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Abstract
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1. Introduction

These pages are for students and young researchers of all ages who may like to hitchhike their
way from 1 to s € (0, 1). To wit, for anybody who, only endowed with some basic undergraduate
analysis course (and knowing where his towel is), would like to pick up some quick,
crash and essentially self-contained information on the fractional Sobolev spaces W*-7.

The reasons for such a hitchhiker to start this adventurous trip might be of different kind:
(s)he could be driven by mathematical curiosity, or could be tempted by the many applications
that fractional calculus seems to have recently experienced. In a sense, fractional Sobolev spaces
have been a classical topic in functional and harmonic analysis all along, and some important
books, such as [58,88] treat the topic in detail. On the other hand, fractional spaces, and the
corresponding nonlocal equations, are now experiencing impressive applications in different sub-
jects, such as, among others, the thin obstacle problem [85,68], optimization [37], finance [26],
phase transitions [2,14,86,40,45], stratified materials [81,23,24], anomalous diffusion [67,96,64],
crystal dislocation [90,47,8], soft thin films [56], semipermeable membranes and flame propa-
gation [15], conservation laws [9], ultra-relativistic limits of quantum mechanics [41], quasi-
geostrophic flows [63,27,21], multiple scattering [36,25,49], minimal surfaces [16,20], materials
science [4], water waves [79,98,97,32,29,72,33,34,31,30,42,50,73,35], elliptic problems with
measure data [70,53], non-uniformly elliptic problems [39], gradient potential theory [71] and
singular set of minima of variational functionals [69,55]. Don’t panic, instead, see also
[84,85] for further motivation.

For these reasons, we thought that it could be of some interest to write down these notes —
or, more frankly, we wrote them just because if you really want to understand
something, the best way is to try and explain it to someone else.

Some words may be needed to clarify the style of these pages have been gathered. We
made the effort of making a rigorous exposition, starting from scratch, trying to use the least
amount of technology and with the simplest, low-profile language we could use — since cap-
ital letters were always the best way of dealing with things you
didn’t have a good answer to.

Differently from many other references, we make no use of Besov spaces” or interpolation
techniques, in order to make the arguments as elementary as possible and the exposition suitable
for everybody, since when you are a student or whatever, and you can’t
afford a car, or a plane fare, or even a train fare, all you can

3

3 About this, we would like to quote [52], according to which “The paradox of Besov spaces is that the very thing that
makes them so successful also makes them very difficult to present and to learn”.
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do is hope that someone will stop and pick you up,andit’s nice to
think that one could, even here and now, be whisked away just by
hitchhiking.

Of course, by dropping fine technologies and powerful tools, we will miss several very
important features, and we apologize for this. So, we highly recommend all the excellent, clas-
sical books on the topic, such as [58,88,1,91,92,99,78,89,66,59], and the many references given
therein. Without them, our reader would remain just a hitchhiker, losing the opportunity of per-
forming the next crucial step towards a full mastering of the subject and becoming the captain of
a spaceship.

In fact, compared to other Guides, this one is not definitive, and it is a very
evenly edited book and contains many passages that simply seemed
to its editors a good idea at the time. In any case, of course, we know that
we cannot solve any major problems just with potatoes —it’s fun to try and
see how far one can get though.

In this sense, while most of the results we present here are probably well known to the experts,
we believe that the exposition is somewhat original.

These are the topics we cover. In Section 2, we define the fractional Sobolev spaces W*? via
the Gagliardo approach and we investigate some of their basic properties. In Section 3 we focus
on the Hilbert case p = 2, dealing with its relation with the fractional Laplacian, and letting
the principal value integral definition interplay with the definition in the Fourier space. Then, in
Section 4 we analyze the asymptotic behavior of the constant factor that appears in the definition
of the fractional Laplacian.

Section 5 is devoted to the extension problem of a function in W57 (£2) to W*?(R"): tech-
nically, this is slightly more complicated than the classical analogue for integer Sobolev spaces,
since the extension interacts with the values taken by the function in £2 via the Gagliardo norm
and the computations have to take care of it.

Sobolev inequalities and continuous embeddings are dealt with in Section 6, while Section 7
is devoted to compact embeddings. Then, in Section 8, we point out that functions in W*? are
continuous when sp is large enough.

In Section 9, we present some counterexamples in non-Lipschitz domains.

After that, we hope that our hitchhiker reader has enjoyed his trip from the integer Sobolev
spaces to the fractional ones, with the advantages of being able to get more quickly
from one place to another - particularly when the place you arrived at
had probably become, as a result of this, very similar to the place
yvou had left.

The above sentences written in o1ld-fashioned fonts are Douglas Adams’s of course,
and we took the latitude of adapting their meanings to our purposes. The rest of these pages are
written in a more conventional, may be boring, but hopefully rigorous, style.

2. The fractional Sobolev space W*-?

This section is devoted to the definition of the fractional Sobolev spaces.

No prerequisite is needed. We just recall the definition of the Fourier transform of a distribu-
tion. First, consider the Schwartz space . of rapidly decaying C* functions in R". The topology
of this space is generated by the seminorms

pr(@) = sup (1+1x))" Y [ D% (x)
reR <N

, N=012,...,
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where ¢ € Z(R"). Let ./ (R") be the set of all tempered distributions, that is the topological
dual of .#(R"). As usual, for any ¢ € .¥(R"), we denote by

/ e % p(x) dx

the Fourier transform of ¢ and we recall that one can extend .% from . (R") to .’ (R").

Let £2 be a general, possibly nonsmooth, open set in R". For any real s > 0 and for any
p € [1, 00), we want to define the fractional Sobolev spaces W*:7(£2). In the literature, fractional
Sobolev-type spaces are also called Aronszajn, Gagliardo or Slobodeckij spaces, by the name of
the ones who introduced them, almost simultaneously (see [3,44,87]).

We start by fixing the fractional exponent s in (0, 1). For any p € [1, 400), we define
WS:P(£2) as follows

|u(x) —u(y)l

WSP(£2) = {u e LP(£2):
lx — yl» ™

eLP (2 X.Q)}; 2.1

i.e., an intermediary Banach space between L”(§2) and WP (£2), endowed with the natural

norm
1
lu(x) —u(y)|? P
”’/‘HWS-P(.Q) = </|u|pdx +/ de dy| , 2.2)
2 2 2

where the term

1
_ p 7
[ulws.r (o) = (/ %dx dy)
2 2

is the so-called Gagliardo (semi)norm of u.
It is worth noticing that, as in the classical case with s being an integer, the space W* -7 is
continuously embedded in W*:? when s < s’, as next result points out.

Proposition 2.1. Let p € [1, +00) and 0 < s < 5" < 1. Let 2 be an open set in R" andu : 2 — R
be a measurable function. Then

lullwsri2) < Cllullys.p o)
for some suitable positive constant C = C(n, s, p) > 1. In particular,

WS"P(2) C WSP(R2).

Proof. First,

()| | ,
/ﬁ u—yWHP”dygf( /iMWHPM)Wu”‘“

2 20{lx—y|z1} 2 z=1

< C(n,s,p)llullip(sz)’

where we used the fact that the kernel 1/|z|"*? is integrable since n + sp > n.
Taking into account the above estimate, it follows
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lu(x) —u(»I” dx dy < 27~ [P + lu(y)|P dx dy
=yl |x — y|"tsp
2 2n{lx—y[>1} 2 20{|lx—y|=1}
<2PCn, s, pllul}pq)- (2.3)
On the other hand,
— p _ p
Jue (x) u(y‘)l dxdy < Ju(x) u(y,)l dxdy. 2.4)
o =yl x =yl
2 20{x—y|<l1} 2 2n{lx—yl<1}

Thus, combining (2.3) with (2.4), we get

lu(x) —u(y)|” » » lu(x) —u(y)|”
/ iy Ay S20C0 s il ) + e —yprep D
2Q
and so
lu(x) —u(y)|?
p =2]A 2O
”u”WVP(_Q) (2 C(n,s, P)+1)||M||Lp(g)+/ |x—y|"+3/1’ dxdy
20
p
<Cons plul? o

which gives the desired estimate, up to relabeling the constant C(n, p,s). O

We will show in the forthcoming Proposition 2.2 that the result in Proposition 2.1 holds also
in the limit case, namely when s = 1, but for this we have to take into account the regularity
of 982 (see Example 9.1).

As usual, for any k € N and « € (0, 1], we say that £2 is of class Ck2 if there exists M > 0
such that for any x € 952 there exist a ball B = B,(x), r > 0, and an isomorphism T : Q — B
such that

Tect(©@). T7'ect®B). T(QyH=BN2, T(Qy)=BNd2 and
-1
1Tl ekagy + 1T | cra iy < M.
where
Q:={x=(x,x,) eR" ' xR: |x'| <1and|x,| <1},
01 :={x=(x"x,) eR"!xR: [x'| <land0<x, < 1} and
Qo:={xe Q: x, =0}
We have the following result.

Proposition 2.2. Let p € [1,400) and s € (0, 1). Let §2 be an open set in R" of class CO1 with
bounded boundary and u : §2 — R be a measurable function. Then

lullwsr(2y < Cllullyia) 2.5)
for some suitable positive constant C = C(n, s, p) > 1. In particular,

WhP(2) C WP ().
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Proof. Let u € W!7(£2). Thanks to the regularity assumptions on the domain £2, we can ex-
tend u to a function & : R” — R such that & € WP (R") and lallwip@ny < Cllullyip(g) fora
suitable constant C (see, e.g., [48, Theorem 7.25]).

Now, using the change of variable z = y — x and the Holder inequality, we have

Iu(x)—u(y)l” Iu(x)—u(z+x)lp d
| y|n+sp |Z|n+sp dzdx
2 2N{|x—y|<l1}
lu(x) —u(z+x)|” 1
/:/ ar e
2 B
t
// Wule 21911\ gz
|Z|p+S 1
2 By 0
|Vu(x+tz)|p
// |Z|n+p(s 0 dtdzdx
R” B]

”Vu”LI’(R"
|Z|n+p(s 1)
< Cl(n S, P)||VM||Lp(Rn)
< Can,s, Pl ) 2.6)

Also, by (2.3),

() — u(y)|? ,
dedyéC(n,s, p)||u||Lp(_Q). 2.7
2 20{lx—y|=1}

Therefore, from (2.6) and (2.7) we get estimate (2.5). O

We remark that the Lipschitz assumption in Proposition 2.2 cannot be completely dropped
(see Example 9.1 in Section 9); we also refer to the forthcoming Section 5, in which we discuss
the extension problem in W*-7.

Let us come back to the definition of the space W* 7 (§2). Before going ahead, it is worth
explaining why the definition in (2.1) cannot be plainly extended to the case s > 1. Suppose that
£2 is a connected open set in R”, then any measurable function u : £2 — R such that

//Iu(X)—u(u)l”d dy < +00

e =y
is actually constant (see [10, Proposition 2]). This fact is a matter of scaling and it is strictly
related to the following result that holds for any u in W7 (£2):

i (1 —) [ [ @ =EOI?

= p
o =y dxdy—C1/|Vu| dx (2.8)
2 2

for a suitable positive constant C; depending only on n and p (see [11]).
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In the same spirit, in [65], Maz’ya and Shaposhnikova proved that, for a function u €
U0<s<l We-P(R"), it yields

/ lu(x) —u(y)|P

lim s
|x —_ yll’l“rSP

s—0t

dxdy=C2/|u|pdx, (2.9)
Rn R}l Rﬂ
for a suitable positive constant C; depending* only on n and p.
When s > 1 and it is not an integer we write s = m + o, where m is an integer and o € (0, 1).

