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Announcement of the fifth

JORNADES D'INTRODUCCIÓ ALS SISTEMES DINÀMICS I A LES EDP'S (JISD2006)
Barcelona, June 19-23 and July 10-14, 2006

The fifth edition of the JORNADES D'INTRODUCCIÓ ALS SISTEMES DINÀMICS I A LES EDP'S (JISD2006), will be held in
Barcelona during two weeks: from June 19th to June 23rd, 2006 and from July 10th to July 14th, 2006 at the Universitat
Politècnica de Catalunya (UPC).
This edition of the JISD2006 will be split in two different weeks. There will be two courses in the first week and three courses on
the second week.
The first week is devoted to non-smooth Dynamical Systems and quantum chaos, and the second one to topics in Partial
Differential Equations and its relations with Dynamical Systems.
The courses belong to the Doctoral Programme in Applied Mathematics and Applied Physics and Scientific Simulation, inside the
Graduate studies at UPC, under the supervision of Prof. Tere M. Seara, coordinator of the Programme in Applied Mathematics.
The JISD2006, as well as the Doctoral Programmes, is supported by a Spanish grant of the "Ministerio de educación y ciencia":
Movilidad de profesorado Universitario en los programas de Doctorado que hayan obtenido la mención de calidad
It is important to mention that the Ministerio de Educación y Ciencia also will have some grants for students who want to enroll the
courses of the Doctoral Programme in Applied Mathematics. See the Web. Deadlines: from 10 to 31 january 2006.
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You can see the courses'

schedule here

Contents
1st week courses (June 19-23). Will be held in the room 006 of the FME building (Facultat de Matemàtiques i Estadística),
at C/ Pau Gargallo, n. 5 Barcelona, 08028.

Course

Abstract

NONSMOOTH DISCRETE
DYNAMICAL SYSTEMS

Nonsmooth dynamical systems occur in a wide variety of applications
including systems with impacts, stick-slip friction or saturation effects. The
dynamics of these systems is very different from those of smooth systems. It
will be shown how to classify all possible behaviours of nonsmooth linear
maps, both in 1D and in 2D, both for continuous maps and for discontinuous
maps. In addition, the behaviours present in nonsmooth nonlinear maps will
also be considered.

S. John Hogan (University
of Bristol)
Code: 48114 (Syllabus)

Prof. Hogan's notes
(PDF)

The basic theory of codimension 1 nonsmooth bifurcations will be covered
and examples will be given of codimension 2 bifurcations. Period adding
bifurcations will be discussed as well as robust chaos. It is planned to show
how nonsmooth bifurcations can be removed by the addition of smoothing
effects or of noise.
Throughout the course, the theory will be illustrated by many examples taken
from applications. In particular a worked example taken from engineering
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(high speed milling) will be used to illustrate many aspects of the theory. Also
improvements to secure communication will be demonstrated by ann
application of the basic theory and observed behaviour in DC/DC converters
will be explained. Finally students will be introduced to the many unsolved
problems and challenges that still dominate this subject.

BIFURCATIONS,
ANALYSIS AND CONTROL
OF CONTINUOUS-TIME
NONSMOOTH AND
HYBRID CONTINUOUSTIME SYSTEMS
Mario di Bernardo
(University of Naples
Federico II)
Code: 103084 (Syllabus)

This course will be concerned with the analysis of the structural stability of
piecewise smooth dynamical systems. It will be shown that these systems
can undergo unexpected transitions due to the presence of discontinuity
boundaries partitioning the state space into different regions associated to
different system functional forms. These transitions are unique to nonsmooth
dynamical systems and cannot be observed in their smooth counterparts.
Grazing bifurcations will be discussed in detail and related to the occurrence
of complex dynamics and the onset of instability in some representative
examples in mechanical engineering, systems biology and power electronics.
The structural stability of Filippov systems will be also discussed, highlighting
the role played by sliding motion in organising a different class of events
termed as sliding bifurcations.
A methodology to derive an analytical approximation of the system Poincare
map close to each of these nonsmooth bifurcation events will be presented.
These maps can be used to characterise analytically the structural stability of
the systems of interest but also, as will be suggested in the talk, to design
nonconventional switching controllers for smooth and nonsmooth dynamical
systems.
The first aim of the course is to describe the main mathematical techniques
and results used in the exploration of the semiclassical and quantum
behavior of chaotic dynamical systems. The level of the course mainly
addresses graduate students in mathematics and physics, even if also both
undergraduate students and young researcher should benefit from it.

MATHEMATICAL
ASPECTS AND
PROSPECTIVES OF
QUANTUM CHAOS
Mirko Degli Esposti
(Universita di Bologna)
Code: 48009 (Syllabus)

Lecture Notes (PDF13Mb)

After a general introduction to the main classical results and definitions
concerning the theory of classical chaotic dynamical systems, quantization
and semi-classical analysis, the course will focus on recent mathematical and
numerical results concerning the statistical properties of quantum
eigenvalues/eigenfunctions and (long) time propagation of quantum states for
quantized discrete dynamical systems.
Hyperbolic chaotic maps on the two-dimensional torus, together with certain
billiard flows, will represent the main examples discussed through all the
course. Finally, a particular emphasis will be put on the possible prospectives
and relations with contiguous field, such as number theory and the relations
between the theory of quantum maps described in the course and quantum
computation.
The basic prerequisite for the course are basic and fundamental notions in:
calculus, measure and ergodic theory, classical and quantum mechanics and
number theory.
An idea of the mathematics and of the results we aim to present in this
course, without some more recent advance, are contained in The
Mathematical Aspects of Quantum Maps", M. Degli Esposti and S. Graffi
Eds., Lecture Notes in Physics 618, Springer-Verlag (2003).
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Codes UPC Doctorate course:
48114: Asymptotic methods in dynamical systems
103084: Analysis of piecewise smooth dynamical systems and applications to power electronics and mechanical systems
48009: Simulation methods

2nd week courses (July 10-14). Will be held in the room S01 of the FME building (Facultat de Matemàtiques i Estadística),
at C/ Pau Gargallo, n. 5 Barcelona, 08028.

Course

Abstract

REACTION-DIFFUSION
EQUATIONS AND FRONT
PROPAGATION

Reaction-diffusion equations arise in many fields in physics, chemistry and
biology. One of the most interesting features in unbounded domains is the
propagation of fronts. The course will be devoted to propagation phenomena
in reaction-diffusion equations, with focus on well-known planar fronts, on
curved fronts in homogeneous media, and on pulsating fronts in periodic
excitable media. Such problems involve linear and nonlinear elliptic and
parabolic equations.

François Hamel (Universite
Aix-Marseille III)
Code: 48118 (Syllabus)

ORDER-PRESERVING
DYNAMICAL SYSTEMS
AND BLOW-UP IN
NONLINEAR HEAT
EQUATIONS
Hiroshi Matano (University
of Tokyo)
Code: 48028 (Syllabus)

INFINITE DIMENSIONAL
DYNAMICAL SYSTEMS
AND THE NAVIERSTOKES EQUATION
C. Eugene Wayne (Boston
University)
Code: 48036 (Syllabus)

References (PDF)

It is of interest to study the effects of various phenomena such as diffusion,
reaction, advection, as well as the geometry of the domain, on the speed of
fronts. Some asymptotic regimes, like the limit of large drifts, and some more
general notions could also be discussed.
This course is divided into two parts. In Part I, I will explain the basic theory
of order-preserving dynamical systems that was developed mainly in 1980's
and 1990's. In particular, we discuss the relation between symmetry and
stability, and also discuss convergence of orbits near a manifold of equilibria.
This theory will then be applied to the study of travelling waves.
In Part II, I will discuss blow-up in nonlinear heat equations. Topics include:
classification of type I and type II blow-up, local and global asymptotics,
critical exponents, heteroclinic connections via singular solutions. Emphasis
will be placed on dynamical systems point of views.
In this set of lectures I will describe how one can use ideas of dynamical
systems theory to give a quite complete picture of the long time asymptotics
of solutions of the two-dimensional Navier-Stokes equation.
I will discuss the existence and properties of invariant manifolds for
dynamical systems defined on Banach spaces and review the theory of
Lyapunov functions, again concentrating on the aspects of the theory most
relevant to infinite dimensional dynamics. I will then explain how one can
apply both of these techniques to the two-dimensional Navier-Stokes
equation to prove that any solution with integrable initial vorticity will will be
asymptotic to a single, explicitly computable solution known as an Oseen
vortex. If time permits I will describe certain extensions of this theory to the
three-dimensional Navier-Stokes equations.

Codes UPC Doctorate course:
48118: Seminar on partial differential equations and their applications
48028: Functional analysis and applications
48036: Seminar on Hamiltonian systems and celestial mechanics
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(*) For further details, please contact Prof. Tere M. Seara (tere.m-seara
Applied Mathematics at UPC.

upc.edu), coordinator of the Doctorate program in

26-06-06 - RMC
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JISD2006 SCHEDULE

June
19

June
20

June
21

June
22

June

09.00 11.00

S. John Hogan / Lecture 1

09.00 11.00

C. Eugene Wayne / Lecture 1

11.00 11.30

Cofee break

11.00 11.30

Cofee break

11.30 13.30

Mario di Bernardo / Lecture 1

11.30 13.30

François Hamel / Lecture 1

15.00 17.00

Mirko Degli Esposti / Lecture 1

15.00 17.00

Hiroshi Matano / Lecture 1

09.00 11.00

S. John Hogan / Lecture 2

09.00 11.00

C. Eugene Wayne / Lecture 2

11.00 11.30

Cofee break

11.00 11.30

Cofee break

11.30 13.30

S. John Hogan / Lecture 3

11.30 13.30

François Hamel / Lecture 2

15.00 17.00

Mirko Degli Esposti / Lecture 2

15.00 17.00

Hiroshi Matano / Lecture 2

09.00 11.00

Mario di Bernardo / Lecture 2

09.00 11.00

C. Eugene Wayne / Lecture 3

11.00 11.30

Cofee break

11.00 11.30

Cofee break

11.30 13.30

Mario di Bernardo / Lecture 3

11.30 13.30

François Hamel / Lecture 3

15.00 17.00

Mirko Degli Esposti / Lecture 3

15.00 17.00

Hiroshi Matano / Lecture 3

09.00 11.00

S. John Hogan / Lecture 4

09.00 11.00

C. Eugene Wayne / Lecture 4

11.00 11.30

Cofee break

11.00 11.30

Cofee break

11.30 13.30

Mario di Bernardo / Lecture 4

11.30 13.30

François Hamel / Lecture 4

15.00 17.00

Mirko Degli Esposti / Lecture 4

15.00 17.00

Hiroshi Matano / Lecture 4

09.00 11.00

S. John Hogan / Lecture 5

09.00 11.00

C. Eugene Wayne / Lecture 5

11.00 11.30

Cofee break

11.00 11.30

Cofee break

July
10

July
11

July
12

July
13

July
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23

14

11.30 13.30

Mario di Bernardo / Lecture 5

11.30 13.30

François Hamel / Lecture 5

15.00 17.00

Mirko Degli Esposti / Lecture 5

15.00 17.00

Hiroshi Matano / Lecture 5

For more information, please contact Tere.M-Seara upc.edu May 06 -RMC
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JORNADES D'INTRODUCCIÓ ALS SISTEMES DINÀMICS I A LES EDP'S (JISD2006)
Barcelona, June 19-23 and July 10-14, 2006

(June 19-23)

Course

Syllabus

NONSMOOTH DISCRETE
DYNAMICAL SYSTEMS
S. John Hogan (University
of Bristol)
Code: 48114

Schedule

BIFURCATIONS,
ANALYSIS AND CONTROL
OF CONTINUOUS-TIME
NONSMOOTH AND
HYBRID CONTINUOUSTIME SYSTEMS
Mario di Bernardo
(University of Naples
Federico II)

Lecture 1. Introduction to nonsmooth maps. Poincare section. Impact section.
Nonsmooth bifurcations (transition, annihilation, period adding). General classification of
behaviours in nonsmooth linear maps of arbitrary dimension. Specialisation to 1D and
2D. Higher order solutions. Non-existance of solutions.
Lecture 2. Nonsmooth nonlinear maps (1/2 & 3/2 power law nonlinearities). Maps with a
gap (positive and negative)
Lecture 3. Examples of codimension 2 nonsmooth bifurcations in maps (smooth & nonsmooth and two non-smooth).
Lecture 4. Nonsmooth nonlinear map taken from a high speed milling example: flip
bifurcations, Neimark-Sacker bifurcations, period 2 solutions with flyovers, explanation
of chaos.
Lecture 5. Enhanced secure communication using nonsmooth maps. Explanation of
observed behaviour in DC/DC converters. Effects of noise & smoothing on nonsmooth
bifurcations. Unsolved

Lecture 1.Analytical formalisms to describe nonsmooth continuous-time systems
Lecture 2. Concept of solution, existence and uniqueness
Lecture 3. Sliding and Zeno phenomena
Lecture 4. Discontinuity-induced bifurcations (DIBs) in continuous-time systems:
4.1. Boundary equlibrium bifurcations
4.2. Grazing bifurcations
4.3. Bifurcations in Filippov systems with sliding
Lecture 5. Classification of DIBs: the discontinuity mapping 6. Examples and
applications 6) Using nonsmooth bifurcations for control system design

Code: 103084
Schedule
MATHEMATICAL
ASPECTS AND
PROSPECTIVES OF
QUANTUM CHAOS
Mirko Degli Esposti
(Universita di Bologna)
Code: 48009

Lecture 1: General principle of Dynamical System Theory
Topics: Preliminars and Examples of Dynamical systems. Poincarè recurrence
theorem. Periodic orbits and invariant measures. Time and spatial average of
classical observables: Birkhoff Ergodic Theorem. Ergodicity, mixing and decay of
correlations. Hyperbolicity and statistical properties of orbits (SRB and maximal
entropy measures). Oseledec Theorem and Lyapunov exponents. Spectral
characterization and properties of hyperbolic systems: Koopman and PerronFrobenious operators.

Schedule
Lecture 2: Quantum Mechanics on compact phase space
Topics: The space of quantum states and quantization of observables. The
discrete Heisenberg grouo and the Metaplectic representation. Quantum
dynamics over the torus. Quantized cat maps, baker map and sawtooth maps.
The Wigner function over the torus: phase space representation of quantum
mechanics.
Lecture 3: Statistical Properties of quantum chaotic systems
Topics: Eigenfunctions and eigenvalues in quantum chaotic systems. Random
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Matrix Theory and the BGS conjecture. Random waves conjecture. Quantum
Unique Ergodicity and Scars. Values distribution of eigenfunctions
Lecture 4: Evolution of coherent states, Eherenfest time and correspondence
Topics: Brief introduction to coherent states, coherent states on the torus, Wigner
transformation of coherent states. Evolution of coherent states under quantized
linear automorhism. Egorov Theorems and breakdown of correspondance.
Eherenfest time and Quantum Fidelity.
Lecture 5: Quantum Chaos & Number Theory
Topics: Number Theoretic Backgrounds: divisibility, diophantine equations, prime
numbers, modular arithmetic, the Legendre symbols and quadratic reciprocity.
Arithmetic eigenfunctions of the quantum cat maps. Quantum degeneracy and the Little
Fermat Theorem. Hecke operators and equidistribution of eigenfunctions. Quantum
chaos and the distribution of zeros in the Riemann Zeta function.

(July 10-14)

Course

Syllabus

REACTION-DIFFUSION
EQUATIONS AND FRONT
PROPAGATION
François Hamel (Universite
Aix-Marseille III)
Code: 48118
Schedule

ORDER-PRESERVING
DYNAMICAL SYSTEMS
AND BLOW-UP IN
NONLINEAR HEAT
EQUATIONS
Hiroshi Matano (University
of Tokyo)
Code: 48028
Schedule

Lecture 1. Travelling fronts in dimension 1
solutions of ordinary differential equation u''-cu'+f(u)=0
sign of the speed c
existence, monotonicity and/or uniquness properties for bistable or monostable
KPP nonlinearities f
Lecture 2. Dynamical issues
global stability of one-dimensional fronts
asymptotic spreading speed in R^N
Lecture 3. Conical bistable fronts in R^N (1)
maximum principles in unbounded domains
monotonicity and further qualitative properties
Lecture 4. Conical bistable fronts in R^N (2)
formula for the speed of propagation
existence of bistable conical fronts in R^N by sub- and super-solution method
Lecture 5. Curved KPP-type fronts in R^N
interaction of two planar fronts
interaction of a measurable sum of planar fronts
qualitative properties of curved KPP fronts

Part I: Order-preserving dynamical systems
Lecture 1. Basic concepts
Ordered metric spaces
Order-preserving semiflows
Limit sets
Various examples
Convergence near a manifold of equilibria
Lecture 2. Generic convergence results
Limit set dichotomy theorem
Almost everywhere convergence
Instability of periodic orbits
Unstable manifolds of equilibria
Connecting orbits
Lecture 3. Symmetry and stability
Order preserving systems in the presence of symmetry
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Does stability imply symmetry?
Applications to elliptic and parabolic PDE's
Part II: Blow-up in nonlinear heat equations
Lecture 4. Criteria for blow-up
Examples of blow-up
Kaplan estimates
Fujita exponent
Generalized Fujita results
Lecture 5. Blow-up profiles
Self-similar solutions
Local blow-up profile
Type I and type II blow-up
Stability of blow-up profile

INFINITE DIMENSIONAL
DYNAMICAL SYSTEMS
AND THE NAVIERSTOKES EQUATION
C. Eugene Wayne (Boston
University)
Code: 48036
Schedule

Lecture 1
Review of stability in finite dimensional dynamical systems.
Review of invariant manifold theorems for finite dimensional dynamical systems.
Partial dfferential equations as infinite dimensional dynamical systems.
Some basic functional analysis.
Lyapunov functionals and their applications.
Lecture 2
Invariant manifolds theorems for infinite dimensional dynamical systems
Special features of infinite dimensional systems.
Types of partial di erential equations that can be treated.
The theorem of Chen, Hale and Tan.
Statement of the theorem.
Sketch of the proof.
Some basic applications.
Lecture 3
The Navier-Stokes equations.
The physical origin of these equations.
The vorticity formulation and the Biot-Savart law.
Strong solutions vs. weak solutions.
The existence and uniqueness of solutions of the two-dimensional NavierStokes and vorticity equations.
Lecture 4
Behavior of “small” solutions of the Navier-Stokes equation.
Scaling variables.
Invariant manifolds near the origin.
Optimal decay rates and invariant manifolds.
Oseen vortices and the global center manifold for the two-dimensional NavierStokes equation.
Local stability of Oseen vortices for arbitrary Reynolds number.
Lecture 5
Lyapunov functionals and global stability of Oseen vortices.
Vortex solutions for the three-dimensional Navier-Stokes equations.
Burgers vortices and related solutions.
Three-dimensional stability of Burgers vortices.

(*) For further details, please contact Prof. Tere M. Seara (tere.m-seara
Applied Mathematics at UPC.

upc.edu), coordinator of the Doctorate program in
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Mathematical Aspects and
Prospectives of Quantum Chaos
Mirko Degli Esposti
(desposti@dm.unibo.it)
Dipartimento di Matematica, Università di Bologna (Italy)

Jornades d’introducció als Sistemes Dinàmics i a les EDP’s (JISD2006)
19 - 23 June, 2006 Barcelona
preliminary version, 13.06.06

This work has been supported by a Spanish grant of the ”Ministerio de educacin y ciencia”: Movilidad de profesorado Universitario en
los programas de Doctorado que hayan obtenido la mencin de calidad

Preface

These notes represents my supporting material for a a series of lectures at
the graduate school of the Universitat Politècnica de Catalunya (UPC) in
Barcelona.
Some of the material presented here have been extracted and manipulated from the lecture notes ” The Mathematical Aspects of Quantum Maps”,
Lecture Notes in Physics 618 (2003), representing the collected lectures of a
Summer School on quantum chaos held in Bologna (2001).
What you will find here has been obtained by putting together some of my
recent results with the contributions to LNP 618 by Andreas Knauf, Arnd
Baker and myself with Sandro Graffi.
These notes are not fully original and have intense overlap with the cited
Lecture Notes and some of my most recent papers.
These notes are not intended to be or to become a publications and their
only aim is to support me and the students during the 5 lectures I will be
given at the graduate School of Barcelona (19-23 June, 2006).
I will use them as reference, while I will develop some of the details and
arguments directly at the blackboard.
Surely, these notes still contains many mistakes introduce by myself during
the ”patching” process and I apologize with my friends Andreas, Arnd and
Sandro for this.
Some of the recent results I aim to discuss during the course is still hand
written on paper while preparing the lectures, and I thanks in advance any
student for any corrections and/or suggestion to these preliminary notes.
Finally I would like to thanks my dear friend David Gomez-Ullate for
having organized all of this.

Bologna, Italy

Mirko Degli Esposti
June 2006
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Preface

Tentative Schedule:
Lecture I Introduction to the Theory of Chaotic (classical) Dynamical Systems
Lecture II Chaotic Maps and Quantum Mechanics on T2
Lecture III Eigenfunctions and Eigenvalues: results and conjectures. Quantum Chaos vs. Random matrix Theory
Lecture IV Quantum Chaos and Number Theory:quantum cat maps
Lecture V Long time propagation of states and Quantum Fidelity

Foreword

Have been working on my lectures for sometimes now and then the program
of the school appeared. I then realized that my lectures where scheduled from
monday to friday, from the 19-th of june to the 23-th of june 2006, every day
from 3 p.m. to 5 p.m. Probably the hottest period of the day. Moreover, all the
students will come to my lectures after 4 hours of lectures each morning..... I
asked to David (my inside-man in Barcelona) to help me in selecting the topics
to try keeping the students’s attention. His answer was quite encouraging
”don’t worry. Just entrain them !”..... after few days of panic, I let aside the
idea of dancing flamenco on the table, and I decide it is probably better if
I just start by saying why I like quantum chaos and in particular quantum
maps.
First of all, quantum chaos put together the three main mathematical
areas that I like the most: the theory of chaotic dynamical systems, the theory
quantum mechanics and (quite often) also number theory.
Another aspect that I like is that the theory of quantum maps offer now a
variety of models that are quite suitable for doing experimental mathematics
on a computer, even for non expert in programming or numerical analysis.
Least but not the last, even if quantum maps could be considered as toy
models , they are nevertheless able to capture the main properties and phenomena of quantum mechanics and semiclassical analysis.
Discussing and exploring these statements is the main object of these lectures.
I should now start with a generic overview of the main subject and I can
not do better than adapting what me and Sandro Graffi wrote few years ago
in the preface of LNP 618.
Quantum chaos usually means the investigation of quantum mechanical
properties of classically chaotic systems. Expressed differently: what are the
manifestations, if any, of chaotic behavior in classical systems on their quantum counterparts?

10

Foreword

This question has obviously been thoroughly investigated since the early
days of quantum mechanics, for instance, in the classical papers of Von Neumann on quantum ergodicity [14] and of Wigner on the quantum analog of
the Boltzmann equation [15]. More recent approaches to this general question
can be found for instance in [8], [9] and [32]. This kind of issue has obvious
foundational aspects. For example, the need to justify quantum statistical
mechanics in the same way as classical chaos is the basis for justifying classical statistical mechanics. However, investigations in quantum chaos also arise
from questions of direct and important physical relevance: the spectral statistics in complex nuclei and the “stochastic” ionization of the hydrogen atom in
a microwave field, to mention only two. The study of spectral statistics led to
the formulation of standard conjectures on the probability distribution of the
eigenvalue spacing. The Poisson probability distribution should be valid for
the quantized counterpart of the classically integrable systems (Berry-Tabor
conjecture, formulated in the seventies [7], see also [11,12]) and the COE/CUE
(Circular Orthogonal/Unitary Ensemble) probability distribution [31] for the
quantized counterpart of the classically chaotic systems (Bohigas-GiannoniSchmit conjecture, formulated in the eighties [12]). The numerical evidence
for the validity of this conjecture is so convincing that the spacing distribution
among quantum levels is considered as a characteristic property of quantum
chaotic systems even though no example is known where a proof can be obtained (see for example [8, 32] and references therein). Usually the spacing
distribution is explored through some spectral indicators such as the form
factor (namely the Fourier transform of the two-point correlation function),
according to the COE/CUE statistics (yielding the so-called level repulsion)
On the other hand, the study of time-dependent models (such as the kicked
rotator) or other simplified versions of the hydrogen atom in a microwave field
produced a second important numerical discovery, the quantum suppression of
classical chaos. The numerical evidence (mainly on the kicked rotator and its
variants) shows that classical diffusive behavior at large times is transformed
into localized behavior after quantization ( [6, 7], for a general review see [5]
and references therein).
The mathematical understanding of these and many other, “quantum
chaotic” features is not easy for several conceptual and technical reasons. First,
it has to be recalled that chaotic behavior in classical systems is described in
terms of well-defined mathematical notions derived from ergodic theory (ergodicity, mixing, K-property, exponential decay of correlations, etc.), which
ultimately depend on the possibility of localizing the initial conditions with
arbitrary accuracy. Typically, the sensitive dependence on initial conditions is
the standard dynamical mechanism generating chaotic behavior. The indeterminacy principle altogether excludes this mechanism in quantum mechanics
and, moreover, makes the classical limit a much subtle problem in quantized
“chaotic” systems than in quantized integrable ones. Another way of looking
at the nontriviality of the classical limit in this situation is the noncommu-

Foreword
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tativity of the two limits t → ∞ and ~ → 0 because the very definition of
chaotic behavior in classical systems actually requires the limit t → ∞.
The iteration of area preserving maps, which also sometimes describe
Hamiltonian systems at discrete times, represent the basic examples of ergodic
theory (the Arnold cat, the baker’s transformation and the sawtooth map, just
to mention few) and therefore the most thoroughly studied examples of nontrivial discrete-time evolution which may give rise to chaotic behavior. Since
the phase space of classical discrete dynamics is compact, again by the indeterminacy principle its quantum counterpart will allow only a finite number of
states (roughly speaking, a quantum state occupies a volume of size at least ~)
and therefore the quantum evolution takes place within a finite dimensional
Hilbert space. The classical limit corresponds to the Hilbert space dimension
tending to infinity. The investigation of the quantum maps requires, therefore,
the preliminary clarification of several nontrivial mathematical questions, beginning from an unambiguous implementation of a quantization procedure. It
will be described how the quantization defines the quantum evolution as the
iteration of a unitary N ×N matrix (the propagator), N being proportional to
the inverse Planck constant. The quantized maps thus represent the simplest
testing ground for the verification not only of the above mentioned conjecture
on spectral statistics, but also for novel concepts isolated in the context of
the classical limit of quantized chaotic systems, such as (unique) quantum
ergodicity, and “scarring” of the eigenfunctions. Moreover, quantum maps is
one of the most relevant physical examples where techniques from analytic
and algebraic number theory emerge naturally.
Finally, it is also important to notice that quantum maps, seen as unitary
transformations on finite Hilbert spaces (of dimension N = 2n ) could be interpreted as the implementation of particular quantum gate acting on the space
of qubits, as defined in the theory of quantum computation. The exploration
of the mathematical properties of quantum maps could shed some light on
the understanding of the implementation of new and more efficient quantum
algorithms.
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1
Introduction to dynamical systems

Some of this material is obtained from the contribution of Andreas
(Knauf ) to [?].
Isaac Newton had one insight that he considered to be so fundamental
that he kept it secret:
“It is useful to solve differential equations.”1
The notion of dynamical systems grew out of the theory of differential equations. It was realized by Henri Poincaré that equations like the one of the
celestial three body problem could not be solved analytically. Thus it was
necessary to supplement the quantitative approximate solutions by qualitative methods in order to understand the long time behaviour of the solutions
of differential equations.
Given an ordinary differential equation (O.D.E.) in explicit form, one may
reduce it to a time-independent O.D.E. of first order
ẋ(t) ≡

d
x(t) = V (x(t)),
dt

where x is a point in phase space M . In the simplest case M is an open subset
of Rd , and the vector field V : M → Rd is a smooth map.
t ∈ R is the time parameter, and ideally we want to have a solution
t 7→ x(t; x0 ) of the initial value problem
ẋ = V (x)

, x(0) = x0

for all initial values x0 ∈ M and times t ∈ R. In that case we obtain, geometrically speaking, a flow
Φt : M → M
1

(t ∈ R)

Cited from V. Arnold: Geometrical Methods in the Theory of Ordinary Differential Equations. Springer 1983
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Φt (x0 ) = x(t, x0 ) which is a smooth one-parameter family of maps of phase
space, meeting the equations
Φ0 = IdM

, Φt1 ◦ Φt2 = Φt1 +t2 .

There are now two ways to study the dynamical system Φt :
• One may explore its topological properties.
As an example, one may ask whether limt→∞ Φt (x0 ) exists for a given
initial condition x0 ∈ M .
• Alternatively, one may study properties of Φt that are typical from a measure theoretical view, i.e. its ergodic properties.
From the point of view of quantum mechanics, as we will discuss later on,
the second question is more crucial. While we postpone the discussion of this
issue, we just remark that in mathematical models of quantum dynamical
systems the first topological question acquires relevant importance.
We shall now concentrate on the second question. Lateron, we shall study geometric properties of flows giving rise to ergodicity. Some basic texts are [?,29].
The volume [?] of the Encyclopaedia of Mathematical Sciences provides an
overview.

1.1 Measure-preserving dynamical systems
Ergodic theory studies measure preserving group actions. In the O.D.E. setting discussed above the group is the time axis R, and the group action Φt
is assumed to preserve some measure on M . For example, this is true for
Lebesgue measure on M = R2n (for example, this is true for Lebesgue measure on M = R2n , if the vector field V : M → R2n is a Hamiltonian vector
field).
In the course of investigation, however, more abstract phase spaces will
be used. Our first task is thus to recapitulate the basic notions of measure
theory. A good reference for ergodic theory is the book [?] by Walters.
Definition 1. A measurable space is a pair (M, M), with a set M and a
family M of subsets of M (the measurable sets), such that
• M ∈M
S
• If An ∈ M (n ∈ N) then n∈N An ∈ M.
• If A ∈ M then Ac := M \ A ∈ M.

M is called a σ–algebra on M .
Example 1.

• The power set P(M ) is the largest σ–algebra on a set M .
• The set {M, ∅} is the smallest σ–algebra.
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• If (M, O) is a topological space (that is, O is a family of so-called open
sets closed under unions and finite intersections, with M ∈ O and ∅ ∈ O),
then there exists a smallest σ–algebra M of M with O ⊂ M, called the
σ–algebra of Borel sets.
This is the σ–algebra typically used in applications.
Definition 2.
• A measure on a measurable space (M, M) is a map µ : M → [0, ∞] (with
µ(M) 6= {∞}) which is countably additive, i.e.
!
[
X
µ
An =
µ(An )
n∈N

n∈N

if Am ∩ An = ∅ for m 6= n.
• µ is a probability measure if in addition µ(M ) = 1.
• A measure space (M, M, µ) is a measurable space (M, M) with a measure
µ : M → [0, ∞].
• If µ is a probability measure, then (M, M, µ) is called a probability space.
Example 2.
1. If M is a (locally compact) abelian group, then there exists a translationinvariant2 measure µ on a σ–algebra M containing the Borel sets, called
Haar measure. This is unique up to normalization and can be chosen to
be a probability measure if M is compact.
In the case of the additive group M = Rd we obtain Lebesgue measure.
2. If h is a regular value of a smooth function H : R2n → R, and if the
level set M := H −1 (h) ⊂ R2n is compact (and 6= ∅), then one constructs
a probability measure λh on this (2n − 1)–dimensional submanifold by
setting
λ(B̂ ∩ H −1 ((h − ε, h + ε)))
λh (B) := c · lim
.
εց0
ε
Here λ is Lebesgue measure on R2n . B̂ ⊂ R2n is the set obtained from
B by taking the union of centered straight lines of (small) length 2δ > 0
through b ∈ B and perpendicular to H −1 (h).
−1

−1
is a normalization constant.
Finally, c := limεց0 λ(M̂ ∩H ((h−ε,h+ε)))
ε
The measure λh is called Liouville measure.
We now relates measures with the dynamic.
Definition 3. • A map T : M1 → M2 between measure spaces (Mi , Mi , µi )
is called measurable if T −1 (A2 ) ∈ M1
(A2 ∈ M2 ).
2

µ(A + a) = µ(A) for all A ∈ M and a ∈ M
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• A measurable map T : M1 → M2 is called measure-preserving if
µ1 (T −1 (A2 )) = µ2 (A2 )

(A2 ∈ M2 ).

• A group action of a group3 G on a measurable space M is a map4
Φ:G×M →M

with

ΦId = IdM

and

Φg1 ◦ Φg2 = Φg1 ◦g2

for Φg : M → M , Φg (m) := Φ(g, m).
• A measure-preserving dynamical system is a quadruple (M, M, µ, Φ) consisting of a measure space (M, M, µ) and a group action Φ of an abelian
group G, such that the maps Φg (g ∈ G) are measure-preserving for µ.
Example 3.
1. If H : M → R is a smooth function on the phase space M := Rdp × Rdq ,


−∇ H
then V := ∇pqH : M → R2d is called the Hamiltonian vector field of
the Hamilton function H.
Assume that it generates a flow
Φt : M → M

(t ∈ R).

Then the group action Φ : R × M → M , Φ(t, m) := Φt (m) preserves
Lebesgue measure on M .
2. If, in the same setting, λh is Liouville measure on the regular energy
d
surface M := H −1 (h), then Φt restricts to M (since dt
H(Φt (m)) |t=0 =
−∇p H(m) · ∇q H(m) + ∇q H(m) · ∇p H(m) = 0), and Φht := Φt XM is
preserving λh .
3. The quotient group R/Z is isomorphic to the unit circle S 1 := {c ∈ C |
|c| = 1} via the isomorphism
I : R/Z → S 1

,

[x] 7→ exp(2πix).

Then, given α ∈ [0, 1), the abelian group Z acts on M := R/Z by the
shifts Φn ([x]) := [x + nα] (n ∈ Z, x ∈ R).
On S 1 this corresponds to a rotation by the multiples of the angle 2πα.
This group action preserves the Haar=Lebesgue measure µ.
4. We now generalize the previous action to higher dimensions. In prospective
of quantum mechanics, we choose even dimensions 2d for our classical
phase spaces.
Consider a fixed T̃ ∈ SL(2d, Z), that is, a 2d × 2d matrix with integer
entries and determinant det(T̃ ) = 1. Then T̃ induces a Z action on R2d
through the natural linear action5 T̃ (x) = T̃ .x
3
4
5

e.g. either the continuous G = R or discrete G = N time action
measurable on (G × M, G × M) for a σ-algebra G of G
As usual, we identify the action with the matrix and use the same symbol.
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This action has the property
T̃ n (m) ∈ Z2d

(m ∈ Z2d , n ∈ Z)

to leave the lattice Z2d ⊂ R2d invariant. Thus
T̃ n (x + m) − T̃ n (x) ∈ Z2d

for all x ∈ Rd

so that T̃ n descends to a Z-action
T n : T2d → T2d

(n ∈ Z)

on the 2d–dimensional torus T2d := R2d /Z2d ∼
= (R/Z)2d . As the T̃ –action
preserves Lebesgue measure = Haar measure on R2d , the T –action preserves Haar measure µ on the torus T2d .
Exercise 1. Prove the statements of the previous examples.
1.1.1 Classical billiards
A two-dimensional Euclidean billiard is given by the free motion of a point
particle in some domain Ω ⊂ R2 with elastic reflections at the boundary
∂Ω. Depending on the boundary one obtains completely different dynamical
behaviour, see Fig. ?? where this is illustrated by showing orbits of billiards in
a circle, a square and an ellipse, which are all integrable giving rise to regular
motion. In contrast the Sinai billiard (motion in a square with a circular
scatterer), the stadium billiard (two semicircles joined by parallel straight
lines) and the cardioid billiard show strongly chaotic motion (they are all
proven to be hyperbolic, ergodic, mixing and K-systems).
As the motion inside the billiard is on straight lines it is convenient to use
the boundary to define a Poincaré section,
P := {(s, p) | s ∈ [0, |∂Ω|], p ∈ [−1, 1]} .

(1.1)

Here s is the arclength along ∂Ω and p = hv, T (s)i is the projection of the
unit velocity vector v after the reflection on the unit tangent vector T (s) in
the point s ∈ ∂Ω. The Poincaré map is then given by
P :P→P
ξ = (s, p) 7→ ξ ′ = (s′ , p′ ) ,
i.e. for a given point ξ = (s, p) one considers the ray starting at the point r(s) ∈
∂Ω in the direction specified by p and determines the first intersection with
the boundary, leading to the new point ξ ′ = (s′ , p′ ). Explicitly, the Cartesian
components of the unit velocity v of a point particle starting on ∂Ω at r(s)
are determined by the angle β ∈ [−π/2, π/2] measured with respect to the
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inward pointing normal N = (−Ty , Tx ). The velocity in the T , N coordinate
system is denoted by (p, n) = (sin β, cos β), so that in Cartesian coordinates


T x Nx
(p, n)
v = (vx , vy ) =
T y Ny
(1.2)


p
p
2
2
= T x p + Nx 1 − p , T y p + N y 1 − p
.

Starting in the point r(s) ∈ ∂Ω in the direction v, the ray r + tv intersects
∂Ω at some point r ′ = (x′ , y ′ ). If the boundary is determined by the implicit
equation
F (x, y) = 0 ,
(1.3)

the new point r ′ can be determined by solving
F (x + tvx , y + tvy ) = 0 .

