THE POWER-COMPOSITIONS DETERMINANT AND ITS APPLICATION TO GLOBAL OPTIMIZATION^∗

JOSEP M. BRUNAT^† AND ANTONIO MONTES^†

SIAM J. MATRIX ANAL. APPL. © 2001 Society for Industrial and Applied Mathematics Vol. 23, No. 2, pp. 459–471

Abstract. Let C(n, p) be the set of p-compositions of an integer n, i.e., the set of p-tuples α = (α_1 , . . . , α_p) of nonnegative integers such that α_1 + · · · + α_p = n. The main result of this paper is an explicit formula for the determinant of the matrix whose entries are α^β = α^{β1}_1 · · · α^{βp}_p where α, β ∈ C(n, p). The formula shows that the determinant is positive and has a nice factorization. As an application, it is shown that the polynomials p_α(x) = (α_1x_1 + · · · + α_px_p)^n with α ∈ C(n, p) form a basis of the vector space H_n[x_1, . . . , x_p] of homogeneous polynomials of degree n in p variables. The result is of interest in the context of global optimization because it allows an explicit representation of polynomials as a difference of convex functions.

Key words. composition, homogeneous polynomial, Vandermonde’s determinant, difference of convex functions

AMS subject classifications. 15A05, 15A36, 78M50

PII. S0895479800369141

1. Introduction. Let n, p be positive integers. A p-composition of n is a p-tuple α = (α_1, . . . , α_p) of nonnegative integers α_i such that α_1 + · · · + α_p = n. The set of p-compositions of n is denoted by C(n, p). It is well known that its cardinality is |C(n, p)| = ( n + p − 1 p − 1 ) .

Let α, β ∈ C(n, p). We denote α^β = α^{β1}_1 · · · α^{βp}p where, to be consistent, it is assumed that 0^0 = 1. Let M(n, p) be the matrix whose entries are α^β . The power-compositions determinant Δ(n, p) is the determinant of the matrix M(n, p). The rows and columns of M(n, p) = (α^β ) are labeled by the compositions given in the same ordering. In this way, the determinant Δ(n, p) does not depend on the ordering in C(n, p).

The main theorem is the following.

Theorem 1.1. The determinant of the matrix M(n, p) = (α^β ), α, β ∈ C(n, p), is

Δ(n, p) = min{n,p} ∏ k=1 ( n(^{n−1k} ) n−k+1∏

i=1 i^{(n−i+1)}(^{n−i−1k−2} ) )(^p_k) . (1.1)

The determinant Δ(n, p) appears in the following context. Let H_n[x_1, . . . , x_p] be the vector space of homogeneous polynomials of degree n in p variables with coefficients in a field of characteristic zero. The monomials x^β = x^{β1}_1 · · · x^{βp}_p , for all β ∈ C(n, p), form a basis of H_n[x_1, . . . , x_p]. The dimension of H_n[x_1, . . . , x_p] is

∗Received by the editors March 16, 2000; accepted for publication (in revised form) by M. Chu April 24, 2001; published electronically September 7, 2001. This work was partially supported by CUR Gen. Cat. under project 1999SGR00356, by Comisión Interministerial de Ciencia y Tecnología (CICYT) under project TIC2000–1017, and by MEC-DGES-SEUID under project PB98-0933.

http://www.siam.org/journals/simax/23-2/36914.html †Departament de Matemàtica Aplicada II, Universitat Politècnica de Catalunya, C/Pau Gargallo, 5, E-02028, Barcelona, Spain (brunat@ma2.upc.es, montes@ma2.upc.es). 459

460 JOSEP M. BRUNAT AND ANTONIO MONTES dim H_n[x_1, . . . , x_p] = |C(n, p)| = ( n + p − 1 p − 1 ) . Consider the polynomials

p_α(x) = (α_1x_1 + · · · + α_px_p)^n, α = (α_1, . . . , α_p) ∈ C(n, p).

The multinomial theorem gives

(α_1x_1 + · · · + α_px_p)^n = ∑ β∈C(n,p) ( n β ) α^β x^β .

Since the x^β form a basis, the polynomials (_n β ) x^β form a basis, too. By Theorem 1.1, Δ(n, p) ≠ 0 for all n, p ≥ 1, therefore we have the following corollary.

Corollary 1.2. The set of polynomials

p_α(x) = (α_1x_1 + · · · + α_px_p)^n, α = (α_1, . . . , α_p) ∈ C(n, p)

is a basis of H_n[x_1, . . . , x_p].