In this case the space W* 27 (§2) consists of those equivalence classes of functions u € W7 (£2)
whose distributional derivatives D%u, with |a| = m, belong to W ?(£2), namely

WP(2) :={u € W™P(2): D*u € WP (£2) for any a s.t. |o| = m]} (2.10)

and this is a Banach space with respect to the norm

1

lullwer(2) = <||u||€w,,p(m + 3 D“uuﬁw,p(m) 2.11)

|l|=m

Clearly, if s = m is an integer, the space W* 7 (§2) coincides with the Sobolev space W7 (£2).

Corollary 2.3. Let p € [1,4+00) and s,s' > 1. Let $2 be an open set in R" of class C%'. Then, if
s’ > s, we have

WP (2) C WSP(£2).

Proof. We write s =k + o and s’ =k’ 4+ o', with k, k’ integers and o, 6’ € (0, 1). In the case
k" = k, we can use Proposition 2.1 in order to conclude that WS P(£2) is continuously embedded
in W*7(£2). On the other hand, if ¥’ > k 4 1, using Proposition 2.1 and Proposition 2.2 we have
the following chain

WEFO (@) € WEP(2) S WP (2) € WP ().

The proof is complete. 0O

As in the classic case with s being an integer, any function in the fractional Sobolev space
WS P(R") can be approximated by a sequence of smooth functions with compact support.

Theorem 2.4. For any s > 0, the space C;°(R") of smooth functions with compact support is
dense in WP (R").

A proof can be found in [1, Theorem 7.38].
Let Wy'”(£2) denote the closure of C§°(82) in the norm || - || ws.r(2) defined in (2.11). Note
that, in view of Theorem 2.4, we have

Wg'p(R”) _ Ws,p(Rn)’ (2.12)

4 For the sake of simplicity, in the definition of the fractional Sobolev spaces and those of the corresponding norms
in (2.1) and (2.2) we avoided any normalization constant. In view of (2.8) and (2.9), it is worth noticing that, in order to
recover the classical W17 and LP spaces, one may consider to add a factor C(n, p, s) & s(1 — s) in front of the double
integral in (2.2).
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but in general, for 2 C R", WP (2) # Wy " (£2), i.e. C°(£2) is not dense in W*7(£2). Fur-
thermore, it is clear that the same inclusions stated in Proposition 2.1, Proposition 2.2 and
Corollary 2.3 hold for the spaces W(;’p (£2).

Remark 2.5. For s < 0 and p € (1, 00), we can define W*(£2) as the dual space of W,, "% (£2)
where 1/p + 1/q = 1. Notice that, in this case, the space W* 7 (£2) is actually a space of distri-
butions on £2, since it is the dual of a space having C;°(£2) as density subset.

Finally, it is worth noticing that the fractional Sobolev spaces play an important role in
the trace theory. Precisely, for any p € (1, +00), assume that the open set £2 € R" is suf-
ficiently smooth, then the space of traces Tu on 92 of u in WLP(£2) is characterized by

||TM||W1_l b < 400 (see [43]). Moreover, the trace operator T is surjective from W7 (£2)
L

1
onto W' =P (082). In the quadratic case p = 2, the situation simplifies considerably, as we will
see in the next section and a proof of the above trace embedding can be find in the forthcoming
Proposition 3.8.

3. The space H® and the fractional Laplacian operator

In this section, we focus on the case p = 2. This is quite an important case since the fractional
Sobolev spaces W*2(R") and WS ’2(R") turn out to be Hilbert spaces. They are usually denoted
by H*(R") and Hg(R"), respectively. Moreover, they are strictly related to the fractional Lapla-
cian operator (—A)* (see Proposition 3.6), where, for any u € . and s € (0, 1), (—A)® it is
defined as

(=A)’u(x)=C(n, s)P.V./ %
R}l

ux) —u(y)

|x_y|n+2s (31)

=C(n,s) lim
e—0t
@ Be (x)

Here P.V. is a commonly used abbreviation for “in the principal value sense” (as defined by the
latter equation) and C(n, s) is a dimensional constant that depends on n and s, precisely given

by
-1
Cn,s) = (/%dg) . (3.2)
Rn

The choice of this constant is motivated by Proposition 3.3.
Remark 3.1. Due to the singularity of the kernel, the right-hand side of (3.1) is not well defined

in general. In the case s € (0, 1/2) the integral in (3.1) is not really singular near x. Indeed, for
any u € ., we have

lu(x) — u(y)|
|x — |n+25 |x |n+25 y + ”u”LOO(R” | |n+ZA dy

(/|x— i ”/ = |"+2v y)

Please cite this article in press as: E. Di Nezza et al., Hitchhiker’s guide to the fractional Sobolev spaces, Bull. Sci.
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R | +00 |
ZC(/WdP+/W—SHdP><+OO
0 R

where C is a positive constant depending only on the dimension and on the L norm of u.

Now, we show that one may write the singular integral in (3.1) as a weighted second order
differential quotient.

Lemma 3.2. Let s € (0, 1) and let (—A)* be the fractional Laplacian operator defined by (3.1).
Then, for any u € .,

) 1
(=A)u(x) = —5C S)/
R}’l

ux +y)tulx —y) —2ul) ,

NG y, VxeR" (3.3)

Proof. The equivalence of the definitions in (3.1) and (3.3) immediately follows by the standard
changing variable formula.
Indeed, by choosing z =y — x, we have

_ () = 1)
u(x) =—C(n,s)P.V. |x_y|n+2s
RIZ

u(x +2) —u(x)

]Rn
Moreover, by substituting z = —z in last term of the above equality, we have

P.V./wdzzP.V./MdZ (3.5)

|Z|n+2s |Z|n+2s
Rll Rn

and so after relabeling 7 as z

u(x +2z) —ulx)

Rn
ulx +z) —u(x) u(x —z) —u(x)
R® R~
:P.V.f ux +2) fulx —2) — 2ulx) dz.

|Z|n+2s (36)

Rn

Therefore, if we rename z as y in (3.4) and (3.6), we can write the fractional Laplacian operator
in (3.1) as

(=A)’u(x)= —%C(n, s)P.V./
R"

u(x+y)+ulx —y) —2ux)
dy.
|y|n+2s

The above representation is useful to remove the singularity of the integral at the origin. Indeed,
for any smooth function u, a second order Taylor expansion yields

u(x +y) Hulx —y) = 2u(x) _ | Du | oo
|y|n+2s = |y|n+2s—2 ’

Please cite this article in press as: E. Di Nezza et al., Hitchhiker’s guide to the fractional Sobolev spaces, Bull. Sci.
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which is integrable near O (for any fixed s € (0, 1)). Therefore, since u € ., one can get rid of
the P.V. and write (3.3). O

3.1. An approach via the Fourier transform

Now, we take into account an alternative definition of the space H*(R") = W* 2(R") via the
Fourier transform. Precisely, we may define

H'(R") = {u e L*(R"): /(1 + &) [ Fu®©)] dt < +oo} (3.7
R}l

and we observe that the above definition, unlike the ones via the Gagliardo norm in (2.2), is valid
also for any real s > 1.
We may also use an analogous definition for the case s < 0 by setting

H*(R") = {u e .7 (R"): /(1 + |s|2)"|yu(g)|2dg < —i—oo},

Rn

although in this case the space o (R™) is not a subset of L2(R") and, in order to use the Fourier
transform, one has to start from an element of ./ (R") (see also Remark 2.5).

The equivalence of the space H (R™) defined in (3.7) with the one defined in the previous
section via the Gagliardo norm (see (2.1)) is stated and proven in the forthcoming Proposition 3.4.

First, we will prove that the fractional Laplacian (—A)® can be viewed as a pseudo-differential
operator of symbol |£]%°. The proof is standard and it can be found in many papers (see, for
instance, [89, Chapter 16]). We will follow the one in [95] (see Section 3), in which it is
shown how singular integrals naturally arise as a continuous limit of discrete long jump random
walks.

Proposition 3.3. Let s € (0, 1) and let (—A)* : .7 — L*(R") be the fractional Laplacian oper-
ator defined by (3.1). Then, for any u € .,

(=& u=F" (5§ (Fu) VieR" (3.8)
Proof. In view of Lemma 3.2, we may use the definition via the weighted second order differ-
ential quotient in (3.3). We denote by Zu the integral in (3.3), that is

u(x +y)+ulx —y) —2u(x) J
|y|n+2s

]

Lu(x) = —%C(n, s)/
]Rn

with C(n, s) as in (3.2).
Z is a linear operator and we are looking for its “symbol” (or “multiplier”), that is a function
S :R" — R such that

Lu=F"1(S(Fw). (3.9)
We want to prove that

S(E) = &%, (3.10)

Please cite this article in press as: E. Di Nezza et al., Hitchhiker’s guide to the fractional Sobolev spaces, Bull. Sci.
math. (2012), doi:10.1016/j.bulsci.2011.12.004
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where we denoted by & the frequency variable. To this scope, we point out that

lu(x +y) +ulx —y) —2u(x)|
|y|n+ZS

<4(xm I sup | D]

By (x)
w7 x4 )+ = ) = 2u0)]) € L (R).

Consequently, by the Fubini—Tonelli theorem, we can exchange the integral in y with the Fourier
transform in x. Thus, we apply the Fourier transform in the variable x in (3.9) and we obtain

SE(Fu) () =F (ZLu)
_%C(n’s)/ﬁ(u(x+y)+u(x—y)—2u(x))d

|y|n+23

Rn

eisy —i&y _
= —5C09) IE |+|en+zs dy(Fu)(E)
R’l

—C, )/ 1=c0sC-9) 1o Fuye), 3.11)

|n+2v

Hence, in order to obtain (3.10), it suffices to show that

1—cos(-y) _ )
/Wdy:C(n,s) e, (3.12)
Rl‘l
To check this, first we observe that, if ¢ = (¢1, ..., ;) € R", we have
1 —cos ¢y 1§15 1

|§-|n+2s = |é—|n+2s = |§|n—2+25

near { = 0. Thus,

1—COS§1d i< fini q » s
W ¢ 1s finite and positive. (3.13)
R}l
Now, we consider the function Z : R” — R defined as follows
I —cos(§-y)
7 &)= / W dy
Rn

We have that 7 is rotationally invariant, that is

() =1(|Eler). (3.14)

where e; denotes the first direction vector in R”. Indeed, when n = 1, then we can deduce (3.14)
by the fact that Z(—£&) = Z(£). When n > 2, we consider a rotation R for which R(|€|e;) =&
and we denote by R its transpose. Then, by substituting § = R’ y, we obtain

Please cite this article in press as: E. Di Nezza et al., Hitchhiker’s guide to the fractional Sobolev spaces, Bull. Sci.
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I(g):/ — cos(R(llen) - y) ,

|y|n+2s
Rn
_ / 1 —cos ((|£]er) - (RTy)) dy
|y|n+2s
Rn
1 —cos((|&]er) - y)
_R[ S =T(|glen),

which proves (3.14).
As a consequence of (3.13) and (3.14), the substitution ¢ = |€|y gives that

Z(€) =Z(|€ler)

[ 1—=cos(l&]y1) d
- |y|n+2s y
Rn
1 1 —cos¢y

d¢ =C(n,s) g>,

GG
Ril

where we recall that C (n, )~ ! is equal to [, 1=cos€) 7+ by (3.2). Hence, we deduce (3.12) and

| ; |n+2s
then the proof is complete. O

Proposition 3.4. Let s € (0, 1). Then the fractional Sobolev space H® (R™) defined in Section 2
coincides with H* (R") defined in (3.7). In particular, for any u € H* (R")

ey =2C09) ™[I Fuce)] as.

where C(n, s) is defined by (3.2).

