtained before. Then, item 1
of Proposition 4.4 is a direct consequence of Lemma 4.8. To prove item 2, we just
need to note that: R}, = R} — R}, = f”(R‘f) — FY0). Using Lemma 4.9 and that
RS 5. = KIRYl5 5., we obtain that:

3 3
LR 52,0 < KSPPRY]S 2. < KSPT[RYG 15 2.0

4.2 Suitable Complex Parameterizations: Theorem 2.4

In this section we shall prove Theorem 2.4 concerning the functions r{' and r. The fact
that RY and R} satisfy different equations is not adequate for our purposes of comparing
them. We will now proceed to obtain new parameterizations r*% = Ry + ri]’s of the
invariant manifolds which will be solutions of the same functional equation. To obtain
such a parameterizations we i) undo the changes (107) until we get a parameterization
of system (15) and ii) perform the symplectic polar change of coordinates.

The technical proofs can be encountered in Castején (2015).

4.2.1 Setting
Let R?’S be the functions given by Proposition 4.4. We consider R"® = Ry + R;"S

and we introduce the parameterizations of the invariant manifolds of the equilibrium
points S+ = (0, 0, 1) of the vector field X"* in (108):

%5 (v, 0) = (\/ZRU’S(U, 0) cos B, /2R™S(v, ) sin b, Zo(v)). (123)
We define:
£U5 (v, 0) == (C*)71Z"5 (v, 0) = "5 (v,0), y** (v, 6), 25 (v, 0))  (124)

where C"* are given in (107). These are parameterizations of the two-dimensional
unstable (respectively, stable) manifold associated with the equilibrium points
S+ (8, o) of the original system (15).

To compare (x" (v, 6), y*(v, 6)) and (x*(v, 0), ¥y*(v, 8)) on the z—plane (or equiv-
alently in the u—plane given by z = Zo(u)), we implicitly define the functions v"*
as:
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Zou) =2"(v"(u,0),0),  Zou) =z°(v*(u,0),0).

The result about the existence of functions v** is given below. Its proof is an elementary
application of the fixed point theorem.

Lemma 4.10 Let k = «(8) given in Proposition 4.4. Fix m > 0 a constant indepen-
dent of § and o. Let k = k(8) satisfying condition (29) and such that k > k + m,
and let 7%%(v, ) be the functions defined in (124) for (v, 0) € DE/SST x T,. Let T

be a constant such that 0 < T < T. Then, if § is sufficiently small, the functions v"-
defined implicitly by:

Zo(u) = "W (u, 0), 0)

are well defined for all u € D;; 7 and 6 € T, and there exists a constant M such
that: o

V"5 (u, 0) — u| < M8P+*| cosh(du)|?.

We take m > O fixed and «, i, T, T and B as in Lemma 4.10.

Note that, as ¢"*(v, 0) in (124), the functions ¢"*(v"5(u, ), 8) are other param-
eterizations of the unstable and stable manifolds of S+ (8, o), respectively. We define
r“S(u, 9) as:

u,s 1 u,s/..u,s 2 u,S,/..u,s 2
rwmm=5h~w’wmﬂ»+@’wwmwm)] (125)

We claim that there exists K > 0 such that for all (u, 0) € D;; 7 X Ty,
r*S(u,0) = Ro(u) + R} (u, 0) +ry " (u, 0),
|cosh(du)r;’s(u, 0)] < K§PH4, (126)

where R‘f’s are given in Proposition 4.4. We deal only with the unstable case being

the stable one analogous. We first begin by studying the difference between 7, yE“
and y ¢ defined, respectively, in (123) and (124). We note that, from Lemma 4.1,
Ty yS_(8,0) = O(8P13) and the matrices M_ (8, o) in the same lemma have inverse

of the form M~ (8, ) = Id + §”t5M ' (8, o) having M~'(8, o) bounded entries.
We denote by 7y M~ the two first rows of M_'. Then, using the form of the change
C"in (107):