In section 8 we will discuss why this result can be of interest in the context of global optimization.

It will be useful to abbreviate the numbers on the right-hand side of (1.1). Define

D^∗(n, k) = n(^{n−1k} ) n−k+1∏

i=1 i^{(n−i+1)}(^{n−i−1k−2} );

D(n, p) = min{n,p} ∏ k=1 (D^∗(n, k))(^{pk}). (1.2)

With this notation, the theorem to be proved is Δ(n, p) = D(n, p).

The paper is basically devoted to the proof of Theorem 1.1 and is organized as follows.

In section 2 we define an order ≻ of the monomials for which the matrix M(n, p) is block triangular, with zeros at the upper right part. Ordering the monomials x^β is equivalent to ordering the compositions in C(n, p), which are the labels of rows and columns of the matrix M(n, p). In the diagonal blocks we recognize submatrices M^∗(n, k) corresponding to proper k-compositions, which are k-compositions with all its entries different from zero. Thus, we can express the determinant Δ(n, p) in terms of a product of determinants Δ^∗(n, k) of the matrices M^∗(n, k) corresponding to proper k-compositions with values of k ∈ [min{n, p}] = {1, . . . , min{n, p}}. Then the proof of Δ(n, p) = D(n, p) is reduced to the proof of Δ^∗(n, p) = D^∗(n, p).

Given m elements a_1, . . . , a_m in a field, the Vandermonde matrix V (a_1, . . . , a_m) is the m × m matrix whose ith column is 1, a_i, . . . , a^{m−1}_i . Many generalizations of the Vandermonde matrix have been studied [3, 8, 10], including combinatorial ones [1, 7, 9]. Theorem 1.1 can be considered in this context in the sense that Δ^∗(n, 2) can be easily reduced to the Vandermonde’s determinant V (1, 1/(n−1), 1/(n−2), . . . , 1/2). In section 3 we study this determinant and some others special cases which are needed later.

THE POWER-COMPOSITIONS DETERMINANT 461

In section 4 it is shown that the proposed ordering splits the matrix M^∗(n, p) into new block submatrices and that the diagonal blocks are matrices M^∗(n − j, p − 1) except for constant factors, denoted f_1(i, j). We proceed with a triangulation method which at each step reduces to zero the block matrices to the right of the diagonal block. This process modifies only the initial block matrices by constant factors f_k(i, j). The method is recursive, but a compact form for the recurrence is not simple to obtain. Nevertheless, the recursion that modifies only the numerical factors f_k(i, j) is independent of p. So comparing with the case p = 2 that is solved in section 3, we are able to establish an explicit formula for f_i(i, i), which are the only values of f appearing in the recursive formula for the determinant Δ^∗(n, p). The result is a concrete recursion formula for Δ^∗(n, p) in terms of Δ^∗(i, p − 1) for i running from n − 1 till p − 1.

In section 5 we introduce a class of numbers that we call multiplicative binomial numbers because they have multiplicative properties similar to those of the additive ones for the binomial numbers.

In sections 6 and 7 a recursion rule for D^∗(n, p) involving the multiplicative binomial numbers is obtained. It is shown that this recursion is the same and has the same initial values as the recursion satisfied by Δ^∗(n, p). So the proof becomes complete.

Finally, section 8 is concerned with the applications to global optimization theory, which was the initial motivation of the problem. As it is known, representing a function as a difference of convex functions is an essential tool in this context. We show how Corollary 1.2 allows us to do it explicitly for any polynomial function.

Throughout the paper, some elementary properties of binomial numbers are used. They can be found, for instance, in [4].

2. Reduction to proper compositions. A proper p-composition of n is a pcomposition α = (α_1, . . . , α_p) such that α_i ≥ 1 for all i ∈ [p]. We denote by C^∗(n, p) the set of proper p-compositions of n. Its cardinality is |C^∗(n, p)| = ( n − 1 p − 1 ) . Let M^∗(n, p) be the matrix (α^β ) with α, β ∈ C^∗(n, p) and let Δ^∗(n, p) be the determinant of M^∗(n, p). We first reduce the problem to the calculation of the determinant Δ^∗(n, p). To this end, we need to define an order in C(n, p). Denote by • w(α) the number of zeros of α;

• z(α) the vector of the positions in increasing order of the zeros in α if w(α) > 0, and the vector (0) if w(α) = 0;

• ℓ(v) the last nonzero entry of v if v is a vector with nonzero entries, and 0 otherwise.

