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Introduction and Motivation

@ Data assimilation is the process by which observations are
incorporated into a computer model of a real system.

@ Applications of data assimilation arise in many fields of
geosciences, perhaps most importantly in weather forecasting
and hydrology.

@ The classical method of continuous data assimilation is to
insert observational measurements directly into a computer
model as the latter is being integrated in time.

@ We propose a new approach based on ideas from control
theory. Rather than inserting the measurements directly into
the model, we introduce a feedback control term that
forces/nudges the model toward the reference solution that is
corresponding to the observations.
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Description of the method - Exact Observations

Let U be a solution lying on the attractor of the following
dissipative dynamical system in the space H (finite or infinite
dimensional)
du
dt
where the initial data, Uy, is missing.

F(U), (1)
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Description of the method - Exact Observations

Let U be a solution lying on the attractor of the following
dissipative dynamical system in the space H (finite or infinite
dimensional)
du
dt
where the initial data, Uy, is missing.
Let Ox(U(t)) € RP, t > 0 be the exact observational
measurements (without errors) of the true, unknown, solution U at
time t.
Denote by R,(U(t)) the interpolation of the observational data,
namely,

F(U), (1)

Ra(U(t)) = Ln o Op(U(t)),

where £;,: RP — H is linear operator.
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Explicit examples of interpolant operators

[Foias & Titi 1991], [Jones & Titi 1992, 1993]
@ The volume elements interpolant:
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Explicit examples of interpolant operators

[Foias & Titi 1991], [Jones & Titi 1992, 1993]
@ The volume elements interpolant:

N
Di Xx) where '-:ﬁ X) dx
Rali9) = - dxa ) where ¢ = JROE
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Explicit examples of interpolant operators

[Foias & Titi 1991], [Jones & Titi 1992, 1993]
@ The volume elements interpolant:

N
- _ N
Ru(e(0) = 2 gxa () where 3= 15 [ o) dx
j=1 )

and the domain D = [0, L] has been divided into N equal
squares Q;, with sides h = L/VN.
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Explicit examples of interpolant operators

[Foias & Titi 1991], [Jones & Titi 1992, 1993]
@ The volume elements interpolant:

N
- _ N
Ru(e(0) = 2 gxa () where 3= 15 [ o) dx
j=1 )

and the domain D = [0, L] has been divided into N equal
squares (;, with sides h = L/m This operator satisfies the
approximate identity property (2).

o Nodal values:
Let D = Uszl Qj, where Q; are disjoint subsets such that
diam Q; < hfor j =1,2,..., N, and let x; € Q; be arbitrary
points.
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Explicit examples of interpolant operators

[Foias & Titi 1991], [Jones & Titi 1992, 1993]
@ The volume elements interpolant:

N
- _ N
Ru(e(0) = 2 gxa () where 3= 15 [ o) dx
j=1 )

and the domain D = [0, L] has been divided into N equal
squares (;, with sides h = L/m This operator satisfies the
approximate identity property (2).

o Nodal values:
Let D = Uszl Qj, where Q; are disjoint subsets such that
diam Q; < hfor j =1,2,..., N, and let x; € Q; be arbitrary
points. Then set

N
Ra(0(x)) = o(xi)xq,(x)-
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Explicit examples of interpolant operators

[Foias & Titi 1991], [Jones & Titi 1992, 1993]
@ The volume elements interpolant:

N
- _ N
Ru(e(0) = 2 gxa () where 3= 15 [ o) dx
j=1 )

and the domain D = [0, L] has been divided into N equal
squares (;, with sides h = L/m This operator satisfies the
approximate identity property (2).

o Nodal values:
Let D = Uszl Qj, where Q; are disjoint subsets such that
diam Q; < hfor j =1,2,..., N, and let x; € Q; be arbitrary
points. Then set

N
Ru(2(x)) =D elxi)xa;(x)-
k=1

This operator satisfies the approximate identity property (3).
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The interpolant observables Ry,

We will be using two different interpolant operators (observables)
that approximate identity
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The interpolant observables Ry,

We will be using two different interpolant operators (observables)
that approximate identity

@ Rj,: H' — L? that are linear and satisfy

o — Ru()I72 < cah®[loll7n (2)

for every p € H}(Q).
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The interpolant observables Ry,