”x,y(u(v» 0) = ”x,ygu(v, 0) + k8p+5 + 5P+57Tx,yM:1$u(vv 0)

for some bounded coefficients k := k(8, o). By Corollary 4.5:

|@@ﬁﬂsm (v.0) € D! g x To (127)

osh(dv)|’
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and therefore, if (v, 0) € D,‘("ﬁ’T x T:

Ty (0, 0) = 1y " (v, 0) + OP ). (128)

By definition (125) of r™* we are interested in computing ¢"(v"(u, 0), 0). For
that we also need to study the difference between Z’“(u, 6) and E”(v“(u, 0),0).
We emphasize that by Lemma 4.10, taking § sufficiently small we can ensure that
vi(u, 0) = v (u, 0) +A(v" (1, 0) —u) € DE,/S,T foru € D;,ﬂj and A € [0, 1]. Then
using Proposition 4.4, Lemma 4.10 and the mean value theorem:

|7,y (W, 0), 0) — 1y v (u, 0)] < sup |9 7T,y & (V3 (e, 0))[|0" (1, 0) — u
re€l0,

§K5p+4 su |COSh(d1/l)|2 < p+4
2ef0,1] | cosh(d(v (u, 6)))[?

Using this expression in (128) one obtains:
ey, 0), 0) = 74,8 (u, 0) + O"HH).

Then, recalling that 7, ,¢" = (x", y") and using (127), we obtain:

r(u, 0)

l Ay 5 u 2 ﬂ)
5 [(nXC (u,0))" + (y¢"(u, 0)) ] +0 <cosh(du)

u oot
Ro(u) + Ry (u,0) + O (W(du))

and (126) is proven. We introduce rj' = R} + r; and therefore, r" is of the form r" =
Ro + r}'. Note that, by construction, r}' satisfies the partial differential equation (26).
In addition, by the compact expression of G" in (115), the dominant part, r}j,, of

ri', given in Theorem 2.4 is rj; = G" o F(0), where F is the operator defined in (28).
Then, by using the expression for R} in Proposition 4.4, we obtain the decomposition:

=gt oy =GRF ).y =G o(FHO)~FO)+RY 478, (129)
where we have used that the operator G" is linear.
4.2.2 End of the Proof of Theorem 2.4

It remains to prove the bounds for r};, and | in Theorem 2.4 on DI‘;% 7% Tg. For this,

it is convenient to define the auxiliary norms for functions ¢ : D;‘;3 r x Ty —C:

lpllsAT = sup  |cosh” (dv)¢ (v, 0)|
0eT,

UEDE,/B,T
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«,8, T

which satisfies ||@]l,w < ||¢>||n 0.0 ifp X“O » Moreover, if m > 0, then

S,Um

10,811,015 < Mllgls? (130)
with & > « + m satisfying condition (29),0 < 8 < 8,0 < T < T and 0 < & < w.
This fact can be checked as Lemma 4.3 in Baldoma (2006).
Along this proof we will use that, if u € Du (see (30)), then | cosh(du)| > K& for
some constant K. We also use decomposmon (129) without mentioning it explicitly.
It can be straightforwardly proven (see Castejon 2015) that there exists M > 0,
such that

IF O35, < MSPF, | FO) = F* 05, < MsP*.
Therefore, using the properties of G" in Lemma 4.6 we obtain

1G" o F(O) |3 0., < K87, [[GF©O) — F*SO)]} o, < K8PH,
b In addition, with
respect to RY'|, using Proposition 4.4, we have || RY, ||} i20=K 821’ +6 and with respect

to ¥ defined in (126), [Ir3 |55
have that

so that the bounds for r}, are done using that || - ||/~ < | -

”n 0,w"

< K 8P Therefore, using also property (130), we

KTﬂ

K, 2p+6 & p.T % B.T 4
||R11||4w 0y Ri1lls " < K& Pt rally g s 10ur2lly’y) = CLans

We point out that we have abused notation, using the same & and T although they are
different from the previous ones. However, they still satisfyk —« > mand0 < T < T.
Now we are almost done. Notice that by definition of r}}

