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Abstract

We discuss the I"-convergence, under the appropriate scaling, of the energy functional
leelFgs 2y + / W () dx,
2

with s € (0, 1), where ||u| 75 () denotes the total contribution from £2 in the H* norm of u, and W is a double-well potential.
When s € [1/2, 1), we show that the energy I"-converges to the classical minimal surface functional — while, when s € (0, 1/2),

it is easy to see that the functional I"-converges to the nonlocal minimal surface functional.

© 2012 Elsevier Masson SAS. All rights reserved.

1. Introduction and statement of the main results

As well known, the I"-convergence, introduced in [12,13], is a notion of convergence for functionals, which tends
to be as compatible as possible with the minimizing features of the energy, and whose limit is capable to capture
essential features of the problem. We refer to [11,7] for a detailed presentation of several basic aspects and applications
of I"-convergence; see also [24] for applications to homogenization theory.

Making it possible to study the asymptotics of variational problems indexed by a parameter, the I"-convergence
has become a standard tool in dealing with singularly perturbed energies as the ones arising in the theory of phase
transitions (see [21]), where the dislocation energy of a double well potential W is compensated by a small gradient
term which avoids the formation of unnecessary interfaces, leading to a total energy which is usually written as

/82|Vu|2+ W(u)dx, (1.1)

with ¢ — 0.
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The purpose of this paper is to develop a I'-convergence theory for a nonlocal analogue of the energy above,
in which the gradient term in (1.1) is replaced by a fractional, Gagliardo-type, (semi)norm of the form &2 ||u||%,s,
with s € (0, 1) (see below for precise definitions and statements). Notice that, formally, the gradient term in (1.1)
corresponds to the case s = 1.

The study of such a nonlocal contribution is quite important for the applications, since the classical gradient term
takes into account the interactions at small scales between the particles of the medium, but loses completely the long
scale interactions. In this spirit, it is relevant to know whether or not the I"-limit of the functional is local — that is,
whether or not the long range interactions affect the limit interface.

From the point of view of the pure mathematics, nonlocal problems are also relevant because new techniques are
usually needed to understand and estimate the contributions coming from far. We refer, in particular, to [8] for the
definition and the basic features of nonlocal minimal surfaces, which are the natural analogue of the classical sets of
minimal perimeter (as in [19]). In fact, we will show that the I"-limit of our functional will be the standard minimal
surface functional when s € [1/2, 1) and the nonlocal one when s € (0, 1/2).

Now, we introduce the formal setting in which we work. We consider a bounded domain 2 C R", n > 2, with
complement % §2. We define

X = {ue LO(R"): Jluflpooen < 1),

the space of admissible functions u. We say that a sequence u; € X converges to u in X if u; converges to u

in L} (R").
We define
, 1 lu(x) — u(y)|? lu(x) — u(y)|?

2
2 2 2 ¢

the §2 contribution in the H® norm of u

/ lu(x) —u(y)?

lx — y|r+as drdy.

Rn Rﬂ
i.e. we omit the set where (x, y) € €§2 x € £2 since all u € X are fixed outside £2.
The energy functional J; in 2 is defined as

Jo(u, 2) =X H (u, Q) + / W(u)dx.
22

Such functional may be seen as the nonlocal analogue of the classical one in (1.1).
Throughout the paper we assume that W :[—1, 1] — [0, 00),

WeCX(-1,1]), W&EDH=0, W>0 in(=1,1), W(&E)=0 and W'(£1)>0. (1.2)

We remark that, differently from several nonlocal models considered in the literature (see e.g. [3,5,17] and refer-
ences therein), we deal with an arbitrarily large number of space dimensions, no periodicity in space is assumed, and
we consider the full interaction among all the space £2 versus R” (i.e., from the physical point of view, the particles
in the domain £2 interact with the ones in the whole of the space R", not only with the ones in £2).

Since I"-convergence is especially designed for minimizers, we recall the following notation:

Definition 1.1. We say that # is a minimizer for J, in an open, possibly unbounded, set 2 C R" if, for any open
subset U compactly included in §2, we have that

Je(w,U) < o0,
and
Jé‘(uv U) < JS(va U)

for any v which coincides with u in €'U.
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Remark 1.2. It is worth to notice that if ¥ minimizes J, in §2 then it minimizes J, in any subdomain £’ C £2. In
particular, it suffices to consider sets U with smooth boundary in Definition 1.1.

We deal with the functional .%, : X — R U {400} defined as

e 5 J.(u, 2) if s € (0,1/2),
Fe(u,82) =1 |eloge| ' Je(u, 2) ifs=1/2,
e e (u, 22) if s e (1/2,1).

The functional .%; may be seen as the “right” scaling of J,, i.e. the one that comes from the dilation invariance of the
space and that possesses an interesting I”-limit, in relation with phase transitions.
In the case when s € (0, 1/2), the limiting functional .% : X — R U {+o00} is defined as

JH(u,82) ifulg=xg— x¢E, forsomeset E C £2,

F(u, 2):= .
(, ) +00 otherwise.

(1.3)

In this case, .# agrees with the nonlocal area functional of 9 E in £2 that was studied in [8,10,6]. Remarkably, such
nonlocal area functional is well defined exactly when s € (0, 1/2).
In the case when s € [1/2, 1) the limiting functional .% : X — R U {+o00} is defined as

cPer(E, 2) ifulg =xg — x¢g, forsomeset E C 2,

. 1.4
+00 otherwise, (1.4)

F(u, 2) ::{

where c, is a constant depending on n, s and W, which will be explicitly determined in the sequel, in dependence of
a suitable 1D minimal profile (see Theorem 4.2 and (4.35) for details).

Here above and in the rest of the paper, we use the standard notation Per(E, U) to denote the perimeter of a set E
in an open set U C R” (and, analogously, Per(E, U) denotes the perimeter of E in the closure of U': see, e.g., [19]).