Proof. For every fixed y € R", by changing of variable choosing z = x — y, we get

lu(x) — u(y)l? lu(z+y) —u(y)?
J([ s an)ar= [ [ HE 0 aza
Rr  Rnr

Rn RPI
2
u(z+y)
- [( [ o)
R}l R}’l
_f uz+)—u)|? dz
|2/ +s L2(R")

dz,
L2(RM)

u(z+-)—u()
/ |Z|n/2+s

where Plancherel’s formula has been used.
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Now, using (3.12) we obtain

u(z+-)—u()
f |Z|n/2+s

|gl§z
L2(R7) dz _// |n+25 |/ (§)| dédz

(1 —cos&-2)
=2 [ [ S e Pazae

R? R

=2C(n,s)"! / &> | Fu )| de.
R}'I

This completes the proof. O

Remark 3.5. The equivalence of the spaces H® and H* stated in Proposition 3.4 relies on
Plancherel’s formula. As is well known, unless p = g = 2, one cannot go forward and backward
between an L? and an L? via the Fourier transform (see, for instance, the sharp inequality in [5]
for the case 1 < p < 2 and g equal to the conjugate exponent p/(p — 1)). That is why the general
fractional space defined via the Fourier transform for 1 < p < oo and s > 0, say H*? (R"), does
not coincide with the fractional Sobolev spaces W* 7 (R") and will be not discussed here (see,
e.g., [99]).

Finally, we are able to prove the relation between the fractional Laplacian operator (—A)*
and the fractional Sobolev space H®.

Proposition 3.6. Let s € (0, 1) and let u € H*(R"). Then,
[u]? =2C(n,s)"! ||(—A)%u||2 (3.15)
Hs (R") ’ L2(R")? .
where C(n, s) is defined by (3.2).
Proof. The equality in (3.15) plainly follows from Proposition 3.3 and Proposition 3.4. Indeed,
[0 3u] 2 gy = | 7 2y = 161 2]
LZ(R”) - LZ(RVL) - LZ(R”)

1
= EC(’L S)[“]%-].Y(Rn)~ O

Remark 3.7. In the same way as the fractional Laplacian (—A)* is related to the space W*?2
(as its Euler—Lagrange equation or from the formula ||u||%w2 = f u(—A)*udx), a more gen-
eral integral operator can be defined that is related to the space W*:? for any p (see the recent
paper [51]).

Armed with the definition of H*(R") via the Fourier transform, we can easily analyze the
traces of the Sobolev functions (see the forthcoming Proposition 3.8). We will follow Sections 13,
15 and 16 in [89].
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Let £2 € R” be an open set with continuous boundary 9§2. Denote by T the trace operator,
namely the linear operator defined by the uniformly continuous extension of the operator of
restriction to 82 for functions in D(£2), that is the space of functions C(‘)>O (R") restricted? to £2.

Now, for any x = (x/, x,) € R" and for any u € .7 (R"), we denote by v € .7 (R"~!) the
restriction of u# on the hyperplane x, = 0, that is

v(x/)zu(x/,O) vx e R* L (3.16)
Then, we have
f/‘v(é):/ﬂu(g/,sn)ds,, ve e RV, (3.17)
R

where, for the sake of simplicity, we keep the same symbol .% for both the Fourier transform in
n — 1 and in n variables.
To check (3.17), we write
1 s 5! ’
Fv()=——— / e v(x)dx’
Q2m) 7
Rn—1
1

= / ey (x', 0) dx’. (3.18)
@m) T
R

n—1

On the other hand, we have

1 e /
/ﬁu(é/,én)dfnZ/ B )% fe—t(§ En)(x ’x")u(x/,xn)dx/dxnd&‘n
s

R R R"

1 s / 1 .
=—0 / oI5 |: T //e_’s”'x"u(x’,xn)dxn dén:| dx’
2m) 2 o (2m)2 5w

—1

/ oI5 [u (x’, O)] dx’,

n—1

_ 1
- n—1
(2m) 2 R

where the last equality follows by transforming and anti-transforming u in the last variable, and

this coincides with (3.18).
Now, we are in position to characterize the traces of the function in H*(R"), as stated in the

following proposition.

Proposition 3.8. (See [89, Lemma 16.1].) Let s > 1/2, then any function u € H*(R") has a
trace v on the hyperplane {x, = 0}, such that v € H"3 (R*1. Also, the trace operator T is
surjective from H* (R™) onto H™? (R,

Proof. In order to prove the first claim, it suffices to show that there exists a universal constant C
such that, for any u € .(R") and any v defined as in (3.16),

< s n
T ey (3.19)

5 Notice that we cannot simply take 7 as the restriction operator to the boundary, since the restriction to a set of
measure 0 (like the set 2) is not defined for functions which are not smooth enough.
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By taking into account (3.17), the Cauchy—Schwarz inequality yields
2 2 d§
| < (/(1 +IEP) | Fule &) d&) (/ 72) (3.20)
J J A +151%)

Using the changing of variable formula by setting &, = /1 + |£/|2, we have

/ den [ AHED? A
(+EP? ) @+ P+ (1+2y
R R R

=C)(1+ |s/|2)%‘5, (3.21)

where C(s) := [ (1-(:#)»? < oo since s > 1/2.
Combining (3.20) with (3.21) and integrating in £’ € R"~! we obtain

[ a+lePy e as <o [ [ iery | Fule ) e
Rr—1 Rr-1 R
that is (3.19).
Now, we will prove the surjectivity of the trace operator 7. For this, we show that for any
ve HS1 (R*~1) the function u defined by

&n 1

Ful(t &) =Fv E’go( , (3.22)
o) =2 R ) e

with ¢ € C;°(R) and ngo(t) dt =1, is such that u € H(R") and Tu = v. Indeed, we inte-

grate (3.22) with respect to &, € R, we substitute &, = #+/1 + |£’|? and we obtain

/gzu(é/afn)dgnZ/jv(gl)¢<\/l i /2>\/1 : /zdén
J J + €] +1&]
=/9v(5’)<p(z)dr=§v(s’) (3.23)
R

and this implies v = Tu because of (3.17).
The proof of the H*-boundedness of u is straightforward. In fact, from (3.22), for any &’ €
R ! we have

/(1 + €)' | Fu(E &) de,

R
2 2 & 2 1
— 1 N o / n d a
R/( I )] (p( 1+|g/|2> 1+ &2 :
=1+ g )T 2u(E) X (3.24)

where we used again the changing of variable formula with &, = ¢,/1 + |£’|2 and the constant C
is given by fR(l + 128 |p(1)|* dt. Finally, we obtain that u € H*(R") by integrating (3.24) in
geR1 o
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Remark 3.9. We conclude this section by recalling that the fractional Laplacian (—A)®, which
is a nonlocal operator on functions defined in R”, may be reduced to a local, possibly singular
or degenerate, operator on functions sitting in the higher dimensional half-space RTI =R" x
(0, 400). We have

(=AY’ u(x) = —C}i_r)r(l)(tl_zszia—lt](x, t)),

where the function U : R — R solves div(r' = VU) = 0 in R%™" and U (x, 0) = u(x) in R".
This approach was pointed out by Caffarelli and Silvestre in [19]; see, in particular, Section 3.2
there, where it was also given an equivalent definition of the H*(R")-norm:

/|§|2‘|ﬂu| de=C f VURN dxdr.

Rn-H

The cited results turn out to be very fruitful in order to recover an elliptic PDE approach in
a nonlocal framework, and they have recently been used very often (see, e.g., [18,86,13,17,76],
etc.).

4. Asymptotics of the constant C(n, s)

In this section, we go into detail on the constant factor C(#n, s) that appears in the definition of
the fractional Laplacian (see (3.1)), by analyzing its asymptotic behavioras s — 1~ and s — 0.
This is relevant if one wants to recover the Sobolev norms of the spaces H L(R™) and L2(R") by
starting from the one of H*(R").

We recall that in Section 3, the constant C(n, s) has been defined by

-1
Rn

Precisely, we are interested in analyzing the asymptotic behavior as s — 07 and s — 1~ of a
scaling of the quantity in the right-hand side of the above formula.
By changing variable n’ = ¢'/|¢1|, we have

1- cos(ﬁ) / / 1 —cos({1) 1 )
d¢'d
/ |§-|n+2s |§1 |n+2s (1 + |§/|2/|§1| )1-;2,y &d

RVL
1 —cos(¢)) 1 /
= d
/ / oy [1+2s REE |2)n+23 dn d&

R Rr-1
_ A(n,s)B(s)
 s(1—s)

where

1
A(n,s) = /7Mdn’ (4.1)
A+ y)"T
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and®
1 —cost
B(s) =s(1 — s)/ i 4.2)

Proposition 4.1. For any n > 1, let A and B be defined by (4.1) and (4.2) respectively. The
following statements hold:

+00

(i) limg_, - A(n,s) =wn—2 J, de < +00;
-2
i) limg_or A(n,8) = wn2 fo7™ —L— dp < +o0;

(1422
(iif) limy_, ;- B(s) = 5
@iv) limg_, o+ B(s) =1,

where w,_o denotes (n — 2)-dimensional measure of the unit sphere S"~2.
As a consequence,

Can.s) N A
lim — 2 [ @n=2 / L ap 4.3)
s—>1-s(1 =) 2 (14 p2)2*!
0
and
C( ) 00 n—2 -1
lim —2° W2 / a4 . (4.4)
s—>0t s(1 — s) (1+p2)2
0

Proof. First, by polar coordinates, for any s € (0, 1), we get

~+00
/ ! dn = / P —d
A+ T iy Y

Now, observe that for any s € (0, 1) and any p > 0, we have

-2 n—2
o" o
<

(140 (+pD)}

and the function in the right-hand side of the above inequality belongs to L!((0, +oc)) for
any n > 1.
Then, the Dominated Convergence Theorem yields

+00

pn 2
lim A(n,s) = wn_2 / P _ap
s—>1- (1 —|—p2)§+1
0

6 of course, when n =1 (4.1) reduces to A(n, s) = 1, so we will just consider the case n > 1.
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and
+oo pn—2
lim A(n,s) =w,—» f ——dp
s—0% (14 p?)2

This proves (i) and (ii).
Now, we want to prove (iii). First, we split the integral in (4.2) as follows

l—costd l—costd l—costd
s = s s 4
R

[t|<1 |71 >1
Also, we have that
+00
0< l—costd <4 1 d 2
= |£|1+2s IS F142s t‘;
[t1>1 1
and
l—costd 12 Ji<C |73 J 2C
|7]1+2s £— 2|1+ I's |7]1+2s t_3_2S’
l1]<1 l1]<1 l1]<1

for some suitable positive constant C.
From the above estimates it follows that

1 —cost
|t|1+2s
[71>1

Iim s(1—ys)
s—>1-

and

2
. —cost . 4
lim s(1—s) / T dr= lim s(1 —s) / TR dt

s—1- s—1-
lr]<1 lt]<1

Hence, we get

1

1 1

lim B(s)= lim s(1 —s) /rl 2ar) = im 4= _ 1

s—1 s—1 s—>1- 2(1 —S) 2
0

Similarly, we can prove (iv). For this we notice that

1

1 —cost 1—2s
0</ Wdtgcft dt
0

|t]<1
which yields
. 1 —cost
R T

It|<1

Now, we observe that for any k € N, k > 1, we have
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cost
/ t1+2s dt

2k

Asa consequence,

+00

cost
/ 11425 dar
t +2s

1

N

N

N

N
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2km+m 2km+m

cost cos(t + )

t +2s (‘L’—l—T[)H'ZS
2km 2km
2k +m

B 1 1 J
= S\ T g )

2k
2k +m :

(12 (p o) 42 dt
2k
2k71+71(t + n)l+2s _ tl+2s

tl+2$(t +7T)1+2S
2k
2k +m . b4

2s
/ l‘l+2s(l‘+7'[)1+23 /(1+2S)(t+19) dv | dt
2km 0
2k +m
3r(t + )%

tl+2s(t +7T)1+25
2k
2k +m 3

T

—dt

t(t+m)
2k
2k +m

371d < C

Z S
2k

2(k+l)n

COS[
/ dt + Z / tl+2A

- 2km

C
log(2n>+2 2 <C

k=1

up to relabeling the constant C > 0.