We will be using two different interpolant operators (observables)
that approximate identity

@ Rj,: H' — L? that are linear and satisfy
lo = Ra(@)lI72 < cth®lllFn (2)
for every p € H}(Q).
@ Rj,: H?> — L? such that

le = Ra(@)lIZ: < calllolfn + cahllelfe, ()

for every ¢ € H?(Q).
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Our Data Assimilation Algorithm

Our algorithm for constructing and approximate solutions v(t)
from the observational measurements R,(U(t)) for t > 0 is given
by

Edriss S. Titi Continuous Data Assimilation with Stochastic Data



Our Data Assimilation Algorithm

Our algorithm for constructing and approximate solutions v(t)
from the observational measurements R,(U(t)) for t > 0 is given
by
dv
4 = F)=n(Ru(v)) = R (V)),
v(0) = vo,

Edriss S. Titi Continuous Data Assimilation with Stochastic Data



Our Data Assimilation Algorithm

Our algorithm for constructing and approximate solutions v(t)
from the observational measurements R,(U(t)) for t > 0 is given
by

dv

4 = F)=n(Ru(v)) = R (V)),

v(0) = wo,

where 1 > 0 is a positive relaxation parameter, which
relaxes/nudgees the coarse spatial scales of v toward those of the
observed data,

Edriss S. Titi Continuous Data Assimilation with Stochastic Data



Our Data Assimilation Algorithm

Our algorithm for constructing and approximate solutions v(t)
from the observational measurements R,(U(t)) for t > 0 is given
by

dv

4 = F)=n(Ru(v)) = R (V)),

v(0) = wo,

where 1 > 0 is a positive relaxation parameter, which
relaxes/nudgees the coarse spatial scales of v toward those of the
observed data, and vy is taken to be arbitrary.

Edriss S. Titi Continuous Data Assimilation with Stochastic Data



Our Data Assimilation Algorithm

Our algorithm for constructing and approximate solutions v(t)
from the observational measurements R,(U(t)) for t > 0 is given
by

dv

4 = F)=n(Ru(v)) = R (V)),

v(0) = wo,

where 1 > 0 is a positive relaxation parameter, which
relaxes/nudgees the coarse spatial scales of v toward those of the
observed data, and vy is taken to be arbitrary.

Our goal is to find a condition on the spatial resolution of the
measurements, h,

Edriss S. Titi Continuous Data Assimilation with Stochastic Data



Our Data Assimilation Algorithm

Our algorithm for constructing and approximate solutions v(t)
from the observational measurements R,(U(t)) for t > 0 is given
by

dv

4 = F)=n(Ru(v)) = R (V)),

v(0) = wo,

where 1 > 0 is a positive relaxation parameter, which
relaxes/nudgees the coarse spatial scales of v toward those of the
observed data, and vy is taken to be arbitrary.

Our goal is to find a condition on the spatial resolution of the
measurements, h, that guarantees that the approximating solution
v converge to the unknown reference solution U as t — oo.
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2D Navier-Stokes equations

Let D = T? (a two-dimensional torus identifiable with [0, L]? with
periodic boundary conditions).
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2D Navier-Stokes equations

Let D = T? (a two-dimensional torus identifiable with [0, L]? with
periodic boundary conditions). We consider the 2D Navier-Stokes
equations in [0, T] x D

9 _VvAU+(U-V)U+Vp=F
V-U=0 (4)
U(0) = Up.
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2D Navier-Stokes equations

Let D = T? (a two-dimensional torus identifiable with [0, L]? with
periodic boundary conditions). We consider the 2D Navier-Stokes
equations in [0, T] x D

9 _VvAU+(U-V)U+Vp=F
V-U=0 (4)
U(0) = Up.