Definition 1.3. We say that E is a minimizer for Per in an open, possibly unbounded, set £2 C R” (or that E has
minimal perimeter in £2) if, for any open subset U compactly included in §2, we have that

Per(E, 17) < 00,
and
Per(E, U) < Per(F, U)

forany F CR" suchthat E\U = F\ U.
Also, we say that a step function xg — xo g minimizes .% in (1.4) if E is a minimizer for Per.

Then, the results we prove here are the following:
Theorem 1.4. Let s € (0, 1). Then, %, I'-converges to F, i.e., for any u € X,
(1) for any u, converging to u in X,
F(u, 2) < lig(i)gfﬁzg(us, 2),

(1) if §2 is a Lipschitz domain, there exists ug converging to u in X such that

F(u, $2) > limsup ¢ (ue, £2).

e—071

Theorem 1.5. If Z.(u., $2) is uniformly bounded for a sequence of € — 0T, then there exists a convergent subse-
quence

Ug — Uy = XE — xgp in L'(2). (1.5)

Moreover, let u, minimize %, in 2 (according to Definition 1.1):
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(1) if s € (0,1/2) and u, converges weakly to u, in €S2, then u, minimizes % in (1.3) among all the functions that
coincide with u, in €S2,
@ii) if s € [1/2, 1), then u, minimizes F in (1.4) (according to Definition 1.3). Also, for any open set U € 2 we have

limsup .Z, (ug, U) < ¢y Per(E, U).

e—0t

As we will see in the rest of the paper, the I"-convergence for s € (0, 1/2) is elementary, so the hard task is to deal
with the case s € [1/2, 1). Naifly, this reflects the fact that in such a case the nonlocal character of the problem gets
localized in the I"-limit, hence the estimates need to carefully take into account the nonlocal contributions and their
local counterparts, and balance the ones with the others in a precise way.

We recall that there are several results available in the literature concerning the approximation of the perimeter
with nonlocal functionals. As far as we understand, all these results are related to our Theorems 1.4 and 1.5 (as well
as to each other), but their statements are quite different from ours and the proofs are based on different techniques.
In particular, we recall [4], which considered a H 172 norm inside a one-dimensional domain with no contribution
coming from the outside. As remarked to us by [1], the extension of the results in [4] to higher dimension is implicitly
contained in [5], though not explicitly mentioned. Moreover, in [16,17] the I"-convergence of a functional driven by
anorm of type H'/? and a more complicated potential on a two-dimensional square or torus, under a suitable pinning
condition, was studied in detail.

Also, in [3,2], the I"-convergence of an interaction energy with a double integral weighted by a summable kernel
is considered: here, we take into account integrands with a more severe singularity so that many technical difficulties
need to be overcome.

We also refer to [9], where a related evolution problem was studied.

From the results in Theorems 1.4 and 1.5, it is also possible to have optimal estimates on the width of the asymptotic
interface of minimizers. Indeed, in [23] we proved the following energy bound and uniform density estimate for
minimizers of .%;.

Theorem 1.6. If u, minimizes %, in By then

Fe(us, By) < 6!

with C depending on n, s, W.

Theorem 1.7. If u, minimizes %, in B, and uz(0) > 6, then

|{u‘9 > Gz}ﬂBr| >cr”

provided that ¢ < c(01, 02)r, where ¢ > 0 depends only onn, s, W and c(61, 62) > 0 depends also on 01,0, € (—1, 1).

As a consequence of these theorems we obtained in [23] that the convergence in (1.5) is better when dealing with
minimizers. More precisely, we showed that the level sets of minimizers u, of .%, converge locally uniformly to 9 E.

For the proof of Theorems 1.6 and 1.7, see [23]. We also refer to [5,18,20], where other types of nonlocal models
have been considered (in particular, a three-dimensional fluid with boundary and weight inhomogeneity of distance
type, whose energy bounds the Gagliardo norm, see Theorem 19 in [20]).

The proof of Theorems 1.4 and 1.5 when s € (0, 1/2) is elementary and it is contained in Section 2. In Section 3
we prove the compactness needed in Theorem 1.5 in the case s > 1/2. In Section 4 we prove Theorem 1.4 and
Theorem 1.5(ii) when s € [1/2, 1) by interpolating the functions candidate to the minimization. For this, a careful
analysis on the energy contribution across the gluing of the interpolation is needed, as well as some measure theoretic
result of [23].

Several arguments in the sequel will be based on some preliminary considerations, whose detailed proofs can be
found in [22].

Finally, we conclude the introduction with a notation that will be used throughout the paper. For simplicity we
denote
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E R u@) —uP L6
u(E, F):= m xdy. (1.6)

EF
Clearly, u(E, F) =u(F, E), and if E| and E» are disjoint, then

u(EyUEy, F)=u(Ey, F)+u(Ey, F).

Using this notation, the §2 contribution in the H* norm of u can be written as

H(u, 2) = %u([), 2)+u($2,¢2).

2. Proof of Theorems 1.4 and 1.5 when s € (0, 1/2)
Throughout this section we assume s € (0, 1/2).

Proof of Theorem 1.4. Recalling (1.3), we observe that
ifulg = Xg — x¢E, then Fe(u, 2) = F(u, 2) = X (u, 2). 2.1
Now, we prove (i). For this, let u, converging to u in X. If

limillffe(ug, 2) =+o00,

e—0

then (i) is obvious, so we may suppose that
liminf %, (ug, 2) = £ < +00.
e—>0*1

We take a subsequence, say u, attaining the above limit.
Then, we take a further subsequence, say u,, ., that converges to u almost everywhere. Therefore,
J

. . . 1
(= kl}rfoo Fe (g, 2) = jgr}_loo 9’8,{] (ugkl_ ,82) > jly}-loo g / W(ugkj (x)) dx.
i

Consequently,
/ W(u(x))dx = jlirfoo W(ugkj (x))dx =0.
2

This implies that u(x) € {—1, +1} for almost any x € £2, that is, u|p = xg — x¢g for a suitable set E. And so, by
Fatou lemma and (2.1), we conclude that

lim(i)llffg(ue, 2)> limégf%/(ug, 2) > (u, 2)=.%u, 2),
E—> E—>

proving (i). Now, we prove (ii).