It follows that

1-— Cost
|t|l+2s

[71>1

cost
|t|1+2s |t|l+2s

tz

+00
cost

1
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and then
— cost 1
lim s(1 —s dt = lim s(1—s —dt
s—0t ( ) |H_2Y s—0F ( ) |l‘|1+2s
[1]>1 [t1>1

Hence, we can conclude that

1
lim B(s) = lim s(1 —s ——dt
Jim_B(s) = lim s(1 —s) / T
l71>1

“+00
= lim 2s(1 —s) / Y
s—0t

. 25(1—9)
= lim —=1.
s—0t 2s

Finally, (4.3) and (4.4) easily follow combining the previous estimates and recalling that
1—
Cn,s)= M
A(n, s)B(s)
The proof is complete. 0O

Corollary 4.2. For any n > 1, let C(n, s) be defined by (3.2). The following statements hold.:

. . C S .
(1) hms—)l* b((]r:z)) = a;bil B
U Cn,

(i) lim,_, o+ Y((f_i)) = wnz_l’

where w,_1 denotes the (n — 1)-dimensional measure of the unit sphere S" .

Proof. For any 6 € R such that § > n — 1, let us define

+00

pn—2
E, () :=/—0d,0.
(14027

Observe that the assumption on the parameter 6 ensures the convergence of the integral. Further-
more, integrating by parts we get

+00

1 n—1y/
En(0) = / W
n—1 (1+ p2)2

+oo
— 4 p" d
T n—1 252
o (I+p%) 2

0
= ——E,20+2). 4.5)
n—1
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Then, we set

+00

IV =E,(n+2 =/7p —d
" "2 (4 p)E1

n—2

and
. +o00 pn_2
(14 p%)2
In view of (4.5), it follows that 1,51) and I,EO) can be obtained in a recursive way, since
I, = Epp(n+4) = —IE mrn=""1m (4.6)
+2 n+2 n+2"
and
-1
1Ny = Enpa(n +2) = —E (n)=——1. (4.7)
n
Now we claim that
I _Pnl 4.8
" 2nwy_» (4.8)
and
O — Pl 4.9
' Y2 4.9)

We will prove the previous identities by induction. We start by noticing that the inductive bases
are satisfied, since

“+o00 | +oo |
m_/ T m_/ p _
I,/ = ———dp=—, I, = ——dp=-
i 0 (14922 4 ’ 0 (14023 3

and

+00 1 +00
0) T 0) p
1 =/—d,o=— 1 =/7d,o=1.
2 ) 3

A ) (14 p2)

Now, using (4.6) and (4.7), respectively, it is clear that in order to check the inductive steps, it
suffices to verify that
wp1 n—1w,

= . (4.10)

wp no wp_2

We claim that the above formula plainly follows from a classical recursive formula on w,,, that is

2
Wy = ——— 2. (4.11)
To prove this, let us denote by @, the Lebesgue measure of the n-dimensional unit ball and
let us fix the notation x = (%, x’) € R"~2 x R?. By integrating on R”~2 and then using polar

coordinates in R?, we see that
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w, = / dx = /( / d)?)dx’
1x2<1 T F2<1— X2
2 (n—2)
Wn_2 / (1—|x/|) T dx'
[x1<1
1

(n=2) 2 _
:2nwn_2/,0(1 —p?) 7 dpz%. (4.12)
0

Moreover, by polar coordinates in R”,

1

@, = f dx = w1 /p”_ldp _ Ol (4.13)
lx|<1 0 "
Thus, we use (4.13) and (4.12) and we obtain
2mwp—3

Wp—| =Ny, =2 wWy_2 =

n—2"
which is (4.11), up to replacing n with n — 1. In turn, (4.11) implies (4.10) and so (4.8) and (4.9).
Finally, using (4.8), (4.9) and Proposition 4.1 we can conclude that
. C(ns S) 2 4n
lim =

s—>1-s(l—s) wno IV wn1

and
C(n,s) _ 1 _ 2
s—>0t s(1 —5) B wn_zl,go) B Wp—1 '

as desired.” O

Remark 4.3. It is worth noticing that when p = 2 we recover the constants C| and C> in (2.8)
and (2.9), respectively. In fact, in this case it is known that

1 1 Wn_1
Ci=- 2do(g) = — 2 do(£) = —
1= / |&11% do (£) 2nZ/ 612 do (&) = —-
sn—1 lzlsn—l
and Cy = wy,—1 (see [11] and [65]). Then, by Proposition 3.15 and Corollary 4.2 it follows that

: u(x) —u() : L 2
Iim (1 -y ——————dxdy= lim 2(1 —s)C(n,s SFu .
im (1 =) i drdy = lim 21 =9C )~ 16 Ful 2,
R” R"

_ Wn—1 2

- 21’! ”VMHLZ(Rn)

_ 2

—CIHMHHI(Rn)

7 Another (less elementary) way to obtain this result is to notice that E, (0) =2B((n — 1)/2, (0 —n — 1)/2), where B
is the Beta function.
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and

/ lu(x) —u(y)?

s dxdy = lim 250,97 et Ful

R
= o1 117 2 ey
2
= C2 ||M ”LZ(R”) .
We will conclude this section with the following proposition that one could plainly deduce
from Proposition 3.3. We prefer to provide a direct proof, based on Lemma 3.2, in order to show
the consistency in the definition of the constant C(n, s).

Proposition 4.4. Let n > 1. For any u € C;°(R") the following statements hold:

(1) limg_, g+ (—A)u = u;
(i) limg_,1-(—A)'u = —Au.

Proof. Fix x e R", Ry > 0 such that suppu C Bg, and set R = R + |x| 4 1. First,

u(x +y)+ulx —y) _2”(") |y|2
|y|n+2S < lu ”CZ(IR” | |n+23
p 1
gwn71||u||C2(R")/de
0

_ on—tlull oy R
2(1-s)

(4.14)

Furthermore, observe that |y| > R yields |[x £ y| > |y| — |x| = R —|x| > Ro and consequently
u(x £ y) = 0. Therefore,

1 / ux+y)+ulx—y) —2u(x) / 1
—= dy =u(x) ——dy
2 |y|n+23 |y|n+2s

R"\ B R"\ Bg

+00 |
:wn_lu(X)/de
R

IR
ot L. (4.15)
2s
Now, by (4.14) and Corollary 4.2, we have
. C(n,s)/u(x+y)+u(x—y)—2u(x)
lim —
S0+ |y|n+ZS

dy=0

and so we get, recalling Lemma 3.2,
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lim (=A)’u = lim —

C(n,s) / u(x+y)+u(x—y)—2u(x)d

s—>0t s—0t |y|”+2s
R"\ Bg
. C(n,s)w_ 1R
= lim —— 2 (%) = u(x),
s—0t 2s

where the last identities follow from (4.15) and again Corollary 4.2. This proves (i).
Similarly, we can prove (ii). In this case, when s goes to 1, we have no contribution outside
the unit ball, as the following estimate shows
ux+y)+ulx—y)—2ulx 1
/ ety |y|(nmy) S dy‘ < 4llu e qamy f e dy
R"\ B} R"\ By
+00

1
<Ay l|ull oo @r) / de
1

Wp—1
= 2l Loo mny.-

As a consequence (recalling Corollary 4.2), we get

C(n,s) / ux+y)+ulx—y)—2u(x)

lim — |y|n+2x

s—>1-

dy =0. (4.16)
RI!\BI

On the other hand, we have

'/ ux +y) +u(x —y) —2u(x) — D2u(x)y -y
|y|nt2s

dy
RIS
< Ml e / s

< wn—1||u||c3(Rn)/ #dp
0
_ Wn—1 ||u||c3(Rn)
3-2s
and this implies that

C(n, s) / u(x +y)+ulx—y)—2u(x)
d
|y|n+25

lim —

s—1-

2
= Lim —C(” $) / Druy-y , (4.17)

|y|n+2s

Now, notice that if i # j then

/812ju(x)yi 'yjdy=—/3,~2ju(X)ii yjdy,
By By
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where y; = yx for any k # j and y; = —y;, and thus

faizju(x)y,-~yjdy=O. (4.18)
By

Also, up to permutations, for any fixed i, we get

u(x)Y, 2 y,'z 2 yl2
/ | |n+2v d = aiiu(x)/ |y|n+2s dy = aiiu(x) |y|n+2s d
B By

B
8 u(x) 3 u(x) ly[?
Z |y|n+2v |y|n+2v y

_ Biziu(x)a)n,1
T 2n(1—s)
Finally, combining (4.16), (4.17), (4.18), (4.19), Lemma 3.2 and Corollary 4.2, we can con-
clude

(4.19)

lim (—A)u = lim —
s—>1-

s—>1-

C(n,s)/u(x+y)+u(x—y)—2u(x)
d
|y|nt2s

. c<n s) [ D?u(x)y-y
= lim — d
s—>1- |y|n+2s
) C(n s) / u(x)y
= lim — RLLE A
s 1— Z |y|n+2s
t—lBl
C _
= lim — ;Z(IS)‘”” ‘Za u(x) = —Au(x). O
N

5. Extending a W57 (2) function to the whole of R"

As is well known when s is an integer, under certain regularity assumptions on the domain £2,
any function in W*¥”(£2) may be extended to a function in W*”(R"). Extension results are quite
important in applications and are necessary in order to improve some embeddings theorems, in
the classic case as well as in the fractional case (see Section 6 and Section 7 in the following).

For any s € (0,1) and any p € [1,00), we say that an open set £2 C R” is an exten-
sion domain for W*-P if there exists a positive constant C = C(n, p, s, §2) such that: for ev-
ery function u € W5P(£2) there exists u € WP (R") with #(x) = u(x) for all x € £ and
llétllws.p ey < Cllullws.r(s2)-

In general, an arbitrary open set is not an extension domain for W*”. To the authors’ knowl-
edge, the problem of characterizing the class of sets that are extension domains for W*'? is open.?
When s is an integer, we cite [57] for a complete characterization in the special case s =1, p =2

8 While revising this paper, we were informed that an answer to this question has been given by Zhou, by analyzing
the link between extension domains in W*:? and the measure density condition (see [100]).
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and n = 2, and we refer the interested reader to the recent book by Leoni [59], in which this
problem is very well discussed (see, in particular, Chapter 11 and Chapter 12 there).