Iy e, 8)] < | cosh(d)| ([G(F(O0) — FSO) |3 .0, + 72077 T)
+ cosh(du)|4uRi‘1ﬂ4,2,w

and then, using the above bounds, the statement for ri‘l in Theorem 2.4 is checked. The

bound |9, 7] ||K v < K§P%3 is straightforward from the above bounds for Oully =
0,G" o F (O) and d,ry; and from definition r{' = rj\y + r{,. Finally, using that r{

satisfies Eq. (26), we easily obtain ||dgrq ||i’g’T < K§Pt4,

5 The Difference A (u, 0): Proof of Theorem 2.7

In this section we will prove Theorem 2.7. It is clear that the difference A(u,0) =
ri(u, ) —r}(u, 0) is defined on (u, 0) € Dy g x T, where D, g = D;l(l,ﬁ,T N D;S(,ﬁ,T
(see Fig. 6) so this will be our domain from now on.
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5.1 Preliminary Considerations

As we explained in Sect. 2.4, the difference A = r} — r{ satisfies the linear PDE (41)
and can be expressed in the form (50): A(u, 6) = P(u, O)I;(E (u, 9)), with

Eu,0) =0 + 8 'au + cd ! logcosh(du) + C(u, 0), (131)
a solution of (47) and
P(u,0) = cosh®9(du)(1 + P (u, 0)) (132)
a solution of (41). A straightforward computation shows that if C is a solution of

(=8~ o — cZo )39 C + 8,C =lr(u, 0)(8 ™ & + cZo(u) + 0,C)
+3(u, 0)(1 4+ 95C), (133)

then, & is a solution of (47). Conversely, if Pj is a solution of

(=67"a = cZo@)) 09 Py + 8, P =0 + 11 (4, 0) + 2Zo()la(w, O))(1 + Py)
+b(u, 0)0, P + I3(u, 0)dg Py, (134)

then P asin (132) is a solution of (41).

Therefore, we focus to prove the existence and the properties stated in Theorem 2.7
of the functions C and P;. To this aim, first we point out that the linear operator on
the left-hand side of Eqgs. (133) and (134) is in both cases:

L(¢) = (=87 o — cZo(u)) o + du. (135)

In order to prove the existence of C and Py, we will use a right inverse of the operator
ﬁ, which we will call Q .

As we did with G%%, we look for an expression of G by solving the ordinary
differential equations that its Fourier coefficients satisfy. Proceeding in this way and
taking into account that our functions are defined in D, g x T,, we define C; as the
operator acting on functions ¢ defined in D, g x T, as:

@) w.0) =Y Gl we", (136)

leZ

where
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u cro— = cosh(dw
é[l](¢)(u) — / e—llé You(w—u)—iled llog(COS]‘:ig“)))qb[l](w)dw, if1 <0,
Uy
u
G () w) = / ¢! (w)dw, (137)
UR

s o sh(dw)
—itsatw-w=iled™ 10g (SR 41w, i1 > 0

G(g)(u) = / e

and uy+ = +i(w/(2d) — dk) and ur € R is the point of D, g with largest real part
(see Fig. 6 in Sect. 2.4).

In the next section, we introduce the Banach spaces we will work with, give some
bounds of the functions /; and finally check that the operator G is well defined and has
appropriate properties.

5.2 Banach Spaces and Properties of G

We will consider functions ¢ : D, g X T, — C. Again, they can be written in their

Fourier series ¢(v,0) = ) ;.7 o (v)e'’? . In a similar way as we did in Sect. 4.1.2

we define the norms:
|67 = sup |eosh”@)g"@)|.  Iglnw =Y @1 ",
" veDm‘f leZ "

16100 = 16lno+ 10:llntt.0+ 8 10Glnt1.0

and we consider the Banach spaces endowed with these norms:

X, , = {¢ : Dy g X T, — C : ¢ is analytic, such that ||¢|,.» < +oo} ,

n,

X, 0= {¢ : D, g x Ty, > C : ¢ is analytic, such that b lln.w < +oo} .

n

Remark 5.1 From Theorem 2.4, r}l’s € 2\?3_60 and that there exists a constant M such
that [[r}"* |3, < M8PT3.