For this, we may suppose that u|p = xg — xyg for a suitable set E, otherwise (ii) is obvious. Then, we
choose u, := u and we use (2.1) to see that %, (u,, £2) = % (u, §2), which obviously implies (ii). This completes
the proof of Theorem 1.4. O

Proof of Theorem 1.5. Since s € (0, 1/2), the uniform bound on .%, gives a uniform bound of the Gagliardo norm
J (ug, §2), and the compactness claim in (1.5) is quite standard, see for example Section 6 in [22]. It remains to
prove (i).

As a result of Definition 1.1 and Remark 1.2, it suffices to consider the case when £2 is bounded and smooth. In
this case, one has that

2
/ / =y dxdy < oo 2.2)
€2 2
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Let v € X be an arbitrary function with

Vo = XF — X¢F

for some set F, and v =u, in €§2. For any y € €52, let

v(x) s (x)
Y(y) = /| NIE=r dx and Y (y) ::/mdx,
2

where u, is as in (1.5). We remark that ¥ (y) and ¥ (y) are in LY(%$2), since

2
[l +pwla< [ [ sy <e

€2 6 2
thanks to (2.2).
By the weak convergence of u,, and the fact that |u,| and |u,| are uniformly bounded
lim [ (ue(y) —uo(y))¢(y)dy =0, (2.3)
e—0F
CR2

forany ¢ € L' (R"). Moreover, by the strong convergence of u in £2, (2.2), and the Dominated Convergence Theorem,
we have that

2 dy
hm /|u5(x)| / P |n+23 :/|u*(x)| /mdx (2.4)
2 €2
and
. ug(y)dy : dy
lim, /(ug(x)—u*(x)) mdx <€£rg+/|ue(x)—u*(x)| / mdx:& (2.5)
2 E R 2 E R

On the other hand, making use of the notation in (1.6), we deduce from Fatou lemma that

liminfus (2, 2) > us (2, 2). (2.6)

e—0F

Let also

v ifx e £,
U‘S(x)'_{us(x) ifx € €0.

Recalling that u, is minimal, we obtain that
0< Fe(ve, 2) — Fe(ue, 2)
= (ve, 2) — K (ug, 2) — > / W (s (x)) dx

1

_ 2 _ 2
<5 (02, 2) —us(2, ) /( [v(x) ”e(TN y||:+ez(f) e (y)| )dx

2

(v(fz 2) —ue(2,92)) flv(x)l /W /Iuewl /m

us(y)dy
+2 [ ueMPMdy =2 | us(MY()dy+2 (us(x) x(x)) | e d
—I
E 2 CR2
Consequently, recalling that v(y) = u4(y) = u,(y) for any y € €52 and using (2.3), (2.4), (2.5) and (2.6), we obtain
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1
0<5(0(2.2) —un(2,2)) /'”(x” /Ix ypas /'”*("ﬂ /|x NG

+2/ug(y)‘1/(y)dy—2/Mo()’)W(y)dy

€2 €
_ 2 _ 2
(v(fz Q) —uu(2.2)) + @) — oI s @) —us P N
|x_ |n+2s
2

=F (v, 2) — F (ux, 2).

This proves claim (i) of Theorem 1.5, and it ends the proof of Theorem 1.5. O
3. Compactness for s > 1/2

Here, we prove the compactness claimed in Theorem 1.5 when s € [1/2, 1) (and this range of s will be assumed
throughout this section). An important tool for our estimate is Proposition 4.3 of [23], which provides a lower bound
for the double integral

1
A D

For the convenience of the reader we state it below.

Proposition 3.1. Let s € [1/2, 1). Let A, D be disjoint subsets of a cube Q C R" with
min{|Al, DI} > o]0l 3.1

for some o > 0. Let B= Q \ (AU D). Then,

n=l .
L(A, D) > <5|Q|’1n2S10g(IQI/|BI) ifs=1/2,
ifse(1/2,1).

with § > 0 depending on o, n and s.

Also, it is convenient to define

oga (2, ) + ggar Jo W dx ifs=1/2,

[E(M,Q)z{ 25—1 . (3.2)
u(s2, .Q)+ f_QW(u)dx ifse(1/2,1).

Notice that I, (u,, £2) depends only on the values of u in §2. We list some useful properties of .%, and I, that follow
immediately from their definition:
a) I, is bounded by .%,, i.e.

Fe(u, 2) 2 I (u, 2),

b) % is subadditive, i.e. if E and F are disjoint sets then
Feu, EUF) < %e(u, E)+ Fe(u, F),

c) I is superadditive, i.e. if E and F are disjoint sets then

Ieu, EUF) 2 Ic(u, E) + I (u, F).

Please cite this article in press as: O. Savin, E. Valdinoci, I"-convergence for nonlocal phase transitions, Ann. I. H. Poincaré — AN (2012),
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As a consequence of (3.2) and Proposition 3.1, we obtain

Lemma 3.2. Let o € (0, 1/4) and u € X. Let Q be a cube in R". If
[u>1-0}NQ|>0lQ| and [{u<-1+0}NQ[>0|Q| (3.3)
then, for all small &
n—1
I(u, Q) Z c(0)|0] (3.4)
where c(o) > 0 depends on o and onn, s, W.
Proof. Define

A=u>1-0}NnQ, D={u<—-1+o}Nn0Q, B:={lul<l-0c}NQ=0\(AUD).
If

n—1
IB| > SHO%f'l'Q' m, and s=1/2,
elQl», and s>1/2,

then the potential energy in I, (u, Q) satisfies (3.4) for some small c(o), and there is nothing to prove. Otherwise we
apply Proposition 3.1, noticing that (3.1) is satisfied because of (3.3): we obtain

1 —
(o) log(12 ) 01", and s=1/2,

cloge

5(0)e! =210, and s> 1/2.

u(Q,0)>u(A,D)>L(A, D) >

This shows that the kinetic energy in I, (u, Q) satisfies (3.4) provided that, in the case s = 1/2, ¢ < &(|Q]). O
Here is the compactness needed for Theorem 1.5:

Proposition 3.3. Let 2 be an open, bounded subset of R" and u, € X, with ¢ > 0.