The order ≻ is defined as follows: α ≻ β if

(i) w(α) > w(β) or (ii) w(α) = w(β) and ℓ(z(α) − z(β)) > 0 or (iii) w(α) = w(β) and ℓ(z(α) − z(β)) = 0 and ℓ(α − β) < 0.

For instance, the compositions of C(4, 3) written in decreasing order ≻ are shown in Table 2.1.

A composition α with w(α) = 2 can be identified in a natural way with a composition in C^∗(4, 1); the compositions α with w(α) = 1 and z(α) = (i), i ∈ [3], can be put into one-to-one correspondence with the compositions of C^∗(4, 2); and the com-

462 JOSEP M. BRUNAT AND ANTONIO MONTES

Table 2.1 (C(4, 3), ≻).

w(α) z(α) Compositions 2 (2, 3) (4,0,0), 2 (1, 3) (0,4,0), 2 (1, 2) (0,0,4), 1 (3) (3,1,0),(2,2,0),(1,3,0), 1 (2) (3,0,1),(2,0,2),(1,0,3), 1 (1) (0,3,1),(0,2,2),(0,1,3), 0 (0) (2,1,1),(1,2,1),(1,1,2)

positions with w(α) = 0 form the set C^∗(4, 3) of proper 3-compositions of 4. With this ordering, the matrix M(5, 3) becomes

256 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 256 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 256 0 0 0 0 0 0 0 0 0 0 0 0 81 1 0 27 9 3 0 0 0 0 0 0 0 0 0 16 16 0 16 16 16 0 0 0 0 0 0 0 0 0 1 81 0 3 9 27 0 0 0 0 0 0 0 0 0 81 0 1 0 0 0 27 9 3 0 0 0 0 0 0 16 0 16 0 0 0 16 16 16 0 0 0 0 0 0 1 0 81 0 0 0 3 9 27 0 0 0 0 0 0 0 81 1 0 0 0 0 0 0 27 9 3 0 0 0 0 16 16 0 0 0 0 0 0 16 16 16 0 0 0 0 1 81 0 0 0 0 0 0 3 9 27 0 0 0 16 1 1 8 4 2 8 4 2 1 1 1 4 2 2 1 16 1 2 4 8 1 1 1 8 4 2 2 4 2 1 1 16 1 1 1 2 4 8 2 4 8 2 2 4

.

A framed block corresponds to a set of entries such that the rows α of the block have constant values of w(α) and z(α), and the columns β of the block also have constant values of w(β) and z(β). Inside a block the ordering is given by condition (iii) of the definition, but at this point this is not important; nevertheless it will be significant later on.

From here onward, we assume that the matrix M(n, p) is written with its rows and columns in decreasing ≻ order.

Proposition 2.1.

Δ(n, p) = min{n,p} ∏ k=1 (Δ^∗(n, k))(^{pk}) .

Proof. First assume n ≥ p. For p = 1 the formulae are obvious. Let p ≥ 2. Fix a k ∈ [p − 1] and a set of positions 1 ≤ i_1 < i_2 < · · · < i_k ≤ p. The set of rows of the matrix M(n, p) labeled by compositions α with w(α) = k and z(α) = (i_1, . . . , i_k) are consecutive by the ordering ≻, and they are in one-to-one correspondence with the compositions of C^∗(n, n − k). The diagonal submatrix of M(n, p) formed by rows α and columns β such that w(α) = w(β) and z(α) = z(β) is the matrix M^∗(n, n − k) (recall the convention 0^0 = 1).

If w(α) > w(β), then there exists a position i such that α_i = 0 and β_i ≠ 0. Hence α^β = 0. If w(α) = w(β) and ℓ(z(α) − z(β)) ≠ 0, then there also exists a position i such that α_i = 0 and β_i ≠ 0. Hence α^β = 0. It follows that M(n, p) has the following

THE POWER-COMPOSITIONS DETERMINANT 463

diagonal form:

M(n, p) =

M^∗(n, 1) · · · 0 0 · · · 0 · · · · · · 0 . . .. . . . . . . . . . 0 · · · M^∗(n, 1) 0 · · · 0 · · · · · · 0 ∗ · · · ∗ M^∗(n, 2) · · · 0 · · · · · · 0 . . . . . . .. . . . . . ∗ · · · ∗ 0 · · · M^∗(n, 2) · · · · · · 0 . . . . . . . . . . . . . . . . . . . . . .. . . . ∗ · · · ∗ ∗ · · · ∗ · · · · · · M^∗(n, p)

,

where the diagonal block M^∗(n, k) is repeated (_p k ) times, the (_p k ) possible positions of the k zeros. Since Δ(n, p) is the product of the determinants of the diagonal blocks, the formula of the proposition follows.