Next lemma provides bounds for I, I and /3. Its proof is given in Castejon (2015).

Lemma 5.2 Let [;(u,0), i = 1,2,3, be the functions defined in (42)—(44). There
exists a constant M such that:

I lw < MSPF3, bl < MSPF3, |]l2.e < MSPH.

To finish this section we enunciate the properties of the linear operator G which
turns out to be very similar to the ones of G in Lemma 4.6. Its proof involves several
technicalities and can be found in Castejon (2015).
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Lemmas5.3 Letl € Z,n>1and ¢ € Xn,w. There exists M > 0 such that:

L Ifn > 1, then |GV(@)lu—1 < M o] .
1) oM ¢,
2. If1 #0, then |G (P)lln < -
3. As a consequence, if n > 1, ||gA(¢>)||n_1,w < M||p|ln..- Moreover if %) = 0,
then for alln > 1, G D llnw < MG ln,0-
4. 1009 (D) ln.w < M P |ln.co-

104G (@)l < M1l A )
6. Inconclusion, ifn > land ¢ € X, , thenG(p) € X, _, , and there exists M > 0
such that:

@

LG@) n—1.0 < M|$lln.cr-

In the following two sections we will prove the results related to the functions C
and Pj.

5.3 Existence and Properties of C

We enunciate the results about the function C that we will prove. They give a more
precise information than the ones in Theorem 2.7.

Proposition 5.4 There exists a particular solution C of (133) of the form:

u
Cu,0) = a—laf I w)ydw + C(u, 6), (138)
0

with 150] (u) the average of the function Iy defined in (43).

ICill1.0 < M8PT3, 18,Cll1.w < MSPT2, |185C |10 < MEPT3. (139)

Finally, (§(u, 0), 0), with & given by (131), is injective in Dy g x T,,.

Remark 5.5 Assuming that C actually exists and recalling that A has the form (48),
the function

k(u,0) :=k(® + 8 'au + cd”'logcosh(du) + C(u, 9)),
has to be 27 —periodic in 6, which implies that k() is 27 —periodic in 7.

Now we make some further considerations on the integral fou lgol(w)dw. First of
all, we point out that using Lemma 5.2 and the fact that for w € D, g one has
| cosh(dw)| > K|w? — 7%/(2d)?|, one obtains:

u
‘5—101[ 15 (w)dw
0

u
< K§P+? / | cosh(dw)|~'dw < K§72|log(8«)|.
0
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Hence, in the regular case p > —2 this integral is small, even for complex values
of u € D, g, and one can avoid to take into account its contribution to the function
C(u, 0) defined in (138). Notice that when u € R, this integral is O(8P12). However,
in the singular case p = —2, one needs to have some more precise knowledge of its
behavior.

The following result deals with this integral. Its proofis given with detail in Castejon
(2015).

Lemma 5.6 Define L as the following limit that is well defined:

Lo= lim lim 87731 u) tanh ™" (du).

. T
u—izg 60

Then, there exist functions L(u) and A(u) such that for allu € Dy g:
“ 10
f I (w)dw = §P+3d7" Lo log cosh(du) + SL(u) + S A (w).
0

Moreover, Ly € R, L(0) = 0 and L(u) is defined on the limit u — im/(2d) and
ILllo < M8PF2 ||L'|lo < M8PY2 and | Al < M8PH3, for some M > 0.

Remark 5.7 One can obtain explicit expressions for Lo, L(u) and A(u) depending
only on F(0) or equivalently, on F(0), G(0) and H (0) defined in (24). See (Castejon
2015) for details.

We write the formulas for Lo and L(u). We define the constants

(f3120 + g3210 + 3 f3300 + 383030) — (f3102 + &3012)

d+1 [(d+ 1)
£0

T26d(3d+2) | 4b
d+1
Y (h3201 + h3021) + 2h3003i|
d+1
Hy = — h3003 + =5 (h3021 + h3201) »

where the coefficients fymn, &gkmn and hgimy were defined as in (62).