(1.4)

For non-convex billiards there are points ξ = (s, p) ∈ P for which there is more
than one solution (apart from t = 0); obviously the one with the smallest t > 0
has to be chosen. The condition (??) can be used to remove the t = 0 solution
analytically from (??). If F is a polynomial in x and y this allows to reduce the
order of (??) by one. This approach has for example been used for the cardioid

Integrable systems

Chaotic systems

Fig. 1.1. Billiard dynamics in integrable and chaotic systems.
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billiard leading to a cubic equation for t, see [44] for details. From the solution
t one gets the coordinates (x′ , y ′ ) = (x, y) + tv which have to be converted (in
a system dependent way) to the arclength coordinate s′ (in many practical
applications there is a more suitable internal variable, for example the polar
angle etc.). The corresponding new projection of the momentum is given by
p′ = −hv, T (s′ )i.
1.1.2 Quantum billiards
For a classical billiard system the associated quantum billiard is given by the
stationary Schrödinger equation (in units ~ = 2m = 1)
−∆ψn (q) = En ψn (q) ,

q∈Ω

(1.5)

with (for example) Dirichlet boundary conditions, i.e. ψn (q) = 0 for q ∈ ∂Ω.
Here ∆ denotes the Laplace operator, which reads in two dimensions
 2

∂
∂2
∆=
+ 2
.
(1.6)
∂q12
∂q2
In the Schrödinger representation the state of a particle is described in
configuration space by a wave function ψ ∈ L2 (Ω), where L2 (Ω) is the Hilbert
space
of square integrable functions on Ω. The interpretation of ψ is that
R
2
|ψ(q)|
d2 q is the probability of finding the particle inside the domain
D
D ⊂ Ω.
Due to the compactness of Ω, the quantal energy spectrum {En } is purely
discrete and can be ordered as 0 < E1 ≤ E2 ≤ E3 ≤ . . .. The eigenfunctions
can be chosen to be real and to form an orthonormal basis of L2 (Ω),
Z
hψn |ψm i := ψn (q)ψm (q) d2 q = δmn .
Ω

The mathematical problem defined by (??) is the well-known eigenvalue problem of the Helmholtz equation, which for example also describes
a vibrating membrane or flat microwave cavities. For some simple domains
Ω it is possible to solve (??) analytically. For example for the billiard
in a rectangle with sides a and b the (non-normalized) eigenfunctions are
given by ψn1 ,n2 (q) = sin(πn1 q1 /a) sin(πn2 q2 /b) with corresponding eigenvalues En1 ,n2 = π 2 (n21 /a2 + n22 /b2 ) and (n1 , n2 ) ∈ N 2 . For the billiard in
a circle the eigenfunctions are given in polar-coordinates by ψmn (r, ϕ) =
Jm (jmn r) exp(imϕ), where jmn is the n-th zero of the Bessel function Jm (x)
and m ∈ Z, n ∈ N. However, in general no analytical solutions of (??) exist so that numerical methods have to be used to compute eigenvalues and
eigenfunctions.
The spectral staircase function N (E) (integrated level density)
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Fig. 1.2. Plot of Nfluc (x) for the stadium billiard (a = 1.8, odd-odd symmetry)
together with the contribution from the bouncing ball orbits, dashed line, see
(??). In b) the fluctuating part after subtraction of the contribution of the
bouncing ball orbits is shown.
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Fig. 1.3. Detection of missing levels using the δn -statistics.

N (E) := #{n | En ≤ E}

(1.7)

counts the number of energy levels En below a given energy E. N (E) can be
separated into a mean smooth part N (E) and a fluctuating part
N (E) = N (E) + Nfluc (E) .

(1.8)

For two-dimensional billiards, N (E) is given by the generalized Weyl formula
[45]
A
L√
N (E) =
E + C + ... ,
(1.9)
E−
4π
4π
where A denotes the area of the billiard, and L := L− −L+ , where L− and L+
are the lengths of the pieces of the boundary ∂Ω with Dirichlet and Neumann
boundary conditions, respectively. The constant C takes curvature and corner
corrections into account.
The simplest quantity is the δn -statistics, which is obtained from the fluctuating part of the spectral staircase evaluated at the unfolded energy eigenvalues xn := N (En )
1
− xn ,
2

(1.10)

N (E + ǫ) + N (E − ǫ)
.
2

(1.11)

δn := N0 (En ) − N (En ) = n −
where
N0 (E) := lim

ǫ→0
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The quantity δn is a good measure for the completeness of a given energy
spectrum. For a complete spectrum δn , or equivalently Nfluc (x), should fluctuate around zero. Figure ??a) shows Nfluc (x) for the stadium billiard, which
indeed fluctuates around zero. In addition there is an overall modulation of
Nfluc (x) which is caused by the bouncing ball orbits. They form a one parameter family of periodic orbits having perpendicular reflections at the two
parallel walls (of length a, see Fig. 4.1) of the stadium. The contribution of
these orbits to the spectral staircase function reads [46]

 

∞ q
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√
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∞
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1
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(1.13)
cos
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E
−
3
4
2
2 π3
n=1 n

where Enbb = π 2 n2 are the eigenvalues of a particle in a one-dimensional box
bb
of length 1, and Θ is the Heaviside step function. Subtracting Nosc
(x) from
Nfluc (x) removes the additional oscillation, see Fig. ??b). If an eigenvalue
is missing this is clearly visible by a ‘jump’ of δn in comparison to points
fluctuating around 0, see Fig. ?? for an example where one eigenvalue has
been removed ‘by-hand’. Clearly, the energy interval in which a level is missing
can be estimated from the plot.
In the same way as for quantum maps one can study the level spacing
distribution and more complicated statistics, like the number variance, n-point
correlation functions etc., see for example [47, 48] for some further examples
for the cardioid billiard.
After this quantum parenthesis, we go back to our classical world and focus
on the statistical properties of orbits.

1.2 Statistical properties of orbits
1.2.1 Ergodicity
One way to analyze a group action Φ : G × M → M is to consider the subset
I := {A ∈ M | ∀g ∈ G : Φg (A) = A}
of M consisting of Φ–invariant sets. As one checks easily, I is a σ–algebra of
M.
Roughly speaking, the more Φ mixes M , the smaller is I. As we are now
interested in group actions leaving a probability measure µ invariant, we concentrate on the sizes µ(A) of the invariant sets A ∈ I.
Almost always we will be interested to the case of discrete time evolution
G = Z, where the action Φ is induced through the iterations of a given (invertible) map T : M → M : Φn := T n . Often we will not distinguish the map
T from its action Φ.
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Definition 4. The group action Φ is called ergodic w.r.t. the probability measure µ on M if
µ(A) ∈ {0, 1}
(A ∈ I).
As {∅, M } ⊂ I, this is the smallest choice of measures occurring.
Example 4. 1. If the energy level M := H −1 (h) for the regular value h ∈
H(R2 ) of the Hamiltonian function H : R2 → R is compact and connected,
then this one-dimensional manifold is known to be diffeomorphic to the
circle S 1 . In that case there is a smallest period T > 0 with ΦhT = IdM .
Moreover, the group R acts transitively on M , that is there is only one
orbit
Ox := {Φht (x) | t ∈ R},
independent of x ∈ M .
Thus in that case I = {∅, M } so that the flow is ergodic.
2. Considering the shift action Φn ([x]) = [x + nα] on M = R/Z, one immediately sees that this action of the group Z cannot be ergodic if α ∈ Q.
Namely if α = p/q with q ∈ N, p ∈ Z, then the Borel set
A :=

q−1
[

k=0

k k+
,
q
q

1
2



belongs to I, but µ(A) = 1/2.
Conversely we would like to prove that the group action of example ??.2 is
ergodic if α 6∈ Q. Here it is useful to apply techniques from functional analysis.
For a general measure preserving dynamical system we consider the action
Φ̂g : L2 (M, µ) → L2 (M, µ)

, f 7→ f ◦ Φg

(g ∈ G).

This is a family of unitary operators on the Hilbert space L2 (M, µ), since by
Φg –invariance of µ
D
E Z
f1 ◦ Φg (x)f 2 ◦ Φg (x) dµ(x)
Φ̂g f1 , Φ̂g f2 =
ZM
=
f1 (y)f 2 (y) dµ(Φg−1 (y))
ZM
=
f1 (y)f 2 (y) dµ(y)
M

= hf1 , f2 i

(f1 , f2 ∈ L2 (M, µ)),

and Φ̂g is onto with inverse Φ̂g−1 .
Theorem 1. The group action Φ is ergodic iff all Φ–invariant f ∈ L2 (M, µ)
(that is, Φ̂g f = f, g ∈ G) are constant µ–almost everywhere.
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Proof:
• Assume that Φ is ergodic and f ∈ L2 (M, µ) is Φ–invariant. Then Re(f )
and Im(f ) are Φ̂–invariant, too. So it suffices to assume f to be real. For
all n ∈ N and k ∈ Z the set

An,k := f −1 [k2−n , (k + 1)2−n )
lies in I, and for fixed n we have the partition property
[
An,k1 ∩ An,k2 = δk1 ,k2 An,k1 ,
An,k = M.

(1.14)

k∈Z

By ergodicity of Φ we have µ(An,k ) ∈ {0, 1} and by (??) there exists a
˙ n+1,2k+1 , the sequence
unique kn with µ(An,kn ) = 1. As An,k = An+1,2k ∪A
−n
(kn 2 )n∈N converges to the value attained by f µ–almost everywhere.
• Assume conversely that all Φ̂–invariant f ∈ L2 (M, µ) are constant µ–
almost everywhere.
Then if A ∈ I, the characteristic function 1lA is Φ̂–invariant so that µ(A) ∈
{0, 1}.
2
Remark 1. The same argument works for Lp (M, µ) with arbitrary p ∈ [1, ∞].
Example 5. If α 6∈ Q in Example ??.3, then the shift Φn by nα is ergodic.
Namely consider a Φ̂–invariant f ∈ L2 (R/Z), denote by ek ∈ L2 (R/Z), k ∈ Z
the orthonormal basis ek ([x]) := e2πikx and write the Fourier expansion of f
in the form
X
ck ek
f=
k∈Z

with coefficients ck ∈ C. Then
X
X
ck Φ̂n ek =
ck e2πinkα ek ,
Φ̂n f =
k∈Z

k∈Z

so that by Φ–invariance for n = 1
X
ck (1 − e2πikα )ek = 0.
k∈Z

But since e2πikα 6= 1 for k 6= 0, ck = 0 for k 6= 0 so that f is constant µ–almost
everywhere.
1.2.2 Mixing
Although group actions of higher-dimensional abelian groups play an important role in statistical mechanics, I confine myself in the sequel to the group
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G = R and Z, that is, flows and invertible iterated maps6 . As could be seen in
the previous examples with one-dimensional phase space, ergodicity is compatible with rather regular and predictable motion. This is not the case with
mixing:
Definition 5. The group action Φ is called mixing w.r.t. the probability measure µ on M if
lim µ(Φn (A) ∩ B) = µ(A) · µ(B)

|n|→∞

(A, B ∈ M).

Roughly speaking this means that in the limit of infinite time n ∈ G the set
Φn (A) is getting equidistributed on M w.r.t. µ.
Lemma 1. Mixing implies ergodicity.
Proof: If A ∈ I, then mixing implies µ(A ∩ B) = µ(A) · µ(B). Setting B := A,
we get µ(A) = (µ(A))2 so that µ(A) ∈ {0, 1}.
2
Example 6. We consider the torus automorphism
Φn : Td → Td

(n ∈ Z)

for the case of a matrix T̃ ∈ SL(d, Z) whose eigenvalues λ ∈ C are never roots
of unity (that is, there is no l ∈ N with λl = 1). The simplest
example is the
√
so-called Arnold cat map with T̃ = ( 21 11 ) and λ1/2 = 3±2 5 , see Fig. ??.
Denoting the orthonormal Fourier basis of L2 (Td , µ) by (ek )k∈Zd , with
ek (x) := exp(2πik · x), we have


Φ̂n (ek )(x) = exp(2πik · Φn (x)) = exp 2πiΦ̃tn (k) · x
= eΦ̃t (k) (x)
n

(x ∈ Td ).

As a transposed matrix T̃ t is in SL(d, Z) if T̃ ∈ SL(d, Z), Φ̃tn maps the lattice
Zd onto itself. As we assumed that no eigenvalue is a root of unity, there is
no k ∈ Zd \ {0} and n ∈ Z \ {0} with
Φ̃tn (k) = k.
In other words, given the finite sets
Zdr := {k ∈ Zd | |k| ≤ r}
for an arbitrary r, all k ∈ Zdr \ {0} eventually leave this set, i.e. Φ̃tn (k) 6∈ Zdr
for |n| ≥ N (r). Now, in order to prove mixing, we consider the L2 (Td , µ)–
functions f := 1lA and g := 1lB and want to prove that
6

Conversely, the thermodynamic formalism of statistical mechanics can be used in
the study of dynamical systems, see [?] and [36]
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lim (Φ̂n f, g) = (f, 1lTd ) · (g, 1lTd ).

n→∞

P
P
Given ε > 0 and the Fourier expansions f = n∈Zd cn en and g = n∈Zd dn en
(with (cn )n∈Zd , (dn )n∈ZdP∈ l2 (Zd )), there is an P
r > 0 with kf − fr k2 < ε and
kg − gr k2 < ε for fr := n∈Zdr cn en and gr := n∈Zdr dn en .
Now for |n| > N (r) we have
X
(Φ̂n fr , gr ) =
ck dl · (Φ̂n ek , el ) = c0 d0 = (fr , e0 ) · (eo , gr )
k,l∈Zd
r

since for k ∈ Zdr \ {0} Φ̂n ek = eΦ̃t (k) is orthonormal to all the el . On the other
n

hand, using unitarity of Φ̂n ,

|(Φ̂n f, g) − (Φ̂n fr , gr )| ≤ |(Φ̂n (f − fr ), g)| + |(Φ̂n fr , g − gr )|
≤ k(Φ̂n (f − fr )k2 kgk2 + kΦ̂n fr k2 kg − gr k2
≤ ε(kgk2 + kfr k2 ) ≤ ε(kgk2 + kf k2 + ε)

so that
|(Φ̂n f, g) − (f, e0 ) · (e0 , g)| ≤ ε(kgk2 + kf k2 + ε)
showing the mixing property.

Fig. 1.4. Action of torus automorphism for matrix T :=
centre: Φ1 (A), right: Φ3 (A).

21
11



. Left: subset A ⊂ T2 ,

1.2.3 The Birkhoff Ergodic Theorem
Ergodic theory of dynamical systems is more than the theory of ergodic dynamical systems. It is also able to tell us something about the long-term
behavior of arbitrary measure-preserving dynamical systems, ergodic or not.
We may even include situations where the measure µ is not finite and thus
cannot be normalized to be a probability measure. We only have to impose
the mild assumption that µ is σ–finite.
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Definition 6. A measure space (M, M, µ) is called σ–finite if there exists
Mn ∈ M with µ(Mn ) < ∞ and
[
Mn .
M=
n∈N

Example 7. M := Rd with Lebesgue measure µ and the balls Mn := {x ∈ Rd |
kxk ≤ n}.
Theorem 2 (Birkhoff Ergodic Theorem). Let (M, M, µ, Φ) be a dynamical system (with group Z) on a σ–finite measure space and f ∈ L1 (M, µ).
Pn−1
• Then n1 k=0 Φ̂k f converges µ–almost everywhere to a function f + ∈
+
+
L1 (M,
everywhere).
R µ), with Φ̂(f ) =
R f (µ–almost
R
• If M dµ < ∞, then M f dµ = M f + dµ.

We omit the proof which can be found in [?]. A similar statement holds for
G = R. See [?] for another proof in the case of a probability measure and [36]
for a generalization to Zd –actions.
Whereas in the theorem the positive time limit was considered, we may
equally well consider the negative time limit (in the L1 –sense)
n−1
1X
Φ̂−k f.
n→∞ n

f − := lim

k=0

Corollary 1. If

R

M

dµ < ∞, then f + = f − µ–almost everywhere.

Proof: We may consider the real and imaginary part of f separately and thus
assume f to be real. Then for ε > 0 set
Aε := {x ∈ M | f + (x) ≥ f − (x) + ε}.

(1.15)

We consider now g :=R f · 1lAε ∈R L1 (M, µ).R Applying the Birkhoff Ergodic
Theorem to g, we get Aε f dµ = M g dµ = M g ± dµ.
R
R
Moreover, Aε ∈ I so that7 M g ± dµ = Aε f ± dµ. Thus
Z
0=
(f + − f − ) dµ ≥ εµ(Aε ),
Aε

i.e. µ(Aε ) = 0 for all ε > 0. This implies f + (x) ≤ f − (x) µ–almost everywhere.
Exchanging f + and f − in (??) gives the converse inequality.
2
Metaphorically speaking this tells us that the past equals the future (but only
in L1 –sense!). This is a highly non-trivial statement.
7

To be precise, as f ± ∈ L1 (M, µ), we have
Aε ∈ Iµ := {A ∈ M | ∀ g ∈ G : µ(Φg (A)△A) = 0} ⊃ I

34

1 Introduction to dynamical systems

Example 8. For the Hamilton function H(p, q) := 21 p2 + V (q) on Rdp × Rdq the
Hamilton equation can be rewritten in Newton’s form q̈ = −∇V (q) with the
force term −∇V .
Assuming that V ∈ C 2 (Rd , R) is p
bounded below by Vmin , for energy E the
speed |p| is bounded above by |p| ≤ 2(E − Vmin ). This means that the flow
Φt exists for all t ∈ R.
Now consider two cases:
1. V is L–periodic w.r.t. a regular lattice L := {n1 l1 + . . . + nd ld | ni ∈ Z}
(with l1 , . . . , ld a basis of Rd ). Then we may regard V as a function V̂ on
the d–dimensional torus T := Rd /L, and H as the function
Ĥ : Rdp × T → R

, Ĥ(p, q) := 12 p2 + V̂ (q).

Unlike for H, the energy surfaces Ĥ −1 (E) are compact. Consider (for a
regular value E of Ĥ) Liouville measure λ̂E on Ĥ −1 (E). Then the means
Z
1 T
v + (x̂) := lim
p(t, x̂) dt
T →∞ T 0
and

1
v (x̂) := lim
T →∞ T
−

Z

0

p(t, x̂) dt

−T

exist for λ̂E –almost every initial point x̂ ∈ Ĥ −1 (E) and are equal, according to Birkhoff’s ergodic theorem and its corollary ??.
If a phase space point x ≡ (p0 , q0 ) ∈ H −1 (E) projects to x̂ ∈ Ĥ −1 (E),
then the limit
1
v ± (x) := lim
(q(T, x) − q0 )
T →∞ T
exists and equals v ± (x̂). Thus this asymptotic (mean) velocity exists λE –
almost everywhere w.r.t. the Liouville measure λE on the non-compact
energy shell H −1 (E)
2. Now let V ∈ C 2 (Rd , R) with lim|q|→∞ V (q) = 0, i.e. a scattering situation.
If we assume in addition a fast enough fall-off of V and its derivatives
(say, V being of compact support for simplicity), then the phase space
functions v + and v − exist on H −1 (E) for any energy E > 0.
Here, however, v + is typically unequal to v − on a set of positive Liouville
measure.
In fact, for scattering orbits the speeds |v ± (x)| are both equal
√
√ to
2E by energy conservation, whereas the change in directions v ± (x)/ 2E
is the subject of the theory of classical potential scattering.
R
From now on we assume M dµ < ∞.

Corollary 2. If the dynamical system (with group Z) is ergodic, then for f ∈
L1 (M, µ)
f ± ∈ L1 (M, µ)

are constant µ–almost everywhere.
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2

In other words, for µ–almost
every x ∈ M the time means f ± (x) coincide
R
with the space mean M f dµ.

Example 9. Consider the torus automorphism Φ generated by T̃ = ( 21 11 ) ∈
SL(2, Z), and for n ∈ N the projection Ln ⊂ T2 of the lattice
n

o
k1 /n
L̃n :=
|
k
,
k
∈
Z
⊂ R2 .
1 2
k2 /n

This lattice Ln is permuted by Φ. It consists of n2 points, and for a given
continuous function f : T2 → R the restriction f + XLn has constant values
on the cycles of these permutations. These values, however, in general differ
from
cycle to cycle, although T is ergodic (even mixing). One notices that
S
2
n∈N Ln is dense in T . This example shows that one cannot in general omit
the restrictive “µ–almost everywhere” in the last theorem.
Finally, we compare the notions of ergodicity and of mixing. We recall the
mixing property (Def. ??)
lim µ(Φk (A) ∩ B) = µ(A) · µ(B)

|k|→∞

of iterated maps.
Corollary 3. The group action Φ is ergodic w.r.t. the probability measure µ
on M iff
n−1
1X
µ(Φk (A) ∩ B) = µ(A) · µ(B).
(1.16)
lim
n→∞ n
k=0

1
n

Pn−1

1
Proof: • Set fn :=
k=0 1lΦk (A) ∈ L (M, µ).
According to Theorem ?? these functions converge µ–almost everywhere
to a Φ̂–invariant function f + ∈ L1 (M, µ). According to Remark ?? f + is
constant µ–almost everywhere if Φ is ergodic, and
Z
Z
+
f dµ =
1lA dµ = µ(A).
M

M

So
Z
n−1
1X
µ(Φk (A) ∩ B) = lim
fn · 1lB dµ = µ(A) · µ(B).
lim
n→∞
n→∞ n
n=0
• Conversely for the case A = B ∈ I we have Φk (A)∩B = A so that, assuming
(??), we conclude µ(A) = µ(A)2 , hence ergodicity.
2
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1.3 Hyperbolicity
In our basic examples of ergodicity and mixing we profited from the fact that
the phase space of our system was an abelian group (in fact a torus).
This, however, is somewhat untypical in applications of ergodic theory.
In particular the typical physical problem we have in mind is that of the
hamiltonian flow, which has the energy surface as its phase space. So now we
consider geometric properties of an iterated map or a flow which can be used
to prove the mixing property.
Definition 7. Let M be a manifold.
• Then a distribution on M is a subbundle of the tangent bundle T M of M .
• A distribution E is called integrable, if for any vector fields8 X, Y : M → E
the commutator vector field [X, Y ] : M → T M only takes values in E.
Example 10. 1. If X : M → T M is a (nonvanishing) vector field and E(m) :=
span(X(m)) ⊂ Tm M , then E is an integrable distribution.
2. A nonvanishing one-form ω on M has a null-space of dimension dim(M )−1
and thus defines a distribution E on M . Then the formula
ω([X, Y ]) = dω(X, Y ) − Xω(Y ) + Y ω(X)
(see [?], Chapt. 2.4) gives for vector fields X, Y : M → E the criterion
dω(X, Y ) = 0 (since then ω(X) = ω(Y ) = 0).
E.g. if on R3 we 
have ω =
x1 dx2 + dx3 , then dω = dx1 ∧ dx2 , and ω
0
1
0 , 1
⊂ T0 R3 , but dω does not vanish on this
vanishes on span
0
0
pair of tangent vectors. So the distribution defined by ω is not integrable.
We will encounter distributions related to foliations of phase space.
Definition 8. A foliation W of class C r and dimension k on the m–dimensional
manifold M is a partition of M into connected, immersed C r –manifolds9
W (x) through x ∈ M (called the leaves of the foliation), for which each point x
of M has a neighborhood U and coordinates (y, z) : U → Rk × Rm−k such that
the connected component WU of x within W (x) ∩ U is given by the equation
WU (x) = z −1 (c)

with

c := z(x).

Recall that f : N → M is called an immersion if its linearizations Tn f :
Tn N → Tf (n) M (n ∈ N ) are injective.
Example 11. 1. If H ∈ C ∞ (M, R) is a hamiltonian function on a (2d)–
dimensional symplectic manifold M , then it is called integrable if there
are functions f1 , . . . , fd ∈ C ∞ (M, R) with f1 = H which are independent
8
9

More generally, one allows X, Y to be defined on an open subset U ⊂ M .
See, e.g. [?], Chapt. 1.6
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and Poisson-commute ({fi , fj } = 0 for i, j = 1, . . . , d). !
Then the conf1
..
nected components of the level sets F −1 (c) with F :=
: M → Rd of
.
fd

c ∈ F (M ) form leaves of a C ∞ –foliation of M of dimension d (see, e.g. [?],
Chapt. 5.2).
2. For v ∈ Rd \ {0} the affine subspaces
W (x) := {x + cv | c ∈ R}

through x ∈ Rd form the leaves of a one-dimensional C ∞ –foliation of Rd .
Their images under the projection Rd → Rd /Zd on the torus Td := Rd /Zd
form the leaves of a one-dimensional C ∞ –foliation of Td . If v = ( α1 ) with
α ∈ R \ Q, then these leaves are all dense in T2 .
Definition 9. Let Φ : G × M → M be a smooth group action of G = R or Z
on a manifold M with metric d.
Then the stable respectively unstable manifold of x ∈ M is the set
V s (x) := {y ∈ M | lim d(Φt (y), Φt (x)) = 0}
t→∞

respectively
V u (x) := {y ∈ M | lim d(Φt (y), Φt (x)) = 0}.
t→−∞

M is partitioned into (un-)stable manifolds.
Example 12. For the Arnold cat map of Example ?? the stable manifold
V s ([x]) of [x] ∈ T2 , x ∈ R2 is the torus projection of the affine space
{x + cv2 | c ∈ R} and V u ([x]) the one of {x ∈ cv1 | c ∈ R} where vi = ( α1i ) is
an eigenvector for the
√ eigenvalue λi .
As α1/2 = 12 (1 ± 5) 6∈ Q, the stable and unstable manifolds are dense in
T2 .
In general V s (x) and V u (x) may be just measurable sets. Because of the
following theorem they are, however, interesting in the analysis of ergodic
properties of Φ.
Theorem 3. Let Φ be a continuous group action on a compact manifold M
preserving a probability measure µ, where µ(U ) > 0 for U 6= ∅ open.
Then a Φ̂–invariant f ∈ L1 (M, µ) is constant on the (un-) stable manifolds, up to sets of measure zero.
Proof:
• Consider first a continuous function g on M , not necessarily Φ̂–invariant.
By compactness of M it is uniformly continuous, i.e. for ε > 0 there is a
δ > 0 with
|g(x) − g(y)| < ε for d(x, y) < δ.
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Here d is an arbitrarily chosen metric on M . Hence for y ∈ V s (x)
n−1
1X
(g(Φk (x)) − g(Φk (y))) = 0,
n→∞ n

lim

k=0

so that g + (y) = g + (x) if g + (x) exists, that is, up to a set N s (g) of measure
zero.
• We now approximate f ∈ L1 (M, µ) in the L1 –sense by continuous functions (gm )m∈N . Then by Φ–invariance of f and µ we get
Z

n−1
n−1 Z
1X
1X
|f ◦ Φk − gm ◦ Φk | dµ
gm ◦ Φk | dµ ≤
n
n
M
k=0
k=0 M
Z
n−1 Z
1X
=
|f − gm | dµ =
|f − gm | dµ,
n
M
M

|f −

k=0

that is

Z

M

+
|f − gm
| dµ ≤

Z

M

|f − gm | dµ.

+
So f is the L1 –limit of the gm
. Thus by going to a subsequence there is a
s
measure zero set N (f ) with the pointwise limit
+
lim gm
(x) = f (x)

m→∞

(x ∈ M \ N s (f )).

(Here we use the positivity of µ on open sets.)
• The proof is similar for the unstable manifolds and for case of the group
G = R.
2
Remark 2. We now see how in the example of the cat map Theorem ?? is the
key to an alternative proof of ergodicity. For a small open disk U centered at
x ∈ T2 one takes the connected component VUs (x) of V s (x) ∩ U containing x.
For typical x ∈ T2 , that is those x not belonging to N s (f ) for the function
f ∈ L1 (T2 , µ) under consideration, f + is constant on VUs (x). Having chosen
such an x, for typical y ∈ VUs (x) the limit function f + is constant on VUu (y)
(otherwise one could construct a positive measure subset of z ∈ U on which f +
is not defined or not constant along the leaves V u (z)). Thus almost everywhere
on U the function f + is constant. Taking an open covering of T2 by such sets
U1 , . . . , Un , we see that the Arnold cat map meets the condition for ergodicity.
The above proof of ergodicity has the merit of being based on the geometric structure of the stable and unstable manifolds (that is, subsets of phase
space defined by the dynamics) and not using the fact that T2 is an abelian
group. This opens the door to a proof working for many hyperbolic dynamical
systems.

1.4 Few basic models: the cat, the baker, the sawtooth and the triangle map...
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We formulate the results in terms of Riemannian manifolds (M, g), that is,
a manifold M with a scalar product gx on each tangent space Tx M , smoothly
depending on x ∈ M .
The length (gx (Y, Y ))1/2 of a tangent vector Y ∈ Tx M is then denoted by
kY k.
Let Φ be a smooth dynamical system with group G = R or Z on a compact Riemannian manifold (M, g). In the case G = R we assume the vector
d
field X := dt
Φt |t=0 to be non-vanishing, and denote by E 0 (x) the subspace
span(X(x)) of Tx M .
Definition 10. Φ is called Anosov, if there are Φ–invariant distributions
E s , E u ⊂ T M and constants c > 0, λ ∈ (0, 1) such that for all x ∈ M

a) E s (x) ⊕ E u (x) = Tx M if G = Z,
E s (x) ⊕ E u (x) ⊕ E 0 (x) = Tx M if G = R.
b) kdΦt (x)(v)k ≤ cλ±t kvk (t ≥ 0, v ∈ E s/u (x)).

According to the Frobenius Theorem, a distribution is integrable if and
only if it is the distribution of tangent spaces of a regular foliation. In our case
the leaves for the distributions E s/u (x) are the (un-)stable manifolds V s/u (x).
The most important example of an Anosov flow is the one of the geodesic
flow on a compact Riemannian manifold of negative sectional curvature. While
here we will concentrate on hyperbolic maps, we refer to the full Andreas
Knauf contribution in [?] and references therein for what concern geodesic
flows.

1.4 Few basic models: the cat, the baker, the sawtooth
and the triangle map...
Later we want to consider the quantization of measure preserving maps of
the two-dimensional torus T2 = R2 /Z2 . While this quantization procedure
was originally developed for linear automorphisms, that is elements of the
modular group SL(2, Z), we will see how it can be easily extended to an
arbitrary (possibly discontinuous) symplectic maps, such as the baker map or
the sawtooth maps.
In the next chapter, we will then mostly concentrate on mathematical
aspects related to quantization and semiclassical properties of toral maps.
here, for the sake of exposition, we will now we use the general results just
discussed to work out, step by step, few specific models: the linear hyperbolic
automorphisms, their perturbations, the baker’s map, the sawtooth maps and
the less chaotic triangle 8or Casati-Prosen) map.
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1.4.1 Cat maps
We choose A ∈ SL(2, Z) as

10

:
A=



21
32



The corresponding invertible transformation over the torus is give by:
(q, p) −→ (2q + p, 3q + 2p)


2 −3
−1
, i.e.
with inverse induced by A =
−1 2
(q, p) −→ (2q − 3p, −q + 2p)

mod 1,

mod 1.

A has determinant 1 and as we have seen in the previous chapter, the transformation is measure preserving: if Q ⊂ T2 , then m(Q)
= √m(A(Q)) =
√
m(A−1 (Q)). The eigenvalues of A are (λ, λ−1 ) = (2 + 3, 2 − 3), and the
corresponding expanding
and contracting
eigenspaces through the origin are
√
√
given by v = (− 3, 1) and w = ( 3, 1) respectively.
Exercise 2. Prove that the stable and unstable (linear) manifolds are densely
distributed over the torus.
This combination of expanding/contracting and folding back to the compact torus is responsible of the well known strongly chaotic properties of this
kind of maps, as discussed in the previous chapter.
Here we just show in Fig. ?? and Fig. ?? how the map acts. Later we
will discuss its topological properties and in particular its nice and arithmetic
structure of periodic orbits. Later on, we will also consider and discuss suitable
perturbations of this linear situations and its consequences at the level of
quantum mechanics.

1.4.2 baker map
The baker map is another canonical and fundamental example in the realm
of two dimensional discrete systems [34]. Let


20
.
(1.17)
A=
0 12
10

In theliterature, the so called ”Arnold’s cat map” coincide with the map A =

21
. For reasons that will be clear when we will define the corresponding
11
quantum propagator, we use instead the one previously defined. The two systems
are completely equivalent, but with this choice we can avoid an unnecessary extra
formalism.

1.4 Few basic models: the cat, the baker, the sawtooth and the triangle map...
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Fig. 1.5. Action of the map A at times t = 0 and t = 1

Fig. 1.6. Action of the map A at times t = 3 and t = 10.
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Fig. 1.7. Increasing portion of the expanding manifold passing through the origin.

Note that A ∈
/ SL(2, Z). The baker map is a discontinuous11 map B on the
torus, defined as follows [34]: (x = (q, p) ∈ T2 )
11

such as certain billiard flows
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B(q, p) =



Ax,
q ∈ [0, 1/2[,
Ax + (−1, +1/2), q ∈]1/2, 1].

(1.18)

Fig. 1.8. Action of the baker’s map B at times t = 0 and t = 1

Fig. 1.9. Action of the baker’s map B at times t = 2 and t = 3

Fig. 1.10. Action of the baker’s map B at times t = 5 and t = 15

We show in Fig. ??, Fig. ?? and Fig. ?? some iterates of the baker’s map,
starting from a cloud of initial conditions confined in the strip 0 ≤ q ≤ 1/2
. The “cutting-expanding-stretching and folding” effect of the map is quite
clear.
Exercise 3. Use the methods and results of the previous chapter to prove
that [34]:
1. B preserves the Lebesgue measure and it is ergodic.
2. B is mixing.
3. B admits a dense set of unstable periodic orbits.
A better understanding of the dynamics and a clever proof of the previous
exercises can be achieved by a natural coding of the orbits by bi-infinite words
out of a two symbols alphabet. More precisely, given a point x = (q, p) in phase
space (0 ≤ q, p < 1), consider the binary expansion of each coordinate:
q = .ǫ0 ǫ1 · · · ,

p = .τ1 τ2 · · · ,

ǫj , τj ∈ {0, 1}.

Almost12 all points in phase space can be uniquely identified by the infinite
word (where the origin · is identified):
ω = ω(q, p) = · · · τ3 τ2 τ1 · ǫ0 ǫ1 · · · .
The baker map can now be written as:
B(q, p) = (2q − ǫ0 , (p + ǫ0 )/2).
12

Up to a set of Lebesgue measure zero

1.4 Few basic models: the cat, the baker, the sawtooth and the triangle map...
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The baker map action on symbols ω turns out to be just the left-shift operation:
ω(B(q, p)) = · · · τ3 τ2 τ1 ǫ0 · ǫ1 ǫ2 · · · .
Conversely, prescribed sequences with a given structure can be used to construct ( a family of) orbits with a given symmetry (see [38]).
In particular, the map is area-preserving, uniformly hyperbolic with a constant Lyapunov exponent λ = log 2, the vertical (horizontal) lines q = q0
(p = p0 ) represents the stable (unstable) foliations. The discontinuous dependence upon ǫ0 is the only “cutting” effect responsible for the discontinuities
of the map.
Referring again to [38] for more details on the subject, here we just point
out, as it can be realized looking at the binary coding, that there are two
natural symmetries commuting with the map. One is related to time-reversal,
the other to the parity operator P (q, p) = (1 − q, 1 − p). These observations
will play a rule in deciding which quantum propagator should be associated to
the classical map B.
Exercise 4. Given n ∈ N, let Pn (B) the set of periodic orbits of period n, i.e.
Pn (B) = {x ∈ T2 | B n x = x}. Note that Pn (B) contains primitive orbits, i.e.
orbits that have n as smallest period, as well as repetitions of periodic orbits
with period k, k | n.
Calculate the cardinality |Pn (B)| and compute
1
log |Pn (B)|.
n→∞ n

htop (B) = lim

1.4.3 The sawtooth maps
Given a, b ∈ R, we consider the following discontinuous maps (for a, b ∈ R \ Z)
A1 , A2 on the torus:
A1 : (q, p) −→ (q + ap, p),
A2 : (q, p) −→ (q, p + bq).
and we set A = A(a, b) = A1 ◦ A2 .
These maps are non linear and can posses strong chaotic hyperbolic behavior. For the detailed classical properties of this maps, we refer to [11, 26]
and [39].
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1.4.4 The Casati-Prosen triangle map
We define for α, β ∈ R the family of area-preserving torus maps Fα,β : T2 →
T2 by
 


q
q + 2(p + β + αθ(q))
Fα,β
:=
mod 1,
(1.19)
p
p + β + αθ(q)
where θ : T → {−1, 1} is defined by

1, 0 ≤ q < 21 ,
θ(q) :=
−1, 12 ≤ q < 1.

(1.20)

This map coincides with the map introduced in [17] but for the factor of 2
which appears. As we will see, this factor simplifies the quantisation procedure
without fundamentally altering the dynamical properties of the map. This is
a parabolic, piece-wise linear map with discontinuities at the lines q = 0
and q = 1/2. The map is related to the Poincaré map of a particle inside
a triangular billiard with one very small angle, and for this reason is often
referred to as the triangle map.
We observe that Fα,β can be written as a composition of three simpler
maps,
Fα,β = B ◦ Rβ ◦ Gα ,
(1.21)
where the constituent maps are defined by:
 
  
q
12
q
B
:=
p
01
p
 


q
q
Rβ
:=
p
p+β


 
q
q
:=
Gα
p + αθ(q)
p

mod 1,

(1.22)

mod 1,

(1.23)

mod 1.