If p > n, the sets C^∗(n, k) are empty for k > n and the last diagonal block in the matrix M(n, p) is M(n, n). Then the product is to be taken from k = 1 to k = n. According to (1.1) and (1.2), Proposition 2.1 reduces the problem to prove that Δ^∗(n, p) = D^∗(n, p) (2.1)

for all n ≥ p ≥ 1. In the next section it is shown that (2.1) holds for p = 1, p = 2, and p = n, and in sections 4 and 6 it will be shown that both Δ^∗(n, p) and D^∗(n, p) satisfy the same recurrence.

3. Special cases. There are two extreme cases, namely, p = 1 and p = n. In those cases we have

Δ^∗(n, 1) = n^n;

D^∗(n, 1) = n(^{n−11} ) 1^0 2^0 · · · (n − 1)^0 n(^{−1−1}) = n^{n−1} n = n^n;

Δ^∗(n, n) = 1;

D^∗(n, n) = n(^{n−1n} ) 1^n (^{n−2n−2}) = n^0 = 1;

and we notice the coincidence when binomials are extended in the usual form. We are interested in another special case: p = 2. In this case the determinant Δ^∗(n, 2) can be easily reduced to the well-known Vandermonde’s determinant. We will need later the value not only of Δ^∗(n, 2) but also of its principal minor of order r, which we denote by Δ^∗_r (n, 2). We have

Δ^∗_r (n, 2) = | | | | | | |

(n − 1)^{n−1} · 1 (n − 1)^{n−2} · 1^2 · · · (n − 1)^{n−r} · 1^r (n − 2)^{n−1} · 2 (n − 2)^{n−2} · 2^2 · · · (n − 2)^{n−r} · 2^r · · · · · · (n − r)^{n−1} · r (n − r)r^{n−2} · r^2 · · · (n − r)^{n−r} · r^r

| | | | | | | = (_r ∏ i=1 (n − i)^{n−1} · i ) | | | | 1 1/(n − 1) · · · (1/(n − 1))^{r−1} · · · · · · 1 r/(n − r) · · · (r/(n − r))^{r−1}

| | | | | = (_r ∏ i=1 (n − i)^{n−1} · i ) ∏ 1≤i<j≤r ( j n − j − i n − i )

464 JOSEP M. BRUNAT AND ANTONIO MONTES = (_r ∏ i=1 (n − i)^{n−1} · i ) ∏ 1≤i<j≤r n(j − i) (n − i)(n − j) = (_r ∏ i=1 (n − i)^{n−1} · i ) n(^{r2}) ∏_{r−1} i=1 i^{r−i} ∏_r i=1(n − i)^{r−1} = n(^{r2}) (_r ∏ i=1 i^{r−i+1} ) (_r ∏ i=1 (n − i) )_{(n−r)} . (3.1)

In particular, for r = n, we have

Δ^∗(n, 2) = n(^{n2}) n∏ i=1 i^{n−i+1}, which is the expression given by formula (1.2) for D^∗(n, 2). Therefore, Δ^∗(n, p) = D^∗(n, p) for p = 1, p = 2, and p = n.

4. A recurrence for Δ^∗(n, p). Unfortunately, the method for p = 2 cannot be easily generalized for p ≥ 3. Nevertheless, a triangulation method and the knowledge of the values Δ^∗_r (p, 2) lead to a recurrence for Δ^∗(n, p).