If

liminf. %, (ug, £2) < +o00,
e—0F

then ug has a subsequence converging in L'(£2) to xg — x4 g, for a suitable E C R". Moreover,

Per(E, £2) < o0.

Proof. We prove that the set u, is totally bounded in L'(£2), i.e. for any § > 0 there exists a finite set .7 C L'(£2)
such that for any small ¢ there exists ¥, € . with

lue — ‘ﬂs”Ll(Q) <4 3.5)

By passing if necessary to a subsequence we assume

Co = Fe(ug, £2), (3.6)

for some constant Cyp. Fix o > 0 small. We decompose the space in cubes Q; of size p with p > 0 small, depending
on o and §, to be made precise later. Let

k=] o
0;CR

denote the collection of these cubes which are included in £2. We decompose K in three sets K, K_, K as follows
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Kii=|J 0 Fe={0ieKst]ue<-1+0}n0i| <alQil},
O;CFy

k=] o Fo:={0;e K\ Kyst |[{us>1-0}N Qi <0l0il},
Q;eF_

Ko:=K\(K;+UK._).
We define ¥ to be 1 in K, and —1 otherwise. If p is sufficiently small then

|2\ K| <8/8.
We have
Kol _
Co> Felue, 2) > (e Ko) > Y Le(ue, Qi) > ——c(0)p" ",
0

0iCKo
where in the last inequality we used Lemma 3.2. Hence
|Kol < C(o, Co)p < 6/8,

provided that p is small enough.
From (3.6) we also see that for all small

{luel <1-0}n2|<Clo) / W (ug)dx < C(o, Co)e'/? < 8/8.
2
Therefore

lue — Yeldx <2|{lul <1—0}N 2| <8/4.
(lue|<1—0}NQ2
Moreover,
|K+m{ue<—1+0'}i= Z |Qiﬂ{u€<—l~|—a}|<g Z 10i| =0|K.|
QiCcK+ Q,CKy

and so

lue — Yeldx <2|Ky N{ue < —1+0}| <20/K4].
KiN{us<—1+0}

In the same way, we obtain

lug — Yeldx <20[K_|.

K_N{us>1—-0}

On the other hand,
lue — Yeldx + / lue — Yeldx
K_Nfug<—140} KiN{ug>1—0}
= / lug + 1|dx + / lug — 1|dx
K_N{u.<—1+0} KiNug>1—0}

<U|K_ N{u, < —1 +a}| —}—<7|K_5_ﬂ{u‘9 > 1 —0}| <olKy UK_|.
From (3.10), (3.11) and (3.12), we conclude that

lue — Yeldx <30|K4 UK_|.

(KUK )N{lue|>1~0})

ANIHPC:2516
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(3.7)

(3.8)

(3.9)

(3.10)

@3.11)

(3.12)

doi:10.1016/j.anihpc.2012.01.006

Please cite this article in press as: O. Savin, E. Valdinoci, I"-convergence for nonlocal phase transitions, Ann. I. H. Poincaré — AN (2012),




ANIHPC:2516

10 0. Savin, E. Valdinoci / Ann. I. H. Poincaré — AN eee (eeee) see—see

This and (3.9) yield that

/ lwe — el dx < 8/2
K_UK,

as long as o is small enough.
From the latter inequality and the ones in (3.7), and (3.8) we obtain

/|ug—wg|dx<2|9\K|+2|Ko|+ / e — o] dx < 5.
2 KL UK_

The set S of all ¥, is clearly finite and our claim is proved. Since || = 1 we can easily conclude that there exists a
convergent subsequence of u;’s in L!(£2) to a function of the form xz — x4 for some set E. It remains to show that
if u, converges to xg — x¢r then E has finite perimeter in £2. As above, we decompose R” into cubes Q; of size p
and define

¢={1 in Q; if [EN Q] =1/2|0;l,
° —1 otherwise.

We also define
ép =¢p*gp

where g, is a mollifier defined in B,,, and we remark that
IVl < C/p.

From Lebesgue theorem, ¢, and (5/7 converge to xg — x4 as p — 07. Now we estimate the BV norm of qu by
counting the number of cubes Q; in §2 at distance greater than \/np from 982, i.e. Q; € 2 Jnp»> for which ¢~5p is not
constant (1 or —1) in Q;. Denote the set of such cubes by F. If Q; € F, then the cube 3Q; of size 3p which contains
Q; in the interior, satisfies

30; NE| 2 colQil, [30i NCE| > colQil,
for some explicit constant co > 0. This implies that for all small ¢,

{ue >1-0}N30Qi| >0130il,  [{ue <—1+0}N3Q;i| =030l
for some small, fixed o > 0. By Lemma 3.2 we obtain

I:(ue,30:) = cp" ' if Q; e F.