In this section, we will show that any open set £2 of class C%! with bounded boundary is an
extension domain for W*-?.

We start with some preliminary lemmas, in which we will construct the extension to the whole
of R” of a function u defined on £2 in two separated cases: when the function u is identically
zero in a neighborhood of the boundary 9£2 and when 2 coincides with the half-space R’} .

Lemma 5.1. Let 2 be an open set in R" and u a function in W*P(§2) with s € (0, 1) and
p € [1, +00). If there exists a compact subset K C $2 such that u = 0in §2\ K, then the extension
Sfunction u defined as
N u(x), xe8f2,
”(x)_{o, xeR"\ 2
belongs to WP (R") and

5.1

lzllws.prey < Cllullwsr ),
where C is a suitable positive constant depending on n, p, s, K and §2.
Proof. Clearly i € L?(R"). Hence, it remains to verify that the Gagliardo norm of & in R" is

bounded by the one of u in £2. Using the symmetry of the integral in the Gagliardo norm with
respect to x and y and the fact that iz = 0 in R” \ £2, we can split as follows

// i@ =i’ f/ u@ —uI”
o =y ey
RVIRY!
) lu(x)|? dv)d (5.2)
ey 4748 '
Q2 RN\Q

where the first term in the right-hand side of (5.2) is finite since u € W*?(£2). Furthermore, for
any y e R"\ K,

|u(x)|P _ XK(X)Iu(x)IP 2 )| sup ————
|x — y|rtsp |x — y|rtsp < XEE |x — y|ntsp
and so
OV N [ 53
e —yrrr S ] disey, ag)nree ML :
2 Rn\Q R\ 2

Note that the integral in (5.3) is finite since dist(d§2,dK) > « > 0 and n + sp > n. Combining
(5.2) with (5.3), we get

llillws.p ey < Cllullwsr2)
where C =C(n,s, p, K). O

Lemma 5.2. Let 2 be an open set in R", symmetric with respect to the coordinate xy, and
consider the sets 2+ = {x € £2: x, > 0} and 2_ = {x € 2: x, <0}. Let u be a function in
WSP(824), with s € (0, 1) and p € [1, 400). Define

- u(x’,xn), xp 20,
ulx)= ,
ulx', —x,), x, <O.

(5.4)

Please cite this article in press as: E. Di Nezza et al., Hitchhiker’s guide to the fractional Sobolev spaces, Bull. Sci.
math. (2012), doi:10.1016/j.bulsci.2011.12.004




BULSCI:2468

E. Di Nezza et al. / Bull. Sci. math. eee (eeee) eee—eee 27

Then u belongs to WP ($2) and
llllws.r2) < 4lullwsre,)-

Proof. By splitting the integrals and changing variable X = (x/, —x,,), we get

lall} o) = /\u(x)]”dwrfy &, 5) [ dx =20ull] g, (5.5)

Also, if x e R’} and y € ¥R’} then (x, — yn)? = (xn + yn)? and therefore

- = p _ P
/' lie(x) u(y‘)l dxd 2/ |u (x) u(y‘)l dx dy
|X _ y|n+sp |.X _ y|n+sp
lu(x) —u(y', —yn)l?
+2/ / =y dxdy
2,60,
lux', —xp) —u(y’, —yn)|?
I =
EQLC2s
§4||u||€vs.p(g+)-

This concludes the proof. O
Now, a truncation lemma near 052.

Lemma 5.3. Let 2 be an open set in R", s € (0,1) and p € [1,+00). Let us consider u €
WS P(£2) and ¢ € CO1(2), 0 < ¢ < 1. Then Yyru € WP (2) and

lrullws.r2) < Cllullwsr(2), (5.6)
where C =C(n, p, s, §2).

Proof. It is clear that ||[Yullzr2) < llullLr(2) since || < 1. Furthermore, adding and subtract-
ing the factor ¥ (x)u(y), we get

/ [V (ux) — g (Muy)|” dxdy<2p_1<f [V (u(x) — g (uy)|”

|x_y|n+sp |x_y|n+sp

dxdy

+f/|l//()6)u(y) U’ dy)

|x_y|n+5P
~ lu(x) —u(y)|?
p—1 T —

<2 </ |x_y|n+sl) dXdy
[t )

Q
Since ¥ belongs to C%1(2), we have
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lu@)|P 1y (x) =y (Y)IP dx dy < AP |M(X)|p|)€—y|p dx dy
|x — ylrtsp =yt

20 2 2nx—yl<1

Ju (x)]”

+ﬁ/ ]1 IX-—yW+”’dxdy
2 2Nx—y|>1
< Clull}, ) (5.8)

where A denotes the Lipschitz constant of v and Cisa positive constant depending on n, p
and s. Note that the last inequality follows from the fact that the kernel |x — y|™*+(1=9P g
summable with respect to y if [x — y| < 1 since n + (s — 1) p < n and, on the other hand, the
kernel |x — y|7"7*F is summable when |x — y| > 1 since n + sp > n. Finally, combining (5.7)
with (5.8), we obtain estimate (5.6). O

Now, we are ready to prove the main theorem of this section, that states that every open
Lipschitz set £2 with bounded boundary is an extension domain for W*7.

Theorem 5.4. Let p € [1,+00), s € (0, 1) and §2 C R" be an open set of class CO1 with bounded
boundary.® Then WP (82) is continuously embedded in W*'P (R"), namely for any u € WP (§2)
there exists u € WP (R") such that it| = u and

lillws.r@®ny < Cllullwsre)

where C = C(n, p, s, §2).

Proof. Since 92 is compact, we can find a finite number of balls B; such that 92 C Ul;zl Bj

and so we can write R" = U]]‘-:1 B; U (R"\ 9£2).

If we consider this covering, there exists a partition of unity related to it, i.e. there exist k + 1
smooth functions ¥, ¥, ..., Y such that sptyg C R"\ 382, sptyy; C Bj forany j e {1,...,k},
0<y; <1forany je{0,....k}and Y5_ v = 1. Clearly,

k
U= Ztﬁju.
j=0

By Lemma 5.3, we know that ¥ou belongs to W7 (£2). Furthermore, since {ou = 0 in a neigh-
borhood of 92, we can extend it to the whole of R”, by setting

You(x), xe2,
0, xeR"\ 2

and 1%74 € W5 P (R"). Precisely

You(x) ={

[oullwer@n < Cllvoullwsr@) < Cllullwsr @), (5.9)
where C = C(n, s, p, §2) (possibly different step by step, see Lemma 5.1 and Lemma 5.3).

9 Motivated by an interesting remark of the anonymous referee, we point out that it should be expected that the Lipschitz
assumption on the boundary of £2 may be weakened when s € (0, 1), since in the case s = 0 clearly no regularity at all is
needed for the extension problem.
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Forany j € {1,...,k}, let us consider I/l|3jmg and set

vi(y):=u(Tj(y)) foranyye Qy,

where T : Q — B; is the isomorphism of class C 0.1 defined in Section 2. Note that such a T;
exists by the regularity assumption on the domain 2.

Now, we state that v; € W*?(Q ). Indeed, using the standard changing variable formula by
setting x = T (¥) we have

lv(X) —v(MIP . . lu(T; (X)) —u(T;ONIP . .
| | e asas= | T
0+ 0+ 0+ 0+
_ p
/ / |u(x) u(]y)l det(T._l)dxdy
77 ) =T s
B;N$2 B;NS2 J
|ue () —u(y)ll’
/ / r y|n+sp dxdy, (5.10)
B;N2 B;NQ

where (5.10) follows from the fact that 7; is bi-Lipschitz. Moreover, using Lemma 5.2 we can
extend v; to all Q so that the extension v; belongs to W*:?(Q) and

lvjllws.roy < 4lvjllwsro,)-
We set
w;(x) = Dj(Tj_l(x)) for any x € B;.

Since T} is bi-Lipschitz, by arguing as above it follows that w; € W*?(B;). Note that w; = u
(and consequently ¥ jw; = v ;u) on B; N §2. By definition v Lz_u\z/has compact support in B; and
ﬁe\r_e/fore, as done for You, we can consider the extension ¥;w; to all R” in such a way that
Yiw; € WHP(R"). Also, using Lemma 5.1, Lemma 5.2, Lemma 5.3 and estimate (5.10) we get

IVjwillwsr@wny < Cllyjwjliwse;) < Cllwjllwsrs))
< Clvjllwsrgy < Cllvjllwsroy)
< Cllullws.r@ns))s (5.11)

where C = C(n, p, s, §£2) and it is possibly different step by step.
Finally, let

<
I|

k
Z jWj
be the extension of u defined on all R”. By construction, it is clear that &| = u and, combining
(5.9) with (5.11), we get

]l ws.r ey < Cllullwsr )

with C=C(n, p,s,$2). O
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Corollary 5.5. Let p € [1,400), s € (0,1) and 2 be an open set in R" of class C%! with
bounded boundary. Then for any u € W*P(82), there exists a sequence {u,} € C3°(R") such
that u, — u asn — +oo in WP (£2), i.e.,

Iim ||u,; — ullws =0.
,im_ lup — ullws.r(2)

Proof. The proof follows directly by Theorem 2.4 and Theorem 5.4. O
6. Fractional Sobolev inequalities

In this section, we provide an elementary proof of a Sobolev-type inequality involving the
fractional norm || - || ws.» (see Theorem 6.5 below).

The original proof is contained in Appendix of [82] and it deals with the case p =2 (see,
in particular, Theorem 7 there). We note that when p =2 and s € [1/2, 1) some of the state-
ments may be strengthened (see [10]). We also note that more general embeddings for the spaces
W*$-P can be obtained by interpolation techniques and by passing through Besov spaces; see,
for instance, [6,7,93,94,62]. For a more comprehensive treatment of fractional Sobolev-type in-
equalities we refer to [60,61,12,1,89] and the references therein.

We remark that the proof here is self-contained. Moreover, we will not make use of Besov or
fancy interpolation spaces.

In order to prove the Sobolev-type inequality in forthcoming Theorem 6.5, we need some
preliminary results. The first of them is an elementary estimate involving the measure of fi-
nite measurable sets £ in R” as stated in the following lemma (see [83, Lemma A.1] and also
[20, Corollaries 24 and 25]).

Lemma 6.1. Fix x e R". Let p € [1,400), s € (0, 1) and E C R" be a measurable set with finite
measure. Then,

/ e
e =y
CE
for a suitable constant C = C(n, p,s) > 0.
Proof. We set
1
_ <|E I > "
pi=\——
Wp
and then it follows

(€E)N B,(x)| = |B,(x)| — |[ENB,(x)| = |E| — |E N B,y(x)|

=|EN%B,(x)|.
Therefore,
dy _ dy dy
|x_y|n+sp - |x_y|n+sp + |x_y|n+sp
CE (CE)NB,(x) (CE)NE B, (x)
d d

S

prsp jx — y[rop
(€E)NB,(x) (€E)NE By (x)
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_[(€E)N B, ()] dy
- pn-i—sp lx — y|n+sp
(€E)NEB,x)
_|ENEBy(x)| n dy
m oy
(€E)NEB,x)
d d
. _dy _dy
=y =y
EN% B, (x) (€E)NEB,(x)
_ dy
- Ix — y|n+sp :
€ Bp(x)

The desired result easily follows by using polar coordinates centered at x. 0O

Now, we recall a general statement about a useful summability property (see [82, Lemma 5],
for related results, see also [38, Lemma 4]).
Lemma 6.2. Let s € (0, 1) and p € [1, +00) be such that sp <n. Fix T > 1;let N € Z and
ay be a bounded, nonnegative, decreasing sequence with ay =0 forany k > N. (6.1)
Then,
Zalgn—sp)/nTk <C Z ak+1a,{_5p/"Tk,

keZ keZ
ag#0

for a suitable constant C = C(n, p, s, T) > 0, independent of N.