Let α = (α_1, . . . , α_p) ∈ C^∗(n, p). We denote α = (α_1, . . . , α_{p−1}). In the definition of ≻, condition (iii) orders the compositions in C^∗(n, p) in such a way that compositions α with α_p = i are consecutive and immediately succeeded by those with α_p = i + 1. The submatrix of M^∗(n, p) corresponding to rows α with α_p = i and columns β with β_p = j can be written in the form S_{ij} f_1(i, j), i, j ∈ [n − 1], where S_{ij} is the matrix (α^β) and f_1(i, j) = i^j . Observe that S_{ii} = M^∗(n − i, p − 1). Now we begin a triangulation method that will only modify the factors f_1(i, j). Fix a column β with β_p = j ≥ 2. For each column γ with γ_p = 1 and γ_k ≥ β_k for k ∈ [p−1], add to the column β the column γ multiplied by − 1 (n − 1)^{j−1} ( j − 1 γ − β ) f_1(1, j) f_1(1, 1) . Since the differences γ − β are all the compositions of j − 1, the column β has been modified to the value α^β f_1(i, j) − ∑ γ 1 (n − 1)^{j−1} ( j − 1 γ − β ) f_1(1, j) f_1(1, 1) α^γ f_1(i, 1) = α^β { f_1(i, j) − ( n − i n − 1 )_{j−1} f_1(1, j) f_1(1, 1) f_1(i, 1) }

= α^β f_2(i, j).

The transformed matrix, which has the same determinant as M^∗(n, p), is of the form (S_{ij} f_2(i, j)), i, j ∈ [n − 1]. Observe that the blocks have been modified only by the numerical factor f_2(i, j). Moreover, for i = 1 and j ≥ 2, we have f_2(i, j) = 0 and the corresponding block is the zero matrix.

THE POWER-COMPOSITIONS DETERMINANT 465

The procedure can be iterated. Assume that we have the (r − 1)-iterated matrix in the form (S_{ij} f_r(i, j)) , i, j ∈ [n − 1], with f_k(i, j) = 0 for k < r and j > i. Select a column β with β_p = j > r. For each column γ with γ_p = r and γ_k ≥ β_k for k ∈ [p − 1], add to the column β the column γ multiplied by − 1 (n − r)^{j−r} ( j − r γ − β ) f_r(r, j) f_r(r, r) . The differences β − γ are all the compositions of j − r. Then, the column β has been modified to the value α^β f_r(i, j) − ∑ γ 1 (n − r)^{j−r} ( j − r γ − β ) f_r(r, j) f_1(r, r) α^γ f_r(i, r) = α^β { f_r(i, j) − ( n − i n − r )_{j−r} f_r(r, j) f_r(r, r) f_r(i, r) }

= α^β f_{r+1}(i, j), and f_{r+1}(i, j) = 0 for i < r + 1 and j > i. We have the recurrence f_{r+1}(i, j) = f_r(i, j) − ( n − i n − r )_{j−r} f_r(r, j) f_r(r, r) f_r(i, r), (4.1)

and, after n − p iterations, the matrix becomes (S_{ij} f_{n−p+1}(i, j)) , i, j ∈ [n − 1], with f_{n−p+1}(i, j) = 0 for j > i. Therefore Δ^∗(n, p) is the product of the determinants of the diagonal blocks S_{ii}f_i(i, i) = M^∗(n − i, p − 1)f_i(i, i). Denoting f_i = f_i(i, i), we have

Δ^∗(n, p) = (_{n−p+1} ∏ i=1 f (^{n−i−1}_{p−2} ) i ) (_{n−p+1} ∏ i=1 Δ^∗(n − i, p − 1) ) . The recurrence (4.1) does not seem easy to solve. Nevertheless, note that it does not depend on p. In the product F (n, p) = n−p+1∏

i=1 f (^{n−i−1}_{p−2} ) i (4.2)

the exponents and the number of factors depend on p, but the f_i’s themselves do not. Then, consider the case p = 2 and apply the method for calculating the minors of order r and r − 1. We have

Δ^∗_r (n, 2) Δ^∗_{r−1}(n, 2) =

(_r ∏ i=1 f_i ) (_r ∏ i=1 (n − i)^{n−i} )

(_{r−1} ∏ i=1 f_i ) (_{r−1} ∏ i=1 (n − i)^{n−i} ) = (n − r)^{n−r} f_r. (4.3)

466 JOSEP M. BRUNAT AND ANTONIO MONTES

On the other hand, the quotient of the minors can be evaluated directly by (3.1):

Δ^∗_r (n, 2) Δ^∗_{r−1}(n, 2) = n(^{r2}) r∏ i=1 i^{r−i+1} r∏ i=1 (n − i)^{(n−r)}

n(^{r−12} ) r−1∏ i=1 i^{r−i} r−1∏ i=1 (n − i)^{(n−r+1)}

= n^{r−1} (_r ∏ i=1 i ) (n − r)^{n−r} r−1∏ i=1 (n − i) = n^r (_n r ) (n − r)^{n−r} . (4.4)

Then, comparing (4.3) to (4.4), we obtain

f_r = n^r (_n r ) = r! n^{r−1} (n − 1) · · · (n − r + 1) , (4.5)

which gives an explicit formula for F (n, p).