We write
N
Usei= U 30
Q;€eF k=1Q;€F;

with N depending only on #n so that for each Fj, all cubes 3Q; with Q; € Fj are disjoint. We obtain

> Ie(ue,30i) < NI(ue, 2) < NCo,
Q;eF

hence the number of cubes Q; in F is bounded by Cp!~". In conclusion

/ |Vé,ldx < C,
2 fup

with C depending on n, s and W. Since (;Sp — XE — XwE as p — 0T, the desired result follows from the lower-
semicontinuity of the BV norm. O
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4. I'-convergence when s € [1/2,1)

In this section we prove Theorem 1.4 and Theorem 1.5(ii) when s € [1/2, 1). In the classical case s = 1, the I"-
convergence is obtained by relating the energy %, (u, £2) with the area of the level sets of u using the coarea formula:

1
/%IVuF—FaW(u)dx>/|Vu|\/2W(u)dx=/\/2W(s)3‘f"_1({u=s})ds.
2 —1

2

Such formula is not available when s < 1, so we need a careful analysis of the local and nonlocal contributions in the
energy functional .%,. We will see that in the case when s > 1/2 the contribution u (2, ¢'$2) in the kinetic term of
F(u, 2) for a minimizer u becomes negligible as ¢ — 0.

Let D C £2 be a non-empty open bounded subset of £2 with smooth boundary. For all small # > 0 define

D, = {x e D: dyp(x) > t},

where djyp (x) represents the distance from the point x to dD.

Next result gives an energy bound for the interpolation of two functions u, wi across d D: for this a fine analysis
on the integrals is needed, which will be accomplished by a deep modification of an argument in [12], where a suitable
“shell” is selected in order to pick up the “right” interpolation. Here, the situation is much more complicate, due to
the local versus nonlocal interplay. A different nonlocal interpolation has been recently, and independently, performed
in [15] in the framework of homogenization theory for the obstacle problem.

Proposition 4.1. Fix § > 0. Let ¢, — 0T, and let uy, wy be two sequences respectively in L' (D) and in L' (R") such
that

uy—wr —>0 ask— +oo, inLl(D\Dg).

Then, there exists a sequence vi with the following properties:

1y

_ Juk(x) ifx € Ds,
vk(x)_{wk(x) ifx € 2\ D.

2)

limsup %, (v, £2) < limsup(ﬁgk (wi, 82) — Fe(wi, Ds) + I, (ug, D)).

k—+o00 k——+00
Proof. Assume that there exists Cy > 0 such that

Fer (W, $2) — Fe(wk, Ds) + I, (uk, D) < Co, (4.1)

otherwise there is nothing to prove.
For simplicity of notation we drop the subindex k.
Since

H(w, 2) — A (w, Ds) = %w(.Q \ Ds, 2\ Ds) +w(2\ Ds, €$2) > %w(.Q \ Ds, € Ds), (4.2)
from (4.1) we obtain for s > 1/2 that

w(22 \ Ds, ¢ Ds) +u(D \ Ds, D) <2Coe' ™%,
and for s = 1/2 that

w(§2\ Ds, € Ds) +u(D \ Ds, D) <2Cp|loge|.

Fix o > 0 small. Let
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for some large M depending on o, and we partition D \ Ds into M sets (i.e., “shells”)

D\ D;. D;\Dys..... D15\ Dz

ANIHPC:2516

2Coe"™ > w(D \ Ds, ¢Ds) +u(D \ Ds, D) = Z (w(D ;5\ D15, CDs) +u(D 5\ D15 D)),

Ifs>1/2,
M—1
j=0
thus there exists j < M — 1 such that
1-2s
w(D ;5\ Dyjy )5 € Ds) +u(Dj5\ D15, D) <oe' ™,

provided that we choose M sufficiently large. We denote
D = ng,
hence, if s > 1/2, we see that
w(D\ D3, ¢Ds) +u(D\ D5, D) <oe'™%.
Similarly, if s = 1/2, then

w(D\ D5, ¢ Ds) +u(D \ Dz, D) < o|logs|.

We remark that, since j < M — 1 in (4.3), we have that jS +48 <8, and so

BS D Ds.
Next we consider N shells of width & < § of ﬁ, namely
Ai={x e D: ie <dy5(x) < (i + De}

for 0 <i < N — 1, with N equal the integer part of §/(2¢).
We note that

A;CD \ DS‘
Also, denote by

d,' (x) = dabis (x)
Notice that

forany x € A;, we have d;(x) <¢, ie. 1 = min{l, (s/di (x))zs},

while

for any x € D4 1)e \ Dj, we have d;(x) > ¢, ie. (¢/d;(x))” = min{1, (s/d;(x))*'}.

Now, we claim that there exists 0 <i < N — 1 such thatif s > 1/2

/|u—w|dx+82s / lu — wld; (x) > dx < oe,
Ai Di+1e\Ds

orifs=1/2

/|u—w|dx+szs / |u—w|d,~(x)_25dx<ae|logs|.
A;

Di1ye\Dj

(4.3)

(4.4)

(4.5)

(4.6)

4.7)

(4.8)

4.9)

(4.10)

@.11)

4.12)

Indeed, by (4.7), (4.9) and (4.10), we have that the sum of all N left-hand sides fori =0, ..., N — 1 is bounded by

doi:10.1016/j.anihpc.2012.01.006
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N—1
2 / |u—w|(2 min{l,(e/d,-(x))zs}> dx. (4.13)
i=0

D\Dj

Now, fix x € D \ 55 and consider the shell containing x, that is let i, € NN [0,4N] such that x € A; . Then, if
d;(x) < g, we have that |i — iy| < 1, since the other shells are more than ¢ far apart from x. Also, if |i — i| > 2, then
di(x) = (¢/2)]i — ix|. From these considerations, we see that the sum inside the integral is bounded by a universal
constant if s > 1/2 or by a constant times log N if s = 1/2.