(1.24)

In fact Rβ and Gα commute because they only act in the p direction. Gα is
the discontinuous part of the map. It cuts the torus along the lines q = 0
and q = 1/2, and translates the two pieces in opposite directions parallel to
the cuts. The map Rβ is simply a translation in the p direction, and B is a
parabolic skew translation, which causes a linear stretching. The overall map
is marginally stable; points that are initially close and separated by a non-zero
vertical distance separate linearly until one of them reaches a discontinuity
(see figure ??).
When α = 0 the discontinuous part of the dynamics is switched off and
the map is a continuous skew translation. In this case if β is irrational then
the map is uniquely ergodic [15, 28], and there are no other chaotic features.
All interesting behaviour in the triangle map for α 6= 0 can then be traced
back to the action of cutting the torus.
There are surprisingly few rigorous results about ergodic or topological
properties of the map when α 6= 0. We rely on numerical experiments and
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Fig. 1.11. A single iteration of the triangle map.

conjectures in this discontinuous case. If α and β are both non-zero, and independently irrational, the motion is numerically conjectured to be ergodic and
mixing [17]. The correlations of a typical classical function decay according
to a power law, hf (t)f (0)i ∝ t−γ , with exponent γ ≈ 3/2. The spectral density, the inverse Fourier transform of the correlation function, is a continuous
but not continuously differentiable function. In this regime, the map has no
periodic orbits.
The map in this regime also exhibits exponential decay of Poincaré recurrences. This property is usually associated with hyperbolic maps, and its
existence for a parabolic map marks out the triangle map for study. This phenomenon is conjectured to be related to the absence of periodic orbits [17].
Recently it has been found, numerically and supported by heuristic arguments,
that the triangle map admits the universal decay of temporal correlations associated with systems lacking exponential sensitivity to initial conditions [19].
For α 6= 0 and β = 0, there are two distinct cases. If α is rational, the
motion is pseudo-integrable. For irrational α, the motion is weakly ergodic, i.e.
the rate of ergodicity is slow compared to the β 6= 0 regime. For example, the
number of different values of the momentum coordinate pn taken by an orbit
up to time T , with 0 ≤ n < T and n ∈ Z, grows at the same rate as log T .
We again have a power law decay of correlations, with γ small, numerically
γ ≈ 0.1. It is conjectured [17] that the true value is γ = 0, so that there is no
decay of correlations—that is that the mixing property does not hold in this
regime, but it has not yet been fully rejected by numerical experiment.
We are mainly interested in the cases where α is irrational, and the two
regimes; β irrational and independent of α, and β = 0. We can further clas-
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sify the motion in these regimes by considering the walk determined by the
function θ(qn ) for n ∈ N. We define the walk as follows. Let φα,β be defined
as the sequence
 
q
φα,β 0 := (θ(q0 ), . . . , θ(qn ), . . .)
p0
where (qn , pn ) are the nth iterates of the initial point
√ (q0 , p0 ) under Fα,β .
For β 6= 0, the walk φα,β has a diffusion growing like T after T steps, like a
classical random walk with independent identically distributed steps sizes. For
β = 0, one observes a strongly dependent walk, characterised by logarithmic
diffusion [21]. These observations have been made from numerical simulations
of the walk.
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2
Quantum mechanics over the torus T2

Here we will review the basic mathematical aspects of quantum maps.
Most of the material comes from [13, 12, 9] and also [24, 23]
First of all, it is probably important to recall how the real quantum mechanics
looks like. The next section is devoted to this aim, but clearly we have no
intention to be either rigorous or exhaustive.

2.1 A very brief introduction to the real quantum
mechanics
still on paper........

2.2 A brief overview of quantum mechanics over T2
Now we go back to the problem of finding a quantum counterpart of these
systems. The first approach to quantization of toral maps was presented in
[2]. We will follow here an approach based representation theory which was
developed in [12, 13]. See also [2, 21, 41, 11] for other equivalent approaches.
Later in these notes, the reader can find another equivalent approach based
on generating functions. Here we prefer to stress the one which has a more
algebraic character and allows to explore the many connections with number
theory. Following the general approach to quantization, we divide our presentation in two parts: the kinematic and the dynamics.
In the first part we will define the suitable Hilbert space H~ (for very
specific values of the Planck’s constant ~) of states of the quantum system
and an algebra of operators on the space obtained through a quantization
procedure starting from smooth classical functions on phase space (algebra of
quantum observables). In our setup, the classical phase space is the torus T2
and the classical observable are given by C ∞ (T2 ) functions. As we will see, the
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Planck constant ~ is restricted to be an inverse of an integer. More precisely,
doing quantum mechanics on the torus restricts the possible values of ~ to the
values which satisfy the integer condition 2π~N = 1, for some N ∈ N. The
classical limit coincides with the limit N → ∞, N ∈ N.
The space of quantum states H~ will be identified with the finite dimensional Hilbert space HN = L2 (ZN ), where ZN is the set {0, . . . , N − 1}.
Quantum observables are constructed by associating to each f ∈ C ∞ a suitable operator Op~ (f ) on HN , i.e. an N × N matrix. This procedure (discrete
Weyl quantization) will satisfy, in the classical limit N → ∞, the usual relations between the quantum commutator and the classical Poisson brackets
relations induced by the symplectic structure. As we will see in details later
on, ∀g, f ∈ C ∞ (T2 ):
2πi
[Op~ (f ) , Op~ (g)] →~→0 Op~ ({f, g}) .
~
Finally, the dynamical part will be implemented by associating to each
sympletic map F : T2 → T2 a suitable unitary operator UN (F ) acting on
HN . We will first discuss this natural quantization procedure for elements
of the group of linear automorphisms SL(2, Z) (Example ??). We will then
discuss the quantization of certain discontinuous maps, such as the baker’s
map (Example ??) and the so called sawtooth maps.
It is important to stress that in these lectures we want to focus on more
recent and advances issues, such as spectral statistics, time evolution of states
and quantum fidelity, then just the procedure of quantization.
While the details of the quantization are important for discussing the arithmetic linear case of quantized cat maps, at some point it becomes more fruitful
to assume the well established quantum formalism over the torus, and proceed
with the analysis of the (generic) properties of quantized chaotic toral maps.
We now start with the kinematic part, namely with a description of the
quantum states space and the algebra of canonical translations in phase space.
Mathematical justifications of the procedure are given later in the section, but
they can be skipped at first sight.
2.2.1 Kinematics: the space of states and quantization of
observables
A canonical way of setting up the quantum mechanics over the torus is to
adapt the ”usual” quantization procedure on R2 , as obtained through the
study of the representation of the so called “Heisenberg group” Hn (R).
For the sake of completeness, we have included a small review of this in
Appendix A.
As we will see, one can naturally adapt the above canonical quantization
procedure to the case in which the phase space is the torus T2 and the underlying Heisenberg group is the subgroup of Hn (R) denoted by Hn (Z).

2.2 A brief overview of quantum mechanics over T2
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Before going into details concerning the discrete Heisenberg group and its
representations, let us review a very simple argument which shows us that the
Hilbert space of quantum states over the torus must be finite dimensional. We
will then focus on a more formal and general approach.
As Hilbert space of states, we consider distributions ψ(q) on the real line
R which are periodic in both the position and the momentum representation,
the last one being defined as: (~ > 0)
Z +∞
−1
1
ψ(q) e−i~ qp dq .
F~ ψ(p) = √
2π~ −∞
By imposing

1

FN ψ(p + 1) = FN ψ(p),

ψ(q + 1) = ψ(q),

the periodicity in the position representation yields:
X
cn e2πinq .
ψ(q) =
n∈Z

If we now apply FN , in the momentum representation we get:
X
√
cn δ(p − 2πn~).
FN Ψ (p) = 2π~
n∈Z

It is now easy to see that periodicity in both q and p coordinate implies:
2π~N = 1,

N ∈ N,

and also:
cn+N = cn .

Let us be a little bit more formal.
Definition 11.
• ∀h ∈ R\0, the discrete Heisenberg group H1 := H1 (Z) is the subgroup
topologically equivalent to Z2 × R with group law
1
(n, t)(m, s) = (n + m, t + s + ω(n, m))
2
• The discrete Heisenberg algebra Ah is the subalgebra of Ãh defined as the
unitary *-algebra over C generated by the group
Th = {T (n)}n∈Z2
1

Actually, in the general treatment, we will require the equality up to a phase, i.e.
we will impose in general quasi-periodic conditions at the boundary

52

2 Quantum mechanics over the torus T2

where (we use the abbreviation T~ = T )
T (n)∗ = T (−n)
iπhω(n,m)

T (n)T (m) = e

(2.1)
T (n + m)

(2.2)

and the canonical quantization is obtained upon classification of all irreducible
representations of Ah , defined abstractly by the relations (2.1) and (2.2), into
the unitary operators acting in the Hilbert spaces L2 (S 1 ; λ), for some measure
λ on S 1 to be determined.
Before turning to that, we compute the commutators of the algebra and
of the observables. From (2.2), we immediately get the expression for the
commutator of the algebra
[T (n), T (m)] = 2i sin(πhω(n, m))T (n + m).
P

To each f = n∈Z2 fn χ(n) we associate the element of the algebra, denoted
by Op~ (f ), formally obtained replacing χ(n) by T (n) into the Fourier expansion. Following [12], we now go back to describe the irreducible representations
of the discrete Heisenberg group.
To this end, let us first consider the generators of the algebra, defined as:
t1 := T (1, 0);

t2 := T (0, 1).

In fact, if n = (n1 , n2 ) we have:
n1 n2 n2 n1
]t t ,
N 2 1
t2 t1 = e−2iπh t1 t2 .

T (n) = exp [πi

(2.3)
(2.4)

t1 and t2 implements at the quantum level the translations in phase space by
~ along the two canonical directions q and p.
If h = 1/N then t1 N and t2 N are the generators of the center and each one has
to be mapped into a unitary scalar multiple of the identity by any irreducible
representation.The two corresponding phases define the representation which,
as we will see soon, are always finite dimensional. In other words, the unique
infinite dimensional unitary representation of the standard Heisenberg group
Ãh splits into a direct integral (over the two torus) of finite dimensional, non
equivalent, unitary representations.
In order to describe these representations consider once again the N dimensional Hilbert space L2 (S 1 , µN ), where, ∀h = N −1 , µN (x) is the atomic
measure on the circle defined by :
µN (x) :=

N −1
k
1 X
δ(x − ).
N
N
k0

x
The vectors |k >= Ψk (x) = δk/N
for k = 0, 1, .., N − 1 are a basis of the
Hilbert space L2 (S 1 , µN ),with the inner product between ψ, φ ∈ L2 (S 1 , µN )
given by:
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Z
N −1
l
1 X
l
ψ( )φ( ) =
ψ(x)φ(x) dµN (x).
< ψ, φ >:=
N
N
N
S1
l=0

The action of the Fourier transformation on L2 (S 1 , µN ) is:
N −1
1 X
2iπmn
(FN ψ)m := √
exp (
)ψn .
N
N n=0

Writing
QN = {0, 1/N, 2/N, ..., (N − 1)/N }
and
ZN := Z/N Z = {0, 1, 2, . . . , N − 1},

we can identify L2 (S 1 , µN ) with L2 (ZN , µN ) where ψ ∈ L2 (ZN , µN ) is a vector
in CN : ψ = (ψ0 , ......, ψN −1 ).
Now, for any fixed θ = (θ1 , θ2 ) ∈ T2 , we define the representations of our
algebra on L2 (S 1 , µN ) by specifying their action on the generators (identified
with the corresponding matrices):
2iπ(θ1 + l)
)|l >,
N
2iπθ2
)|l + 1 >,
t2 |l > = exp(
N

t1 N = e2πiθ1 · Id

t1 |l > = exp(

t2 N = e2πiθ2 · Id.

(2.5)
(2.6)

It is not difficult to see ( [12] ) that these representations are irreducible,
non equivalent for different values of θ and moreover that they are the only
possible ones.
For any fixed 2π~ = 1/N and θ ∈ T2 we denote by TN,θ the representation
of T (n) just constructed:
TN,θ (n) = e[

πin1 n2
N

]

t2 n2 t1 n1 .

Because our main interests concern the asymptotic properties of eigenfunctions and eigenvalues for quantized map in the classical limit N → ∞, we
will often assume periodic boundary conditions for the quantum states, i.e.
θ = (0, 0).
The generator t1 and t2 correspond to the exponential of the “usual”
position and momentum operators
p̂ ψ(q) := −i~

q̂ ψ(q) := qψ(q),

dψ
(q).
dq

The usual commutation relation [q̂, p̂] = i~ is then equivalent to the relation
(2.4). The action of TN (n) on a wave-function ψ ∈ L2 (ZN ) is
TN (n)ψ(q) := e

iπn1 n2
N

e

2πin2 q
N

ψ(q + n1 ),

q ∈ ZN .
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These operators are clearly of period 2N in n:
TN (n + 2N · m) = TN (n),

∀n, m ∈ Z2 .

We can now construct quantum observables: for any smooth classical observable f ∈ C ∞ (T2 ) with Fourier expansion: (χ(n) = e2πI(n1 q + n2 p) )
X
fn χ(n)
f (q, p) =
n∈Z2

we define its quantization OpN (f ) as
OpN (f ) :=

X

fn TN (n).

n∈Z2

We can finally summarize what we have achieved by doing quantum mechanics over the torus as phase space:
(i) The Planck’s constant ~ can only takes values 2π~N = 1, N ∈ N
(ii) Given h = 1/N , N ∈ N, the space of states: HN is finite dimensional,
of dimension N . We identify HN with the N -dimensional vector space
L2 (Z/N Z), with inner product
< Ψ , Φ >=

1 X
Ψ̄ (k)Φ(k)
N
k=0

(iii) quantization of the observables: there is a well defined map
f (q, p) ∈ C ∞ (T2 ) → Op~ (f )
which allows to associate a suitable operator on HN to any smooth observable on phase space. This map does in fact implement the usual commutation relations and it can be seen as the discrete analog of the usual Weyl
quantization which associate a zero-order pseudodifferential operator to
any given bounded symbol.
Now we turn to dynamics.
2.2.2 Quantum dynamics
We now focus on the problem of defining a suitable quantum operator corresponding to a given are preserving dynamics.
As we will see, there exists a general construction which allows to assign
to a given area preserving map F : T2 → T2 a suitable N × N unitary matrix
UN (F ) acting on HN = L2 (ZN ) and implementing the quantum evolution on
the space of states.
In these notes we will mostly focus on the algebraic case given by dynamics induced by automorphisms A ∈ SL(2, Z), their perturbations and the
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Fig. 2.1. Action of the phase space translations T (n, m). Left: plot of |ψ|2 versus
k/N with N = 70. Right: plot of |T (32, 0)ψ|2 .
0

0.2

0.4

0.6

0.8

1

0

0.2

0.4

0.6

0.8

1

0
0

0.2
0.2

0.4
0.4

0.6
0.6

0.8
0.8

1
1

0
0

0.2
0.2

0.4
0.4

0.6
0.6

0.8
0.8

1
1

0

0.2

0.4

0.6

0.8

1

0

0.2

0.4

0.6

0.8

1

Fig. 2.2. The action of T (15, 15) in both configuration (top) and momentum
(bottom) representation. Top: plot of |ψ|2 versus k/N with N = 70 (left) and of
|T (15, 15)ψ|2 (right). Top: plot of |FN (ψ) |2 versus k/N with N = 70 (left) and of
|FN (T (15, 15)ψ) |2 (right).

baker map. It should not come as a surprise that number theory will play a
crucial rule in exploring the asymptotic properties, such as equidistribution
of eigenfunctions or spectral statistics of the UN (A)’s.
The modular group SL(2, Z) acts by automorphisms on the Heisenberg
group by A · (n, s) = (AT n, s), where n = (n1 , n2 ), s ∈ R, A ∈ SL(2, Z) and
where AT denotes the transpose matrix (sometimes we might use xA instead
of AT x)2 . In particular for any given representation TN,θ (n), we get a new
representation defined by ρA (n) = TN,θ ◦ AT (n) = TN,θ (AT n) : ∀n ∈ Z2 .
2

Note that χ(n)(A(q, p)) = χAT n (q, p).
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By looking at the action on the central character, it is easy to see that ρA is
again an irreducible representation, and thus unitarily equivalent to one of the
previous. The unitary intertwining operator realizes the “commutativity between classical evolution and quantization” and thus represents the quantum
propagator. The proof of the following is left as an exercise [12].


ab
∈ SL(2, Z). Then:
Theorem 4. Let A =
cd
(i) ρA (n) = TN,θ (AT n) is again an irreducible representation of Ah ;
(ii) ∀θ ∈ T2 , there exists a unitary operator UA (θ) such that, ∀n ∈ Z2 :
TN,θ (AT n) = UA (θ)

−1

1
2



where
ϕA (θ) = A(θ) +

◦ TN,θ (n) ◦ UA (θ)
abN
cdN



mod 1.

For the sake of simplicity and because of our interest in semiclassical results for arithmetic cat maps, we will now restrict our analysis to a particular
subgroup of automorphisms. This allows us to consider only periodic wavefunctions, i.e. from now on we take θ = (0, 0) (see [12,11,41,19] for the general
quantization procedure). We start by defining the theta group Γθ (2N ): for any
given N ∈ N we let



ab
Γθ (2N ) =
∈ SL(2, ZN ) : ab ≡ cd ≡ 0 mod 2 .
cd
From Theorem 4, it is easy to see that the representation with θ = (0, 0) is preserved by the action of the elements of Γθ (2N ). In particular the intertwining
operators can be chosen to preserve also the multiplicative structure [31, 24]:
Theorem 5. There exists a map A ∈ Γθ (2N ) :→ UN (A) into the N × N
unitary matrices, such that
(i) Exact Egorov
UN (A)

−1

TN (n)UN (A) = TN (At n)

∀n ∈ Z2

In particular, ∀f ∈ C ∞ (T2 )
−1

OpN (f ◦ A) = UN (A)
(ii) ∀A, B ∈ Γθ (2N )

OpN (f ) UN (A)

UN (AB) = UN (A) ◦ UN (B)

2.2 A brief overview of quantum mechanics over T2
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2.2.3 Arithmetic entering quantum mechanics
We now discuss the dependence of our construction from the arithmetic properties of N [24]. The ChineseQ
remainder Theorem
allows us to reduce all cases
Q
to prime powers: factor N = p pkp = 2k p>2 pkp = 2k M , M odd. The map
x → {x mod pkp }p induces the isomorphism
Y
Z/N Z ≡
Z/pkp Z.
p

The inverse map is given by:
{xp mod pkp }p →

X N
rp xp mod N,
pk p
p

where rp is the inverse of N/pkp modulo pkp .
Note that the previous map induces also the bijection
L2 (ZN ) ≡ ⊗p L2 (Zpkp ).
It is now easy to see that the previous quantization preserves the decomposition into prime powers and it allows to reduce the proof of Theorem 5 only
to values of N which are powers of primes: if ψ ∈ L2 (ZN ) is decomposable as
ψ = ⊗p ψp , ψp ∈ L2 (Zpkp ), then
(i)
TN (n) = ⊗Tpkp (n),
namely
TN (n)ψ(q) =

Y

Tpkp (n)ψ(q mod pkp )

p

(ii) If the propagators Upkp (A) have been already defined and if they satisfy
Upkp (A)−1 TN (n)Upkp (A) = TN (AT n),

n ∈ Z2 ,

then the propagator
UN (A) = ⊗p Upkp (A)

(2.7)

does in turn satisfy the first statement of the previous Theorem, i.e.
−1

UN (A)

TN (n)UN (A) = TN (At n)

∀n ∈ Z2

Remark 3. As discussed in [24], we use this procedure to define UN (A), that
is we choose a phase, so that UN (·) is an honest (i.e. not just projective)
representation of a subgroup Γ (4, 2N ) ⊂ SL(2, ZN ). From the factorization
property (2.7), it follows that it is enough to show that the map A → Upkp (A)
is a representation of SL(2, Zpkp ) when p > 2 is odd, and of Γ (4, 2k ) if N =
2k−1 M is even.

58

2 Quantum mechanics over the torus T2

We describe now how to define Upk when p is an odd prime and we refer to [24]
for the case N = 2k . We start with a classical result:
Proposition 1. If p is an odd prime then the group SL(2, Zpk ) is generated
by the matrices
 


 
0 1
1b
t 0
,
,
−1 0
01
0 t−1

We now specify Upk for such matrices and verify the previous relations.
Before giving the formulas, we let U = Upkp , e(x) = e2πix , given also
a, r ∈ Z we denote with Sr (a, pk ) the normalized Gauss sum:
k

p −1
rax2
1 X
e(− k ).
Sr (a, p ) = p
p
pk x=0
k

Moreover, we let:

Λr,pk (t) =

Sr (t, pk )
.
Sr (1, pk )

Because we assume p a odd prime, Sr (a, pk ) is one of the 4th roots of unity,
and we have:
 k
Sr (t, pk )
t
Λr,pk (t) =
,
=
Sr (1, pk )
p
 
where pt is the Legendre symbol over Zp , namely the multiplicative char 
 
acter of order 2 given by pt = 1 if t = x2 mod p and pt = −1 otherwise
k
(see also Rudnick’s contribution
  in LNP 618). Finally, Sr (−1, p ) = 1 if k is
r
k
even and Sr (−1, p ) = ǫ(p) p if k is odd, where ǫ(p) = 1 if p = 1 mod 4

and ǫ(p) = i if p = 3 mod 4.
We are now ready to define the quantum propagator for the generators of
SL(2, Zpk ):


1b
(i) If A =
then
01


rbx2
ψ(x)
U (A)ψ(q) = e
pk


t 0
(ii) If
then
0 t−1
U (A)ψ(q) = Λr,pk (t) ψ(tx)


0 1
(iii) If A =
then
−1 0


X
2rxy
1
e
ψ(y)
U (A)ψ(q) = Sr (−1, pk ) p
pk
pk
k
y mod p

2.2 A brief overview of quantum mechanics over T2
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and it is now not difficult to see that these unitary matrices does in fact satisfy
the properties stated in Theorem 5.
Example
 13 (cat map
 quantum propagator). The 2 × 2 matrices of the form
2m
1
A=
, ∀m ∈ N, all belongs to Γθ (2N ).
4m2 − 1 2m
In this case, up to a phase:

1
2πi  2
UN (A)jk = √ exp
mk − kj + mj 2 .
N
N

In Example ?? we have m = 1, and if N = 5:

−2 i π
2i π
−2i π
√1
5

 2i
 e5 π
 √
 25i
 − π
UN (A) =  e √5
 25i
 e− 5 π
 √
 2 i5
5
e√

π

5

5
e√

5

2i π

5
e√

5
4i
e−√5 π
5
4i π
5
e√
5
4i
e√5 π
5

5
e √

5
−4 i
e √5 π
5
2i
e−√5 π
5
4i π
5
e√
5
4i π
5
e√
5

2i



π
5
e√
e √5
5
5 
4i π
4i
5
e√
e−√5 π 

5
5 
4i π
4i π 
5
5
e√
e√

5
5 
−4
i
2
i

e−√5 π e √5 π 
5
5 
4i
2i π
5
e−√5 π e √
5
5

See Fig. 2.3 for an example of quantum evolution.
We now turn to review briefly the quantization procedure for a class of discontinuous and not completely algebraic dynamical systems, namely the so
called baker’s map [4, 38, 37] and the sawtooth maps. Despite of this, they
will nevertheless retain some of the rigid features met in the arithmetic cat
map. As we will see, the presence of discontinuities makes the model quite
“generic”, at least for what concerns the statistical properties of eigenfunctions and eigenvalues, meanwhile the presence of a mild algebraic structure
and a quite simple coding for the classical orbits allows to push forward several
semiclassical results.
2.2.4 The quantum baker’s Map
Here we consider the measure preserving discontinuous map defined in Example ??. Its quantization and some of its semiclassical features has been
studied quite deeply in [37, 38]. Here we just briefly recall the expression of
the quantum propagator (see also [9] and references therein). Let us look first
at the action of the classical maps characters χ(n, m) = e2πi[nq−mp] .
It follows from the definition that (∀n, r ∈ Z)
χ(n, 2r) ◦ B = χ(2n, r),
χ(n, 2r + 1) ◦ B =



e−iπp χ(2n, r) if q ∈ [0, 1/2[
−e−iπp χ(2n, r) if q ∈ [1/2, 1[.

(2.8)
(2.9)
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Fig. 2.3. Evolution of a given initial state ψ (top left) under the action of UN (A)t .
N = 141 and A as in Example ??. t = 0, 1, 3, 4, 5, 10 from top left to bottom right.

With the assumption N = 0 mod 2, the quantization of the baker’s map
B turns out to be given by the following unitary operator in the canonical
q-basis ek , k = 0, . . . , N − 1 [4, 11, 37, 38]:


FN/2 0
−1
−1
UN (B) = FN ◦
= FN
◦ QB .
(2.10)
0 FN/2
UN (B) acts on HN = HN,L ⊕ HN,R . Here, with ZN = {0, . . . , N2 − 1} ∪
{ N2 , . . . , N − 1} = L ∪ R:
HN,L = spanC {eℓ }ℓ∈L ,
With this notations:
FN/2



k,ℓ

=

r

HN,R = spanC {eℓ }ℓ∈R .

2 − 2πi
N kℓ
e 2
N

k, ℓ ∈ {0, . . . ,

N
− 1}.
2

(2.11)

(2.12)

Given ℓ ∈ ZN , let the “strip” Sℓ of ℓ be defined by Sℓ = L (Sℓ = R) if ℓ ∈ L
(ℓ ∈ R). Then ∀ℓ, k ∈ ZN

2.2 A brief overview of quantum mechanics over T2

< ek , QB eℓ >=

(q

2 − 4iπ
N ℓk
Ne

0

if Sℓ = Sk
if Sℓ =
6 Sk
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(2.13)

It is now easy to prove the following formula which turns out to be useful for
studying iterates of the quantum propagator [9]: ∀ℓ ∈ ZN and ∀m, n ∈ Z
−1

UN (B)
2 X
N

TN (m, n)VA Beℓ =
X
4iπ
iπ
2iπ
4iπ
e− N ℓj e− N mn e− N mj e N k(j+n) ek .

(2.14)

j∈Sℓ k∈Sj+n

This follows from a simple calculation using
−1
FN TN (m, n)FN
= TN (n, −m),

(2.15)

It is not difficult to recognize in the composition of the two previous
Fourier terms the transposition at the quantum level of the cutting-stretchingfolding action of B. This can be seen very clearly using the corresponding
generating function and use it to define, as usual, the phase of the quantum propagator. We refer to [38] for more about this. Here for simplicity
we omit the discussion about which Hilbert space, i.e. which phase (θ1 , θ2 )
to chose and set (θ1 , θ2 ) = (0, 0), even if sometimes anti-periodic conditions
(θ1 , θ2 ) = (1/2, 1/2) are natural and useful. This last choice is dictated by the
two symmetries of the systems as briefly discussed in Example ?? and fully
described in [38] (and also [11]). This choice, by the way, is unimportant if
one is interested in semiclassical asymptotic.
In Fig. 2.4 we show the action of the quantum baker’s map.
2.2.5 The quantum sawtooth Map.
As seen in section ??, given a, b ∈ R, the sawtooth maps are the following
discontinuous maps (for a, b ∈ R \ Z) A1 , A2 on the torus:
A1 : (q, p) −→ (q + ap, p),
A2 : (q, p) −→ (q, p + bq).
and we set A = A(a, b) = A1 ◦ A2 .
As showed in [11], we have the corresponding quantum operators V1 , V2 in
the position representation:
−1
◦ D1 ◦ FN ,
V 1 = FN

where

V2 = D2 ,


2
e−iπN ap0 · · ·
0


..
D1 = 
,
.
0
0
−iπN ap2N −1
0
··· e
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Fig. 2.4. Evolution of a given initial state ψ (top left) under the action of the
quantum baker’s map UN (B)t . N = 244 and B as in Example ??. t = 0, 1, 2, 3, 4, 30
from top left to bottom right.

and,

Finally, we set




2
eiπN bq0 · · ·
0


..
D2 =  0
.
.
0
2
iπN bqN −1
0
··· e
VA = V1 ◦ V2 .

2.3 Equidistribution of eigenfunctions
Assume here that a given symplectic dynamics F of T2 is given, together with
the corresponding family (in N ) of quantum operators UN (F ) = UF . We
denote by σN (UF ) = {λ1 , . . . , λm } ⊂ S 1 the corresponding
spectrum, where
Pm
λj is an eigenvalue with multiplicity dj ( note that j=1 dj = N ).
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Avoiding for now the discussion about the distribution of the degeneracies,
(N )
(N )
we assume that an orthonormal set of eigenfunctions {φ1 , . . . , φN } is given.
From a semiclassical point of view, one of the main problem is to describe
the possible limits of the expected values of the observable when N → ∞.
More precisely, we say that a probability measure µ of T2 is recovered
in the classical limit if and only if there exists a sequence of eigenfunctions
(N )
{φjk k }k≥1 , Nk+1 > Nk such that for each f ∈ C ∞ (T2 )
(N )

(N )

lim < φjk k , Op~ (f ) φjk k > =

k→∞

Z

f dµ.

T2

A main subject in the theory of quantum chaos is to understand the structure of the space of such measures, and its relations with the (convex and non
empty) set of all invariant measures for F .
We recall that for a genuine symplectic Anosov map, the set of invariant
maps does have a rich structure and it does contain far more invariant ergodic
measures than the Lebesgue measure m and the atomic ones concentrated on
periodic orbits.
In order to explore this problem, note first of all that it is possible to see
that the ”Egorov property” implies that any weak limit of matrix elements
must be an invariant measure for the classical map; the Egorov theorem states
that for any suitable nice observable f , say f ∈ C ∞ (T2 ):3
k EF (f ) k := k UF−1 Op~ (f ) UF − Op~ (f ◦ F ) k→N →∞ 0.
Here are two basic questions
(i) Which invariant classical measures can we reproduce in the classical limit?
(ii) In particular, if µ is an atomic invariant measure concentrated on periodic
orbits, can we reconstruct it from the eigenfunctions in the classical limit
(scars)?
This problem is appealing from the mathematical point of view, via its
relations to problems and conjectures in number theory and in the theory of
L-functions as for the “arithmetic” case of hyperbolic automorphisms. It is
also very important from a physical point of view, being intimately related to
the conceptual meaning of any semiclassical theory.
As it is well known, this kind of questions does represent a highly non
trivial mathematical problem also in the case of the geodesic flow on compact
surfaces with constant negative curvature (see [36] for a survey).
It has been conjectured that in presence of strong chaoticity for the classical dynamics, e.g. uniform hyperbolicity and/or strongly mixing, only the
3

For discontinous maps the uniform strong convergence is in general not true
and we should rely on a weaker condition, which correspond (roughly speaking)
in assuming convergence to zero of the operator EF (f ) on asymptotically large
(density 1) subspaces of HN .
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natural Lebesgue (or in general Liouville) measure should appear in the classical limit. This is basically the so called quantum unique ergodicity conjecture,
proposed for the first time in [35] for geodesic flows of surfaces of constant
negative curvature. In particular there should be no localization around periodic orbits, i.e. no scars. There have been interesting recent results in this
direction for Hecke eigenstates of the Laplacian on compact arithmetic surfaces [27], using methods which combine rigidity properties of semi-classical
measures with purely dynamical systems theory.
In the case of the geodesic flow, as well as for a broad class of toral maps,
a first partial answer can be given by using basically only classical ergodicity
(with respect to the Lebesgue measure) and some minimal information about
eigenfunctions in the average.
In fact, a first result is the Schnirelman’s theorem which (in this case of the
torus) states that the Lebesgue measure is recovered with probability 1, i.e.
for almost all sequences of eigenfunctions. This result has been proven first
for ergodic geodesic flows [16, 40] and also for suitable Schrödinger operators
corresponding to classical hamiltonian over T Rn [34]. Equidistribution of almost all eigenfunctions for linear maps on T2 and their smooth perturbations
has been proven in [2], and in [9] for a class of discontinous maps.
It is important to remark that Schnirelman type results are a combinations
of quite general properties of the systems: classical ergodicity, the Egorov property and an average result concerning the eigenfunctions. In particular only
ergodicity for the classical flow is required, and one does not need to get into
the fine structure of individual eigenstates in order to prove equidistribution
with probability one.
Moreover, when the classical map is uniquely ergodic, i.e. it admits only
the Lebesgue measure as invariant measure, the quantum unique ergodicity is
clearly almost trivial. This is for example the case of parabolic linear maps as
studied in [40].
Violation of QUE can then happen only on very exceptional sequences of
eigenfunctions. In the case of linear hyperbolic maps on the torus, one can rely
on the rigid and non generic arithmetic structure of periodic orbits (we will
discuss soon its relations with number theory) in order to gain extra information about individual eigenfunctions and prove the existence of exceptional
sequences that localize also around given classical periodic orbits [10].
We consider now A ∈ SL(2, Z) and we focus on the methods and results
concerning equidistribution of eigenfunctions for this linear case.
As we will see more precisely later on, the spectrum of UN (A) has systematic (arithmetic) degeneracies related to the inverse of the period p(N )
of UN (A) and this makes the classical limit difficult. As we will see more
precisely in the next paragraph, because the Egorov Theorem is exact, i.e.
UA−1 Op~ (f ) UA = Op~ (f ◦ A) ,

∀f ∈ C ∞ (T2 ),

2.3 Equidistribution of eigenfunctions
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p(N ) turns out to be naturally identified with Ord(A, N ), the order or period
of A modulo N , that is the least integer k ≥ 1 for which Ak = I mod N .4
In [13] it has been proved that if instead of looking at all integers N , one
restrict the classical limit to a sparse sequence of primes for which the degeneracies are bounded and they satisfy an additional algebraic properties (splitting5 ) in the quadratic extension of the rationals containing the eigenvalues of
A, than the only possible limit for the matrix elements of all eigenfunctions
must coincide with the Lebesque measure.
In this case one can directly relate any single eigenfunctions with some
exponential sums over the finite field ZN , the so called Kloosterman sums and
then use the Riemann Hypothesis for a curve over a finite field.
It is important to remark that as a consequence of the Riemann Hypothesis, the set of primes for which the degeneracies are at most M and which
are split primes for A has positive density which depend on M (see also the
discussion on Artin’s conjecture in Rudnick’s contribution in LNP 618).
These results has been improved in [23], where the following has been
proven:
Theorem 6 ( [23]). Let A ∈ SL(2, Z) an arbitrary hyperbolic automorphism
(|TrA| > 2). There is a set N ⊂ N of density one so that all eigenfunctions
of UN (A) are equidistributed as N → ∞, N ∈ N .
We point out the fact that a large order of A mod N corresponds to classical periodic orbits lying on invariant lattices with large period. Classical
hyperbolicity implies equidistribution of “almost all” of these orbits with respect the Lebesgue measure (see Knauf’s contribution).
A basic ingredient in the proof of the Theorems of [13] and [23] is that

k
for the hyperbolic automorphisms we will consider: UN Ak = UN (A) (see
(2.3)). In particular, powers of A generate a family of unitary map which
commute with the original quantum propagator UN (A).
This fact has been extended in [24] where it has been shown, as we will
discuss, that there exists (for each fixed N ) a whole commutative group of
unitary operators, the so called Hecke operators, which commute with UN (A).
As a generalization of the previous Theorem, one can then show that joint
eigenfunctions of UN (A) and of these Hecke operators, called Hecke eigenfunctions in analogy with the setting of arithmetic modular surfaces [35], are
all equidistributed in the classical limit.
Before discussing the proofs of the equidistribution properties of eigenfunctions, we will now discuss the distribution of Ord(A, N ) (or Ord(A, 2N ))
and the construction of the Hecke operators.
4

5

Essentially because of the projective nature of the representation A → UN (A),
we should sometimes consider Ord(A, 2N ) instead, but we will try not to be to
pedantic on this.
For a fixed A ∈ SL(2, Z) hyperbolic, the splitting conditions is verified for half of
the primes
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2.3.1 The period of the cat map A mod N and the Hecke
Operators


10
p
For a given A ∈ Γθ (2N ), there exists an integer p such that A =
mod 2N ,
01
i.e. p is the common period for all points in phase space with rational coordinates of denominator 2N . This implies:
p

UN (A) = e2πiσ I
for some constant phase σ (depending on N ).
This restricts the N eigenvalues of UN (A) to lie on the p possible sites:
{exp[

2πi(m + σ)
] | 0 ≤ m ≤ p − 1 }.
p

In general p(N ) 6= N , that is, there is no one-to-one correspondence between
eigenvalues and sites. Typically, for a hyperbolic map (|TrA| > 2), there are
both unoccupied and multiply occupied sites and this distribution follows the
highly irregular behavior of p = p(N ) as a function of N (see Fig. 15).
In general, let A ∈ SL(2, Z) be a hyperbolic matrix (|TrA| > 2). As it is
well known and easy to prove, all periodic orbits do coincide with the points on
the torus with rational coordinates. In particular, any discrete lattice LN ⊂ T2
given by


j k
LN = ( , ), j, k ∈ ZN
N N
is in fact invariant. We want to understand the period of the map restricted
to these invariant lattices and we pose the following:
Definition 12. We denote Ord(A, N ) the order (or period) of the map A
modulo N . Namely, Ord(A, N ) is the smallest positive integer k, such that
Ak = I mod N
The following hold:
Ord(A, M N ) = lcm (Ord(A, N ), Ord(A, M ))
Q
In particular, if N = k pnk k :

for any coprime M and N

Ord(A, N ) = lcm (Ord(A, pn1 1 ), . . . , Ord(A, pnk k ), . . .)