We have proved that the determinants Δ^∗(n, p) satisfy the recurrence

Δ^∗(n, p) = F (n, p) n−p+1∏

i=1 Δ^∗(n − i, p − 1), (4.6)

with F (n, p) given by (4.2) and (4.5). The last part of the proof consists of proving that the numbers D^∗(n, p) satisfy the same recurrence.

5. The multiplicative binomial numbers. To obtain a recurrence for D^∗(n, p) we introduce a class of numbers which have similar properties with respect to the product to those of the binomial numbers with respect to the sum.

Let n ≥ p ≥ 1 be integers. The multiplicative binomial number a(n, p) is the number a(n, p) = n−p+1∏

i=1 i(^{n−ip−1}) = 1(^{n−1p−1}) · 2(^{n−2p−1}) · · · (n − p + 1)(^{p−1p−1}). From the definition, we have a(n, 1) = n!, a(n, 2) = 1^{n−1} 2^{n−2} . . . (n − 1), (5.1) a(n, n − 1) = 2, a(n, n) = 1. A straightforward calculation and the binomial recurrence (_{n−k} p−i ) + (_{n−k} p−i−1 ) = (_{n−k+1} p−i ) shows that a(n, p) = a(n − 1, p − 1) a(n − 1, p). (5.2)

THE POWER-COMPOSITIONS DETERMINANT 467

Table 5.1

n \ p 0 1 2 3 4 5 1 2 1 2 3 2 1 3 4 6 2 1 4 5 24 12 2 1 5 6 120 288 24 2 1 6 7 720 34560 6912 48 2 1

Moreover, a(n, p) = a(n − 1, p − 1) a(n − 1, p) = a(n − 1, p − 1) a(n − 2, p − 1) a(n − 2, p) · · · = a(n − 1, p − 1) a(n − 2, p − 1) · · · a(p − 1, p − 1). (5.3)

The properties (5.2) and (5.3) allow us to translate every additive property of the binomial numbers into a multiplicative one of the numbers a(n, p).

If we want to define a(n, p) also for p = 0, then (5.1) and (5.2) give

(n + 1)! = a(n + 1, 1) = a(n, 0) a(n, 1) = a(n, 0)n!

and a(n, 0) must be defined as

a(n, 0) = n + 1.

Table 5.1 gives some values of a(n, p). It is constructed as the Pascal triangle of binomial numbers but uses multiplication instead of addition.

6. A recurrence for D^∗(n, p). The number D^∗(n, p) has been defined in (1.2) by D^∗(n, p) = n(^{n−1p} ) n−p+1∏

i=1 i^{(n−i+1)}(^{n−i−1p−2} ). (6.1)

Then we have D^∗(n − 1, p − 1)D^∗(n − 1, p) = ( (n − 1)(^{n−2p−1}) n−p+1∏

i=1 i^{(n−i)}(^{n−i−2p−3} ) ) · ( (n − 1)(^{n−2p} ) n−p∏ i=1 i^{(n−i)}(^{n−i−2p−2} ) )

= (n − 1)(^{n−1p} ) n−p+1∏

i=1 i^{(n−i)}(^{n−i−1p−2} ). Comparing this with (6.1) leads to D^∗(n, p) = ( n n − 1 )(^{n−1}_p ) (_{n−p+1}∏ i=1 i(^{n−i−1p−2} ) ) D^∗(n − 1, p − 1)D^∗(n − 1, p)

= ( n n − 1 )(^{n−1}_p ) a(n − 1, p − 1)D^∗(n − 1, p − 1)D^∗(n − 1, p).

468 JOSEP M. BRUNAT AND ANTONIO MONTES

Let us define D^{∗∗}(n, p) by D^∗(n, p) = n(^{n−1p} )D^{∗∗}(n, p). (6.2)

We have D^{∗∗}(n, p) = a(n − 1, p − 1)D^{∗∗}(n − 1, p − 1)D^{∗∗}(n − 1, p). Iterating and taking into account (5.3) and that D^∗(p, p) = 1 for any p, we obtain D^{∗∗}(n, p) = a(n, p) n−p∏ i=1 D^{∗∗}(n − i, p − 1). Substituting (6.2), we obtain D^∗(n, p) = b(n, p)a(n, p) n−p∏ i=1 D^∗(n − i, p − 1), (6.3)

where b(n, p) = n(^{n−1p} ) n−p∏ i=1 (n − i)(^{n−i−1p−1} ) . (6.4)

7. The last step.

Lemma 7.1. F (n, p) = b(n, p)a(n, p).