Here, the unknowns are U, the velocity, and p the pressure. f is an
external given force, and Uy is the initial velocity that is missing.
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Preliminaries and Notations

Let us introduce the following Hilbert spaces:

H = {u €[Ber(DP, V-u=0 & /D u(x)dx = o}
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Preliminaries and Notations

Let us introduce the following Hilbert spaces:

H = {u €[Ber(DP, V-u=0 & /D u(x)dx = o}

vz{ue[H;er(D)F, Vou=0 & /Du(x)dx:0}

Let M be the orthogonal projector in [.LE,er(D)]2 onto H; then the
Stokes operator is

Au=-NAu,  Vue D(A) =[H3er(D)? N V.
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Preliminaries and Notations — continue

By the classical spectral theorems there exists a sequence {\;}72,
of eigenvalues of the Stokes operator with 0 < A\; < A\p < ...,
corresponding to the eigenvectors e; € D(A); {e;}; form an
orthonormal basis in H.

We have the following Poincaré inequalities:

lullZ2 < A Mulf Vuev (5)

lullfpn < ATAulE Vu e D(A) (6)
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Let b(-,-,-) : V x V x V — R be the continuous trilinear form
defined as
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Let b(-,-,-) : V x V x V — R be the continuous trilinear form
defined as

b(u,v,w) = /D([u(x) - V]v(x)) - w(x) dx.
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Let b(-,-,-) : V x V x V — R be the continuous trilinear form
defined as

b(u,v,w) = /D([u(x) - V]v(x)) - w(x) dx.
B(+,): V x V — V/ such that

(B(u,v),w) = b(u,v,w), forall weV.

Projecting the NSE onto H, we obtain the abstract formulation
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Let b(-,-,-) : V x V x V — R be the continuous trilinear form
defined as

b(u,v,w) = /D([u(x) - V]v(x)) - w(x) dx.
B(+,): V x V — V/ such that

(B(u,v),w) = b(u,v,w), forall weV.

Projecting the NSE onto H, we obtain the abstract formulation

Y 1+ VAU + B(U, V) = f,
{ 0(0) = Up. (7)
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Properties of the nonlinear term

for all u, v, w with appropriate regularity
) (B(u,v),w) = =(B(u,w),v), (8)
) (B(u,v),v) =0, (9)
) (B(v, v), Av) = 0. (10)
) (B(u, v), Av) + (B(v, u), Av) = —(B(v,v), Au).  (11)
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(B(u,v), w) < Cellullallv][ pul[wl o (12)

Moreover, using the Ladyzhenskaya interpolation inequality

lullZa < lulizlully (13)
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Known results on the deterministic NSE

The 2D NSE are well-posed and possess a compact
finite-dimensional global attractor:
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Known results on the deterministic NSE

The 2D NSE are well-posed and possess a compact
finite-dimensional global attractor:

Theorem

Let Ug € H and f € H™. Then the 2D system of Navier-Stokes
equations has a unique weak solution that satisfies

Ue C([o, T]; L2) n L3([0, T]; HY), forany T >O0.

(U(2), )+v /0 (U(s), Ad)— /0 (B(U(s), 6), U(s))ds = /0 (F, $)ds

for all € D(A) and t € [0, T]. Moreover, the solution U
depends continuously on the initial data Uy in the H norm.
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Strong solutions to the NSE

Theorem

Let Up € V and f € H. Then (7) has a unique strong solution
that satisfies
U e C([o, T]; HY) n L3([0, T]; H?), forany T > 0.

Moreover, the solution U depends continuously on the initial data
Uy in the H' norm.

Let us denote by G the Grashof number

Edriss S. Titi Continuous Data Assimilation with Stochastic Data



Strong solutions to the NSE

Theorem

Let Up € V and f € H. Then (7) has a unique strong solution
that satisfies
U e C([o, T]; HY) n L3([0, T]; H?), forany T > 0.

Moreover, the solution U depends continuously on the initial data
Uy in the H' norm.