Proof. By (6.1),

both Za,ﬁn_sm/n T* and Z ak+1ak_‘gp/" T* are convergent series. (6.2)
keZ kel
ag#0

Moreover, since aj is nonnegative and decreasing, we have that if ax = 0, then a1 = 0. Ac-
cordingly,

(n—sp)/n—pk _ (n—sp)/nrk

T =Y al T
keZ keZ
a#0

Therefore, we may use the Holder inequality with exponents o :=n/sp and B :=n/(n — sp) by
arguing as follows

1 (n—sp)/n ok (n—sp)/n rk
72“1( T ZZ“kH T
keZ keZ

_ (n—sp)/n rk
= Z Ayt T

keZ
ap#0

_ Z (azp/(nﬂ)Tk/a)(allﬁa]:sp/(nﬁ)Tk/ﬁ)

keZ
a#0
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1/a 1/
< <Z(a}z[’/(nﬂ)Tk/a)a) ( Z (Cl;{flak_sl,/(nﬂ)Tk/ﬂ)ﬂ>

keZ keZ
ap#0
(n—sp)/m ok sp/n )k (n—sp)/n
<<Eak ¢ T) (Eakﬂaka) .
keZ keZ
ap#0

So, recalling (6.2), we obtain the desired result. O

We use the above tools to deal with the measure theoretic properties of the level sets of the
functions (see [82, Lemma 6]).

Lemma 6.3. Let s € (0, 1) and p € [1, +00) be such that sp < n. Let

feL® (R" ) be compactly supported. (6.3)
Forany k € Z let
ar = |{1f1>2}). (6.4)
Then,
If(X) f(y)l” —sp/nApk
R? R® keZ
ar#0

for a suitable constant C = C(n, p,s) > 0.

Proof. Notice that

[lf]=foml < |re -

and so, by possibly replacing f with | f|, we may consider the case in which f > 0.
We define

Ag:={1f1> 2} (6.5)
We remark that Ay, C Ag, hence

axs1 < ag. (6.6)
We define

Dy = Ax\ Ags1 = {28 < £ <2} and  dy = | Dyl
Notice that
dy and ay are bounded and they become zero when £ is large enough, 6.7)

thanks to (6.3). Also, we observe that the Dy’s are disjoint, that

U Dy =€ A1 (6.8)
el
o<k
and that
U D= 4. (6.9)

el
>k
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As a consequence of (6.9), we have that

LET
0>k
and so
de=ay— Y dy. 6.11)
LET
L2k+1

We stress that the series in (6.10) is convergent, due to (6.7), thus so is the series in (6.11).
Similarly, we can define the convergent series

si= Y 2" "dy. 6.12)
LeZ
al—eﬁéo

We notice that Dy € Ay € Aix_1, hence a[__sf/"dg < a[__sf/"ag,l. Therefore

{(i, {)€Z st ai—1 #0and a:f/"dg #* 0} - {(i, ) elstas_|# O}. (6.13)
We use (6.13) and (6.6) in the following computation:

oy 2= S Y 2ria

ieZ LeZ i€Z LeZ
a;i—17#0 £2i+1 ai—1#0  £2i+1

vp/nd #0

Z Z orig —sp/n

i€Z (eZ
£2i+1
ag—170

Z Z 2p1 *AP/"

LeZ i€Z
ap—17#0 i<e—1

) ) 2ia ;" g,
LeZ i€Z
ag_|7$0 iglfl

“+o00
> ZZP(Z_I)Z_pkaE_Wf/ndg <S. (6.14)

te?Z k=0
ag—17#0

Now, we fix i € Z and x € D;: then, for any j € Z with j <i —2 and any y € D; we have that
|[fx)— fy)| =2 =2/t > 20 —2i- 1 =2
and therefore, recalling (6.8),

|f(x)— f()’)| (i—1)
/ y|n+sp >2Pl Z /|x y|n+sp
Z
E !

N

]EZ
j<i—

_op=D) dy
|x — y|n+sp :

CAi—
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This and Lemma 6.1 imply that, for any i € Z and any x € D;, we have that

Z |f(x)_f(y)|pd Se 2pia—sp/n
|x — y|rtsp Yy Z¢Co i—1

3

JEZ
j<i—2

for a suitable ¢, > 0.
As a consequence, for any i € Z,

_ p . .
S [ LT s coria (6.15)
' |x _y|n+sp
]ch; ZD,'XD]

Therefore, by (6.11), we conclude that, for any i € Z,
_ p
Z / [ f(x)— fFOI dxdy > co|:2pt sP/n Z 2Pig ﬂp/" ] (6.16)

' |x _ y|n+sp
j&i-2P%Pi S
By (6.12) and (6.15), we have that
Lf &) = fFOIP
Z Z / |n+_&p dxdy > c,S. (6.17)
azlelzéo ]/<&;Z bi XD
Then, using (6.16), (6.14) and (6.17),
_ 14
Z Z [ fx)— FI dxdy
;= r =y
all€17$0 jj<el 2D XD
o X 2t XY watnal)
i€z i€’ LeZ
a;i—_1#£0 ai—17£0 £2i+1
[ Z 2pl sp/" Si|
i€l
a;—1#0
pz —sp/n ) f(x) - f(Y)|p
gz: ’ zeZZ ; / =yl
4170 a0 j 155, PixD;
That is, by taking the last term to the left-hand side,
P
I B LI PN 619
a0 j 150, PixD; a5%0

up to relabeling the constant cg.
On the other hand, by symmetry,

/ If(x)—f(y)l”dxdy: 3 f |f(x)_f(y)|pdxdy

|x_y|n+sp ~ |x_y|n+sp
R xR LJ€Lp,xD;
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lfx) = f»I?
I’JE.ZD,' xD
j<i

|f ) = fI?

i€Z JEZ 1. .
a0 jgi—aPiPi

Then, the desired result plainly follows from (6.18) and (6.19). O

Lemma 6.4. Let g € [1, 00). Let f : R" — R be a measurable function. For any N € N, let
fn(x) :=max{min{ f(x), N},-N} VxeR". (6.20)
Then

lim ny = ny.
ym | fnllza@ny = Il fllLawm

Proof. We denote by | /|y the function obtained by cutting | f| at level N. We have that | f|y =
| fv| and so, by Fatou lemma, we obtain that

1 1
q q
liminf ny = liminf d > q = 7.
ngféonNlqu(R) nglféo<,/|f|’v> Z <f|f| ) 1 fllLa
Rn Rl'l

The reverse inequality easily follows by the fact that | f|y(x) < |f(x)| forany x e R". O

Taking into account the previous lemmas, we are able to give an elementary proof of the
Sobolev-type inequality stated in the following theorem.

Theorem 6.5. Let s € (0, 1) and p € [1,400) be such that sp < n. Then there exists a positive
constant C = C(n, p, s) such that, for any measurable and compactly supported function f :
R" — R, we have

_ p
IIfII{,,*(R,,) <C/ dedy, 6.21)

ey
R}l ]Rn

where p* = p*(n, s) is the so-called “fractional critical exponent” and it is equal to np /(n — sp).
Consequently, the space W* P (R") is continuously embedded in LY (R") for any q € [p, p*].

Proof. First, we note that if the right-hand side of (6.21) is unbounded then the claim in the
theorem plainly follows. Thus, we may suppose that f is such that

/ |f () — fFOIP

P dxdy < 4o00. (6.22)

R? R

Moreover, we can suppose, without loss of generality, that

feL®(R"). (6.23)
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Indeed, if (6.22) holds for bounded functions, then it holds also for the function fj, obtained
by any (possibly unbounded) f by cutting at levels —N and +N (see (6.20)). Therefore, by
Lemma 6.4 and the fact that (6.22) together with the Dominated Convergence Theorem imply

lim/ IfN(X)—fN(y)I”dxdy:/ |f () = fFODIP

N—>+o00 |x — y|rtsp |x — y|ntsp
R* R" R R"

dxdy,

we obtain estimate (6.21) for the function f.
Now, take a; and Ay defined by (6.4) and (6.5), respectively. We have

IIfIIL,,(Rn Z / |f(x)|p*dx<z / (2k+l)p"dx

KEZ g\ Agi KEZ g\ Ar i
k+1)p*
< ZZ( +Dp ai.
keZ
That is,

- p/p*
1717 e oy < 2,,(22 ’ ak> _

keZ

Thus, since p/p* = —sp)/n=1—sp/n < 1,

11 oy <27 D 27" (6.24)
keZ

and, then, by choosing 7 = 27, Lemma 6.2 yields

_sp
LAY o oy S C D 2Py ™ (6.25)
keZ
a#0
for a suitable constant C depending on n, p and s.
Finally, it suffices to apply Lemma 6.3 and we obtain the desired result, up to relabeling the
constant C in (6.25).
Furthermore, the embedding for ¢ € (p, p*) follows from standard application of the Holder
inequality. O

Remark 6.6. From Lemma 6.1, it follows that

dxd
//| T c(n, 5)|E|OPn (6.26)
X —

|n+sp
E GE

for all measurable sets E with finite measure.
On the other hand, we see that (6.21) reduces to (6.26) when f = xg, so (6.26) (and thus
Lemma 6.1) may be seen as a Sobolev-type inequality for sets.

The above embedding does not generally hold for the space W*?(£2) since it not always
possible to extend a function f € W5 P(£2) to a function f € W57 (R"). In order to be allowed
to do that, we should require further regularity assumptions on §2 (see Section 5).
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Theorem 6.7. Let s € (0, 1) and p € [1, +00) be such that sp < n. Let 2 CR" be an extension
domain for WP, Then there exists a positive constant C = C(n, p, s, §2) such that, for any
f e WSP(£2), we have

1 fllLay < Cllfllwsr2), (6.27)

for any q € [p, p*; i.e., the space W5 P(82) is continuously embedded in L9(82) for any q €

[p, p*].
If; in addition, §2 is bounded, then the space W*'P(82) is continuously embedded in L1(S2)

forany q € [1, p*].

Proof. Let f € W57 (£§2). Since £2 C R" is an extension domain for W*'” then there exists a
constant C; = Cy(n, p, s, £2) > 0 such that
I £ llws.p@my < Cill £ llws.ps2), (6.28)

with f such that f(x) = f(x) for x a.e. in £2.
On the other hand, by Theorem 6.5, the space W*:?(R") is continuously embedded in L4 (R")
for any g € [p, p*]; i.e., there exists a constant Cy = C»(n, p, s) > 0 such that
I Fllze@ny < Call Fllws.r gy (6.29)
Combining (6.28) with (6.29), we get

1flzac2) = I FlLace) I Flzon < Call Fllwsrn
S CCill fllwsr(2)s
that gives the inequality in (6.27), by choosing C = C»2Cj.
In the case of £2 being bounded, the embedding for ¢ € [1, p) plainly follows from (6.27), by
using the Holder inequality. O

Remark 6.8. In the critical case ¢ = p* the constant C in Theorem 6.7 does not depend on £2:
this is a consequence of (6.21) and of the extension property of 2.