In the conservative case, Ly = —h3gp3 while in the general one:
Lo — 2b 1 H
0= d £0 d 0-

With respect to L(u), we define

cosh? (du) lims_, 573 (H (0))'*" = Hy sinh(du)

H =
1) cosh(du)
u
) R
Py () = 8_(p+3)a/ —0(;”) dw
Foo cosh*ti (dw)
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! Fi(w) tanh(du)
—— 2 —dw —po———5—,
Foo cosh*ta (dw) cosh”(du)
Fi() = lim 87773 cosh* () [F%(u) — 20 Ro(w)],

+ cosh% (du)

where we take — for the unstable case and + for the stable one. Then
+2 “b 2 u S 1
L(u) = —67 a cosh”(dw) (o (u) + pj (w)) + HHI (w)dw.
0

5.3.1 Proof of Proposition 5.4
Let us define:
b(u,0) = L, 0) — 15 (u).

It is easy to see that in order that C defined in (138) satisfies (133) it is enough that
C satisfies the following equation:

(=8 Yo — cZou))3pC1 + 3,C1 = 8 Lalr(u,0) + 3(u, 0)(1 + 3Cy)  (140)
+la(u, 0)(cZo(u) + 8 all™ ) + 9,C1).

We define the operator A; as:
Ai(p) = %iz(u, 0)+ Ly (u, 0)<czo(u>+%zgo](u>+au¢>+lg(u, 0)(1+d5). (141)

Then Eq. (140) can be rewritten as ﬁ(Cl) = A;(Cy), where L was defined in (135).
It is enough then to solve the fixed point equation:

Ci = Ai(Cy),
where Al = Q o Ay, and é is the operator defined in (136).
— Xo’w.

Lemma 5.8 For « big enough and p > —2, the operator A /{/0

Moreover, there exists a constant M such that UAl(O)ﬂoyw < M§Pt2, c;:d Al has a
unique fixed point in the ball B (2 U«‘Il (O)Jjo,w) C 220,(0.
Proof First of all we shall prove that:

LA (0) o, < K87T2, (142)
We have:

A1(0) = 8 aba(u, 0) + la(u, 0)(cZo(w) + 8 all ) + 13(u, 6).
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To prove (142) we shall bound the Fourier conﬁcients of A;(0) and then use
Lemma 5.3. On the one hand, since by definition / has zero average, one has:

A0y = 1Py e zo ) + 57 el ) + 1 w).
Using Lemma 5.2 and the properties of the norm:
AP O 2 < 1511 el Zolh + 8™ el ) + 11572 < K87 (143)
Then, by item 1 of Lemma 5.3 one has:
IG"N AL OD 11 < KIAP )2 < K87+ (144)
On the other hand, for the remaining Fourier coefficients one has:
AN ©O) = @) o + cZou) + 5 ol @) + 1 ) 1 #0.
Again, using Lemma 5.2 and the properties of the norm, we obtain:
AT O < 151G e + el Zollo + 6~ allly o) + 115711 < K872 (145)
Then by item 2 of Lemma 5.3 and taking into account that [ # 0, we have:

KAV Ol _ Kor+

IS AL O < i == (146)
From (144) and (146) we obtain:
1AL O) 1,0 < K872, (147)
and as a consequence:
. §pT2
1A @0, = K—— = KsPte. (148)

We note that from bounds (143) and (145) we have |41 (0)(1.» < K8P+2 and then
from items 4 and 5 of Lemma 5.3 we obtain directly:

19 A1) 11,60 < KA O) 11,00 < K872, (149)

and:
136 A1 (011,00 < K8IIA1(0)]|1,00 < K87, (150)

From bounds (148), (149) and (150), one obtains bound (142).
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It is not difficult to check that given two functions ¢1, ¢ € XO,u):

- - K
1AL (p1) — A1(92) 0.0 < ;qucm —#20l0.00- (151)

To finish the proof, we take k sufficiently large such that the Lipschitz constant
in (151) is smaller than 1. Then A; sends B (2[L./I1(O)Jjo,w) to itself and since it is
contractive, it has a unique fixed point in this ball. O

End of the proof of Proposition 5.4 Let us define C as the unique fixed point of the
operator Al in the ball B (2 HAI (O)Jjo,w>, whose existence is proven by Lemma 5.8.