Thus the integral in (4.13) is bounded by

/|u—w|dx, ifs >1/2, 4.14)
D\ Ds
or
log N / lu —wl|dx, ifs=1/2, (4.15)
D\D;

up to multiplicative constants.
By hypothesis (for all k£ large enough), the quantity

/ |lu —w|dx
D\ Ds

can be made arbitrarily small, and so the claims in (4.11) and (4.12) follow easily from (4.14) and (4.15).
Now, fix a shell A; for which (4.11) or (4.12) holds. Then we partition R" into five regions P, Q, R, S, T where

P:=D;, Q:=Dusn:\D;, R:=4;, S:=02\Di, T=%%.
Notice that

QUR = D;;\ D5 € D\ D;
and, by (4.6),

RUSUT =%D+1)s €€ D5 C€Ds.

Therefore, (4.4) gives that

w(QUR,RUSUT) <oe'™2. (4.16)
We choose
v=¢u+(l—-¢)w

where ¢ is a smooth cutoff function with¢ =1on PUQ, ¢ =00n SUT, and
IVplire < 3/e.
Next we use (4.4) and (4.11) and we bound
1
H (v, 82) = EU(Q’ 2)+v(R,%92),

in terms of double integrals of # and w. We consider only the case s > 1/2 since the only difference when s = 1/2 is,
as in (4.12), the presence of an extra |loge| on the right-hand side.
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First we notice that

+00
—dy <C | r " Par<ca™
=yl b
€ By (x) «

for any @ > 0, and that

v(S, S) =w(S,S), v(S, T)=w(S,T), v (PUQ,PUQ)=u(PUQ,PUDQ).

Ifxe Pand y e RUSUT then

lx —y|>§/2 and |”(X)—v(y)|2<4.

So, we use (4.17) and we integrate the inequality

()2 i
/ lv(x) —v(y)l dy < / 4 dy < C5,

|x — y|r 2 lx — y[rt2s
RUSUT ©Bs )y (x)

over x € P and obtain
v(P,RUSUT) < C§ %,

where C > 0 may also depend on |£2].
On the other hand, recalling (4.8), we see thatif x € Q and y € SU T then

Ix —y| = di(x),
and

o) = v * < 20u) — w4+ 2|wen) — wy)]”.
Thus, using (4.17) again, we deduce from (4.20) that

1 —2s
P dy < Cdi(x)™~,
SUT

for any x € Q, and so we obtain, by (4.11), (4.16) and (4.21) that

v(0,SUT) <2w(Q,SUT) + Cf lu — w|*d;(x) > dx < Coe' ™.
0

Moreover, if y € Q and x € R then

3
1= @) < Zdipi (),
and

o) — v P <20u@) —u()|* +2|1 = p )] [ux) — wx)]*.
Since, by (4.17), we know that

1 _
/mdy < Cdip1(x) ™%
Q

for any x € R, we obtain, by (4.4), (4.6), (4.11), (4.23) and (4.24), that

ANIHPC:2516

4.17)

(4.18)

(4.19)

(4.20)

421

4.22)

(4.23)

(4.24)

doi:10.1016/j.anihpc.2012.01.006
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c 2 2-2
v(Q,R) <2u(Q,R) + ) / lu — w|°di+1(x)~ " dx
R

<2u(Q,R)+Ce™ / lu —w|*>dx
R

<2u(D\ D3, D\ D;) +Ce™ / lu —w|dx
R

< Coel™, (4.25)
Similarly we find
W(SUT,R) < Coe! ™. (4.26)
Furthermore, if x € R and y € R then
|v(x) - v(y)| < |w(x) - w(y)| + |¢(x)(u —w)(x) —p(y)(u — w)(y)|
< |w@) —w)|+ @ —w)@) || x) —d )|+ S ()| — w)(x) — (u — w)(y)|
< 2|w(x) - w(y)| + |u(x) - u()’)| + |(u — w)(x)| |¢(X) - ¢(y)|,
hence
() — v < C(Jux) —u]* + [wx) = w) | + | = w) @ |px) — d)]). 4.27)

Also, since

3
() —p (| < min{l, - yl},

we find
2 e ?
— C
(¢|(x) ﬁ:iﬁz) dy < _2/’_]—23‘ dr+C/r—1—2S dr < CE_ZS. (428)
xX—=y : £
R~ 0 &

Therefore, using (4.4), (4.6), (4.11), (4.16), (4.27) and (4.28), we can conclude that

v(R,R) < C(u(R, R)+w(R,R) + 8_2‘Y/ lu — w|2dx) < Coel™%. (4.29)

Also, noticing that § € £2 \ Ds, we obtain
%w(S, S)+w(S,T)+ % (w, Ds) = %w(S, S)+w(S,€R2)+ %w(D,;, Ds) + %w(D(g, 22\ Ds)
+ %w(ﬂ \ Ds, Ds) + w(Ds, € §2)
= 008, )+ 3w(2\ Dy, Dy) + 3w(Dy, 2) +w(SU Dy, L)
< (2 \ Dy, $)+ S0(2\ Dy, Dy) + 3w(Ds, D) + (2, 62)

—_—NY | =

1
< zw(82\ Dg, 2) + Ew(Dg, 2)+w(2,602)

=-w(2,2)+w(2,¥R2)
=2 (w, 2).

As a consequence, observing that P U Q € D, and making use of (4.2), (4.18), (4.19), (4.22), (4.25), (4.26) and (4.29),
we find

[\ R S
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H (v, 2) < %w(S, S)+w(S,T)+ %M(P UQ,PUQ)+C(oe! ™ +57%)

<H (w, 2) — A (w, Dy) + %M(D, D)+ C(oe' ™ +57%). (4.30)
Also, if x € R then
W) < Ww) + Clv —w| < W(w) + Clu —wl,
hence (4.11) gives that

/W(v) f W(u) + f W(w)+/|u—w|dx /W(u)—i— / W(w)+oe. 4.31)

PUQ RUS £2\Ds
From (4.30) and (4.31) we obtain (for all £ = g small)

Fe(v, 2) < Fo(w, 2) — Fo(w, D) + I (u, D) + C (o + >~ 157%),

where C depends only on |§2], n and s. We remark that when s = 1/2, the last term becomes C(o + 51 /|logel).
Since o is arbitrary the proof is complete. O

We recall the following result about the one-dimensional minimizer which is proved in [22] (see, in particular,
Theorems 1.2 and 1.3 there).