6.1. The case sp =n

We note that when sp — n the critical exponent p* goes to oo and so it is not surprising
that, in this case, if f isin W*? then f belongs to L¢ for any g, as stated in the following two
theorems.

Theorem 6.9. Let s € (0, 1) and p € [1, +00) be such that sp = n. Then there exists a positive
constant C = C(n, p, s) such that, for any measurable and compactly supported function f :
R" — R, we have

I fllLegny < CI fllwsp@nys (6.30)
for any q € [p, 00); i.e., the space WP (R") is continuously embedded in L1(R") for any q €
[p, 00).

Theorem 6.10. Let s € (0, 1) and p € [1, +00) be such that sp = n. Let 2 C R" be an extension
domain for W5 P, Then there exists a positive constant C = C(n, p, s, §2) such that, for any
f e WSP(82), we have

I fllze2)y < Cllifllws.r2), (6.31)
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for any q € [p, 00); i.e., the space W*P(82) is continuously embedded in L1 (S2) for any q €

[p, 00).
If; in addition, §2 is bounded, then the space W* P (§2) is continuously embedded in L1(S2)
forany g € [1, 00).

The proofs can be obtained by simply combining Proposition 2.1 with Theorem 6.5 and The-
orem 6.7, respectively.

7. Compact embeddings

In this section, we state and prove some compactness results involving the fractional
spaces W*-P(£2) in bounded domains. The main proof is a modification of the one of the classi-
cal Riesz—Frechet—Kolmogorov theorem (see [54,77]) and, again, it is self-contained and it does
not require to use Besov or other interpolation spaces, nor the Fourier transform and semigroup
flows (see [28, Theorem 1.5]). We refer to [75, Lemma 6.11] for the case p =g = 2.

Theorem 7.1. Let s € (0, 1), p € [1,+00), g €[1, pl, 2 CR" be a bounded extension domain
Jor WP and 7 be a bounded subset of LP(£2). Suppose that

Sup//lf(X)—f(y)l” dx dy < +00,

feﬂ |ntsp

Then T is pre-compact in L1(S2).

Proof. We want to show that .7 is totally bounded in L7($2), i.e., for any ¢ € (0, 1) there exist
Bi,...,Bm € L1(£2) such that for any f € .7 there exists j € {1, ..., M} such that

If = BjllLa) <e. (7.1)

Since £2 is an extension domain, there exists a function f in W% (R") such that || f || y. PR <
C|l fllws.»(s2). Thus, for any cube Q containing £2, we have

I Fllws.ecoy < Il Fllws.p@ny < CllLf lwsr(g)-

Observe that, since Q is a bounded open set, f belongs also to L9(Q) for any ¢ € [1, p].
Now, for any ¢ € (0, 1), we let

. |f () = FO)IP
Co:=1+ sup || fllLacg) + sup f gy dxdy,
feT feo |x — y|r+sp
1 n
& s gpd
0= pg:i= R — and n=rn,:= >
2CJn"2r
and we take a collection of disjoints cubes Q1, ..., Oy of side p such that!0
N
eco=Jo,
j=1

10 15 be precise, for this one needs to take ¢ € (0, 1) arbitrarily small and such that the ration between the side of Q
and p; is integer.
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For any x € £2, we define
J (x) as the unique integer in {1, ..., N} for which x € Q (). (7.2)
Also, forany f € 7, let

P(f)() = f Fo)dy.

Qjw)

|ij|

Notice that
P(f+g) =P(f)+ P(g) forany f,ge T

and that P(f) is constant, say equal to ¢;(f), inany Q;, for j € {1,..., N}. Therefore, we can
define

R(f):=p"1(q1(f),....qn(f)) e RV

and consider the spatial g-norm in RV as

1
N q
lvllg :== Z|vj|q , foranyveRN.
j=1

We observe that R(f + g) = R(f) + R(g). Moreover,
N
1Py =22 [ 1P dx

j= leﬁQ

R
A Z\qj<f>|‘1_HR(f)Hq LG

j=1

(7.3)

Also, by the Holder inequality,

[R(H| = Zp 0l == SIS [Fma

]IQ/

N
<Z/|f<y>|"dy /}f(y)}qdy 1710
=19

In particular,

sup [ R() |3 < Co.
feT

that is, the set R(.Z) is bounded in RY (with respect to the g-norm of RY as well as to any
equivalent norm of RN ) and so, since it is finite dimensional, it is totally bounded. Therefore,
there exist by, ..., byr € RN such that

M
R(T) < | By (b, (7.4)

i=1

where the balls B, are taken in the g-norm of RV.
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Foranyi €{l,..., M}, we write the coordinates of b; as
b; = (bi1,....bin) RV,
For any x € £2, we set
Bi(x) == p "9b; jn,

where j(x) is as in (7.2).
Notice that 8; is constant on Q;, i.e.if x € Q; then

P(B)(x)=p ib; ;= Bi(x) (1.5)
and so q;(B;) = p 4b; ;: thus
R(Bi) =b;. (7.6)
Furthermore, for any f € .7

N

1= POy =3 f 1700 = ()| dx
j=1Q~ﬂQ
- / ‘fm— /f(y)dy dx
1 0,1
Jj= ;NN

q
dx

/f(x) — fdy

N 1
‘; / 0;19
i=lojne 0
N

1
< a2 / [ / |f @) - f(y)!dy} dx. 7
I=loine ~g;

Now for any fixed j € 1, ..., N, by the Holder inequality with p and p/(p — 1) we get

[/\f(x) f(y)|pdy}

1 - » ;
= m[ﬂf(x) ~Fo| dy]
Qj

. 4
; (H%)%p%(nﬂp)[ Mdy] !

1 . q
pnq[/|f(x)—f(y)|dy} <— |Q,
Q;

pralr” |x — y[r+sp
Qj
~ q
(eyd [f(x) — f(DIP z
<n pvq[ M dy (1.8)

Hence, combining (7.7) with (7.8), we obtain that
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Lf &) = fOIP dy]F dx

o=y

n+sp
|f - P(f)“iq(sz) g”(TI)%psq/[
o 0

o=y

<n<"+;P>%psq[/ |f ) = FoI dydx]’_’

e sq _ &7
=0
where (7.9) follows from Jensen inequality since 7 — |¢]9/? is a concave function for any fixed p
and ¢ such that g/p < 1.
Consequently, for any j € {1, ..., M}, recalling (7.3) and (7.5)

ILf = BjllLae) < ”f - P(f)”Lq(m + ”P(ﬂj) —Bj ”Lq(m + ”P(f _IBJ)HL‘J(Q)
e IIR(f)—R(B))lq
2 p”/‘l

Now, given any f € 7, we recall (7.4) and (7.6) and we take j € {1, ..., M} suchthat R(f) €
By (b;). Then, (7.5) and (7.10) give that

e IR —bjlly e n
lf = BjllLae) < 3 + T < 3 + 7

This proves (7.1), as desired. O

< Con (7.9

< (7.10)

—e. (7.11)

Corollary 7.2. Let s € (0, 1) and p € [1, +00) be such that sp < n. Let g € [1, p*), 2 CR" be
a bounded extension domain for WP and 7 be a bounded subset of LP(§2). Suppose that

/ lf &) = fOIP

sup x — y|rop

feT

dxdy < 4o00.
Q2 0

Then T is pre-compact in L4(S2).

Proof. First, note that for 1 < g < p the compactness follows from Theorem 7.1.

For any g € (p, p*), we may take 6 =0 (p, p*,q) € (0,1) such that 1/¢g =0/p +1—0/p*,
thus for any f €  and B ;i with j € {1,..., N} as in the theorem above, using the Holder
inequality with p/(6q) and p*/((1 — 6)q), we get

1/q
If—BjllLa2) = (/If — Bl f —5j|q(1—9)dx)
2

0/p (1-6)/p*
< (f|f—ﬂj|f’dx) </|f—ﬁj|” dx)
2 2

1-6 %
= ”f - ,Bj ”Lp«(g) ”f - ,Bj ”LP(Q)
1-6 ~
SCIf = Billgmny I f = Bill L) < Ce¥,

where the last inequalities come directly from (7.11) and the continuous embedding (see Theo-
rem 6.7). O
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Remark 7.3. As is well known in the classical case s = 1 (and, more generally, when s is an
integer), also in the fractional case the lack of compactness for the critical embedding (¢ = p*)
is not surprising, because of translation and dilation invariance (see [74] for various results in
this direction, for any 0 < s < n/2).

Notice that the regularity assumption on £2 in Theorem 7.1 and Corollary 7.2 cannot be
dropped (see Example 9.2 in Section 9).

8. Holder regularity

In this section we will show certain regularity properties for functions in W*7(£2) when
sp > n and £2 is an extension domain for W*-? with no external cusps. For instance, one may
take £2 any Lipschitz domain (recall Theorem 5.4).

The main result is stated in the forthcoming Theorem 8.2. First, we need a simple technical
lemma, whose proof can be found in [46] (for instance).

Lemma 8.1. (See [46, Lemma 2.2].) Let p € [1,400) and sp € (n,n + p]. Let 22 CR" be a
domain with no external cusps and f be a function in W*P(82). Then, for any xo € §2 and
R, R, with0 < R’ < R < diam(£2), we have

() Breone — () By eone| < el f1p.sp|Br(xo) n 2|~/ 8.1)

where

1
[f]p,sp = ( sup :Oisp / |f(x) - <f)Bp(xo)ﬂQ|pdx>1

x0€R2p>0

B, (x0)N&2
and
< ) - ! / f( )
f = x)dx.
Bp(xo)n$2 |Bo(x0)ﬂ52|
By (x0)NE2

Theorem 8.2. Let 2 C R" be an extension domain for WP with no external cusps and let
p €[l,+00), s € (0, 1) be such that sp > n. Then, there exists C > 0, depending on n, s, p
and $2, such that

Lf &) — fOIP dxdy)F, 8.2)

I fllcosqy < C<||f||§1,(m + f e
20
forany f € LP(82), with o := (sp —n)/p.

Proof. In the following, we will denote by C suitable positive quantities, possibly different from
line to line, and possibly depending on p and s.

First, we notice that if the right-hand side of (8.2) is not finite, then we are done. Thus, we
may suppose that

/ |f () —fFOIP

=y S C

for some C > 0.
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Second, since §2 is an extension domain for W*?, we can extend any f to a function f such

that [| f [l ws.r@n < CILf lwsr(e)-
N(Zw, for any bounded measurable set U C R”, we consider the average value of the func-
tion f in U, given by

(o= /f(x)dx

For any & € R”, the Holder inequality yields

| = (o]’ =

/ e Ffoay|

1 ~
o <o [le=Fo"ay.
U

Accordingly, by taking x, € £2 and U := B,(x,), § := f (x) and integrating over B,(x,), we
obtain that

/|f<x> Feol” <|B(x)|f /lf”(x>—f(y>!”dxdy.

B, (x0) By (x0) Br(x0)

Hence, since |x — y| < 2r for any x, y € B, (x,), we deduce that

(2r)"+”’/ / If @) = Folr
dxd
[ 1w~ el 1B, (x| Ty
Br(x0) By (x0) Br(xo)
2n+xprspc||f||€wp(m
< , (8.3)
|B1]

that implies
15y S CIf ey (8.4)

for a suitable constant C.