Let C be defined as in (138) and & the function defined as (131). It remains to check
that bounds (139) hold and that (§(0, u), 0) is injective.

First we shall see that C; satisfies the bound in (139). We point out that this is not
given directly by Lemma 5.8, but it can be obtained a posteriori. Indeed, by definition
C; satisfies: C; = G(A;(C))). By definition (141) of the operator A, and since Gis
linear, we can write:

C1 = G(A1(0)) + G(la(u, 0)8,Cy + 13(u, 0)3C). (152)

On the one hand, we recall bound (147) which stated:

IG(AL(O) [0 < K8PT3, (153)

On the other hand, since C| € B (2 LA (O)Jjo,w> , by the definition of the norm ||. ||o.,
and the bound of [L/L (0)|Jo.» provided by Lemma 5.8, one has:

18.Cill1.0 < K8PT2,  |189C1ll1.00 < KSPT3. (154)

Then, using Lemma 5.2 and bounds (154) it is easy to see that:

12, 0)8,C1 + I3(u, 0)3pC1 2.0 < K82,

so that by item 3 of Lemma 5.3 we obtain:

1G(Ua(u, 6)8,C1 + 13(u, ) C1) 1.0 < K82, (155)

Using that p > —2 and bounds (153) and (155) in Eq. (152), we obtain [|C1 |1, <
K8P13, and then bound (139) is obtained.

The bounds in (139) for C are consequence of (154) and Lemma 5.2. It only remains
to prove that (£(6, u), 0) is injective. Let us assume & (u1, 6) = £(u2, 6). This means:

Uy —uy = 8d*1a*1c(log cosh(du) — logcosh(du))
+8a 1 (Cu1, 0) — C(ua, 0)).
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On the one hand, for u1, u; € D, g we have:

K
sd 'a~'¢|log cosh(du) — logcosh(dua)| < —|u; — us|.
K

On the other hand, using the mean value theorem and bound (139):

5p+2

8|C(ur,0) — Cluz,0)| <

[y — uz,

Thus, since p > —2, we know that there exists a constant K such that: |u; — uz| <
k'K |u1 — us|. Taking « sufficiently large yields u; = us>. O

5.4 Existence and Properties of Py

Our goal is to find a particular solution of Eq. (134) satisfying the properties stated in
Theorem 2.7. We introduce the operator

B(¢) = Qo +11(u,0)+2Zo(w)l2(u, 0))(1+¢) +12(u, 0)0,¢+13(u, 0)dp¢, (156)
in such a way that Eq. (134) can be written as:
L(P) = B(Py). (157)

We distinguish between the general and the conservative case, since in the first case
Py will be found using a fixed point equation, while in the latter it will be defined in
terms of the function C of Theorem 2.7.

5.4.1 The General Case

In this subsection we will follow the same steps as in Sect. 5.3 to prove the existence
of C1. Since Pj has to be a solution of (157), we shall do it by solving the fixed point
equation:

Py = B(Py), (158)

where B = Q o B3, and é is the operator defined by (136) and (137), and B is defined
in (156).

Lemma 5.9 For « big enough and p > —2, the operator B: )E'l’w — X, , and it

1,0’

has a unique fixed point in the ball B (2 UB(O)H 1,w> C /’gl,w' Moreover, there exists a
constant M such that || B(0)|]1., < K8P*3.