Remark 4. For what concern the semiclassical properties of eigenfunctions and
the asymptotic behavior of the energy levels degeneracy, we anticipate the
following facts that we will see in more detail later:
(i) On any prime lattice (i.e. a lattice with prime denominator), each periodic
orbits (besides the fixed point at the origin) share the same period. As we
will discuss (see also [33,5,18]), if N is prime then Ord(A, N ) = (N ±1)/m,
where m is a positive integer which coincide basically with the quantum
degeneracy [13]. This observation is important in proving equidistribution
of eigenfunctions along prime sequences.
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(ii) As it will appear clearly, the order of A ∈ SL(2, Z) modulo N is in fact
closely related to the problem of finding the order of a given element
x ∈ ZN .
Let us discuss briefly this problem, referring the reader to any classical
text on number theory for more on this.
2.3.2 Quantum mechanics and Artin’s conjecture
Given a prime p and an element x ∈ Zp , we denote by Ordp (x) ≤ p − 1 the
multiplicative order of x in Zp . The primitive elements of Zp are the ones
for which Ordp (x) = p − 1, i.e. they are generator for the multiplicative
group Z∗p .
Conjecture 1. (Artin) Let b ∈ Z such that b 6= x2 . Then b is a primitive
root (i.e. it has the largest period) for a positive proportion of the primes,
i.e.
♯{p ∈ P, p ≤ n : Ordp (b) = p − 1}
→n→∞ c(b) > 0
π(n)
where P is the set of prime numbers, π(n) the number of primes smaller
than n and the constant c(b) is a b-dependent Euler product.
If we want results which hold for a full proportion of primes then we have
to rely on theorems which probably keep us away from the ”optimal”
lower bound for the generic period [14]:
Theorem 7. If b 6= 0, ±1 then there exists δ > 0 such that the following
holds for a density 1 set of primes p
Ordp (b) ≥ p1/2 exp((log p)δ )
If we assume the Generalized Riemann Hypothesis (GRH), Artin’s conjecture holds true and we can strengthen the previous result [14]
Theorem 8. If GRH is true and f : R+ → R+ is any function diverging
to ∞, Ordp (b) > p/f (p) with probability 1, i.e. for a full density set of
primes
GRH allows to prove a lower bound for most integers,
Theorem 9. [22] Let b 6= 0, ±1 be an integer. Assuming GRH, the set of
integers N such that OrdN (b) >> N 1−ǫ has order one
Going back to our maps over the torus, the generalization of this kind of
results to the order of hyperbolic matrices 6 A ∈ SL(2, Z) modulo N does
have, as we already stressed, useful consequences in the study of semiclassical
properties of toral automorphisms.
6

If A is elliptic (|Tr(A)| < 1) then A has a finite order not greater than 6. If A is
parabolic (|Tr(A)| = 1), then OrdN (A) > cA N for a given constant cA > 0
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On the one hand, lower bounds on the period are crucial in the proof of
equidistribution of eigenfunctions for a density 1 set of integers N ≈ ~−1 . On
the other hand, possible exceptions to equidistribution (scars) for hyperbolic
linear maps must be found,if any, among the classical limits performed over
sets of integers which lead to very small order for a given A ∈ SL(2, Z).
Let us now see better how Ord(A, n) can be studied by using techniques
out of algebraic number theory. Basic references are [33] and [5].
As we already stressed, studying Ord(A, N ) is equivalent to classify the
orbits of A on the lattice LN ∼
= Z2N . We will show now how, using ideal theory,
this lattice can be provide with a natural multiplication which makes it into
a ring.
The most important consequence of this is that any question regarding
periodic orbits over LN can in fact be formulated in terms of ideals7 in these
rings.
−1
More precisely, the
√ eigenvalues λ, λ of A generate a real quadratic field
extension Q(λ) = Q( DA ), where the field discriminant DA is given by the
2
square-free factor
√|λ| > 1 and |TrA| > 2.
√ of the discriminant (TrA − 4),
to
Z
gives
an
order
D
=
Z[
DA ], contained in the ring
Adjoining D
√A
of √
integers of Q( DA ). In general, the ring of integers does not coincide with
Z[ DA ] but it is general larger, depending on DA mod 4. In order to avoid
some
√ technical complications, we will now always assume that Z[λ] equals
Z[ DA ] and that they do coincide with the full ring of integers of Q(λ).
The elements of D√are called quadratic integers, they are given by the numbers of the form
√ x + y DA , x, y ∈ Z and “naturally” define a two-dimensional
lattice: x + y DA → (x, y) ∈ Z2 .
√
In analogy with complex
√ number, given a quadratic integer z = x+y DA ,
we denote by z̄ = x − y DA its conjugate and by N (z) = z̄z its norm. Note
that N (z̄) = N (z) and N (zu) = N (z)N (u). One can now verify that λ is a
unit in D, i.e. N (λ) = 1. Moreover, a non-unit quadratic integer z is called a
prime if and only if z = uv implies that either u or v is a unit.
D belong to a class of rings called Dedekind domain for which in general
unique factorization into primes fail (see next example). In order to restore
unique factorization one has to introduce the concept of ideals, and Dedekind
was in fact the first to recognize this (see [33, 5] and references therein).
Example 14. Here we just recall some
√ canonical examples of the previous
statements.
For
instance
z
=
2
+
7 is a prime and the decomposition
√
√
√
√
2+ 7 = (8+3 7)(−5+2 7) is not a contradiction because N (+8+3 7) = 1.
Finally,
as an example of the failure of unique prime factorization consider
√
in Z[ −5]
√
√
21 = 3 · 7 = (1 + 2 −5)(1 − 2 −5).
√
It is easy to see that all four factors are primes in Z[ −5].
7

An ideal is a subset of a ring which is closed under addition and which is also
invariant under multiplication by any element of the ring
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Given now a positive integer N , √
we will denote by (N ) the corresponding
ideal in D, namely (N ) = {N (x + y D√A ), x, y ∈ Z2 }.
Using now the map (x, y) → x + y DA with x and y taken mod N , we
can then establish the identification:
LN ≡ D/(N ).
The most important consequences of the previous construction are the following:
(i) As one can easily verify, under this identification, the action of the map
A over LN is replaced by multiplication
by λ in D/(N ).
√
√
(ii) In particular, if zn = xn + yn DA and zn+1 = xn+1 + yn+1 DA corresponds to two successive points of an orbit onLN , then:
zn+1 ∼
= λzn mod (N ),

i.e. zn+1 − λzn ∈ (N ).

(iii) The period p of a given point (x, y) ∈ LN is given by the congruence:
p
λp z ∼
z = x + y DA .
= z mod (N )
In particular,“dividing” both sides of the equation by z, we get
λp ∼
= 1 mod (N )/(N, z),
where (N )/(N, z) is the new ideal obtained by dividing (N ) by the ideal
(N, z) is the greatest common divisor of (N ) and (z), i.e. the smallest
ideal containing both N and z.
It is clear now that the classification of the periodic orbits over LN is related to
the possible values of (N )/(N, z), namely it is related to the ideal factorization
of (N ) in D, factorization which is now unique (!). As usual, the theory is built
now from the case N prime, where we have in fact a quite clear picture as
described by the following proposition. For a proof and further discussion
see [13, 33, 5].
Proposition 2. Assume that DA , the square-free factor of ((TrA)2 − 4), is
given and that N > DA is any prime number, then

1. If DNA = 1, we say that N splits and we have the ideal decomposition
(N ) = (P 1)(P 2). Ord(A, N ) divides N − 1 and moreover this is also the
least period of each point on LN \ (0, 0).
If Ord(A, N ) = (N −1)/m, then there are 2m orbits which belongs entirely
either to the ideal factor (P 1) or to (P 2).
These are called ideal orbits. The remaining m(N −1) are called free orbits.
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2. If DNA = −1, we say that N is non splitting or inert, (N ) is a prime
ideal and Ord(A, N ) divides N + 1.
Also in this case, all points on LN \ (0, 0) share the same period and if
Ord(A, N ) = (N + 1)/m, then there are m(N − 1) free orbits
Remark 5. The splitting case as a quite clear interpretation, which is evident
even without using quadratic extensions. Roughly speaking, in this case we can
take the square root of DA over ZN and this means that A can be diagonalized
over ZN × ZN (as vector space over the field ZN )with eigenvalues λ, λ−1 lying
in ZN , namely its characteristic polynomial factorizes over ZN .
Moreover, Ord(A, N ) is just the order of λ ∈ ZN and the fact that it does
divide N − 1 is just the little Fermat Theorem (see Rudnick’s contribution).

21
as in Example ??.
Example 15. We consider again the map A =
32
In Fig. 15, we plot Ord(A, N ) both for generic integers (left) and also the
restriction to prime values of N (right).
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Fig. 2.5. Left: Ord(A, N ) versus integers 5 ≤ N < 3000. Right: Ord(A, N ) versus
N , when N runs over the first 1000 primes.

For this map, the discriminant field is DA = 3. As one can verify, for example N = 23, 37, 61, 167, 229, 431, 541, ... are some splitting primes, whereas
N = 29, 31, 67, 89, 137, 223, 353, 439, 523, ... gives some non-splitting lattices.
For example, if N = 229 then 3 = 712 mod 229 = (−71)2 mod 229 =
1582 mod 229.
√
√
The real eigenvectors√v = (−1, 3) and w = (1, 3) that (Av = λv and
Aw = λ−1 w, λ = 2 + 3) give rise to the eigenvectors vN = (−1, 71) =
(228, 71) and wN = (1, 71) for the map A acting on Z2N . In particular the
orbit of any point z in the Z229 -linear subspace Z229 · vN ⊂ Z229 × Z229 is
given by z, λz, λ2 z, ..., where now λ = 2 + 71 ∈ Z229 and they coincide with
the ideals orbits The same is true for points in Z229 · wN ⊂ Z229 × Z229 , where
now the action is given by the multiplication of λ−1 = 2 − 71 = 160 ∈ Z229 .
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The period in this case turns out to be exactly p = 228 = N − 1. See Fig.
2.6 for an example of ideal and free orbits over L229 . As we see, the lattice
structure of the ideal orbits is quite evident.
1
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Fig. 2.6. Left: periodic ideal orbit over L229 of period p = 228, generated by the
initial point z = (228/229, 71/229). Right: periodic orbit over L229 of period p = 228,
with initial point z = (228/229, 71/229).

Finally, in Fig. 2.7 we show the action of the map starting form a given
initial distributions over L229 . While the action appears chaotic, periodicity
reconstructs the initial state after 228 iterations.

Fig. 2.7. Action of the map over L229 for a given initial condition. From top left to
bottom right: t = 0, 1, 50, 100, 226, 228.

Remark 6. The splitting case is just the one considered in [13], where the existence of the integer valued eigenvectors for the action of A mod N allows to
construct explicitly a set of eigenvectors of UN (A), using linear combinations
of functions constants on certain linear subspaces of ZN × ZN (ideal lines, see
also [33,5]). The asymptotic of the matrix elements of observables with respect
this basis of eigenfunctions turns out to be directly related to the behavior of
Kloosterman sums of the form:
X 2πi
−1
e N (ak+bk )
K(a, b) =
k∈ZN

or more general exponential sums K, where the exponent is some rational
function of k ∈ ZN . In both cases the Riemann hypothesis over finite fields
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√
gives us uniform bounds of the form |K| ≈ N , which turn out to be sufficient
for proving equidistribution in the limit N → ∞ for sequences of splitting
primes such that N/Ord(A, N ) remains bounded (see [13] for further details).
For general integer values of N and generic values of the degeneracies
of UN (A), one has to rely on some more sophisticated techniques to gain
information about the asymptotics of the matrix elements. This is the subject
of the following section.
2.3.3 Hecke operators
To be a little bit more precise, both the norm function N and the embedding
ı map behaves properly modulo (N ) and they induce a pair of well defined
maps under the quotient by the ideal (N ):
ıN : D/(N ) → ZN ,

N : D/(N ) → GL2 (ZN )

Matrices in SL2 (ZN ) which correspond to unit elements give by construction
a set HN (A) of quantum operators which commute with the original UN (A).
These are called Hecke operators and, as it is discussed in [24], they show how
in general degeneracies for these“arithmetic” quantum systems are related to
the existence of quantum symmetries.
Referring the reader to [24] for more precise statements and proofs, we
summarize what we need in the following:
Proposition 3. Given A ∈ Γθ (2N ) and for any fixed integer N , let
- Hecke operators HN (A) := {B ∈ SL(2, ZN ) | B = ıN (γ), N (γ) = 1}
then:
(i) ∀B ∈ HN (A)
UN (A) UN (B) = UN (AB) = UN (BA) = UN (B) UN (A) .
As a consequence, the eigenspace of UN (A) breaks up into joint eigenspace
of the Hecke operators. More precisely, there exists an orthonormal basis {ψj } of HN (Hecke eigenfunctions) and a set of characters αj of
ı−1
N (HN (A)) ,for j = 1, . . . , N such that:
UN (B) ψj = αj (γ) ψj ,
(ii) ∀ǫ > 0:

ıN (γ) = B.

N 1−ǫ << |HN (A)| << N 1+ǫ

By reducing to a counting problem, one can then prove equidistribution
of the Hecke eigenfunctions.
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Theorem 10. Let A ∈ Γθ (2N ) be a hyperbolic matrix.
(i) Then for unit norm Hecke eigenfunctions Ψ and ∀ǫ > 0:
Z
f (x) dm(x) + Of,ǫ (N −1/4+ǫ ),
< ψ, OpN (f ) ψ > =
T2

as N → ∞

(ii) Let {ψj } be a basis of Hecke eigenfunctions and (0, 0) 6= n ∈ Z2 :
N
X
j=1

| < ψj , TN (n)ψj > |4 ≤ |n|16 N −1+ǫ ,

N → ∞, ∀ǫ > 0

(iii) If {ψj } is a basis of Hecke eigenfunctions and n = (n1 , n2 ) ∈ ZN ×
ZN . Let I ⊂ Z[λ] be the ideal previously defined (see also [23]) on which
multiplication by λ is equivalent to the action of A over Z2 . Namely I =
Z[v1 , v2 ], where v = (v1 , v2 ) ∈ Z × Z is the eigenvector corresponding to
λ: vA = λv.
Finally let ν ∈ D such that ı(ν) = n and denote by Q = Q(A, N, n) the
set of solutions:
Q = {βj ∈ ı−1 (HN (A)) : ν(β1 − β2 + β3 − β4 ) = 0 mod N I },
then:

N
X
j=1

| < ψj , TN (n)ψj > |4 ≤

N
♯Q
|HN (A)|4

(iv) The number of elements of Q, namely the number of solutions of
ν(β1 − β2 + β3 − β4 ) = 0 mod N I ,

βj ∈ ı−1 (HN (A))

is bounded by O(|N (ν)|8 N 2+ǫ ).
Proof. Let us now discuss now some steps of the proof. First of all, (i) follows
from (ii) by using a simple argument using the rapid decay of the Fourier
coefficients as shown in Theorem 10 in [24]. Now note that statement (ii) of
Proposition 3 gives a lower bound for the elements in ı−1 (HN (A)) >> N 1−ǫ .
This, together with the upper bound on the cardinality of the set of solutions
Q given by (iv) allows to see immediately that (ii) follows from (iii).
(iii) is now proven by averaging over the Hecke operators and performing
a direct calculations using the commutativity of the Hecke operators. More
precisely, let
D(n) =

1
|HN (A)|

X

−1

UN (B)

TN (n)UN (B)

B∈HN (A)

It is now easy to calculate the matrix elements of D with respect any
orthonormal basis of eigenfunctions:
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Dij = < ψj , D(n)ψi >=
=

1
|HN (A)|

X

1
|HN (A)|

X

B∈HN (A)
−1

< ψj , UN (B)

< ψj , TN (n · B)ψi >

TN (n)UN (B) ψi >

B∈HN (A)

X
1
ᾱi (B)αj (B) tij
|HN (A)|
B∈HN (A)

tij if αi = αj
=
0 otherwise

=

(2.16)

Where tij =< ψi , TN (n)ψj >, and where the last equality follows because the
αj ’s are non trivial characters.
Now note that:


X
2
|tij |4 ≤ Tr (D∗ D) .
λj =λi

In fact,
∗

2

Tr(D D) =

XX
k

ℓ

D̄ℓk Dℓk =

X
k

X

λℓ =λk

2

|tℓk |

!

≥

X

λj =λi

|tij |4 .

−1

Now, using UN (B) TN (n)UN (B) = TN (n · B) and TN∗ (m) = TN (−m),
we can substitute the definition of D(n) and see immediately that (D∗ D)2 is
given by 1/|HN (A)|4 times a sum ranging over all B1 , B2 , B3 , B4 ∈ HN (A),
of terms:
TN (nB1 )TN (−nB2 )TN (nB3 )TN (−nB4 ) =
= γ(B1 , B2 , B3 , B4 )TN (n(B1 − B2 + B3 − B4 )),

(2.17)
(0,0)

where |γ| = 1. If now we take the trace and use TrTN (n) = N δn
immediately that
N
Tr(D∗ D)2 ≤
♯Q
|HN (A)|4

, we see

and (iii) follows.
Finally, the counting problem (iv) is a non trivial one but it is now reduced
to counting number of solutions of certain equations, similar (but a little
bit more complicated) than the one discussed in Rudnick’s contribution. A
complete proof of this can be found in [24]
We end this section now by recalling some results presented in [24] and [23]
concerning upper and lower bound for Ord(A, N ).
Theorem 11 ( [22]). Let A ∈ SL(2, Z) be hyperbolic. Assuming GRH, the
set of integers N such that OrdN (A) >> N 1−ǫ has density one.
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As far as it concerns the short period lattice,we have the following
Theorem 12 ( [23]). There is an infinite sequence of integers {Nk }∞
k=1 for
which
Ord(A, Nk ) << log Nk
2.3.4 Values distribution for eigenfunctions
We review here some recent results regarding the equidistribution and values
distribution for eigenfunctions of quantized maps.
Again with the use of the Hecke operators associated to UA , the following
result could be proved [25]:
Theorem 13. Let ψ a normalized Hecke eigenfunction, then
k ψ k∞ ≪ǫ N 3/8+ǫ
Remark 7. Note that as a consequence of the L2 -normalization
k ψ k22 =

1 X
|ψ(q)|2 = 1,
N
q∈ZN

we have the trivial bound
k ψ k∞ ≤ N 1/2
Given A ∈ SL(2, Z), we denote now by PA the set of all splitting primes
N . Namely, as described before, PA is the set of density 1/2 such that A
is diagonalizable modulo N . In this case, for any N ∈ PA , the set of the
Hecke operators is isomorphic to the multiplicative group Z∗N , and the Hecke
eigenfunctions correspond to Dirichlet characters χ modulo N . We denote
by ψχ,N the corresponding normalized eigenfunction. The following result
concerning the suprema of the Hecke eigenfunctions is proved in [23].
Theorem 14. If N ∈ PA and A is not triangular modulo N , then:
(i) The Hecke eigenspace corresponding to the trivial character χ0 is one dimensional. Moreover, there exists an orthonormal basis {ψ0,N , ψ∞,N } ∪
{ψχ,N }χ6=1 , where χ ranges over all non-trivial characters, such that:
p
|ψ∞,N | = 1,
|ψ0,N | = 1 − 1/N

(ii) For non trivial character χ, the corresponding eigenspace is one-dimensional.
Moreover,
p
k ψχ,N k ≤ 2 1 − 1/N

In order to study the value distribution of eigenfunctions, we denote by µsc
the semi-circle measure on [0, 1], obtained as the image of the haar measure
on SU (2) through the map g → |Tr(g)|/2. We have the following (see [25])
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Theorem 15. If N ∈ PA and χ is any non-trivial character
(i)
1
♯{t ∈ ZN : |ψχ,N |/2 ∈ I} →N ∈PA µsc (I) =
N

Z

I

4p
1 − u2 du.
π

(ii) For r ≥ 2, and any choice of distinct non trivial characters χ1 , . . . , χr ,
the amplitudes |ψχ1 ,N |, . . . , |ψχr ,N | are statistical independent. Namely,
for any choice of subintervals I1 , . . . , Ir ⊂ [0, 1] we have
t
Y
1
♯{t mod N : |ψχi ,N (t)| ∈ Ii , ∀i = 1, . . . , r} →
µsc (Ii ),
N
i=1

as N ∈ PA → ∞.
In [23] the reader can find the proof of these Theorem and an interesting
comparison with Maass forms.
2.3.5 Equidistribution of eigenfunctions for discontinuous maps
Here we will be interested in reviewing some results concerning the classical
limit of quantized, discontinuous, ergodic or mixing symplectic transformations of the two-torus. Most of the material here have been recovered from [9].
In particular we will see, following [9], that combining ideas of [41] and [48]
with the approach of [2], one can prove an equipartition result for eigenfunctions, provided one has a suitable version of the semi-classical Egorov Theorem
(Definition 13).
As we already discussed for linear automorphisms, the semi-classical
Egorov Theorem states that quantization and evolution commute up to terms
of order at most ~. It can take several forms. In semi-classical analysis for systems where the underlying classical dynamics is smooth there are two versions
of the result (see [34], Theorem 4.10 and Theorem 4.30). The deepest version
states that the exact propagator differs by terms of order ~ from a suitable
Fourier integral operator the phase of which is given in terms of the classical action. This implies an easier version which states that the quantization
of an evolved classical observable differs from the quantum evolution of the
quantized classical observable by terms of order ~. For our purposes, only the
second version is needed. For billiards, where the flow has singularities, a suitably adapted version of this result was proven in [6, 28]. This is precisely the
version used in [48] to obtain the Schnirelman Theorem for ergodic billards.
In [9] it has been shown that Egorov estimates, in the sense of Definition 13
below, hold for the quantized sawtooth and Baker maps and are sufficient to
derive an equipartition result.
The sawtooth and baker’s maps are prototypical discontinuous uniformly
hyperbolic systems. The baker is easily seen and well known to be a Bernoulli
system (see e.g. [38] and references therein). The dynamical properties of the
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sawtooth maps are much harder to derive and have been studied extensively
in recent years. They are globally hyperbolic discontinuous systems and have
been proven to be exponentially mixing and hence in particular ergodic [11,
28, 39, 26]. Their periodic orbits and various other dynamical properties have
also been studied in detail (see [39] for further references).
First, there are very few explicit classical symplectic dynamical systems
known to be hyperbolic, mixing, or even simply ergodic. In continuous time,
we have the geodesic flows on (constant) negative curvature Riemannian manifolds, and ergodic billard flows. In discrete time, there are the hyperbolic
automorphisms of the torus (and their perturbations), as well as the aforementioned discontinuous maps. Note that among those only the geodesic flows
and the (smoothly perturbed) toral automorphisms are smooth. This has been
a major motivation for analyzing systems with singularities.
It seems to be generally believed (or at least hoped) that the quantized
sawtooth and Baker maps display “typical” behaviour of quantized chaotic
systems [38, 32].
A second reason for the interest in those maps is that the discrete time
variable and the finiteness of the quantum Hilbert spaces associated to the
torus constitute a clear advantage for numerical – and to some extent theoretical – studies (see Bäcker ’s contribution).
There are three important aspects of these systems that we should keep in
mind: the singularities in the maps, their chaotic character, and the fact that
the finite dimensionality of the quantum Hilbert spaces also has a drawback
since it replaces oscillating integrals by oscillating sums, for which a sufficiently
complete and powerful stationary phase method is not available [38].
In particular, as we will describe better later on, the singularities in the
classical maps introduce new problems making even the Egorov Theorem a
non-trivial matter. It can be seen in fact that both for the sawtooth maps
and the Baker transformation, the Egorov theorem does not hold in its usual
form.
It seems therefore a good idea to start by establishing the Schnirelman
theorem for discontinuous ergodic systems.
As we will recall in detail below, it is possible to associate to some symplectic maps T on the two-torus a corresponding quantum operator UN (A).
This operator acts on a suitable Hilbert space HN of dimension N ∈ N, where
N is related to the Planck constant via 2π~N = 1. We will not indicate the
N dependence of UN (A).
Given a generic area preserving map A of the torus and a function f ∈
C ∞ (T2 ) we are interested in the behaviour of the following operator, ∀k ≥ 1,
and N → ∞:

(k)
−k
k
(2.18)
EA (f ) = UN (A) OpN (f ) UN (A) − OpN f ◦ Ak ,
where we have assumed that f ◦ T k ∈ C ∞ (T2 ).
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(k)

The operators EA (f ) measure the amount to which quantization and
(k)
evolution do not commute. As we already know EA (f ) = 0, if A is a linear
map.
For future purposes, note that a simple induction procedure gives: (f ◦T ℓ ∈
∞
C (T2 ), 0 ≤ ℓ ≤ k),
(k)

−1

EA (f ) = UN (A)

(k−1)

EA

(f )UN (A) + EA (f ◦ A(k−1) ).

(2.19)

We now give the following key definition.
Definition 13. Let A be a map on the torus and UN (A) its quantization.
We say (A, UN (A)) satisfies an Egorov estimate up to time K if the following
holds:
1. there exists a closed set ΣK of measure zero so that, if f ∈ C ∞ (T2 ) is
supported away from ΣK , then f ◦ Aℓ ∈ C ∞ (T2 ), ∀ℓ ≤ K;
(N )
2. for each family of orthonormal bases {ψj }j=1,...,N , there exists a family
of index sets E (K) (N ) ⊂ {1, 2, . . . , N } satisfying E (K) (N )/N → 1 so that
∀0 ≤ ℓ ≤ K
(ℓ)
(N ) N →∞
(2.20)
sup k EA (f )ψj k −→ 0.
j∈E (K) (N )

The set ΣK should be thought of as the union of the set of singularities
for T with its image under A, . . . , AK . As K → ∞, it tends to “fill” the torus,
in the sense that it cuts the torus into disconnected pieces of increasingly
small area, becoming eventually smaller than the elementary area 2π~. The
first condition in the definition states that the classical observable must stay
away from those. Since we need control for arbitrarily large K, this might look
worrisome, since it seems to impose untenable restrictions on f . Fortunately,
in the proof of the Schnirelman Theorem, one always takes ~ → 0 before
taking K → ∞, avoiding this difficulty.
Here is the main result in [9]:
Theorem 16. Suppose A is ergodic and (A, UN (A)) satisfies an Egorov es(N )
timate for all times K. Denote by ϕj a normalized basis of eigenvectors of
UN (A) and let f ∈ C ∞ (T2 ). Then
Z
N
1 X
(N )
(N )
|< ϕj , OpN (f ) ϕj > − f dq dp |2 → 0,
N j=1

(2.21)

which is equivalent to the following statement.
There exists E(N ) ⊂ {1, . . . , N } with E(N )/N → 1 so that ∀jN ∈ E(N ),
∀f ∈ C ∞ (T2 )
Z
(N )

(N )

< ϕjN , OpN (f ) ϕjN >→

f dq dp.

(2.22)
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Equidistribution for almost all eigenfunctions for sawtooth and baker’s
map (at least for a class of observables) follows now from Theorem 16 and the
next Proposition proved in [9].
Proposition 4.
(i) The quantized sawtooth maps satisfy an Egorov estimate, so that Theorem
16 holds for them.
(ii) If one restrict to functions f ∈ C ∞ (T2 ), depending on q alone, the quantized baker’s map satisfy an Egorov estimate and (2.22) of the previous
Theorem holds for these observables.
Proof of Theorem 16
Here we review the proof of Theorem
R 16, following closely the arguments in [9].
For f ∈ C ∞ (T2 ), we write f¯ = T2 f dq dp. We will denote the time-average
of f and of OpN (f ) by
{f }K =
{OpN (f )}K =
and write
ZN (f ) =

K−1

1 X
f ◦ Aℓ ,
K
ℓ=0

K−1
1 X
−ℓ
ℓ
UN (A) OpN (f ) UN (A) ,
K
ℓ=0

N
 (N ) 2
1 X
(N )
< ϕj , OpN f − f¯ ϕj > ,
N j=1

(2.23)

for any f ∈ C ∞ (T2 ) (see [48]). For any fixed K and ǫ to be chosen later,
introduce a smooth characteristic function χǫ,K of ΣK , with the property
that m (Supp χǫ,K ) ≤ ǫ, where m denotes the Lebesgue measure. Then, for
any f ∈ C ∞ (T2 )
f = f χǫ,K + f (1 − χǫ,K ).
(2.24)
We shall write fǫ,K ≡ f (1 − χǫ,K ),
Z
fǫ,K dm,
γ1 =
T2

γ2 =

Z

f χǫ,K dm.

T2

Clearly (see 2.23)
ZN (f ) ≤ 2 [ZN (fǫ,K ) + ZN (f χǫ,K )] .

(2.25)

We control ZN (fǫ,K ) first. Note that,
 since (A, UN (A)) satisfies an Egorov
estimate up to time K, fǫ,K ◦ Aℓ ∈ C ∞ (T2 ) for all ℓ ≤ K and hence
Op~ fǫ,K ◦ Aℓ is well defined. Since the ϕj are eigenfunctions of UN (A)
(N )
(we drop the N on the ϕj ),
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N
1 X
2
ZN (fǫ,K ) =
< ϕj , {OpN (fǫ,K − γ1 )}K ϕj > .
N j=1

(2.26)

Noting that |< ϕj , Bϕj >|2 ≤ < ϕj , B ∗ Bϕj > for any B ∈ L(HN ), we get
N
1 X
∗
< ϕj , {OpN (fǫ,K − γ1 )}K {OpN (fǫ,K − γ1 )}K ϕj > .
N j=1

ZN (fǫ,K ) ≤

(2.27)
With an eye towards using the Egorov estimate (2.20) in Definition 13, we
rewrite this as follows:
ZN (fǫ,K ) ≤
=
+
+

+

1
N
1
N
1
N
1
N

N
1 X
∗
< ϕj , {OpN (fǫ,K − γ1 )}K {OpN (fǫ,K − γ1 )}K ϕj >
N j=1

X

∗

j ∈E
/ (K) (N )

X

j∈E (K) (N )

< ϕj , {OpN (fǫ,K − γ1 )}K {OpN (ufǫ,K − γ1 )}K ϕj >
< ϕj , OpN {fǫ,K − γ1 }K

∗


OpN {fǫ,K − γ1 }K ϕj >

X

∗

< ϕj , {OpN (fǫ,K − γ1 )}K − OpN {fǫ,K − γ1 }K

X

< ϕj , {OpN (fǫ,K − γ1 )}K

j∈E (K) (N )

{Qfǫ,K − γ1 }K ϕj >

∗

j∈E (K) (N )



{OpN (fǫ,K − γ1 )}K − OpN {fǫ,K − γ1 }K ϕj > .

Now we use that ∀f, g ∈ C ∞ (T2 )

k OpN (f ) OpN (g) − OpN (f g) kHN ≤

C(f, g)
N

(2.28)

to conclude that there exists a positive constant Cǫ,K (f ), such that the following estimate holds
N − ♯E (K) (N )
Cǫ,K (f )
N
X

1
Cǫ,K (f )
< ϕj , OpN | {fǫ,K − γ1 }K |2 ϕj > +
N
N
(K)

ZN (fǫ,K ) ≤
+

j∈E

+

Cǫ,K (f )

(N )

♯E (K) (N )
(k)
sup
sup
k EA (fǫ,K − γ1 )ϕj kHN .
N
(K)
j∈E
(N ) k∈{0,...,K−1}

R
∞
2
Using that N1 Tr OpN (g) − T2 g dm ≤ C(g)
N , for any g ∈ C (T ), (2.29)
yields, modulo yet another easily controlled error term,
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2

{fǫ,K − γ1 }K dm


1
♯E (K) (N )
+
+ Cǫ,K (f )[ 1 −
N
N

+

T2

♯E (K) (N )
(k)
sup
sup
k EA (fǫ,K − γ1 )ϕj k ].
N
j∈E (K) (N ) k∈{0,...,K−1}
(2.29)

Now, choose δ > 0 fixed. Then, since A is ergodic, we have for all K large
enough
Z
δ
2
{f }K − f¯ dm <
.
(2.30)
11
2
T
Note that, for such K, limǫ→0 {fǫ,K }K = {f }K and limǫ→0 γ1 = f¯, so that
the dominated convergence theorem yields that, for ǫ sufficiently small
Z
δ
2
(2.31)
{fǫ,K }K − γ1 dm ≤ .
4
T2
Taking K and ǫ as above, and inserting (2.31) in (2.29), the Egorov estimate
(2.20) implies that, for N sufficiently large
ZN (fǫ,K ) ≤

δ
.
2

(2.32)

It remains to control the term ZN (f χǫ,K ). Note that, by using the previous
observation regarding the trace of OpN (g), we can write
Z

1
1
Tr OpN | f χǫ,K − γ2 |2 −
| f χǫ,K − γ2 |2 dm ≤ Cǫ,K (f ). (2.33)
N
N
T2
In particular, given ǫ > 0 and K, we can choose N sufficiently large such that
(see also (2.28))
ZN (f χǫ,K ) ≤

N
1 X
∗
< ϕj , OpN (f χǫ,K − γ2 ) OpN (f χǫ,K − γ2 ) ϕj >
N j=1

 C ′ (ǫ, K)
1
Tr OpN | f χǫ,K − γ2 |2 +
N
ZN
′′
δ
C
(ǫ,
K)
≤ .
≤
| f χǫ,K − γ2 |2 dm +
N
2
T2
≤

(2.34)

The first equation in Theorem 16 now follows from (2.25), (2.32), and (2.34).
The rest follows from standard diagonalization and density arguments which
we omit [16, 40].
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2.4 Appendix: The Heisenberg Group
We recall here the basic notions about quantization on R2n via representations
of the Heisenberg group.
Consider R2n+1 with coordinates:
(p1 , . . . , pn , q1 , . . . , qn , t) := (p, q, t) := (x, t).
Definition 14.
• The Heisenberg Lie algebra hn is the vector space R2n+1 with Lie bracket
[(x, t), (y, s)] = (0, 0, ω(x, y))
where x = (p, q),y = (p′ , q ′ ) and ω is the usual symplectic 2−form, i.e.
ω(x, y) =

n
X
l=0

(pl ql′ − ql p′l )

• Hn (R), the Heisenberg group, is the simply connected Lie group with Lie
algebra hn
• Aut(Hn (R)) and Aut(hn ) are the automorphism groups of Hn (R) and hn
(as topological group and Lie algebra, respectively).
Note that if P1 , ..., Pn , Q1 , ..., Qn , T is the standard basis for R2n+1 , the
Lie algebra structure is given by
[Pi , Pk ] = [Qi , Qk ] = [Pj , T ] = [Qj , T ] = 0
[Pj , Qk ] =

δjk

· T.

(2.35)
(2.36)

In both quantum and classical mechanics, the momentum, position and
constant observable span a Lie algebra isomorphic to hn . hn is a nilpotent Lie
algebra and can be identified with a subgroup of Mn+2 (R) through the map
(w.l.g. n = 1):


0 p 1 p2 t
 0 0 0 q1 

Ψ (p, q, t) := 
 0 0 0 q2  .
0 0 0 0
In fact

[Ψ (x, t), Ψ (y, s)] = Ψ ([(x, t), (y, s)])
where on the l.h.s. we have the usual Lie structure on Mn+2 (R) given by the
commutator.
Moreover, because hn is two-step nilpotent, we immediately get the group
law:
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1
exp Ψ (x, t) · exp Ψ (y, s) = exp Ψ (x + y, t + s + ω(x, y)).
2
If (x, t) ∈ R2n+1 is identified with the matrix eΨ (x,t) , the Heisenberg group is
realized as R2n+1 with the group law
1
(x, t) · (y, s) = (x + y, t + s + ω(x, y)).
2
With this identification, the exponential map is simply the identity and
the inverse element of (x, t) is given by (−x, −t). The center of the group is
clearly given by:
Zn = {(0, 0, t) : t ∈ R}.

Let us now recall that the unitary representations of Hn (R) on L2 (Rn , µ),
where µ is the Lebesgue measure, are defined as follows:
(T~ (p, q, t)f )(x) := e2πiht+2πiqx+πihpq · f (x + hp)

∀h 6= 0 and ∀f ∈ L2 (Rn , µ), ∀(p, q, t) ∈ hn
For any h ∈ R, T~ is a unitary representation, and T~ is not equivalent to
′
Tbh′ for h 6= h′ because the central characters e2πiht and e2πih t are inequivalent. For any fixed h, T~ is the Schrödinger representation: up to equivalences,
it is the only unitary irreducible representations of Hn (R) non-trivial on the
center for h 6= 0 (Stone-von Neumann Theorem) [28].
If h = 0 the (irreducible) representation factors through the quotient group
Hn (R)/Zn ≃ R2n
namely the representation is one-dimensional (Schur’s lemma ) and hence a
homomorphism of R2n into the circle. Hence we have the following:
Theorem 17. If π is an irreducible unitary representation of Hn (R), then it
is equivalent to one and only one of the following representations:
• T~ acting on L2 (Rn , µ) h 6= 0
• σab (p, q, t) = e2πi(ap+qb) a, b ∈ Rn acting on C

The canonical quantization of any classical observable, i.e. any smooth
phase-space function f : R2n → C, is then obtained as follows: given any
suitably smooth function f : R2n → C, written via Fourier representation in
the following way
Z
f (p, q) =
f˜(η, ξ) · e2πi(ηq+ξp) dηdξ
R2n

the corresponding element Op~ (f ) in the algebra is then defined as
Z
Op~ (f ) = f˜(η, ξ) · T~ (ξ, η)dηdξ.

k Functions in the Hilbert space, i.e. matrix elements of the quantum observables, are related to functions in the phase space R2n ≃ T ∗ Rn , i.e. to classical
observables, through the matrix elements of the representation T~ , namely
through the Wigner function and its Fourier transform [13].
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3
Generic and numerical aspects of (non linear)
quantum maps

3.1 Area preserving non linear maps revisited
Here we turn our attention to some experimental and numerical aspects of
quantum maps. First of all, we will illustrate few more examples of classical
dynamical systems over the torus and an equivalent quantization procedure.
In particular, we will start to move away from the linear arithmetic case by
imposing some nonlinearity and driving ourself towards more generic behaviors.
3.1.1 Some (new) examples: mixed phase space
Again we restrict ourselves to area-preserving maps on the two-torus
F : T2 → T2

′

(3.1)
′

(q, p) 7→ (q , p ) .

(3.2)

The requirement that the map F is area–preserving is equivalent to the
condition that det DF = 1.
As a new and classical example let us consider the so-called standard map,
defined by

 ′ 
κ
sin(2πq)
q
q + p − 2π
mod 1 .
(3.3)
=
κ
sin(2πq)
p − 2π
p′
One easily checks that this map is area-preserving. Figure 3.1 shows some
orbits (i.e. for different initial points (q, p) the points (qn , pn ) = F n (q, p) are
plotted for n ≤ 1000) of the standard map for different parameters κ. For
κ = 0 an initial point (q, p) stays on the horizontal line and in q it rotates
with frequency p. So for irrational p the corresponding line is filled densely.
Exercise 5. Prove the following statement: for any irrational rotation over
the circle, all orbits are dense. On the contrary, all orbits of rational rotations
are periodic.
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Fig. 3.1. Examples of orbits in the standard map for different parameters κ.