Proof. From the definition (4.2) of F (n, p) and the values (4.5) of f_i, we have F (n, p) = n−p+1∏

i=1 f (^{n−i−1}_{p−2} ) i

= n−p+1∏

i=1 ( i! n^{i−1} (n − 1) · · · (n − i + 1) )(^{n−i−1}_{p−2} )

= (_{n−p+1} ∏ i=1 i!(^{n−i−1p−2} ) )_{n−p+1} ∏ i=1 ( n^{i−1} (n − 1) · · · (n − i + 1) )(^{n−i−1}_{p−2} ) .

In the product of powers of factorials, an i ∈ [n − p + 1] has the exponent ( n − i − 1 p − 2 ) + ( n − i − 2 p − 2 ) + · · · + ( p − 2 p − 2 ) = ( n − i p − 1 ) . So the first product is n−p+1∏

i=1 i!(^{n−i−1p−2} ) = n−p+1∏

i=1 i(^{n−ip−1}) = a(n, p). In the second product, the exponent of n is ( n − 3 p − 2 ) + 2 ( n − 4 p − 2 ) + · · · + (n − p) ( p − 2 p − 2 ) = ( n − 1 p )

THE POWER-COMPOSITIONS DETERMINANT 469

and the exponent of n − i is − ( n − i − 2 p − 2 ) − ( n − i − 3, p − 2 ) − · · · − ( p − 2 p − 2 ) = − ( n − i − 1 p − 1 ) . So we have F (n, p) = a(n, p) n(^{n−1p} ) n−p∏ i=1 (n − i)(^{n−i−1p−1} ) = a(n, p) b(n, p).

Theorem 7.2. The determinant of the matrix M^∗(n, p) is

Δ^∗(n, p) = D^∗(n, p) = n(^{n−1k} ) n−k+1∏

i=1 i^{(n−i+1)}(^{n−i−1k−2} ). Proof. By induction on p. For p = 1, 2 the equality has been proved in section 2.

Assume that p ≥ 3 and that the theorem holds for p − 1. Then (4.6) gives Δ^∗(n, p) = F (n, p) n−p+1∏

i=1 Δ^∗(n − i, p − 1). By Lemma 7.1 and the induction hypothesis, we have Δ^∗(n, p) = b(n, p)a(n, p) n−p+1∏

i=1 D^∗(n − i, p − 1), and by (6.3) Δ^∗(n, p) = D^∗(n, p). Corollary 7.3. Let n ≥ p ≥ 1 be integers. The set of polynomials

p_α(x) = (α_1x_1 + · · · + α_px_p)^n, α = (α_1, . . . , α_p) ∈ C^∗(n, p)

is a basis of the subspace ⟨x^α : α ∈ C^∗(n, p)⟩ of H_n[x_1, . . . , x_p] generated by the proper monomials.

Corollaries 1.2 and 7.3 can be interpreted in the context of Gröbner bases and convex polytopes [11]. Corollary 1.2 states that the ideal I generated by the convex polynomials p_α(x) is the monomial ideal ⟨x^β : β ∈ C(n, p)⟩, for which the set {x^β : β ∈ C(n, p)} is a universal Gröbner basis. The same is true for Corollary 7.3 relative to proper compositions. We note that the natural extension of the order ≻ defined in section 2 does not have the monotony property and, consequently, is not a monomial order.

8. Polynomials as difference of convex functions. In this section we show how our result can be of interest in the context of global optimization. We refer to [12] for details about convex sets and functions and difference of convex (d.c.) functions.