Proof First we deal with l;’(O). Indeed, using Lemma 5.2 and that |o| < o*8P 13 itis
straightforward to prove that there exists a constant K such that: |[3(0)|2.., < K&? +3,
Then item 6 of Lemma 5.3 yields || B(0)|1., < K873,
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Next step is to find the Lipschitz constant of the operator B. To do so, let us fix
P1,.¢2€ B (ZLLB(O)JJM)) We have:

1B(p1) — B(@2)l2,0 <2lolll¢r — d2ll2,0 + 1 11,0ll¢1 — 201,00
+ 21 Zoll1,wll2ll0,0ll¢1 — P2111,0 + 12110,01104 (D1 — $2)112,0
+ 13111,0100 (p1 — D211, 0- (159)

First we note that, since o = O (87 13):

5p+2 5p+2
lofllgr = #2l2.0 < KTII¢1 —P2lle = KTLL¢1 —¢2/1,0- (160)
Similarly, by Lemma 5.2:
§p+2 §p+2 §p+2
lilhe = KT’ 21100 = KT’ 13110 < KT' (161)

Finally, we just need to note that:

K
196(¢1 = @2)ll1.0 = £ 1100 (b1 — P2) 2.0 = K(¢1 — o]0 (162)

Using the definition of the norm ||.||1 «, the fact that | Zyl|l1,, < K and the previous

bounds (160), (161) and (162) in Eq. (159) we immediately obtain

5p+2
1B(@1) — B(@2)ll2,0 < KT[MH —¢2l10-
Again, by item 6 of Lemma 5.3
N » p+2
1B(¢1) — B@2) 1,0 < K p 1 — d2ll1.0- (163)

To finish the proof, we take « large enough such that the Lipschitz constant in (163)
is smaller than 1. Then the fixed point theorem yields the result. O

The fact Py satisfies Eq. (157) (and consequently (134)) is clear since it is a solution
of Eq. (158). Clearly, using Lemma 5.9, one has, || P ||1., < 2||B(0)]]1.., < K87+,
Since:

sp+2
sup  [Pi.0)| <[[Piliw  sup  [cosh!(du)| < K—,
(u,0)€Dy, g x Ty, (u,0)€Dy, g x Ty K

taking « sufficiently large we obtain |1 + Py(u, )| > 1 — K« 18712 = 0. Finally,

since coshZ/d(du) # 0 for u € D, g we can ensure that, for (u,0) € D, g x T,
P(u,0) = cosh?d(du)(1 + Py (u, 6)) # 0.
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5.4.2 The Conservative Case
We recall that in the conservative case we have d = 1 and o = 0. Let:

0,C(u,0) —I3(u,0)
S~ la+cZo(u) +13(u, 6)’

Pi(u,0) = (164)

where C (u, 6) is the function given by Proposition 5.4 and /3(u, 6) is defined in (44).
First let us check that it satisfies bound (54), that is:

K
|Pi(u, 0)] < —8PT2, (165)
K

forall (u, 0) € D, gxT,.Onthe onehand, note that by Proposition 5.4 and Lemma 5.2
we have:

K K
10, C (u, 0)| < ;3”“, 13(u, 0)] = 25”“- (166)

On the other hand, taking « sufficiently large, we also have:

1
< Ks. (167)
§~la +cZo(w) + 13(u, 6)

Then (165) follows directly from using (166) and (167) in (164).
It only remains to prove that P; defined in (164) satisfies Eq. (134):

(—3_104 — CZ()(M)) P+ 0,P1 = (Li(u,0) +2Zo(u)lo(u, 0))(1 + Pr)
+ I (u, 0)0, Py + I3(u, 6)dg P1. (168)

Tedious but standard computations yield that Pj is a solution of

(=8 Ya—cZo(u) — 13(u, 6))3g Py + 8, P;
= Byl (u, 0) + dpl3(u, 0))(1 + Py) + L (u, 6)d, P;. (169)

Therefore, Eqs. (169) and (168) are the same, if and only if:
Li(u,0) +2Zo(w)la(u, 0) = dyla(u, 0) + dgl3(u, ).

This equality can be checked using the definitions of /> and /3 as well as the fact that
the vector field is divergence free, that is:

0 H(r)+ 09G(r) = =0, F(r).
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