For κ > 0, the lines with rational p break up into an island-chain structure composed of (initially) stable orbits and their corresponding unstable (hyperbolic) partner. For small enough perturbation there are invariant
(Kolmogorov–Arnold–Moser or short KAM) curves which are absolute barriers to the motion (for a more detailed discussion of these aspects the review [7]
is a good starting point). For stronger perturbations, e.g. κ = 1 or κ = 1.5,
the stochastic bands become larger and for even stronger perturbation (see
the picture for κ = 3.0) there appears to be just one quite big stochastic region together with the elliptic island. The elliptic islands coexist with regions
of irregular motion, therefore the standard map is an example of a so-called
system with mixed phase space or, more briefly, a mixed system. Whether
the motion in those stochastic regions is ergodic is one of the big unsolved
problems, see [8] for a review on the coexistence problem. For some recent
results on the classical dynamics of the standard map, in particular at large
parameters, see [9–11].
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Fig. 3.2. Examples of orbits in the perturbed cat map (3.9) for κ = 0.3 and
κ = 6.5.

An alternative way to specify a map F : T2 → T2 is to use a generating
function S(q ′ , q), from which the map is obtained by
p=−

∂S(q ′ , q)
∂q

p′ =

∂S(q ′ , q)
.
∂q ′

(3.4)

One easily checks that
S(q ′ , q) =

1
κ
(q − q ′ )2 + 2 cos(2πq) ,
2
4π

(3.5)

is a generating function for the standard map (3.3).
Another important class are perturbed cat maps [12, 13], like


 
 ′
A12
q
q
+
κG(q)
mod 1 ,
=
A
A22
p
p′
where
A=



A11 A12
A21 A22



(3.6)

(3.7)

is a matrix with integer entries (ensuring the continuity of the map), det A = 1
(area preservation) and Tr A > 2 (hyperbolicity). The perturbation G(q) is
a smooth periodic function on [0, 1[. For κ = 0 the mapping is Anosov (see
e.g. [14]), in particular it is ergodic and mixing. Moreover, following from the
the Anosov theorem the map (3.6) is structurally stable, i.e. it stays Anosov
as long
p
(Tr A)2 − 4 − Tr A + 2
p
.
(3.8)
κ ≤ κmax :=
2maxq |G′ (q)| 1 + A222
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More precisely, the orbits are topologically conjugate to those of the unperturbed cat map. For larger parameters there are typically elliptic islands, so
it becomes a mixed system.
A common choice for A and the perturbation is
 
 ′ 
 
κ
21
q
q
1
=
+
cos(2πq)
mod 1 .
(3.9)
32
p
p′
2
2π
√
√
For κ ≤ κmax = ( 3−1)/ 5 = 0.33 . . . the map is Anosov. The corresponding
generating function is given by
2

S(q ′ , q) = q ′ − qq ′ + q 2 +

κ
sin(2πq) .
4π 2

(3.10)

In Fig. 3.2a) one orbit for 20 000 iterations for the perturbed cat map (3.9)
with κ = 0.3 is shown. The orbit appears to fill the torus in a uniform way,
as it has to be asymptotically for almost all initial conditions because of the
ergodicity of the map. For κ = 6.5 Fig. 3.2b) shows one orbit (20 000 iterates)
in the irregular component and some orbits (1000 iterations) in the elliptic
islands.
3.1.2 Quantization of these area-preserving maps
For the quantization of area–preserving maps we rely on the results of the
previous chapter. First, we remind that one has to find a suitable Hilbert
space which incorporates the topology of the torus T2 , i.e. the eigenfunctions
in position and momentum have to fulfil
i

ψ(q + j) = e ~ jθ2 ψ(q)
b + k) = e
ψ(p

− ~i kθ1

b
ψ(p)

; j∈N

; k∈N .

(3.11)
(3.12)

As we have already discussed, these conditions imply that Planck constant
1
with N ∈ N. Thus the semiclassical
~ can only take the values ~ = 2πN
limit ~ → 0 corresponds to N → ∞. The phases (θ1 , θ2 ) ∈ [0, 1[2 are at first
arbitrary; for θ1 = θ2 = 0 one obtains periodic boundary conditions. For each
N one has a Hilbert space HN of finite dimension N . Observable f ∈ C ∞ (T2 )
can be quantized analogous to the Weyl quantization to give an operator
Op(f ) on HN . Finally, a quantum map is a sequence of unitary operators
UN , N ∈ N on a Hilbert space HN . The quantum map is a quantization of a
classical map F on T2 , if the so–called Egorov property is fulfilled, i.e.
−1
lim ||UN
Op(f )UN − Op(f ◦ F )|| = 0

N →∞

∀f ∈ C ∞ (T2 ) .

(3.13)

This means that semiclassically quantum time evolution and classical time
evolution commute.
One of the simplest approaches to determine UN corresponding to a given
non linear area–preserving map uses its generating function to define

3.1 Area preserving non linear maps revisited

(UN )j ′ ,j := hqj ′ |UN |qj i
1 ∂ 2 S(q̃ ′ , q̃)
=√
∂ q̃ ′ ∂ q̃
N

1/2

exp (2πiN S (qj ′ , qj ))
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(3.14)

q̃ ′ =qj ′ ,q̃=qj

with qj = j/N , qj ′ = j ′ /N , where j, j ′ = 0, 1, . . . , N − 1. In the same way one
may (and for certain maps which cannot represented in terms of S(q ′ , q) one
has to) use other generating functions such as S(p′ , p) or S(q, p). The question
is to determine conditions on the generating function S(q ′ , q) such that UN is
unitary and fulfils the Egorov property (3.13). To my knowledge this question
has not yet been fully explored, even though the quantum maps studied in
the literature provide both examples and counterexamples. We will leave this
as an interesting open question.
For the examples introduced before the quantization via (3.14) can be
used. For the standard map we get



1
iπ ′
iκN
2π
2
(UN )j ′ ,j = √ exp
(j − j) +
cos
j
(3.15)
N
2π
N
N
with j, j ′ = 0, . . . , N − 1. A quantization of the standard map which takes
the symmetries into account can be found in [25]. For the perturbed cat map
(3.9) one gets using its generating function (3.10)


1
2πi ′ 2
κ
′
2
′
√
(UN )j ,j =
exp
(j − j j + j ) + iN
sin(2πj/N ) . (3.16)
N
2π
N
For the unitary operator one has to solve the eigenvalue problem
UN ψn = λn ψn

with n = 0, . . . , N − 1, ψn ∈ CN .

(3.17)

Here λn is the n–th eigenvalue and the corresponding eigenvector ψn consists
of N complex components, where N is the size of the unitary matrix UN .
Because of the unitarity of UN the eigenvalues lie on the unit circle, i.e. |λn | =
1.
Let us discuss some of the numerical aspects relevant for finding the solutions of (3.17) without going into implementation specific details (see the
appendix and [26] for an implementation using Python).
Computing the eigenvalues of (3.17) consists of two main steps
• Setting up the matrix UN :
The computational effort increases proportional to N 2 (unless each matrix
element requires further loops) as we have to fill the N 2 matrix elements.
The memory requirement to store UN is 16 N 2 Bytes (for a standard machine a double precision floating point number requires 8 Bytes; as we
have both real and imaginary part we end up with 16 Bytes per matrix
element).
• Computing the eigenvalues:
The computational effort for the matrix diagonalization (typically) scales
like N 3 .
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After successful compilation and running of the program it is useful to
see whether the eigenvalues really lie on the unit circle. In Fig. 3.3 this is
illustrated for N = 200 and the standard map with κ = 1.5.
3.1.3 Eigenvalue statistics
One central research line in quantum chaos is the investigation of spectral
statistics. It has been conjectured [31] that for generic chaotic systems the
eigenvalue statistics can be described by Random Matrix Theory, whereas
generic integrable systems should follow Poissonian statistics [32]. Let us be
a little bit more precise.
As already discussed, quantum chaology is concerned with the semiclassical study of systems whose classical counterparts are chaotic. This study
has focused on the behaviour of energy levels and corresponding eigenfunctions in the classical limit. It turns out that the semi-classical behaviour of
these quantities is markedly different if the system is chaotic, compared with
an integrable system. For the spectrum of energy levels two important conjectures are the Bohigas-Giannoni-Schmit conjecture [12] that classically chaotic
systems exhibit correlations in the quantum spectrum like those in eigenvalues of random matrices; and the conjecture [7] of Berry and Tabor, that for
classically integrable systems the energy levels are completely uncorrelated.

1.0

λn

0.5

0.0

-0.5

-1.0
-1.0

-0.5

0.0

0.5

1.0

Fig. 3.3. Plotting the eigenvalues of UN allows to check the numerical implementation and the unitarity of UN ; the picture shows for N = 200 and κ = 1.5
the eigenvalues λn for the quantized standard map (3.15).

3.1 Area preserving non linear maps revisited

95

(a)
1.0

CUE

P(s)
0.8

0.6

COE
0.4

0.2

Poisson
0.0
0

1

2

3

s

4

2

3

s

4

(b)
1.0
I(s)
0.8
Poisson

0.6

0.4

0.2

COE
CUE

0.0
0

1

Fig. 3.4. (a) Level spacing distribution P (s) and (b) cumulative level spacing
distribution I(s) for the perturbed cat map (3.9) with κ = 0.3 and N = 3001.
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Fig. 3.5. (a) Level spacing distribution P (s) and (b) cumulative level spacing
distribution I(s) for the perturbed cat map (3.22) with κp = κq = 0.012 and
N = 3001.

For eigenfunctions one has the semi-classical eigenfunction hypothesis [6, 44].
Put simply this asserts that a particular phase-space representation of the

energy eigenfunctions, (the Wigner distribution) semi-classically converges to
the Dirac delta distribution supported on the region of phase space explored
by typical trajectories in long times. For a chaotic (so in particular, ergodic)
system, this set is the whole surface of constant energy. For an integrable
system, motion is confined to tori in phase space, so the semi-classical eigenfunction hypothesis in this case implies that the Wigner function condenses
onto these tori in the classical limit.
A wide variety of chaotic systems have been investigated, both numerically
and analytically, in the intervening 20-or-so years, and we are now convinced
that these conjectures give an accurate picture of the behaviour of generic
systems.
Nevertheless, the term “chaotic” contains a whole hierarchy of behaviours
such as: ergodicity, mixing, hyperbolicity, et cetera, and it is of interest to
know which of these properties are necessary to recover generic effects. As
an example we mention the skew translations. These are ergodic maps of the
torus, which possess no stronger chaotic properties. They are not strongly or
weakly mixing. In [40] it was proved that when quantised all eigenfunctions
of the corresponding quantum map equidistribute in the classical limit. The
spectral statistics, however, fail to obey the predictions of random matrix theory [2]. Most systems which are believed to behave generically with respect
to the Bohigas-Giannoni-Schmit conjecture have quite strong chaotic properties. The original study in [12] was of the quantised Sinai billiard which is a
K-system. As an example of quantum maps with random matrix statistics we
mention the family of perturbed cat maps [4] which are Anosov systems, so
strongly mixing, with exponential proliferation of periodic orbits and positive
entropy.
Later we will also discuss a family of maps with much weaker chaotic
behaviour, which nevertheless for certain choices of the governing parameters seem to behave generically with respect to the Bohigas-Giannoni-Schmit
conjecture.
Let us now define the objects we need for exploring the statistics of the
eigenvalues.
To study the eigenvalue statistics for quantum maps one considers the
eigenphases ϕn ∈ [0, 2π[, defined by λn = eiϕn (in the following we will also
call ϕn levels in analogy to the energy levels for the Schrödinger equation).
The simplest statistics is the nearest neighbour level spacing distribution P (s)
which is the distribution of the spacings
sn :=

N
(ϕn+1 − ϕn )
2π

with n = 0, . . . , N − 1

and ϕN := ϕ0 .

N
ensures that the average of all spacings sn is 1. To compute the
The factor 2π
distribution practically one chooses a division of the interval [0, 10] (usually
this interval is sufficient, but more precisely the upper limit is determined by
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the largest sn ) into b bins and determines the fraction of spacings sn falling
into the corresponding bins. If N is too small it is better to consider instead
of P (s) the corresponding cumulative distribution
I(s) :=

#{n | sn ≤ s}
N

(3.18)

which avoids the binning and results in a smoother curve.
Fig. 3.4 shows for the perturbed cat map (3.9) with κ = 0.3 the level
spacing distribution P (s) and the cumulative level spacing distribution I(s)
for N = 3001. For this parameter value κ the map is still Anosov so one
expects that the correlations of the eigenphases follow random matrix theory;
in particular because the perturbation should break up the number theoretical
degeneracies which lead to non-generic spectral statistics for the cat maps at
κ = 0, as discussed in the previous chapter [33, 34]. In [35, 36] it is shown that
for all perturbations which are just a shear in position one of the symmetries
of the cat map survives, so that the statistics are expected to be described by
the circular orthogonal ensemble (COE). In the limit N → ∞ this is the same
as the Gaussian orthogonal ensemble (GOE). In Fig. 3.4 we show the Wigner
distribution PWigner (s) which is very close to the COE distribution,
 π 
π
PCOE (s) ≈ PWigner (s) = s exp − s2 .
(3.19)
2
4

and for comparison the CUE distribution
PCUE (s) ≈



4 2
32 2
s
exp
−
s
π2
π

(3.20)

and the Poisson distribution (expected for generic integrable systems)
PPoisson (s) = e−s .

(3.21)

The agreement with the expected COE distribution is very good.
A specific example, which breaks the above mentioned unitary symmetry
and thus leads to CUE statistics, uses two shears, one in position and one in
momentum [35],
 
 ′
q
q
= (A ◦ Pq ◦ Pp )
,
(3.22)
p
p′
where
A=



12 7
41 24



(3.23)

and Pq (q, p) = (q + κq G(p), p), Pp (q, p) = (q, p + κp F (q)) with F (q) =
1
1
2π (sin(2πq) − sin(4πq)) and G(p) = 2π (sin(4πq) − sin(2πq)). For the corresponding quantum map with κp = κq = 0.012 and N = 3001 the level
spacing distribution is shown in Fig. 3.5. One observes very good agreement
with the CUE distribution.
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3.1.4 Eigenfunctions
Another interesting question concerns the statistical behaviour of eigenfunctions, and more specifically for quantum maps the eigenvector statistics and
the properties of phase space representations like the Husimi function or the
Wigner distribution.
Eigenvector distributions
Consider an eigenvector ψ of a quantum map given by the N numbers cj ∈ C,
j = 0, ..., N − 1. The distribution P (ψ) is given (similarly to the level spacing
distribution) by
Zb
1
2
#{a ≤ |cj | ≤ b} = P (ψ)dψ .
(3.24)
N
a

Let us first discuss the corresponding random matrix results (see e.g. [37,38]).
For the COE the eigenvectors can be chosen to be real and the coefficients cj ,
j = 0, . . . , N − 1, only have to obey the normalization condition
N
−1
X

c2j = 1

j=0

with cj ∈ R .

(3.25)

Thus the joint probability for an eigenvector c = (c0 , . . . , cN −1 ) ∈ RN is


N
−1
X
Γ
(N/2)
(3.26)
c2j  ,
δ 1 −
PNCOE (c) =
π N/2
j=0

where the prefactor ensures normalization. So the probability of one component to have a specific value y is given by integrating PNCOE (c) over all other
components,
Z
COE
PN (y) = δ(y − c20 )PNCOE (c) dc0 · · · dcN −1
(3.27)
Γ (N/2)
1
(N −3)/2
=√
(1 − y)
.
πy Γ ((N − 1)/2)

The mean of PNCOE (y) is
η = yN gives
PNCOE (η) = √

R1
0

yPNCOE (y) dy = 1/N . So using the rescaling

1
Γ (N/2)
(1 − η/N )(N −3)/2 .
πN η Γ ((N − 1)/2)

(3.28)
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Fig. 3.6. (a) Eigenvector distribution for the perturbed cat map (3.9) with
N = 1597 and κ = 0.3. In comparison with the asymptotic COE distribution,
(3.28), dashed line. The inset shows the same curves in a log-normal plot. In
(b) the cumulative distribution is shown and in the inset a plot of the absolute
(n)
value of the components cj , j = 0, . . . , N −1 of the corresponding eigenvector
ψn=20 is displayed.
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Fig. 3.7. (a) Eigenvector distribution of an eigenvector for the perturbed cat
map (3.22) with N = 1597 and κp = κq = 0.012 is shown in comparison
with the asymptotic CUE distribution, (3.35), dashed line. The inset shows
the same curves in a log-normal plot. In (b) the corresponding cumulative
distributions are shown and in the inset a plot of the absolute value of the
(n)
components cj , j = 0, . . . , N − 1 of the corresponding eigenvector ψn=2 is
displayed.
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In the limit of large N one gets the so-called Porter-Thomas distribution [39]
1
PNCOE (η) = √
exp(−η/2) ,
2πη
and the corresponding cumulative distribution I(y) =

(3.29)
Ry

P (y ′ ) dy ′ reads

0


p
η/2 .
I(η) = erf

(3.30)

Figure 3.6 shows an example for the eigenvector distribution of an eigenstate
of the perturbed cat map (3.9) with κ = 0.3 and N = 1597. There is good
agreement with the expected COE distribution, (3.29), shown as dashed line.
Finally, let us consider again the map (3.22) which shows CUE level statistics. From this one would expect that also the eigenvector statistics follows
the CUE. Similar to the case of the COE one has the normalization condition
N
−1
X
j=0

|cj |2 = 1

with cj ∈ C .

(3.31)

Thus the joint probability for an eigenvector c = (c0 , . . . , cN −1 ) ∈ CN reads


N
−1
X
Γ (N ) 
PNCUE (c) =
δ 1−
|cj |2  .
(3.32)
πN
j=0

The probability of one component to have a specific value y is given by
integrating PNCUE (c) over all other (complex) components,
Z
PNCUE (y) = δ(y − |c0 |2 )PNCOE (c) d2 c0 · · · d2 cN −1
(3.33)
= (N − 1)(1 − y)N −2 .
Again as for the COE, the mean of PNCUE (y) is 1/N and the rescaling η := yN
leads to
N −1
η N −2
PNCUE (η) =
1−
(3.34)
N
N
which has mean 1. In the large N limit we have
P CUE (η) = exp(−η) .

(3.35)

and the cumulative distribution simply is
I CUE (η) = 1 − exp(−η) .

(3.36)

Figure 3.7 shows P (η) for one eigenvector of the perturbed cat map (3.22).
There is good agreement with P CUE (η).
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A different distribution is obtained for unperturbed cat maps: for certain
subsequences of prime numbers (which depend on the map) the distribution
of η = 21 Re ψ tends to the semicircle law,
( p
2
1 − η2
for η ≤ 1
P (ψ) = π
(3.37)
0
for η > 1 ,
see [40] for details (see also [41]). In Fig. 3.8 we show an example of an
eigenstate with N = 1597 for the quantum map corresponding to the map
(3.9) with κ = 0. For this N the map fulfils the conditions of [40] and one
observes a nice semicircle distribution of the eigenvector. However, it seems
that the approach to the asymptotic distribution is slower than for the case
of the random matrix situations.

3.2 Husimi functions
A different representation of eigenstates is to consider a phase space representation, like for example the Husimi function discussed here, or the Wigner
distribution discussed later. Both allows for a more direct comparison with
the structures for the classical map. Without going into the mathematical details, the Husimi representation is obtained by projecting the eigenstate onto
a coherent state centered in a point (q, p) ∈ T2 ,
0.75
P(η)

0.50
2
Re cj

0.25

0
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j 1596
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Fig. 3.8. Eigenvector distribution of an eigenvector for the unperturbed (i.e.
κ = 0) cat map (3.9) with N = 1597. This is compared with the asymptotic
semicircle law, (3.37). The inset shows the corresponding eigenvector (compare
with the eigenvectors shown in the previous two figures).
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2

Hn (q, p) = |hCq,p |ψn i| =
=

N
−1
X
j=0

1
N (θ2

ϑ3 (Z|τ ) =

j=0

2

hCq,p |qj ihqj |ψi

=

N
−1
X
j=0

2

hCq,p |qj icj


(2N )1/4 exp −πN (q 2 − ipq)

exp(πN (−qj2
Here qj =
function,

N
−1
X

+ 2(q − ip)qj ))ϑ3



iπN



(3.38)



iθ1
− q + ip iN cj
qj −
N

2

.

+ j), j = 0, . . . , N − 1 and ϑ3 (Z|τ ) is the Jacobi-Theta

X

eiπτ n

n∈Z

2

+2inZ

,

with Z, τ ∈ C, Im(τ ) > 0 .

(3.39)

The coefficients cj are the components of the eigenvector ψn in the position
representation as obtained from the diagonalization of UN (for other generating functions than the one used in (3.14) one has to adapt (3.38)).
If one wants to compute a Husimi function on a grid of N × N points
on T2 the computational effort grows with N 3 . So for computing all Husimi
function of a quantum map for a given N the computational effort grows
with N 4 . Already for moderate N this can be quite time-consuming, but even
more importantly, usually one also wants to store all these Husimi functions
on the hard-disk which
√ limits√the accessible range of N . Sometimes a smaller
grid, e.g. of size 10 N × 10 N can be sufficient which reduces the growth
of the computational effort to N 2 for a single Husimi function and to N 3 for

a)

κ = 0.3

b)

κ = 6.5

Fig. 3.9. In a) a Husimi function Hn (q, p) of the perturbed cat map (3.9) with
κ = 0.3 is plotted which shows the expected ‘uniform’ distribution. Here black
corresponds to large values of Hn (q, p). In b) for κ = 6.5 a state localizing on
one of the elliptic islands is shown (compare with Fig. 3.2).
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a)

b)

c)

d)
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Fig. 3.10. Examples of Husimi functions for the standard map with κ = 3.0
and N = 1600.

all Husimi functions at a given N . Even then one still needs 800 N 2 Bytes to
store these on the hard-disk. For example for N = 1600 this roughly leads
to 2 GB of data and for N = 3000 one needs approximately 7 GB. However,
there are also cases where a finer grid, e.g. 2N × 2N is necessary.
Theoretically one expects that for N → ∞ the Husimi functions concentrate on those regions in phase space which are invariant under the map (this
follows from the Egorov property). So for ergodic systems the expectation is
that (in the weak sense)
Hn (q, p) → 1

with n = 0, ..., N − 1 as the matrix size N → ∞ .

(3.40)

The precise formulation of this statement is the contents of the quantum ergodicity theorem for maps [42] (see [43] for the case of discontinuous maps).
The quantum ergodicity theorem only makes a statement about a subsequence
of density one (i.e. almost all states) which for example leaves space for scars,
i.e. eigenstates localized on unstable periodic orbits. For systems with mixed
phase space one (asymptotically) expects localization in the stochastic region(s) and on the tori in the elliptic regions.
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Fig. 3.11. Examples of Husimi functions Hn (q, p) for the standard map with
κ = 1.5 and N = 1600 for n = 0, . . . , 19. (Compare with Fig. 3.1.)

In Fig. 3.9a) we show for the perturbed cat map with κ = 0.3 the Husimi
function for the same eigenstate as in Fig. 3.6. As expected it shows a quite
uniform distribution (of course with the usual fluctuations). In contrast for
κ = 6.5 there are eigenstates such as the one shown in Fig. 3.9b) which
localizes on the elliptic island (compare with Fig. 3.2).
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In some sense more interesting are the Husimi functions for mixed systems
as the classical dynamics shows more structure. In Fig. 3.10 we show some
examples for the standard map with κ = 3.0. Figure 3.10a) shows a Husimi
function which is spread out in the irregular component. In contrast in b) the
Husimi function localizes on a torus around the elliptic fixpoint. The Husimi
function in c) shows quite strong localization around the small elliptic island
of a periodic orbit with period 4. This island is so small that it is not visible
in Fig. 3.1. Therefore, the Husimi function displayed in Fig. 3.10d) indicates
that the region of ‘influence’ of this island is much larger than the area of
the island. This region is also visible in the Husimi function in Fig. 3.10a),
as the irregular state has a very small probability in the regions around these
islands. A longer sequence of Husimi functions for the standard map with
κ = 1.5 shown in Fig. 3.11 illustrates the different types of localized states
(compare with Fig. 3.1).

4
Back to (quantum) billiards

4.1 Computing eigenvalues and eigenfunctions for
quantum billiards
There exist several numerical methods to solve the Helmholtz equation inside
a domain Ω ⊂ R2 ,
∆ψ(q) + k 2 ψ(q) = 0 ,

q ∈ Ω\∂Ω ,

(4.1)

with Dirichlet boundary conditions
ψ(q) = 0 ,

q ∈ ∂Ω.

(4.2)

For a good review on the determination of the eigenvalues of (4.1) see [49],
which however does not cover finite element methods or boundary integral
methods. Additionally, in the context of quantum chaos the plane wave decomposition [50] (see also [51] for a detailed description of the method), the scattering approach, see e.g. [52–54], and more recently the scaling method [55],
are commonly used.
Here we will give a sketch of the derivation of the boundary integral method
and discuss in more detail the numerical implementation. The boundary integral method reduces the problem of solving the two-dimensional Helmholtz
equation (4.1) to a one-dimensional integral equation, see e.g. [56–71] and
references therein. Of course, the general approach also applies to higher dimensions but we will only discuss the two-dimensional case. For studies of
three-dimensional systems by various methods see e.g. [72–76]. Boundary integral methods are also used in many other areas so that it is impossible to
give a full account. For example they are also commonly used in acoustics, see
e.g. [77] and the detailed list of references therein. Finally, the boundary integral method provides a starting point to derive the Gutzwiller trace formula,
see e.g. [78–81, 70].
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4.1.1 Boundary Integral Equation
Let G(q, q ′ ) be a Green function of the inhomogeneous equation, i.e.
(∆ + k 2 )Gk (q, q ′ ) = δ(q − q ′ ) .

(4.3)

Considering the integral over Ω of the difference ψ(q ′ )·(4.3)−Gk (q, q ′ )·(4.1)
one obtains
Z
[ψ(q ′ )∆′ Gk (q, q ′ ) − Gk (q, q ′ )∆′ ψ(q ′ )] d2 q ′
=

Z

Ω

(4.4)

ψ(q ′ )δ(q − q ′ ) d2 q ′ .

Ω

Using the second Green theorem gives the Helmholtz representation

I 
′
′ ∂ψ
′
′ ∂Gk
(q, q ) −Gk (q, q ) ′ (q ) ds′
ψ(q )
∂n′
∂n
∂Ω

 ψ(q) ; q ∈ Ω \ ∂Ω
.
= 12 ψ(q) ; q ∈ ∂Ω

0 ; else

(4.5)

∂
′
′
′
Here q ′ ≡ q(s′ ) and ∂n
′ = n(s )∇ with n(s) = (q2 (s), −q1 (s)) denoting
the outward pointing normal vector, where (q1 (s), q2 (s)) is a parametrization
of the billiard boundary ∂Ω in terms of the arclength s, oriented counterclockwise. Special care has to be taken to obtain the result for q ∈ ∂Ω, see
e.g. [57, 80]. (When q is in a corner of the billiard the factor 21 has to be
θ
, where θ is the (inner) angle of the corner.) For Dirichlet
replaced by 2π
boundary conditions one obtains
I
u(s′ )Gk (q, q ′ ) ds′ = 0 ,
q ∈ ∂Ω ,
(4.6)
∂Ω

where
u(s) :=

∂
ψ(q(s)) := n(s)∇ψ(q(s)) := n(s)
∂n

lim

q ′ →q(s)
q ′ ∈Ω\∂Ω

∇ψ(q ′ )

(4.7)

is the normal derivative function of ψ.
In two dimensions a Green function for a free particle is given by the
Hankel function of first kind
i (1)
H (k |q − q ′ |)
4 0
i
= − [J0 (k |q − q ′ |) + i Y0 (k |q − q ′ |)] .
4

Gk (q, q ′ ) = −

(4.8)
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(1)

Since H0 (z) ∼ πi ln z for z → 0, the Green function Gk (q, q ′ ) diverges logarithmically such that it is more convenient to derive an integral equation
whose kernel is free of this singularity. To that end one (formally) applies
∂
the normal derivative ∂n
to (4.5). More carefully one has to consider a jump
relation for the normal derivative function, see e.g. [57, 80]. The result is
I
∂
Gk (q(s), q(s′ )) u(s′ ) ds′ .
(4.9)
u(s) = −2
∂n
∂Ω

For the derivative of the Green function one obtains
ik
∂
(1)
Gk (q(s), q(s′ )) =
cos(φ(s, s′ )) H1 (k τ (s, s′ )) ,
∂n
4

(4.10)

where τ (s, s′ ) = |q(s)−q(s′ )| is the Euclidean distance between the two points
on the boundary and
cos φ(s, s′ ) =

n(s) (q(s) − q(s′ ))
.
τ (s, s′ )

This gives the integral equation for the normal derivative u(s)
I
u(s) =
Qk (s, s′ ) u(s′ ) ds′ ,

(4.11)

(4.12)

∂Ω

with integral kernel
Qk (s, s′ ) = −

ik
(1)
cos φ(s, s′ ) H1 (k τ (s, s′ )) .
2

(4.13)

Equation (4.12) is a Fredholm equation of second kind which has non-trivial
solutions if the determinant
bk )
D(k) := det(1 − Q

b k is the integral operator on ∂Ω defined by
vanishes. Here Q
I
b k (u(s)) =
Q
Qk (s, s′ ) u(s′ ) ds′ .

(4.14)

(4.15)

∂Ω

For eigenvalues En of the Helmholtz
√ equation with Dirichlet boundary
conditions one has D(k) = 0 for k = En , see e.g. [80] for a detailed proof.
However, for Im k < 0 there can be further zeros of D(k) which (for the interior
Dirichlet problem) correspond to the outside scattering problem with Neumann boundary conditions [82–84] (see also [57]). Explicitly this can be seen
from the factorization D(k) = D(0)Dint (k)Dext (k), where the factors can be
written exclusively in terms of the interior and exterior problem. More aspects
concerning the additional spurious solutions will be discussed in Sect. 4.1.5.
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Before turning to the numerical implementation, let us discuss the behav(1)
iour of the integral kernel for small arguments. The Hankel function H1 (x)
reads for small arguments
(1)

H1 (k τ (s, s′ )) ∼ −

2i
,
πk|s − s′ |

for s − s′ → 0 .

(4.16)

This singularity is compensated by the behaviour of
1
cos φ(s, s′ ) ∼ − κ(s) |s − s′ | ,
2

for s′ → s ,

(4.17)

where κ(s) is the curvature of the boundary in the point s. Here the curvature
is defined by κ(s) = q1′ (s)q2′′ (s) − q2′ (s)q1′′ (s) such that for example κ(s) = 1
for a circle of radius one. Thus for the integral kernel we obtain
Qk (s, s′ ) →

1
κ(s) ,
2π

for s − s′ → 0 .

(4.18)

4.1.2 Desymmetrization
For systems with symmetries the numerical effort can be reduced by considering instead of the full system the symmetry reduced system with the
corresponding Green function, see e.g. [62]. For a reflection symmetry with
respect to the q1 -axis one has
′
′
′
′
G±
k (q, q ) := Gk (|q − q |) ± Gk (|q − (q1 , −q2 )|) ,

(4.19)

q2

1

0
0

a

a+1

q1

Fig. 4.1. Geometry of the desymmetrized stadium billiard.
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where + applies to the case of even eigenfunctions (i.e. Neumann boundary
conditions on the symmetry axis) and − to odd eigenfunctions (i.e. Dirichlet
boundary conditions on the symmetry axis).
For a two-fold reflection symmetry (as in the case of the stadium billiard,
see Fig. 4.1 for a sketch of the geometry and notations) one has altogether
four different subspectra, corresponding to DD, DN, ND and DD boundary conditions on the symmetry axes q1 and q2 , respectively. For example
for Dirichlet-Dirichlet boundary conditions on the q1 - and q2 -axes the Green
function reads
GDD
=Gk (|q − q ′ |) − Gk (|q − (q1′ , −q2′ )|)
k

+ Gk (|q − (−q1′ , −q2′ )|) − Gk (|q − (−q1′ , q2′ )|) .

(4.20)

For Neuman boundary conditions on these two axes one gets
GNN
=Gk (|q − q ′ |) + Gk (|q − (q1′ , −q2′ )|)
k
+ Gk (|q − (−q1′ , −q2′ )|) + Gk (|q − (−q1′ , q2′ )|) .

(4.21)

The advantage of exploiting the symmetries of the system is two-fold: firstly,
we can separate the eigenvalues and eigenfunctions for the different symmetry classes, which is necessary for the investigation of the spectral statistics.
Secondly, the numerical effort is reduced, since the integral over the whole
boundary ∂Ω is reduced to an integral over a part of the boundary, which in
the above examples is half or a quarter of the original boundary. The boundary
along the symmetry axes need not be discretized as the boundary condition
is already fulfilled by construction. Of course, for other geometries different
choices for G can be more appropriate.
4.1.3 Finding the eigenvalues
In the numerical computations the integral over the boundary is replaced
by a Riemann sum. (There also exist more refined methods using polynomial
approximations combined with Gauß-Legendre integration, see e.g. [66], which
allow for a less fine discretization.) Let ∆s = L/N be the discretization length
of the boundary of length L into N pieces. Then we have
u(si ) = ∆s

N
−1
X

Qk (si , sj ) u(sj ) ,

(4.22)

j=0

where si = (i + 1/2)∆s, i = 0, . . . , N − 1. Equation (4.22) can be written in
matrix form as
Ak u = 0 ,

with

Aij = δij − ∆s Qk (si , sj ) .

(4.23)

Recall that for si = sj the kernel Qk (si , sj ) reduces to the result given in
(4.18). The solutions of this linear equation provide approximations to the
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Fig. 4.2. In a) the three smallest singular values are shown as a function
of the energy E = k2 for the stadium billiard with a = 1.8 and odd-odd
symmetry. The eigenvalues are located at the minima of the first singular
value. The second and third singular values allow to locate places with near
degeneracies as next to k2 = 90, which can be resolved by magnification of the
corresponding region, see Fig. 4.3. In b) | det(Ak )| is shown. The minima tend
to be not as pronounced as those of the singular values.

eigenvalues kn2 and eigenvectors un . This leads to the problem of finding the
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Fig. 4.3. A magnification of Fig. 4.2 shows that the singular value decomposition method easily allows to locate nearly degenerate energy levels.
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Fig. 4.4. Plot of real and imaginary part of det(Ak ) as a function of k; the
evaluation was done for 10 times as many points in k2 than for Fig. 4.3.
Approximately simultaneous zeros correspond to minima of | det(Ak )|. The
locations of the eigenvalues are marked by squares.

det(Ak ) = 0

(4.24)

√
as a function of k = E, where Ak is a dense, complex non-Hermitean matrix.
Due to the discretization of the integral the determinant det(Ak ) will not
become zero but only close to zero (actually, the discretization shifts the zeros
slightly away from the real axis, see [64, 65]).
In the numerical computations it is very useful [66] to compute the singular
values of the matrix A instead of its determinant. The singular value decomposition of a complex matrix is given by the product of an unitary matrix U ,
a diagonal matrix S and a second unitary matrix V
A = U SV † .

(4.25)

The diagonal matrix Q
S contains as entries SVi the singular values of A and
we have | det A| = | SVi |. Since the original integral equation has been
discretized, the smallest singular value in general never gets zero, but just very
small, see Fig. 4.2. Thus the minima of the smallest singular value provide
approximations to the eigenvalues of the integral equation. For the numerical
computation of the singular value decomposition one may for example use the
NAG routine F02XEF or the LAPACK routines ZGESVD or ZGESDD. It turns out
that the (more recent) routine ZGESDD is significantly faster (factor 3-5, at the
expense of a higher memory consumption), in particular when also singular
vectors are computed.
The advantage of the singular value decomposition in comparison to locating the zeros of the determinant is that degeneracies of eigenvalues can be
detected by looking at the second singular value, which also gets small when
there are two nearby eigenvalues (similarly higher degeneracies can be found
by looking at the next singular values). In Fig. 4.2a) an example of the behaviour of the three smallest singular values is shown in the case of the stadium
billiard (a = 1.8) with Dirichlet boundary conditions. For comparison a plot
of | det(Ak )| is shown in Fig. 4.2b). One clearly sees that the singular value
decomposition provides more information. For example, next to k 2 = 90 the
minimum of | det(Ak )| looks slightly broader than the others, however, this
does not give a clear indication that there might be more than one eigenvalue.
In contrast, the singular value decomposition method allows to resolve such
kind of near-degeneracies efficiently, see Fig. 4.3. Of course, this information
is also available via det(Ak ), see Fig. 4.4 where its real and imaginary part
are plotted separately. Here (approximately) simultaneous zeros correspond
to minima of | det(Ak )|. However, notice that compared to the singular value
decomposition approach much more discretization points in E = k 2 are necessary.
To determine all energy levels in a given energy interval [E1 , E2 ] one proceeds in the following way: first one computes the singular values at equidistantly chosen points k 2 ∈ [E1 , E2 ]; the energy is chosen as variable because
for two-dimensional billiards the mean distance between two energy levels is
approximately constant and according to the generalized Weyl formula (??)
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given by 4π
A . The finer the step size is chosen the easier the minima can be
resolved, however, at the same time the computing time to cover a given energy range increases correspondingly. The actual step size is a compromise
between these two aspects; good results have been achieved by using a step
size of the order of 15 4π
A (for systems with many near level degeneracies, e.g.
integrable or near-integrable systems, a smaller step size can be helpful).
Lk
The matrix size N is chosen according to N = b L
λ = b 2π , such that one
obtains b discretization points per units of the inverse of the de Broglie wave
length λ = 2π
k along the boundary L. Typical choices for b are between 5 and
12 depending on the system and the wanted accuracy.
From the first scan one locates all minima of the smallest singular value. If
also the second singular value has a minimum next to a minimum of the first
one, one has to use a refined discretization in E around the minimum (the
numerical implementation is a bit more sophisticated, in order to account for
several special situations, so that only a minimal number of additional points
need to be computed). Once an isolated minimum is found, an approximation to the eigenvalue can be computed by different methods. Either one can
perform a refined computation around the minimum, which can be quite timeconsuming, or one can use a local approximation by a parabola [85]. A linear
interpolation also gives good results: From the three points 1:(k12 , SV1 (k12 )),
2:(k22 , SV1 (k22 )), 3:(k32 , SV1 (k32 )), characterizing a minimum of the first singular value, one has two different lines 12 and 23 with different slopes, of which

0.0015
SV1
N=45
N=100
N=200

0.0010

0.0005

0.0000
96.64

96.65

96.66

k2

96.67

Fig. 4.5. Magnification of Fig. 4.3 around the minimum with k2 ≈ 96.5 for
different matrix sizes N . One nicely sees the pronounced parabolic structure
for N = 45 which gets smaller for larger N .
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the line with the larger slope has to be chosen. The intersection of this line
with the zero axis gives a good approximation to the eigenvalue, which one
can refine if necessary. By repeatedly applying this for all minima, all energy
levels in a given interval can be found. In fact, it is possible to develop a computer program which takes care of all this such that all levels can be found
automatically.
A good check of the completeness is provided by considering the δn statistics, see the example in Sect. ??. The accuracy of the computed eigenvalues
can be estimated from the bracket of the minimum given by the three points
1,2,3 if the matrix dimension N is large enough. For N too small (for a given
resolution in E) one does not obtain a peaked, but a broad minimum. This
is illustrated in Fig. 4.5 by magnifying Fig. 4.3 around the minimum with
k 2 ≈ 96.5 for different N . One clearly sees the parabolic structure around the
minimum for smaller N and for larger N one recovers the essentially linear
behaviour of the smallest singular value.
Tests of the accuracy of the method can be obtained by considering a
system where the eigenvalues are known. For example for the circular billiard
the eigenvalues can be computed with arbitrary accuracy. Also billiards where
the eigenvalues can be computed by other methods (e.g. conformal mapping
method [86, 87]) allow a determination of the accuracy of the method. For
a study of the scaling of the error for various billiards see [69]. In addition
computations of the normal derivative function un (s) and the eigenfunction
(both inside and outside of Ω) allow to check the quality of the numerical
method and program.
4.1.4 Computing eigenfunctions
From a minimum of the smallest singular value we obtain an approximation of
the eigenvalue and at the same time the corresponding singular vector u gives
an approximation to the normal derivative function u(s). The NAG routine
F02XEF scales the singular vector such that its first component is real. Thus
for a correct solution also the other components should be essentially real,
which provides another check for the implementation of the method and the
accuracy of the eigenvalues.
The eigenfunction in the interior of the domain Ω can now be calculated
from the normal derivative function,
I
i
(1)
H0 (k |q − q(s)|) u(s) ds ,
for q ∈ Ω\∂Ω .
(4.26)
ψ(q) = −
4
∂Ω

The computation of the eigenfunction can be simplified by taking into account
that
I
J0 (k |q − q(s)|) u(s) ds = 0 ,
(4.27)
∂Ω
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Fig. 4.6. Examples of normal derivative functions un (s) and the corresponding
eigenfunctions in the stadium billiard (odd-odd symmetry, a = 1.8). Here black
corresponds to high intensity of |ψn (q)|2 .

because the J0 -part of Gk (q, q ′ ) is a solution of the homogeneous equation
corresponding to (4.3). Thus (4.26) is equivalent to
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ψ(q) =

1
4

I

Y0 (k |q − q(s)|) u(s) ds ,

for q ∈ Ω\∂Ω .