Let us denote by G the Grashof number

G =

I £ 4. 14
o '?Lilip| (t)|H (14)
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Global Bounds on the deterministic NSE

Let T > 0 and G the Grashof number given by (14). There exists
a time tg such that for t > ty we have

t+T
|U(t)|3 < 202G?  and / |U(s)|I3ds < 2(1 + TvA)vG2.
t
(15)
In the case of periodic boundary conditions we also have
t+T
IUIR < 2020 G? and / AU(s)yds < 2(1+ TwAq)vhs G2,
t
(16)
If f € H is time independent then

|AU(1)2, < e’ (1 + G)B. (17)
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The approximating scheme the deterministic case

Let v be a solution to equations

(18)

% + vAv + B(v,v) = f — uRy(v — U),
v(0) = wo
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The approximating scheme the deterministic case

Let v be a solution to equations

ély _ _
{dt—|—1/Av—|—B(v,v)—f pRy(v — U), (18)

v(0) = v
Assume h is small enough such that
1/h? > 1)\ G2,

. Then there exists . > 0, given explicitly, such that
v — ull2@) — O exponentially, as t — oc.
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The approximating scheme Stochastic case

Let u be the approximation of U solution the stochastic NSE

{ du + [VAu + B(u, u)]dt = [f + pRuy(U — u)] dt + pudRp(W),
u(0) = u
0 (19
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The approximating scheme Stochastic case

Let u be the approximation of U solution the stochastic NSE

du + [VAu + B(u, u)]dt = [f + pRuy(U — u)] dt + pudRp(W),
{ u(0) = wo

(19)
It is not difficult to prove that system (19) is well-posed.
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Theorem

Let us assume that U is the strong solution of the deterministic
Navier-Stokes equations and uy € H and that trace(Q) < oc.
Moreover, assume that Ry, satisfies (2) and that picih®> < v. Then,
for any T > 0 there exists a continuous stochastic process solution
of (19) such that P-a.s.

u e C([0, T]; H) () L2([0, T]); V).

0<t<T

-
E( sup |u(t)|2—|—/0 ||u(t)|2dt> < 00.

Moreover if ug € V then, P-a.s. the process u is such that

u€ C([0, TI: V) () L2([0, T1); D(A)).
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Main result

Our goal is to prove that the approximating solution u converges
to the true solution U when t — oo, in some sense.

Theorem

Assume that U is a solution of (7) with period boundary
conditions. If Ry satisfies assumption (2) and

1
ﬁ > 41 G\ G2

then there exists ;n > 0 such that

i U < S E—
tlngo Elu(t) — U(t)|y < Tf[Q]M_ 2C.vA G2
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Let us also assume that

C
IRn(D)l1r < Zllell 2 (20)

Theorem

Assume that U is a solution of (7) with period boundary
conditions. If Ry satisfies assumption (3) and (20) and

h2 > 2uci MG (cz log ¢ 12 4 4c, log(1 + G))

then there exists p > 0 such that

lim E||u(t) - U2 < (,m[@])
t—00 h m

2J2 2322
—77/ )\1G

where J = ¢ log c/? + 4c, log(1+ G).
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Setting
vi=U-u

The process v is solution of the following equation
{ dv + [vAv + B(U, U) — B(u, u)] dt = —puRy(v)dt + pRydW
v(0) = vy

Using the bilinearity of the operator B, we get v satisfies the
following problem

dv+[vAv + B(U,v) + B(v, U) — B(v, v)] dt = —uRk(v)dt+pdRy(W)
(21)
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Using the 1t6 formula on |v(t)[3,

dlv(t)lf = 2(v(t), dv(t)) + pTr{Ra(Q)]dt
= —2v(v(t), Av(t)) — 2{v(1), B(U(t), v(t)))
= 2{v(1), B(v(t), U(¢))) + 2(v(t), B(v(t), v(1)))
= 2u(v(t), Ruv(t)) + 2u(v(t), dRy W)

+ uTr[Rn(Q)]dt
Hence,
div()ff + 27V} = ~2((1). B(v(2), o)
= 2p{v(t), Rpv(t)) + 2p{v(t), dRp(W))

+ uTr[Rn(Q)]dt

ontinuous Data Assimilation with Stochastic Data



Using the properties of B Young inequality

[{v(t), B(v(1), UE))] < vliv(D)Iy + %IV(t)I%IIU(t)II%/-

On the other side, using the Young inequality and the
approximation (2) we obtain

—2p(Rv(t), v(t)) = —2p(Ruv(t) — v(t), v(t)) — 2ulv(t)|F
< 20| Ryv(t) — v(t)|ulv(t) [ — 2l v () [}
< plv()f + plRav(t) — v(t)lE — 2ulv(t)[F
< aph?[lv(t)[y — plv(t)lf

Choose (c1th?) < 1//2, then taking the expected value we get
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d C

LSEW()P < (,jHU(t)\F - u) Elv(0) + nTrRA(Q)]
Using Gronwall lemma, we obtain
EN(O)B, < ool 51 10telie]

+ pTr[Q] /te_(t_s)[“_c”* s [ 1UO)Per] g
0

t
< |vp[Zemtln2GrAnc?] +MTf[Q]/ o (t=5)[1—2CrM 62 4
0
< |vp[Re~tln2Gne?]