Theorem 4.2. There exists a unique (up to translations and rotations) nontrivial global minimizer ug of the energy

Eu, 2):=7 (u, 2) —I—/ W(u)dx,

which depends only on one variable. If the function uqy depends only on x,, then ug € C* is increasing in x,, and
1= Juo@an)| < Clxal ™, JupGea)| < Claa| 7172 (4.32)

There exists a constant b, > 0 depending only on s, n and W such that as R — oo
a)if s € (0,1/2) then

_ 2
liminf / / o) — uo(y)| dxdy >0 and
R—+o00 R"— —2s |x_y|n+2v
Br ¢ Bg
_ 2
lim sup 5 / / luox) uo(zy)l dxdy < 4o0;
R 400 Rn—2s |n+ s
Br ¢ Bg
b) if s = 1/2 then
& (uo, BRr) uo(Bg, ¢ Br) _
——= b, and ———— >0
R llog R R llog R
o) ifse(1/2,1) then
& (ug, B Br,¥¢B
(uo, Br) b and uo(Br R) S
Rn—1 Rn—1

Theorem 4.2 says that, as R gets larger and larger, the contribution in JZ (1o, Bg) from % B, becomes negligible
if s > 1/2, however when s < 1/2 this does not happen.
The energy %, is a rescaling of the energy & in the sense that if u is defined in R" and u, (x) := u(x/¢), then
"B E W, Bye) ifs <1/2,

nl

Felue, Bp) =\ {ioger® W, Bpe) if s =1/2,
" E W, Byre) ifs>1/2.
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Hence if
we(x) :=up(x/e), 4.33)

denotes the rescaling of the one-dimensional solution u, then w, is a global minimizer of .%,. Moreover, Theorem 4.2
can be stated in terms of w, and .%; as

lim Z.(we, By) = b*,o”_zs > lim I (we, By) ifs<1/2,
e—0F e—0F
and
lim &, (we, Bp) = lim I (wg, By) = c*a),,_lp"_l, ifs>1/2, (4.34)
e—071 e—071
where
b,
Cy = . (4.35)
wWp—1

As a consequence of Proposition 4.1 and Theorem 4.2 we obtain the following
Proposition 4.3. Let o > 0. If u, is a sequence of functions that satisfies

lim |ue (x) — sign(xn) | dx < ap”, (4.36)
E—>
By

for some p > 0, then
liminf 7 (e Bp) > @n-10"" (2 = (@)
with n(«) depending on o (and n, s and W) and
alinol+ n(a) =0. 4.37)

Proof. First we prove the statement in the particular case p = 1.
Assume by contradiction that the statement fails. Then we can find a sequence of functions u, such that

lim [ [ue(x) — sign(x,)| dx =0,
e—~>0t
By

and

limsup I (ug, By) < wp—1¢6 — 14, (4.38)

e—0F

for some small u > 0.
Let w, be defined by (4.33). Then w; is a global minimizer for .%; i.e.

Fe(We, B1) < Fe(ve, Br) (4.39)

for any v, that coincides with w, outside Bj. Since

/|w8(x) — sign(xn)| dx >0 ase— 0T,
By

we can apply Proposition 4.1 for u, and w, with D = §£2 = B; and obtain

limsup % (ve, By) < limsup(ﬂ}(wg, B1) — e (wg, B1—s) + I (ue, Bl)). (4.40)

e—0F e—01

On the other hand, by (4.34)
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lim Ze(we, B1) = wy—1¢,  lim Fe(we, Bis) = (1 —8)" ' wy_icy,
e—0t e—0t
hence, by (4.39) and (4.40)

(1= 8" wy_yc. < limsup Ly (ue, By),
e—01

and we reach a contradiction with (4.38) by choosing § sufficiently small.
For the general case we define i1z in By as

Uz (x) :=ug (px).

Then u; satisfies the hypothesis above in B; with £ := &/p and the result follows by scaling since
I (ue, Bp) = p" ' Ii(iiz, By) ifs > 1/2,

and

n—110g(®)]
|loge|

I:(ug, Bp) = p I:(ug, By) ifs=1/2. u

4.1. Reduced boundary analysis

The idea now is to consider any u, approaching xg — x¢ g, with E of finite perimeter. Then (4.36) holds, suitably
scaled, near the reduced boundary of E, that will be denoted, as usual, by 9*E. We refer to [19] for the basics of the
theory of sets with finite perimeter and the definition of the reduced boundary.

Precisely, let v(p) denote the measure theoretic unit inner normal at any p € 3*E (see Definitions 3.3 and 3.6 of
[19]). Then, (4.36) holds true in small balls:

Corollary 4.4. Let E be a set of finite perimeter, with 0 € 0* E and
v(0) =ey,. (4.41)

Suppose that, as € — 07, u, converges to xg — xgp in LlloC R™).

Then, for any a > 0 there exists p(«) > 0 (depending also on n, s and E) such that if p € (0, p(«)], we have that

lim /|u£(x) - sign(xn)| dx < ap”.
e—0F
By

Corollary 4.4 is a consequence of the following known property of 0*E':

lim p~" /|XE — XwE — sign(x,)| =0.
p—07F
By

4.2. Bounding the energy from below

We are now in the position of obtaining a lower bound for the energy with respect to the perimeter of the asymptotic
interface for s € [1/2, 1), and thus proving Theorem 1.4(i).

Proposition 4.5. Suppose that, as ¢ — 07, u, converges to xg — x¢E in LlloC (R™). Then,

liminf %, (ue, £2) > ¢, Per(E, 2).
e—07t

Proof. From Proposition 3.3 (see Section 3), we may assume that E has finite perimeter in £2. Then by Theorem 4.4
of [19], we have

Per(E, 2) = 2" (3*ENR).
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Consequently, by fixing & > 0, we can find a collection of balls {B;} ey centered at points of 9*E and of radius
p;j > 0, conveniently small in dependence of «, such that!