(4.28)

∂Ω

If one uses a desymmetrization, such as (4.19), (4.20) or (4.21), the above
formula (4.28) has to be modified accordingly.
In Fig. 4.6 we show some examples of normal derivatives un (s) and the corresponding eigenfunctions of the billiard, computed via (4.28). The imaginary
part of un (s) is typically 5 or more orders of magnitude smaller than the real
part. It is interesting to see that part of the structure of the eigenfunctions is
also reflected in un (s). For example for eigenstates with small probability in
the region of the quarter circle also the normal derivative is small for s < π/2.
4.1.5 Spurious solutions I: real Green function approach
In certain situations and for some numerical methods it may happen that
one obtains in addition to the true solutions of the Helmholtz equation (4.1)
further so-called spurious solutions. This question is discussed in some of
the papers on the boundary integral method, in particular see [56, 58, 59]
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Fig. 4.7. Using the real Green function (4.29) leads to spurious solutions (see
the inset) in addition to the correct eigenvalues marked by squares (compare
with Fig. 4.3). For each true solution there is an additional spurious one (hardly
visible at k2 ≈ 91 and k2 ≈ 96).
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and [61, 64]. There are essentially two different situations in which they are
encountered. The first is that one uses for the Green function instead of the
Hankel function, see (4.8), just the real part, i.e.
Gk (q, q ′ ) =

1
Y0 (k |q − q ′ |) .
4

(4.29)

This seems reasonable as according to (4.27) the J0 -Bessel function does not
contribute to the eigenfunction. Moreover then one can work with an entirely
real matrix for which the singular value decomposition can be computed much
faster. However, when using this approach, there appear additional zeros (for
each correct one there is one additional one) and the singular values loose
their nice linear structure, see Fig. 4.7. To overcome the problem of these
additional zeros a parametrized Green function
(β)

Gk (q, q ′ ) =

1
[βJ0 (k |q − q ′ |) + Y0 (k |q − q ′ |)]
4

(4.30)

is used in [64]. Thus for β = 0 we obtain (4.29) and for β = −i we get (4.8).
So using a purely real Green function means to vary β ∈ R which changes
the location of the spurious solutions but not those of the true ones. This is
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Fig. 4.8. Plot of the minima of the singular values around the eigenvalue
k2 = 81.93 . . . with varying β using the parametrized Green function (4.30).
The insets show the corresponding structure of the first singular value with a
logarithmic vertical scale (matrix size for this computation: N = 200).
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illustrated in Fig. 4.8 around the eigenvalue k 2 = 81.93 . . . with β ∈ [0, 0.1].
Clearly on this scale the true solution does not change under variation of β
(apart from the region of the avoided crossing which is due to the finite matrix
size and gets smaller for larger N ) whereas the spurious solution strongly
varies with β. For β = −γi with increasing real γ the additional zeros move
away from the real axis and it seems that for β = −i they do not have any
significant influence on the real axis. Still there could be cases where also for
β = −i such a solution becomes relevant, but for convex geometries we have
not encountered this situation. For an example of a non-convex geometry see
Sect. 4.1.6.
As an explicit example for the influence of parameterized Green function
(4.30) let us consider the circular billiard with radius 1, where the Fredholm
determinant reads (see e.g. [64, 80])
D(k) =

∞ h
i
Y
(1)′
−iπkHl (k)Jl (k) .

(4.31)

l=−∞

As this product converges absolutely in the whole complex k-plane (apart from
a cut along the negative real axis) zeros of D(k) occur when one of the factors
in the product vanishes [80]. Clearly, the real zeros of D(k) correspond to the
eigenvalues jml of the circular billiard with radius 1 and Dirichlet boundary
(1)′
conditions. The further zeros stem from the functions Hl (z) which have only
zeros with Im z < 0 [88], and do not correspond to physical solutions of the
interior problem. However, they can be related to resonances of the exterior
scattering problem, but with Neumann boundary conditions [82, 83]. Because
of the radial symmetry the S-matrix is diagonal in angular momentum space
(2)′

Sl ′ l = −

Hl

(k)

δl ′ l
(1)′
Hl (k)

(4.32)

and therefore the resonances are at those complex k for which
(1)′

Hl

(k) = 0 ,

(4.33)

i.e. the same condition as implied by (4.31).
If one uses the parametrized Green function (4.30) one can show (analogous
to the derivation of (4.31)) that for the circular billiard
D(β) (k) =

∞
Y

[πk (βJl′ (k) + Yl′ (k)) Jl (k)] .

(4.34)

l=−∞

For β = 0, which corresponds to the real Green function (4.29), we get additional zeros of D(0) (k) when Yl′ (k) = 0. Varying β from zero to −i these real
zeros turn complex. At first sight one might think that these are connected to
(1)′
the places with Hl (k) = 0, however numerical computations show that (for
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all studied cases) these move away from the real axis with a positive imagi(1)′
nary part and for β = −i one has Hl (k) = 0 only for Im k < 0. Thus the
spurious solutions for the real Green function are not related to resonances of
the scattering problem with Neumann boundary conditions.
These examples suggest to use the full complex Green function (4.8) instead of the real variant (4.29). Even though the numerical computation is
more time-consuming for the complex case their advantages over choosing
(4.29) are obvious as the variation of β is time-consuming as well (and nontrivial to implement in an automatic way).
4.1.6 Spurious solutions II: Non-convex geometries
Even when choosing the complex Green function (4.8) it is possible to encounter spurious solutions: For the circular the additional complex zeros of
D(k) are sufficiently far away from the real axis, i.e. Im k ≪ 0 so that they do
not lead to problems with the application of the boundary integral method.
However, when one considers different geometries the resonances of the corresponding scattering system could be closer to the real axis. This can be nicely
studied for the annular sector billiard, see Fig. 4.9, as the eigenvalues and
eigenfunctions can be determined numerically with arbitrary accuracy. Using
the ansatz [89, §25]
ψ(r, φ) = [Jν (kr) + cYν (kr)] sin(νφ)

(4.35)

π
with ν = m α
, m = 0, 1, 2, ... and requiring ψ(r1 , φ) = 0 and ψ(r2 , φ) = 0 gives
the (implicit) eigenvalue equation

r2
r1
π-α

Fig. 4.9. Boundary of the annular sector billiard for α =
and r2 = 0.6.

7
π
8

and r1 = 0.4
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Jν (kr1 )Yν (kr2 ) − Yν (kr1 )Jν (kr2 ) = 0 .
(4.36)
√
For each m one gets a sequence of zeros kmn = Emn .
49
π the first
Figure 4.10 shows for the annular sector billiard with α = 50
2
three singular values as a function of k . The solutions of (4.36) are marked by
triangles. Clearly, there are additional minima, which can be associated with
resonances of the dual scattering problem (for further details and examples
of this association for the annular sector billiard see [90]). In the limit of
α → π these resonances are given by the eigenvalues of the circular billiard
of radius r1 with Neumann boundary conditions. For this billiard the ansatz
= 0 gives the eigenvalue equation
ψ(r, φ) = Jm (kr) together with ∂ψ(r,φ)
∂r
r=r1

mJm (kr1 ) − kr1 Jm+1 (kr1 ) = 0 .

(4.37)

The circles shown in Fig. 4.10 correspond to the solutions of (4.37) and provide
a very good description of the additional minima.
Thus the question arises how to detect and distinguish these additional
solutions. First, of course their existence and relevance strongly depends on the
system one is studying. In many situations (for example convex geometries)
there appear to be no complex solutions coming close enough to the real axis.
Intuitively this seems reasonable as long as there are no trapped orbits outside
of the billiard as these should give rise to resonances with small imaginary
part.
However, if such additional solutions exist they will show up in the δn statistics by an offset of +1 at each additional eigenvalue (unless one by chance
misses the same number of ‘correct’ eigenvalues). If one has a system with
such additional solutions one approach is to plot the corresponding normal
derivative function u(s) and the eigenfunction. Usually they will behave quite
differently for a correct eigenvalue and for a spurious solution. For example
for the case of the annular sector billiard the normal derivative function for
a spurious solution is discontinuous along the boundary and the corresponding eigenfunction also has contributions outside of the billiard, see Fig. 4.12.
Another test would be to use the normalization condition (4.38) for the normal derivative and compute the norm of the eigenfunction in the interior of
the billiard. These two are the same for proper eigenfunctions whereas for
spurious solutions they will disagree. Unfortunately, this is a highly inefficient
method as the computation of the eigenfunction in Ω is quite time-consuming.
Instead of computing the normalization for the full billiard one could restrict
to smaller subregions, e.g. for the annular sector billiard one could integrate
over the region of the circle with radius r1 and check if it is different from zero
indicating a spurious solution. For the annular sector billiard the additional
zeros of the Fredholm determinant D(k) are complex as long as α < π. Thus
for N → ∞ these minima will stay bounded away from zero in contrast to
the minima corresponding to the eigenvalues. However, in practice it is not
possible to check this as one has to make N too large to distinguish these
from the correct eigenvalues.

4.1 Computing eigenvalues and eigenfunctions for quantum billiards

125

0.2
SVi

0.1

0.0
600

800

k2

1000

2

Fig. 4.10. First three singular values as a function of E = k of the annular
π and r1 = 0.4 and r2 = 0.6. The triangles correspond
sector billiard for α = 49
50
to the exact eigenvalues for the annular sector billiard, computed from (4.36)
and the circles correspond to the eigenvalues of the circular billiard with radius
r1 and Neumann boundary condition, determined via (4.37).
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Fig. 4.11. First three singular values as a function of E = k of the annular
sector billiard for α = 78 π and r1 = 0.4 and r2 = 0.6. The triangles correspond
to the exact eigenvalues for the annular sector billiard, computed from (4.36)
and the circles correspond to the eigenvalues of the circular billiard with radius
r1 and Neumann boundary condition, determined via (4.37)
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More generally, spurious solutions can be understood by a second look at
the boundary integral equations. Namely, for the interior Dirichlet problem we
have the single layer equation, (4.6), and the double layer equation, (4.12). On
the other hand, the single-layer equation for the outside scattering problem
with Neumann boundary conditions at ∂Ω is also given by the double layer
equation (4.12). (see e.g. [57, 56]). As a consequence, scattering solutions of
the outside scattering problem with Neumann boundary conditions at ∂Ω
may become relevant for real k. Namely, for resonances with small imaginary
part they can lead to additional solutions for the double layer equation which
are numerically indistinguishable from the correct solutions. However, these
solutions do not correspond to solutions of the interior problem and they do
not fulfill the single layer equation. So a possibility to distinguish spurious
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Fig. 4.12. Normal derivative functions un (s) corresponding to the correct
eigenvalue with E = 663.88 . . . (left) and the spurious one with E = 691.77 . . .
(right). Here l1 = r1 α, l2 = r1 α + r2 − r1 and l3 = r1 α + r2 − r1 + αr2 . One
clearly sees the discontinuity in un (s) for the spurious solution. This is also
reflected in the structure of the eigenfunction which for the spurious solution
has its main contribution outside of the billiard. Notice that in both cases the
eigenfunction has been computed according to (4.27) inside and outside of Ω.
The fact that for the correct eigenfunction ψn (q) = 0 (within the numerical
accuracy) for q ∈ R2 \Ω is another test of the accuracy of the eigenvalue
computations and eigenfunctions.
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solutions for the interior Dirichlet problem is to check the validity of the
single layer equation as well, which is only fulfilled simultaneously for correct
solutions of the interior Dirichlet problem.
A common approach (see e.g. [56] and references therein) to incorporate
this from the beginning is by combining the single layer and double layer
equation using a linear superposition. By this the solutions of the outside
problem with Neumann boundary conditions can be removed. Because of the
singular kernel in the single layer equation special care has to be taken with
the implementation. For the more difficult case of billiards with magnetic field
see [71].
4.1.7 Derived quantities in terms of the Normal Derivative
Function
As the normal derivative function contains all information to determine the
eigenfunction, it is interesting to see if this approach can be used to compute
other quantities of interest. For example, if one wants to calculate expectation
values hψ|A|ψi of some operator A in theR state ψ, one has to ensure that the
eigenfunction ψ is normalized, hψ|ψi = Ω |ψ(q)|2 d2 q = 1. In principle this

−1
e
e ψi
e
ψ(q)
of an unnormalized eigenfunccould be done by considering hψ|
e However, an accurate computation of hψ|
e ψi
e using (4.28) is quite time
tion ψ.
consuming. Fortunately, there is a simpler way to achieve a normalized ψ:
If ψ is a normalized eigenfunction with eigenvalue E = k 2 and u(s) is the
corresponding normal derivative then we have the following normalization
condition for u(s) [61, 65]
I
1
n(s)q(s) |u(s)|2 ds = k 2 .
(4.38)
2
∂Ω

If u
e(s) is an unnormalized normal derivative, then one obtains by
√
2k
u(s) = r H
u
e(s)
n(s)q(s) |e
u(s)|2 ds

(4.39)

∂Ω

a normalized one. Starting with a normal derivative normalized in this way,
any other quantities (e.g. expectation values) determined in terms of u(s) have
the correct normalization.
This is just the first example out of many highlighting the importance
of the normal derivative for numerical computations of quantities related to
eigenfunctions. For example, there are explicit expressions in terms of un (s)
to compute the
• normalization of ψ, (4.38), [61, 65]
• eigenfunction ψ, (4.28)

n = 567, odd symmetry
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π/4
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Fig. 4.13. Three-dimensional plots of |ψ567 (q)|2 , |ψb567 (p)|2 , their corresponding grey-scale pictures and the plot of the radially integrated momentum distribution I567 (ϕ). The momentum distribution |ψb567 (p)|2 is concentrated around
the energy shell, which is indicated by the inner circle. This state is localized along the shortest unstable periodic orbit, leading to an enhancement of
|ψb567 (p)|2 near to ϕ = π/2, 3π/2, also seen in the plot of I567 (ϕ) near to the
momentum direction ϕ = π/2 (marked by a triangle). This localization is also
clearly visible in the Husimi representation.
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n = 116, odd symmetry
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Fig. 4.14. Same as in the previous figure but for n = 116. In this case there
is no prominent localization neither in position nor in momentum space.
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a) n = 4042, odd symmetry

b) n = 6000, odd symmetry
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Fig. 4.15. The eigenfunction in a) shows localization along the shortest unstable orbit which is also reflected in the momentum distributions and in the
Husimi function. The eigenfunction in b) is an example which appears to be
quite delocalized both in position and in momentum space. The pictures look
like those expected (according to the quantum ergodicity theorem) for a ‘typical’ eigenfunction.
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• momentum distribution
Z
Z
i
1
2
−ipq
b
e−ipq(s) pq(s)un (s) ds ,
e
ψn (q) d q = −
ψn (p) =
2π
4πp2n
Ω

∂Ω

(4.40)

and radially integrated momentum distribution [91, 92]
I(ϕ) :=

Z∞
0

2

ψbn (r, ϕ) r dr ,

(4.41)

see [92] for details.
• Husimi functions (see e.g. [93, 94])
• autocorrelation function of eigenstates [95].

In figs. 4.13-4.15 we show for the cardioid billiard examples of eigenfunctions in position space, the corresponding momentum distributions, the angular momentum distributions (for further details and examples see [92]) and
the corresponding Husimi functions Hn (s, p). The first example in Fig. 4.13
shows an example of a scarred state, i.e. an eigenstate which shows localization round an unstable periodic orbit [96]. Below the three-dimensional plot
of the state is the corresponding density plot (black corresponding to high
intensity) in which the localization is clearly visible. Also the corresponding three-dimensional plot of the momentum distribution ψb567 (p) reveals enhanced contributions in the directions ϕ = π/2, 3π/2. This is also seen in the
plot of I567 (ϕ) which shows that the probability to find the particle with momentum near π/2 is significantly enhanced compared to the mean of 1/(2π).
Another representation is the Husimi-Poincaré representation Hn (s, p) where
s corresponds to the arclength coordinate along the billiard boundary and p
corresponds to the projection of the unit velocity vector after the reflection on
the tangent in the point s. In this picture the localization around the unstable
orbit is maybe most clearly seen; the places of high intensity are on the line
p = 0 (perpendicular reflection) and match perfectly with the position of the
orbit.
The second example shown in Fig. 4.14 is an ‘ergodic’ state, i.e. a state
which does not show any significant localization (as much as something like
this is possible at low energies) neither in position nor in momentum space
(apart from the localization on the energy shell). This is nicely reflected in the
various representations. Two further examples are shown in Fig. 4.15 where
a) is a higher lying scar and b) is another ‘typical’ state (in the sense of the
quantum ergodicity theorem).

Appendix: computing eigenvalues of quantum maps
The first thing when thinking of solving a certain problem numerically is
to decide on the programming language. There are numerous possibilities,
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ranging from Assembler, Fortran, Pascal, C, C++, Java, etc. to using packages
like Octave, Matlab, Maple or Mathematica. Here I will use the quite recent
scripting language Python [97]. Of course it is beyond the scope of this text to
give an introduction to this language; several excellent introductions can be
found on the Python homepage. In addition to the basic Python installation
you will also need the Numeric package [98], which is also simple to install.
The following programs together with further information can be obtained
from [26]. If you have been wondering about the name - yes it originates from
Monty Python’s flying circus, and at several places the documentation refers
to more or less famous Monty Python sketches.
So here is pert cat.py (the full version can be obtained via [26]):
#!/usr/bin/env python
import cmath
from Numeric import zeros,Float,Complex
from math import sin,pi,sqrt
import LinearAlgebra
def quantum_cat(N,kappa):
"""For a given N and kappa this functions returns the
corresponding unitary matrix U of the
quantized perturbed cat map.
"""
mat=zeros((N,N), Complex)
# complex matrix with NxN elements
I=1j
# predefine sqrt(-1)
# now fill each matrix element
# (note: this can be done much faster, see the on-line version)
for k in range(0,N):
for l in range(0,N):
mat[k,l]=cmath.exp(2.0*I*pi/N*(k*k-k*l+l*l)+ \
I*kappa*N/2.0/pi*sin(2.0*pi/N*l))/sqrt(N)
return(mat)

def compute_evals_pcat(N,kappa):
"""For a given N and kappa this functions returns
the eigenvalues and eigenphase of the unitary matrix U
filled via quantum_cat(N,kappa).
"""
matU=quantum_cat(N,kappa)
# fill matrix U_N
# determine eigenvalues of U_N:
evals=LinearAlgebra.eigenvalues(matU)
# determine phase \in [0,2\pi] from the eigenvalues
phases_N = arctan2(evals.imag,evals.real) + pi
# useful to determine level-spacing
phases = concatenate([phases_N,[phases_N[0]+2.0*pi]])
return(evals,phases)

4.1 Computing eigenvalues and eigenfunctions for quantum billiards

133

### Main (used if pert_cat.py is called as script)
if __name__ == ’__main__’:
from string import atoi,atof
import sys
# Determine eigenvalues and eigenphases
(evals,phases)=compute_evals_pcat(atoi(sys.argv[1]), \
atof(sys.argv[2]))
for k in range(0,N):
# print eigenvalues
print("% e % e
% e
% e ") % \
(evals[k].real,evals[k].imag,phases[k],abs(evals[k]))

The only drawback of the above code is that the loop to fill the matrix is
slower than a corresponding code in C or Fortran (notice that there are some
very nice ways of overcoming this by inlining of code or on-the-fly compilation
which are presently being developed for example in the context of SciPy [99]).
However, as diagonalize uses the LAPACK library the most time-consuming
part (at least for larger N ) is done in an efficient way (not taking into account
the possibility of using ATLAS [30] for further speed improvements).
As a first test do (for N = 101 and κ = 0.3)
python pert_cat.py 101 0.3
It will output the (complex) eigenvalues as a sequence x, y pairs. As a test,
whether these all lie on the unit circle the third column is the absolute value
of the eigenvectors. To plot the resulting data you may use
python pert_cat.py 101 0.3 > pcat_101_0.3.dat
which redirects the output of the program to the file pcat 101 0.3.dat. To
plot the resulting file use your favourite plotting program, e.g. for gnuplot
[100] just do
plot "pcat_101_0.3.dat" using 1:2 with points
Now we would like to compute the level spacing distribution. To do this let
us use an interactive Python session in which we do
from Numeric import *
# Numeric package
from pert_cat import compute_evals_pcat # above pert_cat routines
from AnalyseData import *
# histogram (see below)
N=53
kappa=0.3
(evals,phases)=pert_cat.compute_evals_pcat(N,kappa);
# sort and unfold phases
s_phases=Numeric.sort(phases)*N/(2.0*pi)
# determine Level spacing
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# (by computing the difference of the shifted eigenphases)
spacings=s_phases[1:]-s_phases[0:N]
(x_histogram,y_histogram)=histogram(spacings,0.0,10.0,100)
store_histogram(x_histogram,y_histogram,"histogram.dat")

Then use your favourite plotting program to plot the level spacing distribution.
For gnuplot you could do
goe_approx(x)=pi/2.0*x*exp(-pi/4*x*x)
gue_approx(x)=32/pi/pi*x*x*exp(-4/pi*x*x)
plot "histogram.dat" w l,goe_approx(x),gue_approx(x),exp(-x)

Here the routines to compute and store the histogram are in AnalyseData.py
whose core reads
def histogram(data,min,max,nbins):
from Numeric import *
# first select only those which lie in the interval [min,max]
hdat=compress( ((data<max)*(data>min)),data)
bin_width=(max-min)/nbins
# define the bins
bins=min+bin_width*arange(nbins)
# determine indices
inds=searchsorted(sort(hdat),bins)
inds=concatenate([inds,[len(hdat)]])
# return bins and normalized histogram
return(bins,(inds[1:]-inds[:-1])/(bin_width*len(hdat)))
def store_histogram(x_distrib,y_distrib,outdat):
bin_width=x_distrib[1]-x_distrib[0]
f=open(outdat,"w")
# open file for writing
for k in range(0,len(x_distrib)):
f.write("% e % e \n" % (x_distrib[k],y_distrib[k]))
f.write("% e % e \n" % (x_distrib[k]+bin_width, \
y_distrib[k]))
f.close()

Again, for further details and full routines see [26].
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5
Coherent states, Wigner function and
quantum-classical fidelity

5.1 Introduction
Here we want to address few questions concerning the correspondence of quantum and classical evolution on the classical phase space for quantum pure
states of classically (strongly and weakly) chaotic systems.
Most of what follow is taken from the paper Quantum-classical correspondence on compact phase space with M. Horvat and T. Prosen (Nonlinearity
2006). We will use the Weyl-Wigner phase-space representations of quantum
mechanical states [1] and in this way compare the classical and the quantum
evolution, both as evolution of functions defined over the classical phase space.
The analysis will be performed by considering coherent packets as initial quantum states, such that the corresponding Wigner functions coincides with the
initial classical phase space distributions identical to Gaussian packets.
It is common knowledge in the realm of quantum chaos that the phase
space correspondence between classical and quantum mechanics drops down
on the scale of Ehrenfest time tE = − log ~/λ, where ~ is an effective Planck
constant ~ = ~physical /A, A is a typical action of the system and λ is the
maximal Lyapunov exponent. For a compact phase space the Ehrenfest time
is usually defined as tE = log N/λ, where N is the Hilbert space dimension.
Here we would like to investigate in more detail the break down of the correspondence and the corresponding break time scale.
Let us systematically define the problem. First of all, we start with a
classical Hamiltonian system defined over a given (i.e. sympletic) phase space
X, for example X = T ∗ Rn or X = T2 . The trajectory of this system at the
continuous (discrete) time t ∈ R+ (t ∈ N ∪ {0}), initially in x ∈ X, is given
by φt (x) ∈ X. The corresponding quantum system is defined over the Hilbert
space H and is described by a state |ψi ∈ H. The motion of the quantum state
is given by the unitary evolution operator U t , with t ∈ R+ and t ∈ N ∪ {0},
respectively.
To represent the quantum operators, Â : H → H, as functions over the
phase space X we use the Wigner representation Â → W [Â](x) which share
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the same main properties in all classical phase-spaces, even if its specific form
strongly depends on the geometry of X. We will recall the exact definition of
these quantities on Euclidean X = R2d and toroidal phase space X = T2 . We
are only interested in the phase space representation of density operators of
pure states ρ̂ = |ψihψ| called the Wigner
functions and denoted by Wψ (x) =
R
W [ρ̂](x) ∈ R and normalized as X dx Wψ (x) = 1. By using the Wigner
function one can represent quantum states and their dynamics in terms of
phase-space functions. Similarly we can describe the state of a classical system
on the phase space in terms of probability density functions [2].
We study the classical-quantum correspondence (CQC) by observing the
deviation between the Wigner function of the quantum system and the corresponding probability density of the classical system evolving in time. The
initial state |ψ(0)i of the quantum system is a coherent state of minimal width
with the Wigner function W t=0 (x) depending on the geometry of X, but is
basically similar to a symmetric Gaussian probability distribution1 or is converging to its form in semi-classical limit ~ → 0 with error approximately of
order exp(−|O(~−1 )|). The last estimate is refined in the following sections
for the toroidal geometry using the reference [28]. The state of a classical
system at t = 0, denoted by ρt=0 (x), is a Gaussian probability distribution
corresponding to W t=0 (x). The phase-space functions of the initial quantum
and classical states are either identical, or converge to each other in the semiclassical limit ~ → 0. Our aim is to understand the behavior of the L2 norm
of the difference between the time evolving Wigner function of the quantum
system W t (x) = WU t |ψ(0)i (x) and the time evolving probability density of the
classical system ρt (x) = ρ0 (φ−t (x)), defined as
Z
kρt − W t k22 = kρt (x)k22 + kW t (x)k22 − 2
dx ρt (x)W t (x).
(5.1)
X

The evolutions of the Wigner function W t (x) and of the classical density
ρt (x) are both unitary so L2 norm of both functions is conserved: kρt (x)k22 =
kρ0 (x)k22 and kW t (x)k22 = kW 0 (x)k22 . The only time evolving quantity in the
expression (5.1) is the overlap of the Wigner function W t and the classical
density ρt named the quantum-classical fidelity (QCF):
Z
F (t) =
dx ρt (x)W t (x).
(5.2)
X

The QCF (5.2) is a measure for the quality of the CQC. The F (0) is the
maximal value of F (t) on Euclidean phase space, or is maximal in the limit
~ → 0 for compact phase spaces. Therefore, in order to study the CQC we
observe relative QCF defined as
1

On compact phase spaces it is sometimes necessary to periodicize the Gaussian
distribution to obtain maximal similarity with the Wigner function of a coherent
state.

5.1 Introduction

G(t) =

F (t)
≤ 1 + exp(−|O(~−1 )|).
F (0)
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(5.3)

On the Euclidean phase space we can skip the ~ corrections on the right hand
side of (5.3). The relative QCF G(t) is the main object through which we
study CQC in the following sections. The decrease of G(t) from the value 1 is
understood as notable violation of the CQC.
An important motivation for the study of QCF comes from the studies
of classical [3] and quantum Loschmidt echoes [8] and their correspondence.
One can immediately show that a good control of QCF as defined above (5.2)
gives in turn a good control of the correspondence between the two Loschmidt
echoes. In order to define the Loschmidt echoes, or fidelities, we have to follow
two slightly different time evolutions run by two slightly different Hamiltonians. Let the classical Liouville densities and quantum Wigner functions of the
unperturbed and perturbed evolutions at time t be denoted as ρt0 (x), W0t (x),
and ρtǫ (x), Wǫt (x), respectively, where ǫ characterizes the size of perturbation.
Then the classical Loschmit echo (CLE), or classical fidelity, and the quantum
Loschmidt echo (QLE), or quantum fidelity, are defined respectively as
Z
FǫCLE (t) = dx ρt0 (x)ρtǫ (x),
(5.4)
Z
FǫQLE (t) = dx W0t (x)Wǫt (x).
(5.5)
For strongly chaotic systems, within the Ehrenfest time scales, QLE has been
established to exhibit an exponential decay with the rate given by a classical
Lyapunov exponent [10]. On the other hand, again for sufficiently short time
scales, CLE also exhibits Lyapunov decay as has been derived in [15]. These
results may suggest a simple conclusion that the Lyapunov regime of QLE is
a purely classical phenomenon. Yet, there is a subtle issue of the precise timescale (perhaps a fraction of the Ehrenfest time) up to which the connection
may be established. And this connection can be given through the concept of
QCF as shown below for the Euclidean geometry X = R2d with d degrees of
freedom. In order to do that we shall make use of an elementary inequality
between arbitrary quadruples of Hilbert space vectors u, v, r, s
| ku − vk2 − kr − sk2 | ≤ ku − rk2 + kv − sk2

(5.6)

The inequality can be proven straightforwardly by means of standard triangle
inequalities. Now, putting u := ρt0 , v := ρtǫ , r := W0t , s := Wǫt , and assuming
that Wigner-functions and classical densities are all square normalized to a
unit Planck cell kuk2 = kvk2 = krk2 = ksk2 = (2π~)−d thanks to the purity
of the state, we obtain an upper bound estimate on the difference between
quantum and classical fidelity in terms the sum of QCF of unperturbed and
perturbed dynamics
q
q
q
q
1 − FǫCLE (t) − 1 − FǫQLE (t) ≤ 1 − F0QCF (t) + 1 − FǫQCF (t). (5.7)
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For example, if within a certain time t, the QCF remains close to 1 for both
evolutions, then within the same time the QLE closely follows CLE.
In this paper we discuss CQC on Euclidean and toroidal geometries, the
latter being an example of a compact phase space. Toroidal geometry is particularly useful, because in this case we know plenty of simple chaotic models
with simple exact quantizations and additionally it supports a smooth and
a discrete Wigner function (WF) formulations. We study CQC numerically
through the QCF using the Sawtooth map and the Perturbed cat map as
canonical examples for the linear-discontinuous, and nonlinear-smooth maps,
respectively. The smooth WF on the torus can be interpreted as a model for
the WF defined on Euclidean phase space on which me make some heuristic
predictions about the decay of the QCF.
Some related comparative studies of classical and quantum phase space
distributions in the relation to Lyapunov chaos can be found in Refs. [16, 17].
The paper is organized as follows. In section 2 we outline a heuristic derivation of the Lyapunov decay of QCF in the echo picture. In section 3 we give
more rigorous definitions of QCF for the case of compact two-dimensional
toroidal phase space and two possible distinct definitions of the Wigner function, and later on present numerical calculations for two specific models,
namely Sawtooth map and Perturbed cat map. In section 4 we summarize
our results and formulate conjectures for future rigorous work [41].

5.2 Euclidean phase space and heuristics
The Euclidean (symplectic) classical phase space is perhaps physically the
most relevant geometry and is here denoted by X = Q × P = R2d , where
Q = {q ∈ Rd } is the configuration and P = {p ∈ Rd } is the momentum space.
By using some heuristic derivation in this geometry we qualitatively explain
the numerically observed behaviour of the QCF (5.2) for the situation, when
classical and quantum system are initially described by a Gaussian packet for a
generic chaotic system with effectively finite available phase space. The finiteness of the phase space assures, due to the Poincare recurrence theorem [18],
that the quantum wave-packet stretched due to chaotic dynamics eventually
interferes with itself causing a clear violation of the CQC. The point in time
when this happens we call initial break of CQC and we are mainly interested
in the development of QCF after that point in time. Without loss of generality we can restrict ourselves to time independent Hamiltonian systems. We
further restrict our discussion to a simply connected chaotic component of
phase space (e.g. the energy surface).
The classical and quantum system are defined in terms of the Hamilton
function H(x), x ∈ X and the Hamilton operator Ĥ : H → H over Hilbert
space H, respectively. We shall be working with the Weyl-Wigner quantization. The classical dynamics can be described solely in terms of characteristics of the flow, namely the classical trajectories. We write a symplectic map
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φt : X → X which represents a trajectory starting in the point x ∈ X as function φt (x). The quantum dynamics does not support such a treatment and
we usually refer to this property as non-locality of quantum mechanics. The
classical propagation of the phase-space probability density ρ(x) is defined by
the Liouville equation
ρ̇ = Lρ ,

etL ρ(x) = ρ(φ−t (x)) = ρt (x) ,

(5.8)

Here we use the Liouville operator L, which we express using the bi-directional
↔
differential J as


↔
↔ X
0 id
L=HJ , J=
Jij ∂iL ∂jR , J =
,
(5.9)
−id 0
ij

where superscripts L (left) and R (right) indicate the direction in which the
differentials act and matrix J is the symplectic unit. The Wigner-Weyl formalism in this geometry is well known [1]. The Wigner function Wψ (x) of the
quantum state |ψi is defined by
Z
1
Wψ (q, p) =
dv eipv/~ hψ|q + v/2ihq − v/2|ψi .
(5.10)
(2π~)d
Similarly to classical propagation of the probability density, we can define the
dynamics of the Wigner function W t (x) using the Weyl-Liouville operator Lw
introduced by Moyal [1] as
Ẇ t = Lw W t ,

W t (x) = etLw W (x),

Lw = H

↔
1
sin(α J ) ,
α

(5.11)

where we introduce a constant α = ~/2. The operators L and Lw are generators of unitary dynamics on L2 (X) and they do not commute in general
[L, Lw ] 6= 0, which is essential for the properties of quantum mechanics. The
coherent state with a deformation σ in position direction and centered at the
phase space point (q0 , p0 ) ∈ X is written as
hq|q0 , p0 i =

 σ  d4
ip0 q
2
σ
e− 2~ (q−q0 ) + ~ .
~π

(5.12)

The product of uncertainties in position and momenta reads ∆q∆p = ~/2.
The Wigner function corresponding to the coherent state (5.12) is
W(q0 ,p0 ) (x) =

2
2
σ
1
1
e− ~ (q−q0 ) − ~σ (p−p0 ) ,
d
(π~)

(5.13)

which is positive with a unit phase space integral. The functions of the form
(5.13) are used as initial conditions in the evolution of classical and quantum system, represented by the Wigner functions W t (x) and the classical
probability densities ρt (x):
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W t=0 (x) = ρt=0 (x) = W(q0 ,p0 ) (x) .

(5.14)

By considering the time evolution of the Wigner functions and the corresponding classical density function the QCF (5.2) takes in this geometry the
following explicit form
Z
Z
F (t) =
dx W 0 (x)[e−tL etLw W 0 ](x) =
dx z 0 (x)z t (x) ,
(5.15)
X

X

which we simplify by introducing a convenient observable z t (x) = e−tL W t
named the classically echoed Wigner function. The dynamics of z t (x) is defined
by the equations
ż = R(t)z,

z t = e−tL etLw z 0 ,

R(t) = e−tL (Lw − L)etL ,

(5.16)

with the initial condition z t=0 = W t=0 . The generator of evolution R(t) is
just the difference between the quantum and classical generators, Lw and L,
in the classical interaction picture and is explicitly written as
R(t) =

2d
∞
X
(−1)n α2n X
Jij (∂i2n+1 H)(φt (x)) e−tL ∂j2n+1 etL .
(2n
+
1)!
n=1
ij=1

(5.17)

where we assume smallness of the semi-classical parameter α ≪ 1. In the
strong chaotic case with sufficiently simple topology of the flow the leading contributions to R(t) can be estimated by considering that pre-factors
(∂im H)(φt (x)) behave as stochastic variables in time and that hyperbolicity
of the flow causes the derivatives in the interaction picture to grow exponentially with the asymptotic rate given by the maximal Lyapunov exponent
λmax as e−tL ∂j etL ∼ exp(λmax t)∂s , where s indicates the most stable direction of the flow [15]. Note that the observation time should be long enough
so that the unstable direction clearly develops, meaning λmax t ≫ 1. On the
other hand, it is meaningless to treat R(t) (5.17) for times much larger then
tE = | log ~|/λmax , because for t ≫ tE the Wigner function already spreads
over the whole space. Taking these facts into account, we can qualitatively
estimate QCF F (t) for described time interval as
F (t)
∼ e| log α|−λmax t ,
F (0)

1 ≪ λmax t . | log α| .