A subset Ω ⊂ R^p is convex if (1 − λ)x + λy ∈ Ω whenever x, y ∈ Ω, λ ∈ R, 0 ≤ λ ≤ 1. Let Ω ⊂ R^p be a convex set. A function f: Ω → R is convex if f((1 − λ)x + λy) ≤ (1 − λ)f(x) + λf(y) whenever x, y ∈ Ω, λ ∈ R, 0 ≤ λ ≤ 1. A function

470 JOSEP M. BRUNAT AND ANTONIO MONTES

f: Ω → R is a difference of two convex functions or a d.c. function if there exists two convex functions f_1(x) and f_2(x) on Ω such that f(x) = f_1(x) − f_2(x) for all x ∈ Ω. The class DC(Ω) of d.c. functions on Ω is the smallest vector space containing all convex functions on Ω. H. Tuy [12, p. ix] has pointed out that “. . . virtually every nonconvex optimization problem can be described in terms of functions representable as differences of convex functions. . . .” A theorem by Hiriart-Urruty [6] proves that every function f ∈ C^2(R^p ) is a d.c. function on any compact convex set Ω ⊂ R^p . In particular, any polynomial function is a d.c. function on any compact convex set. Nevertheless, how to represent effectively a polynomial as a difference of two convex polynomials has been considered a difficult problem, which arises, for instance, in the short-term hydrothermal coordination of electricity generation problem [2, 5].

Let R_+ be the set of nonnegative real numbers. The linear functions L_α(x) = α_1x_1 + · · · + α_px_p, where α ∈ C(n, p), are convex and nonnegative in the convex set R^p_+ . Since the functions t → t^n are increasing in R_+ , the functions p_α(x) = (L_α(x))^n are convex in R^p_+ . Corollary 1.2 implies that, given a homogeneous polynomial h(x) ∈ H_n[x_1, . . . , x_p], the polynomial h(x) can be expressed as h(x) = ∑ α∈C(n,p) λ_αp_α(x),

where the coefficients λ_α can be found from the coefficients of h(x) and the inverse of M(n, p). Let P and N be the set of α ∈ C(n, p) such that λ_α > 0 and λ_α < 0, respectively. Then h(x) = ( ∑ α∈P λ_αp_α(x) ) − ( ∑ α∈N (−λ_α)p_α(x) )

is an explicit representation of h(x) as a difference of two convex functions on R^p_+ .

If f(x) = f(x_1, . . . , x_p) is a polynomial of total degree m, then f(x) = h_0(x) + · · · + h_m(x), where h_j (x) ∈ H_j [x_1, . . . , x_p]. From the above representation of each h_j (x) as a d.c. function, we obtain an expression of f(x) as a difference of two convex functions on R^p_+ .

REFERENCES

[1] M. W. Buck, R. A. Coley, and D. P. Robbins, A generalized Vandermonde determinant, J.

Algebraic Combin., 1 (1992), pp. 105–109.

[2] A. Ferrer, Decomposition of a polynomial function as a difference of convex polynomials.

Application, in Generalized Convexity and Generalized Monotonicity, Proceedings of the 6th International Symposium on Generalized Coverxity/Monotonicity, N. Hadjisavvas, J. E. Martinez-Legaz, and J. P. Penot, eds., Springer-Verlag, New York, 2001, pp. 189–207.

[3] R. P. Flowe and G. A. Harris, A note on generalized Vandermonde determinants, SIAM J.

Matrix Anal. Appl., 14 (1993), pp. 1146–1151.

[4] R. L. Graham, D. E. Knuth, and O. Patashnik, Concrete Mathematics, Addison-Wesley, Reading, MA, 1989.

[5] F. J. Heredia and N. Nabona, Optimum short-term hydrothermal scheduling with spinning reverse through network flows, IEEE Trans. Power Systems, 10 (1995), pp. 1642–1651.

[6] J.-B. Hiriart-Urruty, Generalized differentiability, duality and optimization for problems dealing with differences of convex functions, in Convexity and Duality in Optimization, Lecture Notes in Econom. Math. Systems 256, Springer-Verlag, Berlin, 1985, pp. 37–69.

[7] C. Krattenthaler, Advanced determinant calculus, Sém. Lothar. Combin., 42 (1999), Art.

B42q, 67 pp. (electronic).

[8] T. Y. Lam, A general theory of Vandermonde matrices, Expo. Math., 4 (1986), pp. 193–215.

THE POWER-COMPOSITIONS DETERMINANT 471

[9] M. Lassalle, Quelques conjectures combinatoires relatives à la formule classique de Chu- Vandermonde, Adv. Appl. Math., 21 (1998), pp. 457–472.

[10] D. R. Richman and Q. L. Wang, On generalized Vandermonde determinants, in Current Trends in Matrix Theory, North-Holland, New York, 1987, pp. 285–295.

[11] B. Sturmfels, Gröbner Bases and Convex Polytopes, AMS, Providence, RI, 1996. [12] H. Tuy, Convex Analysis and Global Optimization, Kluwer Academic, Dordrecht, The Netherlands, 1998.