Now, we will show that f is a continuous function. Taking into account (8.1), it follows
that the sequence of functions x — (f) g (x)ne2 converges uniformly in x € £2 when R — 0. In
particular the limit function g will be continuous and the same holds for f, since by Lebesgue
theorem we have that

/ f(y)dy = f(x) foralmostevery x € £2.
Br(x)NQ2

lim ——
R—0 |Br(x) N 2|

Now, take any x, y € £2 and set R = |x — y|. We have
‘f(x)—f(y)| |f(x) BzR(x)|+| BZR(X)_<.f>BzR()’)|+|<-f>BZR(Y)_f(y)|'

We can estimate the first and the third term of right-hand side of the above inequality using
Lemma 8.1. Indeed, getting the limit in (8.1) as R’ — 0 and writing 2R instead of R, for any
x € £2 we get

[(F) Bagoy — | el f 1psp| Bar )| P~ < CLf1p.5p ROPIP (8.5)

where the constant C is given by ¢2¢P~/P /| By|.
On the other hand,

[(FY Bago) = (P B | < |F @ = (F)Boror | + @ = () Bor)|
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and so, integrating on z € Byr(x) N Bagr(y), we have
|Bar(x) N B2R(y)||(f)BzR(x) - (f)BZR(y)|

< / | £ (@) = (F)Borv| dz

Bar (x)NBag (y)

+ / |7 @) = () Barw | dz

Bar (x)NBag (y)

/}f(z) FBago| dz+ f | F @) = (Fporin | dz.
Bag(x) Bar(y)

Furthermore, since Br(x) U Bgr(y) C (Bagr(x) N Bog(y)), we have
|Br(x)| < |Bar(x) N Bar(y)| and |Br(y)| < |Bar(x) N Bar(y)|

and so
- - 1
() Borx) = (F)Bor(n| < B / | F(2) = () Baro| dz
By (x)
1
+ | d
B | VO Dl
Bor(y)

An application of the Holder inequality gives

1
|[Br(x)| /if(z) >BZR(X)|dZ

Bogr(x)
|Bag ()| P~/ v
< (] V- D
Bar(x)
|Bog (x)| P~ D/P
— . (2R)¢ )
Br(o)] CRY' [f1p.sp
< CLf1pspROP™MIP. (8.6)
Analogously, we obtain
1 _
1Br(»)| / | 7@ = (F)Bagn)| dz < CLF1psp ROPTVIP. 8.7)
Bar(y)
Combining (8.5), (8.6) with (8.7) it follows
|f ) = FOD)| < CLAp splx = yIOP7P, (8.8)

up to relabeling the constant C.

Therefore, by taking into account (8.4), we can conclude that f € C 0""([2), with o = (sp —
n)/p.

Finally, taking Ry < diam(£2) (note that the latter can be possibly infinity), using estimate
in (8.5) and the Holder inequality we have, for any x € £2,
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| £ < [P By 0] + [0 = (g0
< W”fﬂm(g) + C[f]P,SP|BRO(x)|a. ©9)
0

Hence, by (8.4), (8.8) and (8.9), we get

[f(x) = f(PI
1 fllcowcoy =N fllLo2y + sup —————
e @) X, yeR |.X - y|°‘
XF#y
<C(Ifllirc2y + [ p.sp)
< Cll fllwsr (@)

for a suitable positive constant C. O

Remark 8.3. The estimate in (8.3) says that f belongs to the Campanato space .#7**, with
A :=sp (see [22] and, e.g., [46, Definition 2.4]). Then, the conclusion in the proof of Theorem 8.2
is actually an application of the Campanato isomorphism (see, for instance, [46, Theorem 2.9]).

Just for a matter of curiosity, we observe that, according to the definition (2.1), the fractional
Sobolev space W*-°°(£2) could be view as the space of functions
|u(x) —u(y)l
lx —yl*
but this space just boils down to C%*(£2), that is consistent with the Holder embedding proved
in this section; i.e., taking formally p = oo in Theorem 8.2, the function u belongs to CO5(2).

{ueLOO(.Q): € L>(£2 xﬂ)},

9. Some counterexamples in non-Lipschitz domains
When the domain £2 is not Lipschitz, some interesting things happen, as next examples show.
Example 9.1. Let s € (0, 1). We will construct a function u in W17 (£2) that does not belong to

W?$-P(£2), providing a counterexample to Proposition 2.2 when the domain is not Lipschitz.
Take any

p e (l/s,+00). 9.1
Due to (9.1), we can fix
1
s 2L 92)
sp—1

We remark that « > 1.
Let us consider the cusp in the plane

C:= {(xl,xz) with x; <0 and |x3] < |X1|K}

and take polar coordinates on R2\ C, say p = p(x) € (0,400) and 6 =60 (x) € (—m, ), with
x = (x1,x2) € R2\ C.

We define the function u(x) := p(x)6(x) and the heart-shaped domain £2 := (R%2\ C) N By,
with B} being the unit ball centered in the origin. Then, u € Wh7(£2) \ WP (£2).
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To check this, we observe that
x

3 p=2p) "0y, 07 = 2p) 7 0y (37 +3) = 3

and, in the same way,

X2
Oy, p = —.
X2 0
Accordingly,
x2
1= 0y,X1 = 0y, (pc0sO) = 3y, pcos — psinfdy, 6 = 5 — x20y,0
0
2
X
=1- p—22 — X290y, 6.
That is
X2
9,0 = ——=.
X1 p2

By exchanging the roles of x; and x, (with some care on the sign of the derivatives of the
trigonometric functions), one also obtains
X1

_2.

dy,0 =
p%) 0

Therefore,
dqu=p(x10 —x2) and By,u=p " '(x20 +x1)
and so
IVul> =602 +1<n+1.
This shows that u € W17 (£2).
On the other hand, let us fix € (0, 1), to be taken arbitrarily small at the end, and let us define

ro:=r and, for any j € N, rj 1 :=r; — r’. By induction, one sees that r; is strictly decreasing,
thatr; > 0 and so r; € (0,7) C (0, 1). Accordingly, we can define

£:= lim r; €[0,1].
J—>+oo

By construction

A

€= lim rjp = lim rj—r;

Jj—=+oo Jj—>+oo

hence ¢ = 0. As a consequence,

+00 N N
K . K :
rY = lim rY = lim Zr—r- 1
Z J N—+00 ~“ J N—+00 ~“ J It
j=0 j=0 =0
= lim ro—ryy1=r. 9.3)

N—+400
We define

Dj:= {(x,y) eR? x R? s.t. x1, Y1 € (=rj, —=rjt+1),
x2 € (Ix1], 2|x1[€) and —y2 € (Iy11*, 2[y11€)}.
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We observe that

N2 xN2D {(x,y) eR? x R? s.t. X1, y1 € (—r,0),
x2 € (Ix1 ], 21x1 1) and —y2 € (Iy11*, 21y11%)}

+00
) U D;j,
j=0
and the union is disjoint. Also,
rp == 2= 2 2
for small r. Hence, if (x, y) € Dj,
X1 <rj <21 <21
and, analogously,
Iyil < 2lxq].
Moreover, if (x,y) € D;j,
lx; — y1] < r]—r]_,_]_r <2 r]+1 <24 x1 ¢
and
2 = ol < xal  y2] < 2l €+ 20y [ < 22 g <.

As a consequence, if (x, y) € D;,

2K+3

lx =yl < 1.

Notice also that, when (x, y) € D, we have 6(x) > 7/2 and 0(y) < —m/2, so
mpo(x X
u(@) —u(y) > ) > 220 5 Tl
2 2
As a consequence, for any (x, y) € D;,
lu(x) —u(y)|? > |X1|p7K(2+Sp),
o = yIZ+7
for some ¢ > 0. Therefore,
Ju () —u(y)lp p—kc(24sp)
/ x—y |2+3p clxq] dxdy
j
—Tj+1 —Tj+1 20xp ¢ =yl
=c / dx dyi / dx; dys|x,|P~* TP
=rj =Tj lxp |* =2[y1 ¢
—Tj+1 —Tj+1
—c / dx dyp|x1|PCHEP |y 1€y |€
=7 =7
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—Tj+1 —Tj+1
s [an [ anpape
=y —rj
—Tj+1 —Tjtl
>c27F / dxi / dylrp ksp
=1 =1

= c2_"r§’7“p+2l( = cZ_Kr}‘_a,
with
a:=k(@sp—1)—p>1, 9.4)
thanks to (9.2).
In particular,

— p
// l(x) — u(y)l dxdy)cf”r*“r‘

y|2+sp J
and so, by summing up and exploiting (9.3),
IM(X)—u(y)I” IM(X)—u(y)I” k1
// SRR Z |2+Sp dxdy >c27“r' 7%,

By taking r as small as we wish and recallmg (9.4), we obtain that

// |u(x) —u(I? dx dy = +o0,

|x _ y|2+sp
sou ¢ WHP(£2).

Example 9.2. Let s € (0, 1). We will construct a sequence of functions { f,,} bounded in W*-?(£2)
that does not admit any convergent subsequence in L7(2), providing a counterexample to The-
orem 7.1 when the domain is not Lipschitz.

We follow an observation by [80]. For the sake of simplicity, fix n = p = ¢ = 2. We take
a = l/Ck for a constant C > 10 and we consider the set 2 = U,fil By where, for any k € N,
By denotes the ball of radius a,? centered in ay. Notice that

ar—>0 ask— oo and ak—a,%>ak+1+a,%+l.

Thus, §2 is the union of disjoint balls, it is bounded and it is not a Lipschitz domain.
For any n € N, we define the function f;, : £2 — R as follows

1

fa(x) = n72a,?  x€ B,
0, x €2\ B,.

We observe that we cannot extract any subsequence convergent in L2(£2) from the sequence of
functions { f;,}, because f;,,(x) — 0 as n — 400, for any fixed x € §2 but

A f}fnm! dx—/n adx =1,

Bn
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Now, we compute the H® norm of f;, in £2. We have

| £ (x) — fuODI?
// |x_ |2+2s dx d =2 / /|x_ |2+2s dXdy

2\B, By

—4
_ -1 a,
T E //—|x—y|2+2s dxdy.
K#ng B,

Thanks to the choice of {a;} we have that

lan, — ag|
2
Thus, since x € By, y € By, it follows

|a +ak|—a —I—ak

X =1 > |an — a? — (ax +a})| = |an — ax — (a2 +a})|

2, 2 lan — a|
2 la, — ag| — ‘an +ak| 2 la, — ag| — —
_lan — a|
2
Therefore,
—4 —4
ay 242s a
————dxdy <277~ — — —dxd
// oy S jan — a2
By By By By
4
— 92425 2 ay

la, — ak|2+2s .
Also, if m > j + 1 we have

1 1 1 1\ _ qj
aj_am?“j_ajH:E—m:E I_E =z =

Therefore, combining (9.7) with (9.5) and (9.6), we get

| /() — fuDI? s
// |x— |2+2s dx 23+2 ”Z |a _ak|2+2s

3+2 “lf “2
= 2‘+ S7T< A 5. + )
Z (ay — an)2+2s ]g (an — ak)2+2s

k<n
a4 (14
S 25+4X7T < 2—&23 + Z 2—&2& )
k<n % k>n n
1 k
< 26+4s7_[ Zalz—h — 26+4sn, Z( 2_23) < +00.
k+#n k#n ¢

This shows that { f;,} is bounded in H*(£2).

49

9.5)

(9.6)

9.7)
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