(5.18)

We conclude from the formula (5.18) that the QCF decays exponentially with
the rate given by the maximal Lyapunov exponent. In classically mixing systems the probability density converges to the invariant density denoted by
µ(x):
lim ρt (x) = µ(x) ,
etL µ(x) = µ(x) ,
(5.19)
t→∞

and therefore one expects that QCF, for times t ≫ tE , converges to the
classical ergodic average h•ie of the Wigner function
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lim F (t) =

t→∞

Z

dx W t (x)µ(x) = W t

χ

e

.
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(5.20)

The ergodic average of the Wigner function can be expected to be roughly constant in time. This means the QCF drops to a plateau. However, for systems
with relatively small Lyapunov exponents, namely if tE is large and comparable with the Heisenberg time tH ∼ 1/~, QCF could experience another
regime of relaxation towards the plateau related to decay of classical temporal
correlation functions. This is easily understood, if we take into account two
things. First, the classical density ρt (x) converges towards the invariant measure with the rate determined by the leading Ruelle resonance ν [21]2 with
the corresponding eigenfunction φν (x) as
ρt (x) ≈ µ(x) + φν (x) φν , ρ0 e−νt ,

(5.21)

and second, that at time t ∼ tH the wave-function of a classically chaotic
system is almost a random function [20] with fluctuations on the scale of ~
and similarly for the corresponding Wigner function [22]. Putting this two
facts together, we can estimate the asymptotic decay of QCF down to the
plateau by
F (t) − hW ie ≈ e−νt φν , ρ0 Wψt , φν ,
(5.22)

where < · , · > denotes the inner product in L2 (X) By assuming that the
Wigner function lives in effectively finite Hilbert space H̃ and by introducing
the projector P : L2 (X) → H̃ from full Hilbert space to the effective finite
one, we can bound the inner product:
| Wψt , φν | ≤ kP φν k2 .

(5.23)

5.3 QCF on the torus T2
5.3.1 Quantum mechanics over the torus T2
The mathematical description of quantum mechanics over the torus as phase
space has a long history, starting from the fundamental paper by Hannay
and Berry [33] and the original work of Keating [36], where a semiclassical
form of the Wigner function for hyperbolic linear maps (cat maps) has been
investigated for the first time. Here we restrict ourselves to recall the main
definitions and properties that are need in the exploration of quantum-classical
fidelity, refereing to previous chapter for details and complete references.
The most important consequences of doing quantum mechanics on a compact phase space such as T2 = [0, 1]2 are that the inverse of the Planck’s
2

In some dynamical systems the Ruelle resonances are well established term i.e.
Axiom A, geodesic flow on a manifold of negative curvature, whereas in many
others, even with exponential decay of correlations, the situation is not yet clear.
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constant ~ can only take positive integer values and moreover the corresponding Hilbert space of quantum states turns out to be finite dimensional with
dimension exactly N = h−13 . This is an immediate consequence of periodicity of states in both configuration and momentum representation and it will
have, as we will see, important consequence on the structure and properties of
both coherent states and Wigner functions. Just for the purpose of fixing the
notations, let us recall briefly the construction of the Hilbert space of states
and the implementation of the dynamics.
We start by defining the quantum Hilbert space associated to the torus
phase space T2 . Physically we must select wave functions satisfying the same
Bloch conditions:
ψ(q + L) = e2πiθ1 L ψ(q),

ψ̂(p + L) = e−2πiθ2 L ψ̂(p) ,

where we have used the ~-Fourier transform
Z ∞
q
ψ̂(p) = (F̂~ ψ)(p) :=
ψ(q) e−iqp/~ √
.
2π~
−∞

(5.24)

(5.25)

For this short presentation of the quantum kinematics we set L = 1 and use
periodic boundary conditions θ1 = θ2 = 0 to keep the notations simple. Later
on, in order to simplify the quantum propagator associated to the sawtooth
map, we will consider L even and it is important to stress that all the considerations we make here can be naturally extended to the more general case of
a torus with arbitrary integer sides.
Note that we can characterize periodic wave functions using the Heisenberg
translations: for any ~ ∈ (0, 1], we consider the quantum translations (elements
of the Heisenberg group) T̂v = ei(v2 q̂−v1 p̂)/~ , v ∈ R2 , acting on L2 (R), obtained
by the canonical quantization of the linear translations in phase space, with
infinitesimal generators q̂ and p̂. By extension they also act on a larger set of
wave functions, not necessarily in L2 (R), such as periodic functions or infinite
linear combinations of delta functions over a discrete periodic lattice. In this
distributions space S ′ (R), we define the space of invariant wave functions
H~ = {ψ ∈ S ′ (R) : T̂(1,0) ψ = T̂(0,1) ψ = ψ} .

(5.26)

These are distributions ψ(q) which are Z-periodic, and such that their ~Fourier transform (5.25) is also Z-periodic. One easily shows that this space
is nontrivial iff (2π~)−1 = N ∈ N, which is assumed from now on, and is
denoted by HN = H~ . It forms a N -dimensional vector space of distributions
admitting a “position representation”


N −1
j
1 XX
ψj δ q −
−ν ,
ψ(q) = √
N
N j=0 ν∈Z
3

|ψi =

N
−1
X
j=0

ψj |qj i ,

(5.27)

See [7] for an alternative treatment of quantization on the torus that doesn’t
restrict to specific values of ~
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−1
where each coefficient ψj ∈ C. Here we have denoted by {|qj i}N
j=0 the canonical (“position”) basis for HN . In the same way as we produce generic quantum
states over the torus by “periodizing” quantum states over the line, we will
construct the basic objects of our study, such as quantum propagators, coherent states, Wigner functions, etc... by again “projecting” down to the torus
the similar object on the line or on the plane. In particular let us define the
“projector” on L2 (R)

 X
 X
X
T̂(m1 ,0) .
(5.28)
T̂(0,m2 )
(−1)N m1 m2 T̂m =
P̂T2 =
m∈Z2

m2 ∈Z

m1 ∈Z

′

Then HN = P̂T2 (S (R)) and we will use in particular this projector for
defining coherent states on T2 . Given now a classical smooth observable
f ∈ C ∞ (T2 ), we want to describe how to associate to f a suitable quantum operator fˆ on HN . On the “usual” planar R2 case, there are two main
quantization methods that can be both adapted to the torus: the Weyl and
the (positivity preserving) anti-Wick quantization based on coherent states.
For the purposes of this paper, we will here briefly describe the first one, refereing to [28] for what concern the second one. Note first that any smooth
function f (q, p) on the (unit) torus can be considered as a double periodic
function over the plane R2 and it can be expressed via the discrete Fourier
transform:
X
f˜(k)ei2π(qk2 −pk1 ) .
(5.29)
f (q, p) =
k∈Z2

The Weyl quantization of this function is the following operator:
X
f˜(k) T (k), where T (k) = T̂k/N .
fˆ =

(5.30)

k∈Z2

It is immediate to see that fˆHN ⊆ HN . The quantization map f → fˆ,
due to the finite dimension of the quantum Hilbert space, turns out to be a
non invertible transformation. In fact, because of Heisenberg relations T (k +
mN ) = (−1)k2 m1 −m2 k1 T (k), we have the periodic relation T (k + 2mN ) =
T (k). Namely, letting Z2N = {0, 1, . . . , 2N − 1} and assuming f smooth:
!
X
X
fˆ =
f˜(k + 2ℓN ) T (k).
(5.31)
k∈Z22N

ℓ∈Z2

This, together with (5.29) and fast decay of the Fourier coefficients, immediately implies fˆ = ĝ for any given two smooth classical observable
f, g ∈ C ∞ (T2 ) that agree on the 2N -grid classical lattice in phase space :
m
n
m
n
, 2N
) = g( 2N
, 2N
), ∀m, n ∈ Z2N . As it is discussed for example in [30],
f ( 2N
this fact will also affect the properties of the Wigner function WΨ associated to
a given quantum state4 Ψ ∈ HN , that nevertheless will share the fundamental
phase-space distribution property:
4

Defined in general for any given density matrix.
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hΨ |fˆ|Ψ i = N

Z

WΨ (q, p) f (q, p) dqdp.

(5.32)

T2

Before coming back to some more details concerning Wigner functions and
coherent states on the torus, let us now briefly recall the main definition and
properties of the quantum dynamics over T2 .
In particular, in this paper our ideas are tested using some very well known
toy models of classically uniformly hyperbolic, area preserving (i.e. symplectic) maps over T2 , such as the Sawtooth maps and Perturbed cat maps. Again,
here we restrict ourself to recall the main properties needed for our considerations, refereing the reader to the cited references for additional mathematical
details. While the first model (Sawtooth map) deals with piecewise linear discontinuous maps that develop diffraction effects during the evolution of given
initial quantum states, the Perturbed cat maps are a prototype of non linear
smooth chaotic systems and we are interested to explore the effects on QCF
of both of these phenomena.
For any given K ∈ R, the classical Sawtooth map is defined on the torus
T = [0, 1] × [0, L], L ∈ N, with the map φS : (q, p) 7→ (q ′ , p′ ):
p′ = p + Kq (mod L) ,
q ′ = q + p′ (mod 1) .

(5.33)

This map (5.33) is not smooth for K 6= Z, it is ergodic and exponentially mixing with respect to the Lebesgue measure [11] and it has a simple expression
for the maximal Lyapunov exponent:


p
1
(5.34)
λS = log (K + 2 + K(K + 4))
2
The corresponding quantum evolution operator ÛS ∈ CN xN over the Hilbert
space of size N is defined as [32]




πL 2
πK 2
ÛS = exp −i
m̂ exp i
n̂ ,
(5.35)
N
NL
where we introduce the operators m̂|pm i = m|pm i and n̂|qn i = n|qn i with
n, m ∈ ZN . Please note that for odd N the periodicity of free-propagation in
direction of the momenta is broken unless the dimension of the phase space
in that direction, L, is even. The classical discontinuities of the dynamics
strongly affect the propagation of states and the semiclassical properties of
the system. Because of this, only few partial rigorous Egorov estimates can
be given in a time regime that, as we will discuss, is really too short for fully
exploring our observed numerical results [31, 32].
We now turn to the so called Perturbed cat map over T2 = [0, 1]2 , originally
introduced in [6]. We start from the very well known generalized Cat map
φ : T2 → T2 represented, in the natural coordinates (q, p), by the matrix
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φ=



ab
cd



∈ SL(2, Z) ,
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(5.36)

with |Tr(φ)| = |a + d| > 2 to ensure hyperbolicity. As a consequence, φ has
two eigenvalues of the form e±λ , where λ > 0 is the uniform Lyapunov exponent of the map. On the plane, the two corresponding unstable and stable
eigenspaces are generated by two vectors v u and v s of the form v u = (1, u)
and v s = (1, s), with quadratic irrational slopes. If π : R2 → T2 denotes
the usual projection mod 1 on the torus, the image π (R · v u ) coincide with
the unstable manifold W u (0, 0) passing trough the origin. Similarly this holds
also for the stable manifold W s (0, 0) = π (R · v s ) and this linear structure will
be immediately lost when one introduce some nonlinearity by perturbation.
Because of the irrationality of the slope, each invariant manifold is dense on
the torus and this property remains under perturbation. This implies that
longer segments of W u (0, 0) becomes arbitrarily close to other pieces of itself
and to the origin5 . This phenomena clearly will produce interference effects
in the long time quantum evolution of initially localized states and it will be
responsible for the behavior of the observed QCF at later times. Any such
linear hyperbolic map φ represents the most elementary example of two dimensional discrete highly chaotic dynamical system: in particular it is ergodic
with respect to the Lebesgue measure, it has a dense set of unstable periodic
orbits and it is exponentially mixing. More precisely, for any given observable
f, g ∈ C k (T2 ) with zero average and given finite regularity k ∈ N:
Z
(5.37)
f (q, p)g(φ−t (q, p)) dqdp ≤ Ce−tkλ k f kC k kgkC k .
T2

This exponential decay of (classical) correlations and its behavior under nonlinear perturbations will clearly play a fundamental rule in understanding and
explaining the numerical observed quantum-classical fidelity.
We will now consider perturbations of this linear map by composing it
with a time µ > 0 flow of a global Hamiltonian H(q, p) on T2 . Assume H to
be a real function of the torus of the form:
X
H(q, p) =
anm sin(2π(nq + mp)) + bnm cos(2π(nq + mp)) ,
(5.38)
n,m∈Z

with rapidly
decaying
coefficients anm , bnm . Then H induces a vector field


H
2
on
T
and a corresponding Hamiltonian flow θt : T2 → T2 ,
,
−
XH = H
p
q
θ0 (q, p) = (q, p). We now consider the time t = µ > 0 as a perturbative
parameter and define a Perturbed cat map either as φµ := φ◦θµ or φµ := θµ ◦φ.
It is known [33, 34] that there exists a µmax > 0, which depends on φ and H,
5

In the linear case, and then also in the perturbed one, elementary diophantine
estimates show that two different branches of a piece of length ℓ of W u are at
distance ≥ Cℓ , for a certain constant C > 0.
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such that for values of µ ∈ [0, µmax ), the map φµ is still an Anosov map of
the torus and moreover it is C 0 -conjugate with the linear map φ. Namely,
for each µ fixed there exists a continuous Holder function Ψµ on T2 such that
Ψµ−1 ◦φ◦Ψµ = φµ . In particular this implies that both the rigid spatial structure
and the stability exponents of the periodic orbits can change drastically, but
the global topological entropy remains constant.
In this paper we consider the particular perturbations for which the Hamiltonian function H of the perturbation depends only on one coordinate. In this
case, the corresponding Hamiltonian flow gives rise to non-linear shears. More
precisely, assume for example
X
H(q) =
an sin(2πnq) + bn cos(2πnq) .
(5.39)
n∈Z

It is then easy to see that the corresponding Hamiltonian flow at time µ is of
the form:
 


q
q
:=
Pµ
,
(5.40)
p
p + µf (q)

a shear in momentum, where f (q) = − Hq . Similarly, a Hamiltonian of the
form
X
H(p) =
am sin(2πmp) + bm cos(2πmp)
(5.41)
m∈Z

generates a shear in position

 


q
q + µg(p)
:=
Qµ
,
p
p

(5.42)

H
. For our numerical explorations in order to simplify the
p
numerical procedures without losing generality, we consider the torus T =
[0, 1] × [0, L] (L ∈ N) and we perform our calculations with the Perturbed cat
map φµ : (q, p) 7→ (q ′ , p′ ) given by the formula
with g(p) =

p′ = q + p − µ sin(2πq) (mod L) ,
q′ =
q + p′
(mod 1) .

(5.43)

The map is hyperbolic and the Lyapunov exponent λP (µ) changes with perturbation strength µ as shown in the figure (5.1). Also in this case, the quantum
counterpart of the classical map (5.43) and some of its semiclassical and spectral properties have been extensively studied [35–37, 30, 39]. In particular the
evolution operator ÛP ∈ CN ×N reads





πL 2
π 2
Nµ
2π
ÛP = exp −i
m̂ exp i
n̂ + i
cos
n̂
,
(5.44)
N
NL
2πL
N
To successfully develop the problem of correspondence and to study the
observed behavior of the QCF we need to explore the theory of coherent states

5.3 QCF on the torus T2

153

on T2 and their evolution under nonlinear or discontinuous hyperbolic dynamics both in configuration and phase-space representation (Wigner function).
In the case of nonlinear smooth dynamics, various important estimates
concerning the evolution of coherent states have been obtained in the so called
linear regime 0 ≤ t < TE /6 in the framework of Hamiltonian evolutions on
R2d . In this regime the coherent state remains very localized with a width of
order ~1/3 and an evolution governed by the linearized dynamics along the
classical trajectory ( [9, 38] and also [39, 35] for maps).
For discontinuous hyperbolic piecewise linear maps, the results for baker
map [28] indicate that this linear regime can in this case be extended up to
t < TE /2.
It is worth mentioning again that even if these represent the best known
estimates about time propagation, they have a genuine semiclassical feature
and they rely on a detailed control on the difference between the classical
and quantum evolution (Egorov Theorem) of coherent states. For these reasons they do apply at a time scale where both non linear classical effects
and quantum interference are negligible, allowing us to rigorously prove only
the observed non decaying of the QCF for short initial time. This of course
excludes the possibility of understanding the “interesting” part of the QCF
behavior at larger time, where different mathematical approaches are needed,
as we will here heuristically discuss.
For larger times, when the packed is already stretched along the unstable
direction, the usual coherent state representation is not sufficient anymore
and one need to analyze the evolution of particular class of quantum states
WKB states [12, 13] (also called Lagrangian states in the mathematical literature [14]) essentially supported on a segment of a Lagrangian manifold,
i.e. a curve in phase space [39]. In conclusion, when translated at the level

1
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Fig. 5.1. Lyapunov exponent of the classical Perturbed cat map as a function of
the perturbation strength, obtained as an average over 100 trajectories of length 106
with random independent initial points.
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of the Wigner function, these “Egorov estimates” allow to gain the explanation of the behavior of the QCF only up to time T1 = TE /2, or T1 = TE /6,
depending on whether the map is linear (with possible discontinuities), or
non-linear, respectively. Moreover, the breakdown of these estimates also offer some understanding of the mechanism which produces the appearance (at
least heuristically) of the observed exponential decay controlled by the maximum Lyapunov exponent, up to the 1/N plateau at time T2 = T1 + TE , as
we will discuss more deeply at the end of the section.
Let us here briefly recall the main definitions and estimates concerning
coherent states and their evolution (see e.g. Ref. [40] for some physics background of the problem), refering to [39, 30, 35] for the technical mathematical
details. As a starting point we consider a localized coherent states at the origin
denoted by Ψ0,τ ∈ L2 (R), defined as [42]
Ψ0,τ (q) =



Im(τ )
π~

1/4

e−

ıτ q 2
2~

.

(5.45)

Here τ ∈ C is a point in the right half-plane related to the squeezing of the
coherent state. Coherent states Ψx,σ localized on other points x = (q, p) in
phase space can then be obtained by the action of the Heisenberg translation
operators. The corresponding coherent state Ψx,τ,T2 ∈ HN on T2 is then obtained by projecting down the state through the operator P̂T2 as defined in
the eq.(5.28) [28, 30]:
Ψx,τ,T2 = P̂T2 Ψx,τ .
(5.46)
To be more concrete, if τ = iσ with width σ > 0 then the coherent state at
the point x = (q0 , p0 ) ∈ R2 , denoted again with a small abuse of notations by
Ψx,σ,T2 , becomes for ~ = 1/(2πN ):

n
n X
=
+ν
Ψx,σ
Ψx,σ,T2
N
N
ν∈Z

1/4
X πσ
2
2N
=
e− N (n−q0 N +νN ) ei2πN p0 ν (5.47)
ei2πnp0
σ
ν∈Z

Note that if q0 ∈ (δ, 1 − δ) then in the classical limit we can approximate the
torus coherent state by the planar one [28]:

n

n
2
= Ψx,σ
+ O (σN )1/4 e−πN σδ .
(5.48)
Ψx,σ,T2
N
N

In the study of the quantum-classical correspondence we need to compare
the quantum and classical evolution of the classical probability density corresponding to the initial phase-space representation of a given coherent state. As
we will discuss also later on, even if there is some freedom in the choice of the
Wigner representation on the torus, the previous estimate yields that the classical probability density that closely resembles the phase space representation
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of the coherent state Ψx,σ,T2 turns out to be a periodicised Gaussian function
on T2 . This last statement follows, roughly speaking, from the following two
facts [28]:
1. The planar coherent states, given in terms of Gaussian wavefunctions
are covariant with respect the Fourier transform F̂~ , namely F̂~ Ψx,σ =
ΨF x,1/σ , where F x = (p0 , −q0 ). Now when (2π~)−1 = N , then P̂T2 F̂~ =
F̂N P̂T2 , where F̂N again denotes the discrete Fourier transform. This
shows that the above covariance still holds also after projection on the
torus: F̂N Ψx,σ,T2 = ΨF x,σ−1 ,T2 .
2. The phase space representation of the coherent state, namely its (discrete)
Wigner function, is essentially the Fourier transform of the overlaps between the coherent states and its translates on T2 , which turns out to be
related to overlap between planar coherent states, i.e. Gaussian integrals:
X
hΨx,σ,T2 |T̂k/N |Ψx,σ,T2 i =
(−1)N m1 m2 hΨx,σ |T̂k/N T̂m |Ψx,σ i
m∈Z2

=

X

(−1)N m1 m2 +m∧k e2πi(x∧(k+mN )) e−

πN
2

Qσ (m+k/N )

m∈Z2

where m ∧ k = m1 k2 − m2 k1 and Qσ (k) = σk12 + σ −1 k22 . As a consequences
of this, it can be seen that up to exponentially small errors in N (at least
around the point where the coherent state is localized), we can approximate
the genuine initial Wigner function of our coherent states essentially with the
periodicised Gaussian function on T2
!
!
X
X
−2πσN (q−q0 +ν)2
−2πσ −1 N (p−p0 +ν)2
ρ(q0 ,p0 ) (q, p) = DN
.
e
e
ν∈Z

ν∈Z

(5.49)
R
The scalar factor DN is pinned down by normalization T2 dq dp ρ(q0 ,p0 ) (q, p) =
1, which is in the case of continuous torus T2 equal to DN = 2N .
Let us now make a non technical analysis of the semiclassical behavior
of the QCF for the short time regime t < T1 , where no decay is observed.
As shown in [39], for short time (say t ≤ TE /6) the evolution of Ψx,τ,T2
is governed by the linearized dynamics around the classical trajectory of x.
After that time, the Gaussian wavepacket starts to be seriously effected by the
nonlinearity of the dynamics. To be more precise, let us for simplicity consider
an initial coherent state Ψx,τ with arbitrary squeezing parameter τ ∈ C and
localized around the origin (fixed point of the (un)perturbed dynamics). Let


aµ bµ
dφµ =
,
(5.50)
cµ dµ

be the linear hyperbolic map of the plane obtained by considering the tangent map of φµ at the origin. If we consider this as a global map on R2 ,

,
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we denote by Vµ the corresponding quantum unitary propagator (metaplectic
representation) acting on L2 (R) is written as [43]


1
i
(dµ q ′ − 2q ′ q + aµ q 2 ) .
(5.51)
hq ′ |Vµ |qi = p
exp
2bµ ~
2iπ~bµ

Now, for ”short time” t, the evolution of the coherent state through the
true perturbed dynamics Uµt can then be approximated by an Ansatz Ψt :=
Vµt Ψ0,τ = eiθt Ψ0,τt , where the phase θt and the ”squeezing” τt of the new coherent states are given by the Maslov multiplier and the homographic transformation respectively:
!
(t)
(t)
(t) (t)
1
cµ + τ dµ
aµ bµ
t
(t)
(t)
θt = − arg(aµ + τ bµ ) , τt = (t)
.
, where (dφµ ) =
(t) (t)
(t)
2
cµ dµ
aµ + τ bµ
(5.52)
Using the “projector” P̂T2 both states and the propagator can be projected to
the torus: Vµt Ψ0,τ,T2 := P̂T2 Vµt Ψ0,τ , namely Ψt,T2 = P̂T2 Ψt , and the following
can be proven [39]:
k Uµt Ψ0,τ,T2 − Ψt,T2 kHN ≤ Cµ~1/2 e3tλµ ,

(5.53)

where λµ denotes the maximal Lyapunov exponent for the nonlinear Perturbed cat map.
This estimate follows from the fact that the kernel of the metaplectic
transformation used in the linearized evolution is obtained by expanding the
Hamiltonian in series, and neglecting the non quadratic part. In this case
(see [39] for details) the accuracy of the Ansatz, namely the L2 difference
between the true evolved states and the linear evolution, is controlled as long
as the localization condition on the cubic term µ∆q(t)3 ≪ ~ is verified, where
∆q(t) ≈ ~1/2 etλµ is the width of the evolved coherent state. As we have
~|
already remarked, below this break time T ≈ | log
the state is still very
6λµ
localized at the origin, being supported in a diameter of order ∼ ~1/3 , with
no interference appearing in the phase-space representation. More precise approximations were obtained in [9] by going to higher order in ~, or even up to
remainders exponentially small in ~ for analytic Hamiltonian [38].
In the case of piecewise linear hyperbolic maps instead, where nonlinearity is absent and only diffraction effects at the singularities take place,
techniques similar to the ones developed for the Baker map [28] should allows
a precise Egorov estimates for longer times, up to t ≈ TE /2. At this point
serious interference effects between different branches of the elongate states
takes place, semiclassical approximation break down and genuine quantum
phenomena start to take place, as the developing of negative values in the
Wigner function that are responsible for the observed time scales T1 , T2 and
the corresponding decay of the QCF as discussed in the next section. Without
entering the details here, it is important to stress that, when these estimates
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are translated into a phase-space representation through the Wigner function,
then one can easily infer that G(t) ≈ 1 for times below half of the Ehrenfest
time for piecewise linear maps and for times below ≈ TE /6 for the nonlinear smooth dynamics. This result is not surprising, at least from the physical
point of view, and we would like now to develop some better understanding
(at least heuristically) of the “long time” behavior of the QCF F (t). In order
to do this, we turn now to discuss the Wigner function(s) we have been using
in our numerical investigations.
We must stress at this point that while a rigorous and unique mathematical definition of the Weyl-Wigner formalism is available (see e.g. [30]), the
finite dimensionality of the space of quantum states and the remark following
eq.(5.31) yield quite counter intuitive (at least from a physical point of view)
Wigner functions defined only on a 2N × 2N discrete lattice of T2 . Even if
this Wigner function does satisfies all the natural properties of a correct phase
space distribution, such as for example eq. (5.32), and even if it gives the expected marginals or expectation values when integrated on linear subspaces
of the phase space, it is sometimes better to use an alternative version of the
Wigner function which offers a more intuitive interpretation of its phase space
overlap with the evolved Gaussian classical distribution ρt (q, p). Even if the
final numerical results do not depend on this choice, for the sake of clarity
in the presentation and also for the sake of generality in the interpretation of
the mechanisms yielding the exponential decay of the QCF, we discuss here
the two different approaches: the discrete one ( [26, 30]) and the continuous
one [25]. As we will see, we can benefit from studying both formulations of
the Wigner function.
5.3.2 The continuous Weyl-Wigner formalism
The Weyl-Wigner formalism introduced by Agam&Brenner [25] defines the
Wigner function by the following formula
Wψ (n, m) =

1
N

(N −1)/2

X

n′ ,l=−(N −1)/2

2π

′

,
e−i N n m δ̃(2l − 2n + n′ ) hql+n′ |ψihψ|ql i(5.54)
(n, m) ∈ Z2N ,

n m
with the physical position on the torus T2 = [0, 1]2 given as ( N
, N ) ∈ T2 and
where
(N −1)/2
X
1
1 sin(πk/2)
δ̃(k) =
=
.
(5.55)
N ′
N sin(πk/2N )
m =−(N −1)/2

This formulation of the Wigner function requests that the Hilbert space dimension N is odd. This could be a deficit, as we have no concrete reason for it,
except maybe that it is rather natural to assume the same number of negative
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as positive wave-lengths resulting in the odd number of all wave-lengths. The
Wigner function given by (5.55) has the following properties
N
−1
X
n=0

N
−1
X

Wψ (n, m) = |hpm |ψi|2 ,

m=0

Wψ (n, m) = |hqn |ψi|2 ,

N
−1
X

Wψ (n, m) = 1 .

n,m=0

The full Weyl-Wigner formalism that is incorporated in [25] can be presented
by using the kernel/point operator Ânm for projecting operators on the function over phase-space grid and its reconstruction from it
Â = N

N
−1
X

anm Ânm ,

anm = T{Ânm Â} ,

n,m=0

Ânm

1
=
N

(N −1)/2

X

n′ ,l=−(N −1)/2

′

2π

e−i N n m δ̃(2(l − n) + n′ ) |ql ihql+n′ | .

This type of Wigner function can be extended to the continuous torus (q, p) ∈
T2 by the following definition
W̃ψ (q, p) = Wψ (N p, N q) ,
with the basic properties
Z
1
dq dp W̃ψ (q, p) = 2 ,
N
2
T

Z

T2

dq dp W̃ψ2 (q, p) =

(5.56)

1
,
N3

(5.57)

which can be treated as normalization of the Wigner function. We only use
presented Wigner function in the continuous formulation as this is a more
compatible object with the classical density. The classical-quantum fidelity of
the evolving Wigner function Wψt and classical density ρt = ρ0 (φ−t (q, p)) on
the continuous torus is defined as
Z
dq dp W̃ψt (q, p)ρt (q, p) ,
(5.58)
F (t) =
2
T
Z
=
dq dp W̃ψt (φt (q, p))ρ0 (q, p) ,
(5.59)
T2

where we use the phase space conservation of the map φt . Here we obtain an
interesting object to discuss Wψt (φt (q, p)) that we call the classically echoed
Wigner function and corresponds to z t (x) discussed in the Euclidean geometry. By using this object we can directly observe decay of classical-quantum
correspondence on the phase space as it spreads from original Gaussian form
over the whole phase space. This is nicely depicted in figure 5.2, where we plot
W̃ψt (q, p), ρt (q, p) and W̃ψt (φt (q, p)) parallel to each other at each time step
in the saw-tooth systems. On figures representing classically echoed Wigner
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function W̃ψt (φt (q, p)) we can clearly see how is this function stretched in stable directions of the classical map as predicted by the analysis on Euclidean
phase space.
We numerically calculate the quantum-classical fidelity F (t) or its relative
value G(t) = F (t)/F (0) for the Sawtooth map system and Perturbed cat
map. The results for different parameters are presented in the figures 5.3 for
the Sawtooth map and in the figure 5.4 for perturbed cat map. The results
are averaged over different positions of initial Gaussian distributions to get
rid of features depending on individual initial states. In all results we can
clearly see the exponential decay of relative QCF hG(t)i ∼ e−λmax t with the
rate equal to the maximal Lyapunov exponent λmax down to the ergodic
plateau hG(t)ie = N1 . An exception is the case of the Sawtooth system at
small parameters K, where the expected break time tE is rather big and we
can also experience the correlation decay. Obtained result are all in the frame
of presented theory for the Euclidean phase space. Note that in order to obtain
reliable numerical results we have to use more then N 2 points in integration
over the phase space, where N is the Hilbert space dimension.
5.3.3 Discrete Weyl-Wigner formalism
The other Weyl-Wigner formalism that we use is described by Miquel et.al.
[26], by which the Wigner function reads
iπ
N −1
2π
e N nm X
Wψ (n, m) =
hψ|qn−k ihqk |ψie−i N km ,
2N

k=0

(n, m) ∈ Z22N ,

(5.60)

n
m
where the physical position on the torus T = [0, 1]2 is given with ( 2N
, 2N
)∈
2
T . Even if being defined on a 2N ×2N lattice, WΨ turns out to be completely
determined by N 2 of its values, as the following symmetry shows:

Wψ (n + σq N, m + σp N ) = Wψ (n, m)(−1)σq m+σp n+σq σp N

(5.61)

with σq,p ∈ {0, 1}. Moreover, this Wigner function satisfies all the main natural requirements for a correct phase-space representation. In particular it
does have the right “Lagrangian averages” on the points in phase space on
the lattice of size N :
2N
−1
2N
−1
2N
−1
X
X
X
2k
Wψ (n, m) = 1 .
Wψ (n, m) = δn2k · |hqk n|ψi|2 ,
Wψ (n, m) = δm
· |hpk |ψi|2 ,
n,m=0

m=0

n=0

The Weyl-Wigner formalism that produces this Wigner function is generated
by a point operator with a simple algebraic form
an,m = T{ÂÂn,m } ,
Ân,m =

Â = N

2N
−1
X

an,m Ân,m ,

n,m=0

π
N −1
ei N nm X −i 2π km
e N |qn−k ihqk | .
2N

k=0
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In the presented formulation we perform numerical experiments considering
the discrete version of the quantum-classical fidelity,
F (t) =

2N
−1
X

Wψt (n, m)ρt

n,m=0

 n m
,
,
2N 2N

(5.62)

where we sum the overlap of the Wigner function and classical density over
the lattice 2N × 2N . This formula for fidelity (5.62) has the time complexity
of O(N 3 log(N )) and is by a factor O(N ) smaller than the one using the
Wigner function defined by Agam & Brenner. This enables testing of classicalquantum correspondence and its break-down at higher dimensions. We have
studied such QCF in different systems: perturbed cat-map, saw-tooth map
and also baker map and general linear skew shift (not reported here)
N
−1
X
n=0

2

Wψ (n, m) = |hpm |ψi| ,

N
−1
X
m=0

2

Wψ (n, m) = |hqn |ψi| ,

N
−1
X

Wψ (n, m) = 1 .

n,m=0

The results are shown in the figure 5.5 for the Sawtooth map and in the
figure 5.6 for Perturbed cat map. Generally, in the generic case where the
lattice is not conserved under the classical map, and the trajectories starting
at lattice points are scattered over the whole phase space, we get the results
for fidelity which look asymptotically (as N → ∞) the same as in case of the
Agam & Brenner’s definition of Wigner function. There exist also non-generic
interesting cases. For instance in the Baker’s map at dimension N = 2n , where
the classical map in time flattens the lattice onto the ordinate axis. The other
example is the saw-tooth map at K ∈ N called the cat map, which conserves
the given lattice and the fidelity is constant, meaning it does not decay. This
is a consequence of the fact that the cat map is Egorov exact [27].
The discrete definition of the Wigner function enables to study in more
detail characteristic times of the QCF time dependence. We can clearly recognize two distinct time scales. The first one, denoted by T1 , is the time at which
F (t) starts to strongly deviate from initial value F (0), entering the regime of
exponential decay. The second time scale, denoted by T2 , is the time when
F (t) exits the exponential decay and starts to relax towards the plateau. Actually, we define the times T1 and T2 using the average relative QCF, averaged
over different initial states hG(t)i and study the exponential slope of hG(t)i:
a very good agreement with the exponential fit Gfit (t) = exp(−λmax (t − T1 ))
is then observed for large N , where λmax is the maximal Lyapunov exponent of the classical map. We consequently define the times T1 and T2 as the
times when the fitting function Gfit (t) hits the initial value G(0) = 1 and the
plateau 1/N respectively as shown in the figure 5.7, where N is the Hilbert
space dimension.
We see that the times T2 and T1 are connected by the relation
λmax (T2 − T1 ) = log N

(5.63)
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Because of that trivial relation we discuss only the time scale T1 in the following. In the simulations done with the Sawtooth map and Perturbed cat map,
see figure 5.8, we found that T1 is approximately described by
λmax T1 ≈ A log N + B

(5.64)

where A and B are constants, depending on the model but not on N . We are
are interested only in leading term and the coefficient A. By numerical analysis
of the models at different values of parameters we found that A in Sawtooth
map T2 is almost independent of λmax and is near to A = 0.5 ± 0.05, but in
the Perturbed cat map the coefficient A slightly varies with the coefficient µ
and is approximately equal to A = 0.2 ± 0.05.
Another interesting aspect of dynamics on the torus is that we can clearly
see the connection between decay of QCF and the negativity of Wigner functions. In the figure 5.9 we show some numerical results where we plot together
the relative QCF G(t) and the relative fraction of phase space P− (t) supporting the Wigner function with the negative value, starting from the same initial
Gaussian packets. From a detailed numerical study of statistical properties of
the Wigner function for chaotic maps on compact phase spaces [22] we know
that P− (t) should saturate in time to the value predicted by the random wave
model
Z r
2
1
1
r
1
P−,rand = − √
(5.65)
e−x /2 dx = − √ + O(r2 )
2
2
2π
2π 0
where r = W /σw is the ratio between the average Wigner function W and its
standard deviation σw . For the considered Wigner function formulations on
the torus we have
continuous : r = (N − 1)−1/2 ,

discrete : r = (4N − 1)−1/2 .

(5.66)

We see that decrease of QCF closely follows the increase of P− (t), but there
is obviously a strong difference between the discontinuous piece-wise linear
(i.e. Sawtooth map) and non-linear smooth maps (i.e. Perturbed cat map).
Roughly speaking, the QCF decay appears when the Wigner function starts to
develop, due to genuine quantum interference effects, Gaussian statistics for
its values distribution. This correspondence is sharp for linear maps with discontinuities, like the saw-tooth map, whereas for nonlinear continuous maps,
like perturbed cat map, the relaxation of Wigner function statistics happens
little later than the time scale T1 of QCF decay. Note that such behaviour has
been observed for several other, different values of N and as well as different
values of parameters of the two representative models, not shown in the figure.
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6
a weakly chaotic quantum maps: the Triangle
(or Casati-Prosen) map

We refer to chapter 3.1.3 for few remarks concerning the spectral statistics of
chaotic maps.
Here we present a family of maps with much weaker chaotic behaviour,
which nevertheless for certain choices of the governing parameters seem to
behave generically with respect to the Bohigas-Giannoni-Schmit conjecture.
The map is conjectured to be ergodic and strongly mixing, but with a subexponential decay of correlations, and zero Lyapunov exponent. There are no
periodic orbits. We believe this to be currently the weakest chaotic map for
which random matrix statistics are observed in the quantum spectrum. For
other choices of parameters the chaotic properties are reduced further and we
observe a class of intermediate statistics which have also been observed for
other weakly chaotic maps. In all cases we have equidistribution of a density
one subset of eigenfunctions, provided only that the parameters are chosen
such that the map is ergodic.