P (o~ t[p2Gen 6T
+ TRl e e (1 ¢ ) '
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Now, choose
> 2CvA G2

Then, taking the limit t — oo in the previous estimate completes
the proof of the first main result.
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Proof of the 2nd Theorem

Using the Itd formula on [v(t)||3, = |AY2v(¢)[3,

d|AY2y(1)2 = 2(AY2v(t), dAY2u(t)) + uTr[AY2Ry(Q)]dt
= —2v(Av(t), Av(t)) — 2(Av(t), B(U(t), v(1)))
— 2(Av(t), B(v(1), U(1))) + 2{Av(t), B(v(1), v(t)))
— 20(Av(t), Rpv(t)) + 2u(Av(t), dRy W) + nTr[AY2Ry(Q)

Using again the properties of B, we obtain that

d[lv(t)[* + 2v[Av(t)[* = 2(B(v(t), v(t)), AU(t)) — 2u(Av(t), Rav(t))
+ 2u(Av(t), dRy W) + nTr[AY? Ry (Q)]dt

ontinuous Data Assimilation with Stochastic Data



Now, using the Brézis—Gallouet inequality which
may be written as

el < ol ||{1+|og Auliy } (22)
Ulj[=(Q) = C||U )
@) Mllull?,

we get that

[(B(v,v),AU)| < |[VlsolIVIvIAU|H
[Av[Z,
AlvIR

< c2|v||2v{1 +log }|AU|H.
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On the other side, using Young inequality and the approximation

(3)

—2u(Rv, Av) = 2u{v — Ryv, Av) — 2u]|v|[5,
< 2p|v — Rpv|u|Aviy — 2ullv]y,

#2 2 v 2 2
< 7’V — Rpv|y + §|AV’H —2ulv]ly,
22 h

14

v
< AT A+ 21aviE - 2ulv IR
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If we choose

p2czht v
v T2

then

A 2
d||v(t)|>+v|Av(t)[2dt + <2M — C2{1 + Iog)\| va|\|2 }\AU|> | v|dt
1

< 2u(Av(t), dRyW) + uTr[AY2Ry(Q)]dt

Edriss S. Titi Continuous Data Assimilation with Stochastic Data



. 2
Now, if we assume that r = LV'Q and 5 = QlAUl. Here, r > 1.
A1llv]| v

Using the following Lemma

Let ¢(r) =r — B(1 + logr) where 3 > 0. Then

min{¢(r): r > 1} > —Slog B.

We obtain that

AU
dv(t)|? + ( - alAU]log 22 ’) IvIPde < 2(Av(t), dRy W)

+ uTr[AY2Ry(Q)]dt.
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Using the estimate (16) yields that

!U\
1

Iog

where J =¢34+ cslog(l+ G), c3 = ¢ log c1/2, ¢y = 4o,
then

d|lv(t)|*+(2u — JJAU)) [|v]Pdt < 2u(Av(t), dRaW)+p Tr[AY?Ry(Q)]dt
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Furthermore, the inequality

JIAU| < —|AU|2 +

implies

J2
dHV(t)\2+<u - MIAU2> IvIPdt < 2u(Av(t), dRy W)+ Tr[AY?Ry(Q)

Now integrate over (0, t) and take the expectation value yields that

E|lv(t)|* < Ellv(0)|Pe™*®) + nTr[AY?Ry(Q ]/ “)ds

where a(t) = ut — £ [7|AU(s)|?ds.
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Now choose 5

2J
p——"—12XG?>>0
i

implies that

1/2
lim Ellu(e)|p < LT RQ)
oo m— TZ/ )\1G

1 uTr(Q]
2
hy — %1/2)\% G2
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