+00
Per(E, 2) <o + wy_1 Zpy—l. (4.42)
j=0
In fact, we can take the above balls disjoint, because of the Vitali’s Covering Theorem (see, e.g., [14]), thus

+00
Felug, 2) 2 Ie(ue, 2) = Y I (uc, B)). (4.43)
j=0

Also, Corollary 4.4 makes (4.36) hold, and so we can use Proposition 4.3 in any of these balls B;. Hence, we obtain
+o0
liminf e (ug, 2) 2 op—1(ca — 1) Y pi 7" > (cr = (@) (Per(E, 2) —a),
e—0F 20 J

and the desired result follows by letting o« — 0. O
4.3. Bounding the energy from above
Now we prove part (ii) of Theorem 1.4.

Proposition 4.6. Let $2 be a bounded domain with Lipschitz boundary. Given a set E, there exists a sequence ug
converging in LY (2) to xg — x¢E such that

limsup %, (ug, $2) < ¢, Per(E, 2).

e—071

Proof. It was proved in [21] that there exist open sets with smooth boundaries which approximate E in £2. Precisely,
given any o > 0, there exists A open with d A smooth, such that

Ixane — xellp @) <o, P(A,2)<P(E,2)+0, A" '(HANIN)=0.

This shows that it suffices to prove the theorem with A instead of E. Fix o > 0 small.
Let d(x) be the signed distance of x to d A with the convention that d(x) > 0if x € A and d(x) < 0 if x € FA.
We define

e (x) = uo<@>,

where ug : R — [—1, 1] is the profile of the one-dimensional minimizer of & (see Theorem 4.2).
Let us take a finite overlapping family of balls {B, (x;)} jen centered at x; € dA, with sup;cy p;j < @, such that

+o00
IANR C U By, (x;)
j=0

and

+00
Per(A, 2) + o > w,—1 Zp;_l.
j=0

By compactness, we may suppose that

1 We observe that (4.42) may also be obtained from the rectifiability of the reduced boundary, which allows to compute the Hausdorff measure
by using balls.
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=

IANR U By, (x;),

for a suitable N € N. Notice that

1) ::xégf |d(x)| > 0.

Recalling (4.32), we have that

/ W (ue(x))d /’ug(x)—1|d /'@
2\V

2\V

—2s
dx < C(8)e”, (4.44)

thus, the contribution in .%, (u,) from the potential energy in £2 \ V tends to 0 as ¢ — 0F. Moreover if |d(x)| > §/2
then we use (4.32) and obtain

(4)<co
€ €
If x € 2\ V then

|ue(x) —u(»)| <CO)x —yl, if |x —y| <8/2,

|Vue(x)| =

thus
) 82 0o
g (x) —ue(y)l dy < C () /‘rl_zs—i—/.r_l_%dr <CE®).
x — y|r+as
R" 0 82
We find
ue(2\ V.R") < CO).
which together with (4.44) gives,
+00
limsup %, (ug, £2) < limsup F, (ug, V) < hmsupZBZ (ug, Bp)).
e—01 e—01 =01 =0

Now we estimate each term %, (u., BP./')' We will denote by n; («) suitable functions depending only on «, n, s
and A satisfying

lim n;(x) =
Py >t ni(a)
If « is small enough, then for any Bpj (x;) there exists a diffeomorphism
x € By (xj) > z(x)eU; withz, =d(x), |Dxz — I < no(a), Uj C Bitny(a)-
Changing coordinates from x to z we find
ﬁs(u& Bpj (xj)) < (1 +m (a))g\s(ww Uj) < (1 +m (a))ﬁe(ws, Bl+770(a)),
where w;(z) = uo(z,/¢). From Theorem 4.2,

limsup 7 (ue, By, (x)) < (1+m2(0))cx0n—10] ",
0+

E—>

and the desired result follows by letting o« — 07. O

We denote

Per(E,U) := Sm& Per(E, U°), (4.45)
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where
U’ =[x e R" s.t. dist(x, U) < §}.

Notice that the limit in (4.45) exists by Monotone Convergence Theorem.
Next we prove part (ii) of Theorem 1.5.

Proposition 4.7. Let 2 be a bounded open subset of R". Suppose that u, minimizes ¥, in 2 and that, as € — 0V,
ug converges to xg — x¢g in L'(2), for some measurable E C £2.
Then E has minimal perimeter in §2 and for any open set U € §2, we have that

limsup .Z, (ue, U) < ¢, Per(E, U). (4.46)

e—071

Proof. Let U € £2 have smooth boundary and § be small so that U? C £2.
Let F be a measurable set in §2 such that F and E coincide outside U. By Propositions 4.6 and 4.5, there exists a
sequence w, € L' (U?) which converges to xr — x¢ such that

lim Z, (w,, U®) = ¢, Per(F, U°).

e—0F

From Proposition 4.1 we construct a sequence v, which coincides with w, in U and with u, in €U 8 guch that

limsup ., (ve, £2) < limsup(F (ue, 2) — Fe (e, U) + Fe(we, U?)).

e—071 e—071

Since u, is a minimizer,

Feug, 2) < Fe (v, 2),

hence

limsup.Z, (u,, U) < ¢, Per(F, U°).

e—07t

We let § — 07 and use Proposition 4.5 to find

¢, Per(E, U) < limsup % (u,, U) < ¢, Per(F, U). 4.47)

e—0t

Since this inequalities are valid if we replace U with U? for all small §, we can conclude that E has minimal perimeter
in £2. Also, by taking ' = E in (4.47) we obtain (4.46) for smooth subsets U. Now the general case follows easily by
approximating U with smooth domains from the exterior. O
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