6.1 The Casati-Prosen triangle map
The classical map have been introduced and discussed in chapter ??. We use
the notations introduced there and turn to the quantization of the dynamic.
This will be done following the discussed quantization procedure and it will
provide us with a quantum propagator and the corresponding spectral data
(eigenfunctions and eigenvalues).
Concerning the eigenfunctions, as previously discussed, just about the only
rigorously-known and universal result in quantum chaology is the Schnirelman
theorem, or quantum ergodicity. This result can be traced back to [43] where
it was stated without proof, that almost all eigenfunctions of a system whose
classical counterpart is ergodic equidistribute over the energy shell in phase
space in the classical limit. This allows for a density zero set of eigenfunctions
which fail to equidistribute, and, for example, localise around periodic orbits of
the system. This conjecture has been proved for Hamiltonian flows [43, 45, 16,
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34, 29, 48] and for maps [13, 46, 47, 24], where one gets in fact equidistribution
of a density one subset of eigenfunctions over the whole torus. For smooth
systems the proof is robust in the sense that it requires no detailed information
about either the eigenfunctions, or the dynamical properties of the system;
only a correspondence principle between classical and quantum evolution, or
Egorov theorem, and ergodicity of the dynamics. For discontinuous systems
there can be diffraction effects, and one additionally needs good control over
any discontinuities of the map. This point is discussed more fully in subsection
6.2.2. For maps with sharply divided phase space into ergodic and non-ergodic
components an analogue of the Schnirelman theorem has been proved [39]
where a subset eigenfunctions localise on the ergodic component and almost
all members of the subset equidistribute over this region. It is also known
that the Schnirelman theorem implies a weakened version of the semi-classical
eigenfunction hypothesis for ergodic systems, provided one restricts to the
subsequence of density one [3].
Regarding the eigenvalues of the quantum triangle map, we are guided by
the Bohigas-Giannoni-Schmit conjecture [12]. This asserts that for a generic
chaotic map, the eigenvalue distributions of the corresponding quantum map
will follow those of a random matrix ensemble with the same symmetry properties as the map (see [32] for a discussion of the relevant symmetries). Known violations of the Bohigas-Giannoni-Schmit conjecture for quantum maps include
the unperturbed cat maps [36] and the skew translations [2]. In these cases,
deviations from random matrix theory are entirely due to strong numbertheoretical properties of the quantum maps.
A study [30] has recently been made of the quantised skew translations
with a slightly more general quantisation scheme to that in [40, 2]. This is
particularly relevant because, as we recall, the skew translations are equivalent
to the triangle map with α = 0. The results of [30] are dependent on the
number-theoretical properties of the parameter β. For rational choices of β
the spectral statistics were found to be of intermediate type. For β irrational,
statistics similar to those of random matrices were observed for certain choices
of Planck’s constant, but these statistics do not appear to be stable, and it is
not possible to say that these statistics are limiting as ~ → 0.
We now state our main results and findings to be presented in the following
pages. In section 2 we introduce a method of quantising the triangle map as a
map of the torus, and prove a correspondence principle (or Egorov theorem)
between the classical and quantum observables. This enables us to state the
appropriate Schnirelmann theorem for this map. In section 3 we review the
symmetries of the classical and quantum map, which determine the eigenvalue
distributions. This discussion also allows us to generate real eigenvectors for
which we can define nodal domains in analogy with those for billiards [8]. Sections 4 and 5 give an account of our numerical investigation of the eigenvalues
and eigenvectors respectively of the quantum triangle map. We find for α and
β irrational and linearly independent that the map behaves very much like
a generic random matrix, both with respect to the eigenvalue statistics, and,
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for suitable choices of α and β some eigenvector statistics. For α irrational
and β = 0 the map displays intermediate spectral statistics, and the nodal
domain distribution also deviates from the random matrix theory prediction,
although the value distributions of eigenvectors are indistinguishable between
the two regimes.
Throughout this chapter, we make use of standard asymptotic notation
Oa (f (N )) which represents some quantity bounded by a constant multiple of
f (N ) for sufficiently large N (and the constant may depend on the parameter
a). We also define e(x) := e2πix and eN (x) := e(x/N ). Other unfamiliar
notations and concepts will be defined as and when they arise.

6.2 The quantum triangle map
We now quantize (see Chapter ??)
Fα,β = B ◦ Rβ ◦ Gα ,

(6.2.1)

piece by piece.....
6.2.1 Quantising B
We define the quantisation of B by
−1
DFN ,
B̂ := FN

(6.2.2)

where D is the diagonal matrix with entries
Djk = eN (k 2 )δjk .

(6.2.3)

In general a quantisation Â of a map A is said to satisfy an Egorov estimate
if the following is true for some class of observables f ,
lim kÂ−1 fˆÂ − f[
◦ Ak = 0.

N →∞

(6.2.4)

The Egorov estimate is the dynamical analogue of (??). In fact, for the map
B, Egorov is exact for all N with the quantisation (6.2.2) as demonstrated in
the following lemma (see [40]).
Lemma 2. Let f ∈ C ∞ (T2 ). Then
B̂ −1 fˆB̂ = f\
◦ B.
−1 −1
Proof. Note that B̂ −1 = FN
D FN , so
−1 −1
−1
B̂ −1 fˆB̂ = FN
D FN fˆFN
DFN .

(6.2.5)
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By (??) it suffices to consider for n ∈ Z2 ,

−1
−1
−1
= eN n12n2 FN tn2 2 FN
FN T (n)FN
FN tn1 1 FN

using (??) and (??)
= eN n12n2 t1−n2 tn2 1
 n1 −n2
n1 n2
= eN − 2 t2 t1
using (??)
= T (−n2 , n1 ).

(6.2.6)
(6.2.7)

But now
−1
(D−1 FN T (n)FN
D)|ki

n1 n2
2
n1 n2
2 +

= eN



2 n1
D−1 t−n
t2 D|ki
1

using (6.2.6)

= eN
k − n2 (k + n1 ) − (k + n1 )2 |k + n1 i


= eN − n1 (2n21 +n2 ) eN (−(2n1 + n2 )k)|k + n1 i


1 −n2
= eN − n1 (2n21 +n2 ) tn2 1 t−2n
|ki
1
2

= T (−2n1 − n2 , n1 )|ki

−1
= FN T (n1 , n2 + 2n1 )FN
|ki,

giving
B̂ −1 T (n)B̂ = T (n1 , n2 + 2n1 ).

(6.2.8)

Finally
B̂ −1 fˆB̂

P
= n∈Z2 an B̂ −1 T (n)B̂
P
= n∈Z2 an T (n1 , n2 + 2n1 )
P
= n∈Z2 an1 ,n2 −2n1 T (n)

and an1 ,n2 −2n1 are the Fourier coefficients of f (q + 2p, p). This proves the
claim.
2
It will prove convenient in our later discussion of quantum symmetries
(section 3) to establish the following proposition.
Proposition 5. For N ≡ 0 mod 4 the matrix B̂ has the chessboard form


∗ 0 ∗ 0 ··· 0
0 ∗ 0 ∗ ··· ∗


∗ 0 ∗ 0 ··· 0


(6.2.9)
B̂ =  0 ∗ 0 ∗ · · · ∗  ,


 .. .. .. .. . . .. 
. . . . . .
0 ∗ 0 ∗ ··· ∗

where ∗ denotes non-zero (but not necessarily equal) entries. If N ≡ 2 mod 4
then B̂ has the complementary form to (6.2.9) (i.e. with the 0’s and ∗’s exchanging positions). For other values of N all entries of B̂ are non-zero in
general.
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Proof. We can simplify the expression for B̂ by multiplying out the matrices
in (6.2.2),
PN −1 PN −1
2
B̂jk = N1 ℓ=0
m=0 eN (jℓ)eN (ℓ )δℓm eN (−mk)
P
N −1
= N1 m=0 eN (m2 + (j − k)m)



2 
(j−k)2 PN −1
j−k
1
.
(6.2.10)
= N eN − 4
m+ 2
m=0 eN

We now consider the parity of j − k. If j − k is even, then (j − k)/2 ∈ Z so by
re-indexing the summation, we arrive at
B̂jk

 N −1

(j − k)2 X
1
eN (n2 ).
= eN −
N
4
n=0

(6.2.11)

The summation is now a classical Gauss sum, and may be evaluated explicitly
(see for example [5]). The result is


1
(j − k)2
B̂jk = √ εN eN −
(6.2.12)
4
N
where εN is given by

εN


1,



0,
:=
i,



1 + i,

if
if
if
if

N
N
N
N

≡1
≡2
≡3
≡0

mod 4,
mod 4,
mod 4,
mod 4.

(6.2.13)

On the other hand, if j − k is odd, then by re-indexing the best we can do is
 N −1
2 !


1
(j − k)2 X
1
eN
.
(6.2.14)
n+
B̂jk = eN −
N
4
2
n=0
Nevertheless, this summation can also be evaluated (see [5], exercise 1.23),
giving


1
(j − k)2
B̂jk = √ ε′N eN −
(6.2.15)
4
N
where ε′N is given by

ε′N






i,
1 + i,
:=
1,



0,

if
if
if
if

N
N
N
N

≡1
≡2
≡3
≡0

mod 4,
mod 4,
mod 4,
mod 4.

(6.2.16)

So from (6.2.13) and (6.2.16) we see that for N odd there are no zero entries,
and if N is even there are zero entries along the odds diagonal if N ≡ 0 mod 4
and along the even diagonals if N ≡ 2 mod 4.
2
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6.2.2 Quantising Rβ and Gα
The map Rβ is a translation on T2 . Nevertheless simply setting1 hj|R̂β |ki =
e(βk)δjk does not give a quantisation satisfying an Egorov estimate for arbitrary f . This is due to a “quantum discontinuity” at the line q = 0 [24]. One
possible resolution proposed in [40] was a quantisation in which β is replaced
by a rational approximation of the form βN = bN /N such that βN → β as
N → ∞. Making this choice, gives another exact Egorov estimate.
In fact for many applications, such as proving equidistribution of almost all
eigenvectors (see corollary 4) it is only necessary to prove an Egorov estimate
for a restricted class of observables. Two different approaches to this can be
found in the literature; in [24] applied in the case of the quantum baker and
sawtooth maps, and [39] in a more general setting. The method we outline
below follows the spirit of [39]. To be precise, we can take observables that are
supported away from the set {0} × T. In fact since the set {0, 1/2} × T is the
set of discontinuity of the map Gα so it is convenient to quantise Rβ and Gα
together, and take observables supported away from this set of discontinuity.
Let Hα,β := Rβ ◦ Gα . We define the quantisation of Hα,β by Ĥα,β which
is a matrix with entries
   

  
k
k
k
+α
θ
δjk
(6.2.17)
hj|Ĥα,β |ki = e −N β
N
N
N
where {·} is the fractional part function. This quantisation respects the periodicity (??), since
Ĥα,β |mN + ℓi = Ĥα,β |ℓi.
(6.2.18)
In order to prove a semi-classical version of lemma 2 for Ĥα,β we make use of
the observation in [39] that the quantisation recipe (??) can be equivalently
expressed as

X ℓ
m
ˆ
b
f |ℓi =
+
, m |ℓ + mi,
(6.2.19)
N
2N
m∈Z

where b(q, m) are the Fourier coefficients of the function f expanded only in
the p-variable,
Z 1
f (q, p)e(−mp)dp.
b(q, m) :=
0

(For a proof of this fact see [41].)

Lemma 3. Let f ∈ C ∞ (T2 ) be compactly supported away from the set
{0, 1/2} × T. Then for any R > 0,
−1 ˆ
Ĥα,β
f Ĥα,β − f \
◦ Hα,β = OR,f (N −R ),

as N → ∞.
1

(6.2.20)

We shall occasionally use the Dirac notation hj|A|ki to denote the jk th entry of
a matrix A, for notational simplicity.
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Proof. Define V (x) := β{x} + α{x}θ(x). Then using (6.2.19),


 
 
X ℓ
ℓ+m
m
l
−1 ˆ
+ NV
|ℓ+mi.
+
, m e −N V
b
f Ĥα,β |ℓi =
Ĥα,β
N
2N
N
N
m∈Z

(6.2.21)

On the other hand, expanding the composed map in a Fourier series
X
f ◦ Hα,β (q, p) =
b̃(q, m)e(mp)
m∈Z

the coefficients are
b̃(q, m) =

R1
0

f (q, p + β + αθ(q))e(−mp)dp

= e(mβ + mαθ(q))b(q, m).

(6.2.22)

Hence
f\
◦ Hα,β |ℓi

=

P

m∈Z

=

P

m∈Z

b̃

e mβ + mαθ



ℓ
m
N + 2N , m |ℓ
 ℓ
m
ℓ
b N
N + 2N

+ mi
+



m
2N , m

|ℓ + mi.
(6.2.23)

So from (6.2.21) and (6.2.23) it follows that
 
 


X ℓ
ℓ
m
ℓ+m
−1 ˆ
(Ĥα,β
f Ĥα,β − f \
◦ Hα,β )|ℓi =
b
+
,m
e −N V
+ NV
N
2N
N
N
m∈Z



m
ℓ
|ℓ (6.2.24)
+ mi,
+
− e mβ + mαθ
N
2N
and by splitting the range of summation and applying the triangle inequality


X
ℓ
m
−1 ˆ
\
b
(6.2.25)
kĤα,β f Ĥα,β − f ◦ Hα,β )|ℓik 6 2
+
,m
N
2N
|m|>N 1/2

 


X
ℓ
ℓ+m
e −N V
+
+ NV
N
N
|m|<N 1/2



 
ℓ
ℓ
m
m
b
− e mβ + mαθ
+
+
,m .
N
2N
N
2N
To handle the first term in (6.2.25) we note that since f ∈ C ∞ (T2 ) for any
R > 0 there exists a constant CR which does not depend on q such that
|b(q, m)| 6
Then

CR
.
(1 + |m|)2R+2

(6.2.26)

182

6 a weakly chaotic quantum maps: the Triangle (or Casati-Prosen) map


m
ℓ
+
,m
b
N
2N


6
6

CR
√1
(1+ N )2R (1+|m|)2

6
and

X

|m|>N 1/2

CR
(1+|m|)2R+2

CR
1
,
N R (1+|m|)2

1
< ∞.
(1 + |m|)2

(6.2.27)

(6.2.28)


m
ℓ
+
,m = 0
N
2N
if ℓ/N is close to 0 or 1/2 because of the restriction on the support of f , or
otherwise
 




ℓ
ℓ
ℓ
m
m
θ
=θ
=θ
(6.2.29)
+
+
N
N
2N
N
N

For m < N 1/2 we note that for N sufficiently large either b

and



ℓ
N



=

ℓ
N

and



ℓ+m
N



=



ℓ+m
.
N

(6.2.30)

In this case

 



 


ℓ
ℓ+m
ℓ
ℓ+m
e −N V
+ NV
= e −βℓ − αℓθ
+ β(ℓ + m) + α(ℓ + m)θ
N
N
N
N



m
ℓ
= e mβ + mαθ
,
+ (6.2.31)
N
2N
so that for sufficiently large N the second sum in (6.2.25) vanishes identically.
The required estimate now follows easily.
2
We remark that the matrix Ĥα,β can be written itself as a product Ĥα,β =
R̂β Ĝα , where R̂β and Ĝα are the diagonal matrices

 
k
δjk
(6.2.32)
hj|R̂β |ki := e −N β
N
and


   
k
k
θ
δjk ,
hj|Ĝα |ki := e −N α
N
N

(6.2.33)

respectively defined to be the quantisations of the individual maps Rβ and
Gα .
It is now a simple matter to prove the Egorov estimate for the CasatiProsen map.
Theorem 18. Let f ∈ C ∞ (T2 ) be compactly supported away from the set
B −1 ({0, 1/2} × T). Then for any R > 0,
−1 ˆ
f Uα,β − f \
◦ Fα,β = OR,f (N −R )
Uα,β

(6.2.34)

6.3 Symmetries

as N → ∞, where

Uα,β := B̂ Ĥα,β .
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(6.2.35)

Proof. Let h = f ◦ B, so that f ◦ Fα,β = h ◦ Hα,β . Then h ∈ C ∞ (T2 ) since
f, B ∈ C ∞ (T2 ) and moreover h is supported away from the set {0, 1/2} × T.
So by lemma 3, for any R > 0
−1
ĥĤα,β − h \
◦ Hα,β = O(N −R )
Ĥα,β

(6.2.36)

as N → ∞ where the implied constant can depend on R and the choice of f .
Now,
−1 ˆ
−1 −1 ˆ
Uα,β
f Uα,β − f \
◦ Fα,β = Ĥα,β
B̂ f B̂ Ĥα,β − f \
◦ Fα,β
−1 −1 ˆ
−1 \
−1
6 Ĥα,β
B̂ f B̂ Ĥα,β − Ĥα,β
f ◦ B Ĥα,β + Ĥα,β
ĥĤα,β − h \
◦ Hα,β

= B̂ −1 fˆB̂ − f\
◦ B + O(N −R )

from (6.2.36)
= O(N −R ),

by lemma 2.
2
The proof of an Egorov estimate and good control over the singularities
are all we need to prove equidistribution of almost all eigenvectors, assuming
ergodicity of the classical map. Methods for handling singularities are based
on ideas from [48] and were adapted to maps in [24]. An equivalent approach
was presented in [39]. Thus we have the following Schnirelman theorem, stated
as a corollary.
Corollary 4. Let α and β be such that the map Fα,β is ergodic with respect to
Lebesgue measure µ. Then for each N there exists a subset JN ⊆ {0, . . . , N −
1} of density one (i.e. satisfying limN →∞ #JN /N = 1), such that for any
observable f ∈ C ∞ (T2 ),
Z
ˆ
f (q, p)dµ,
(6.2.37)
lim hψjN |f |ψjN i =
N →∞

T2

where jN ∈ JN , and |ψj i is a normalised basis of eigenvectors of Uα,β .
Proof. We refer the reader to the proof mutatis mutandis of corollary 8.2
in [39] and references therein.
2
We note that the existence of such α and β in corollary 4 is, to the best
of our knowledge, still a conjecture.

6.3 Symmetries
Before studying the spectral statistics of the Casati-Prosen map, it is necessary
to consider the symmetries of the map. An important question is whether or
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not the quantised map admits an anti-unitary symmetry, such as quantum
time-reversibility. But also other symmetries can lead to non-generic spectral
statistics, and we demonstrate an example of such a symmetry in subsection
6.3.2.
6.3.1 Time reversal symmetry
A map M has an anti-canonical symmetry under the map τ̃ if the following
relation holds
τ̃ ◦ M ◦ τ̃ = M −1 ,
with τ̃ 2 = id.

The most well known example of such a symmetry is time reversal τ which is
the map defined by
 
 
q
q
τ:
7→
.
p
−p
In fact the individual maps B, Rβ and Gα are time reversal symmetric;
τ ◦ B ◦ τ = B −1 ,

τ ◦ Rβ ◦ τ

τ ◦ Gα ◦ τ

= R−β = Rβ−1 ,
= G−α = G−1
α ,

(6.3.38)
(6.3.39)
(6.3.40)

as may be easily checked.
The Casati-Prosen map is not time reversal symmetric, but does admit an
anti-canonical symmetry given by
τ̃ := R−β/2 ◦ G−α/2 ◦ τ ◦ Gα/2 ◦ Rβ/2 .

(6.3.41)

This follows from the fact that the symmetrised map
sym
Fα,β
:= Rβ/2 ◦ Gα/2 ◦ B ◦ Gα/2 ◦ Rβ/2

(6.3.42)

is time reversal symmetric—an easy consequence of (6.3.38)–(6.3.40).
The quantum analogue of τ is T the complex conjugation operator,
T ψ = ψ̄,
so we define the quantum version of τ̃ to be
T̃ := R̂−β/2 Ĝ−α/2 T Ĝα/2 R̂β/2 .

(6.3.43)

Then in an analogous way it follows that T̃ is an anti-unitary symmetry of
Uα,β , i.e.
−1
.
(6.3.44)
T̃ Uα,β T̃ = Uα,β
The relevance of anti-unitary symmetry for quantum maps is that their
presence, or absence, determines the universality class for the Bohigas-GianonniSchmit conjecture. In generic quantum maps with an anti-unitary symmetry,
the semi-classical spectral statistics are conjectured to be those of the circular
orthogonal ensemble of random matrix theory [38], while in systems where
anti-unitary symmetry is absent, the statistics should be the same as those of
the circular unitary ensemble [42].
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6.3.2 Other symmetry
The rotation R1/2 commutes with Fα,β . We investigate the implications of
this for the quantised map. By (6.2.32) we see that R̂1/2 has a particularly
simple matrix representation; in the canonical basis the elements are
hj|R̂1/2 |ki = (−1)k δjk .

(6.3.45)

2
Also R̂1/2 is self-inverse; R̂1/2
= IN where IN is the N × N identity matrix.

Thus, by (6.3.45), conjugating any matrix A with R̂1/2 gives a result with
entries
−1
hj|R̂1/2
AR̂1/2 |ki = hj|R̂1/2 AR̂1/2 |ki = (−1)j+k Ajk .

(6.3.46)

Since Ĥα,β is diagonal, for N even Uα,β inherits the chessboard structure of
B̂ (6.2.9) in proposition 5. This means that if N is even with N ≡ 0 mod 4
then R̂1/2 commutes with Uα,β and if N ≡ 2 mod 4 then R̂1/2 and Uα,β
anticommute. If N is odd then R̂1/2 and Uα,β do not commute.
We consider first the case that N ≡ 0 mod 4. Then R̂1/2 and Uα,β have a
joint basis of eigenvectors. Since R̂1/2 is self-inverse, the only eigenvalues are
±1. So the eigenvectors (and correspondingly eigenvalues) ψj of Uα,β can be
divided into two parity classes according to whether R̂1/2 ψj = ψj or R̂1/2 ψj =
−ψj . Eigenvectors in the first class will have the form
ψj = (∗, 0, ∗, 0, . . . , 0)

(6.3.47)

and eigenvectors of the second class have the form
ψj = (0, ∗, 0, ∗, . . . , ∗).

(6.3.48)

In the case that N ≡ 2 mod 4, we have

−1
R̂1/2
Uα,β R̂1/2 = −Uα,β ,

(6.3.49)

2
so that R̂1/2 commutes with Uα,β
. If eiφj is an eigenvalue of Uα,β with eigenvector ψj then,

Uα,β R̂1/2 ψj = −R̂1/2 Uα,β ψj = −eiφj R̂1/2 ψj .

(6.3.50)

So R̂1/2 ψj is an eigenvector of Uα,β with eigenvalue −eiφj . This means that
eigenvalues of Uα,β again come in pairs separated by an angle π. Another
2
consequence is that the eigenspace of the eigenvalue e2iφj of Uα,β
is spanned
by the vectors ψj and R̂1/2 ψj . So if χ is in this eigenspace then
χ = c1 ψj + c1 R̂1/2 ψj
2
then R̂1/2 χ = ±χ,
for some constants c1 , c2 . Since R̂1/2 commutes with Uα,β
and this fixes the ratio c1 /c2 = ±1. Then χ is necessarily of the form (6.3.47)
or (6.3.48) described above.

186

6 a weakly chaotic quantum maps: the Triangle (or Casati-Prosen) map

6.4 Eigenvalues
Since Uα,β has an anti-unitary symmetry, according to the Bohigas-GiannoniSchmit conjecture [12], if the Casati-Prosen map behaves generically we would
expect that the statistics of eigenvalues of Uα,β converge to the statistics of
the circular orthogonal ensemble of random matrix theory (COE), as N → ∞.
On the other hand, recent studies [30] of similar maps have revealed spectral
statistics which are of intermediate type or deviate in some manner from
random matrix theory.
The eigenvalue statistics that we consider are the nearest-neighbour spacing distribution and the pair-correlation form factor. If the matrix Uα,β has
the set of eigenvalues {eiφj : j = 0, . . . , N − 1} (each eigenvalue counted
according to its multiplicity) then we consider the re-scaled angles
λj :=

N
φj ,
2π

where we first sort the angles so that 0 6 φ0 6 · · · 6 φN −1 < 2π. The average
spacing of the λj is then 1. The nearest neighbour density is defined as the
probability density P (s) (if it exists) such that
Z ∞
N −1
1 X
h(s)P (s)ds
h(λj − λj−1 ) =
N →∞ N
0
j=1
lim

for some class of test functions h. For random matrices chosen from the COE,
the corresponding density P COE (s) is well-known [38]. The closed form is
complicated, given in terms of integrals of Painlevé functions [27], but is known
to be numerically well-approximated by the Wigner surmise given by
πs −πs2 /4
P COE (s) ≈
e
.
(6.4.51)
2
The pair correlation form factor is defined to be the density K2 (τ ) such
that
Z ∞
Z ∞
K2 (τ )h(τ )dτ,
K2 (τ, N )h(τ )dτ =
lim
N →∞

−∞

−∞

if it exists for some class of test functions h, where K2 (τ, N ) is defined by
2

N −1
1 X
e(λn τ ) .
K2 (τ, N ) :=
N n=0
n
At rational times τ = n/N it follows that K2 (τ, N ) = N1 |T(Uα,β
)|2 . We note
that K2 (τ ) is not a probability density. For the COE, this quantity can be
calculated exactly [38],

 2|τ | − |τ | log(1
 + 2|τ|), for |τ | 6 1,
2|τ | + 1
K2COE (τ ) =
, for |τ | > 1.
 2 − |τ | log
2|τ | − 1
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The nearest-neighbour spacing density is a local statistic, in the sense that
it gives a measure of correlations only on the scale of the mean separation.
The pair correlation form factor, on the other hand, measures correlations on
all scales.
In figure 6.1 we show these statistics calculated numerically for a realisation of the quantum Casati-Prosen map with α and β irrational, together
with the exact curves calculated for the COE. The size of the matrix in the
numerical study is N = 7001. For the form factor, the data has been averaged,
so that each data point in the plot is the average of 10 computed values. For
both statistics good agreement is seen, suggesting that for these choices, the
Casati-Prosen map behaves generically with respect to the Bohigas-GianonniSchmit conjecture. For other choices of irrational and linearly independent α
and β similar agreement with COE was observed. The experiment was also
repeated with even N , in which case the symmetry discussed in section 6.3.2
means that it is correct to consider the statistics of the subspectra of eigenvalues seperately. Within these subspectra, the statistics also conformed well
to COE predictions, although the data is less “clean” because the effective
value of N is reduced by half.
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Fig. 6.1. Spectral statistics for α = ( 5 − 1)/2 and β = 2, N = 7001. On the left
is the nearest neighbour density, and on the right the form factor.

In figure 6.2 we show an example of a realisation with β = 0 and α irrational, also for N = 7001. This numerical data does not follow the COE
curves, neither for the nearest-neighbour spacing, nor for the form factor. The
data appears to give spectral statistics that are “between” those of the COE
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0.7

0.8

τ 0.9
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and those for independent random events of a Poisson process. Such statistics
are called intermediate statistics [9].
At this point, it would be interesting to see how these statistics behave
as N is increased further2 . On decreasing N we notice that the intermediate statistics become “further” from COE. In particular the intercept K2 (0)
moves further from the COE point K2COE (0) = 0. This at least suggests the
possibility that for much higher values of N , these statistics approach those
of the COE, but at N = 7001 we have reached the limits of computation with
technology available to us, and have no way of checking further.
We have fitted the statistics in figure 6.2 to the ansatz [10] for the nearestneighbour density,
bb b−1 −bs
s e ,
(6.4.52)
P int (s) =
Γ (b)
with parameter b. For example, b = 2 gives the semi-Poisson distribution, and
b = 1 gives the exponential density of the Poisson process. We have found
that the fitted parameter b is different for different irrational α, and for fixed
α, different values of N give different values of b.
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Fig. 6.2. Spectral statistics for α = ( 5 − 1)/2 and β = 0, N = 7001. On the left
is the nearest neighbour density, and on the right the form factor.

Intermediate statistics are not new, and have been much studied in recent
years, particularly when arising out of certain billiards in rational polygons
[9,18,10,11,31]. Intermediate statistics conforming to the distribution (6.4.52)
2

We thank an anonymous referee for suggesting this.
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were found in [30], for a map equivalent to the triangle map with α = 0 and
β rational.
Also in [30] for β irrational, deviations from random matrix theory were
found for certain values of N . To be specific we define the parameter ε(β) by
ε(β) := inf {|N β − m|}.
m∈Z

(6.4.53)

For choices of N such that ε(β) = O(N −1/2 ) as N → ∞ highly non-random
matrix spectral statistics were observed and explained using perturbation theory. The deviations in this case are not of intermediate type but something
much more singular. Since such bad N can occur infinitely often (see below)
there is not a limiting density for the nearest neighbour spacing distribution
of random matrix type in this case.
We recall that a vector α = (α1 , . . . , αk ) ∈ Rk , k > 1, is said to be badly
approximable if there exists a constant C > 0 such that


C
max16i6k inf {|nαi − m|} > 1/k .
(6.4.54)
m∈Z
n
The exponent 1/k in (6.4.54) is the best possible. Badly approximable vectors
exist: see [25] for a proof.
In the case k = 1 no matter what choice of β is made, there are always
infinitely
many choices of N such that ε(β) is arbitrarily much smaller than
√
1/ N . However the situation is different if we have a pair of parameters to
simultaneously control.
Consider α, β 6= 0 and independently irrational. If we chose (α, β)√to be a
badly
√ approximable pair in the sense of (6.4.54), the quantities ε(α) N and
ε(β) N are both bounded below by a non-zero constant, and cannot become
arbitrarily small. This could account for the robust results found for various
values of N , taking into account symmetries. It appears as though the weakly
chaotic action of the cutting, and shearing is sufficient to “break” the number
theoretical properties of the skew-translations leading to non random-matrix
spectral statistics. In the same way as a non-linear perturbation of the cat
maps [4] breaks the number theoretical symmetries leading to non-generic
spectral statistics in the unperturbed maps [33, 36]. However we emphasise
that in the case of cat maps, both the perturbed and unperturbed maps
are strongly chaotic. The triangle map does not possess such strong chaotic
properties.
For
√ β = 0, α irrational, there are infinitely many choices
√ of N with small
ε(α) N . If we group together subsequences of N with ε(α) N approximately
constant, then the value of the parameter b giving the best fit is approximately
the same for most of the elements within each grouping. However there appears
to be a small number of values of N in each group, for which the fitting
parameter is significantly different to the others. This points to some other
number theoretical effect for which we do not currently have an explanation.
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We note that in the case k = 1 the most badly approximable numbers
are the quadratic integers, which have periodic (and hence bounded) partial
fraction coefficients. For the case k = 2 less is understood though in [35]
it is conjectured that the “most” badly approximable pair of irrationals3 is
−2
(x−1
0 , x0 ) where x0 is the unique real root of the polynomial
x3 − x − 1.

(6.4.55)

−2
We make use of this observation by picking (x−1
0 , x0 ) as the parameter pair
(α, β) for some numerical simulations in the next section. As we will see, it
turns out that the eigenvector statistics appear to be much more sensitive to
the approximability of parameters than the eigenvalues.

6.5 Eigenvectors
We also investigate the eigenvector statistics of the Casati Prosen map. Although the Bohigas-Giannoni-Schmit conjecture refers only to eigenvalues,
there is some evidence to suggest that generic quantum maps also have eigenvector statistics which agree with those of the appropriate ensemble of random
matrices. For example in [1] good agreement was seen between the value distribution of eigenvectors of perturbed cat maps, and random matrix theory.
In [37] the nodal domain distribution, also of the eigenvectors of perturbed cat
maps, was seen to agree well with the corresponding random matrix model.
Since, for example, the nodal domain distribution, is only defined for real
eigenvectors, we considered for our numerical results the eigenvectors of the
sym
symmetrised map Uα,β
. These eigenvectors are related to the eigenvectors of
sym
Uα,β by a linear transformation, but because the quantised operator Uα,β
is
unitary and symmetric, its eigenvectors have real components.
Given a (normalised) eigenvector c = (c0 , . . . , cN −1 ) of a matrix drawn
at random from one of the circular ensembles, the value distribution is the
probability distribution p(η) (if it exists) such that
Z ∞
2
lim E(h(|c0 | )) =
h(η)p(η)dη.
(6.5.56)
N →∞

0

(Of course the index 0 in the left hand side of (6.5.56) could be replaced by any
other index.) The expectation is with respect to the probability measure of the
random matrix ensemble. For the COE it is the uniform measure supported
on the surface of an N -dimensional unit sphere [14, 32]. This gives that the
density for the value distribution of eigenvectors of the COE is
1
e−η/2 ,
pCOE (η) = √
2πη
3

(6.5.57)

by which we mean that the constant C in (6.4.54) is as large as possible
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known as the Porter-Thomas density. In figure 6.3 we present the numerical
calculations of the value distribution for the components of one of the eigenvectors of the quantum Casati-Prosen map for matrices of size N = 4001.
In fact, in both regimes β 6= 0 and β = 0, we get good agreement with the
COE curves. Because of the simplicity of the assumptions that lead to the
derivation of (6.5.57) it appears that this statistic is too crude to differentiate
between random matrix behaviour, and the eigenvectors of non-generic unitary matrices. We also numerically measured the rate of convergence to the
limiting density as N increases and found that this also does not indicate any
clear difference in the two regimes.
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Fig. 6.3. √
Value distribution of eigenvectors for α = ( 5 − 1)/2 and β = 2 (left)
and α = ( 5 − 1)/2 and β = 0 (right), at N = 4001. The inset plots are of the same
data on a log-normal scale.

The number of nodal domains has recently been proposed as an interesting
eigenvalue statistic. Originally defined in the context of billiards [8], a nodal
domain is a region where an eigenfunction has constant sign. The distribution
of the normalised number of such domains over all eigenfunctions distinguishes
between systems that are classically integrable, and those which are chaotic
in the large wavenumber limit. This statistic was extended in a natural way
to quantum maps [37] where the number of nodal domains is defined to be
the number of sets of consecutive eigenvector components with the same sign.
In fact this quantity is given by the formula
ν=

N −1
1 X
(1 − sign(cj ) sign(cj+1 )).
2 j=0

(6.5.58)

3

4

η 5
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Following [37] we define the nodal domain density V (N, x) by
Z ∞
N −1
1 X  νn 
=
h(x)V (N, x)dx,
h
N n=0
N
−∞

(6.5.59)

where νn is the number of nodal domains of the nth eigenvector. The expected
value of the nodal domain distribution approaches 1/2 so it is convenient to
rescale, and look at the quantity


N −1 
√
1
νn
1 X
h
−
.
N
Ṽ (N, h) :=
N n=0
N
2

(6.5.60)

In [37] it was proved that for random matrix eigenvalues from the COE, the
limiting distribution of the rescaled nodal domains is that of a normal random
variable with mean 0 and variance 1/4, as a consequence of the central limit
theorem of probability, i.e.
Z ∞
lim Ṽ (N, h) = 2
h(x)n(2x)dx
(6.5.61)
N →∞

−∞

√
2
where n(x) := e−x /2 / 2π is the density of a standard normal random variable. For perturbed cat maps, the nodal domain distribution was seen to agree
with (6.5.61). For unperturbed cat maps, the distribution also appeared to be
Gaussian, but with a different variance to that in the random matrix case.
To investigate this statistic we calculated the distribution of number of
nodal domain of eigenvectors of the Casati-Prosen map for several odd values
of N around N = 3760 and plotted the average distribution. In figure 6.4 we
show this data for the parameters (α, β) chosen to be the badly-approximable
−2
pair (x−1
0 , x0 ). For single values of N the data were not so smooth, necessitating the averaging. This particular choice of parameter pair gives the curve
closest to the COE distribution, but even here there is some deviation. The
data fit better to a Gaussian with variance ≈ 0.22 rather than the 1/4 predicted by random matrix theory. This is seen most clearly in the plot of the
integrated density (figure 6.4:right). For the values of N that we looked at,
statistical indicators such as the sample variance still vary considerably, suggesting that we have still not yet reached the limiting regime. To check if one
really does get convergence to COE for this statistic would therefore require
tests at larger N . We note that if one really has convergence to the distribution for COE it must be slower than in the case of perturbed cat maps for
which better agreement was noted for smaller values of N [37].
For other (presumable less well-approximable) pairs of parameters α, β
but still irrational and linearly independent the nodal domain density is better fitted by a Gaussian
with variance different much further from 1/4. For
√
√
example with α = 5−1
,
β = 2, the sample variance is ≈ 0.8, at N = 4001.
2
If there is really convergence to random matrix theory, it must be even slower
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for these values of paramters. It is in this sense that we note that the eigenvector statistics are more sensitive to the approximability of the parameters
α and β.
1.0

Ṽ (x)

Casati-Prosen Map
COE
N (0, 0.22)

0.8

˜
I(x)

1.0
0.9
0.8
0.7

0.6

0.6
0.5

0.4

0.4
0.3

0.2

COE
N (0, 0.22)
Casati-Prosen Map

0.2
0.1

0.0
-2.0

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5 x 2.0

0.0
-2.0

-1.5

-1.0

-0.5

0.0

(left) and
and β = x−2
Fig. 6.4. Averaged nodal domain density for α = xR−1
0
0
x
˜
the corresponding integrated density (right), I(x) := −∞ Ṽ (y)dy. We include the
curves for COE, and a Gaussian distribution with variance 0.22, denoted N (0, 0.22).

In the cases with β = 0, the picture is somewhat different. The variance
of the nodal domain distribution does not appear to be stablising as N → ∞.
In figure 6.5 we plot the integrated density for the Casati-Prosen map with
α = x−1
and β = 0, for different values of N . It is seen clearly that the
0
density is spreading out as N increases. We√computed the sample variance of
5−1
the density V (N, x) for α = x−1
0 and α =
2 . In both cases we found the
−δ
sample variance to vary like N
with δ numerically calculated to be ≈ 0.7.
For a limiting density to exist we would have δ = 1.
We can speculate that this result is related to the classical decay of correlations for the underlying map. In [26] a study was made of the variance
σ 2 of the distribution of fluctuations of diagonal matrix elements hψ|fˆ|ψi,
about the mean. In this work, the scaling of the variance was related to the
classical decay of correlations. For non-hyperbolic systems the correct scaling
was found to be σ 2 ∝ ~δ for classical decay of correlations ∝ t−γ , γ 6= 1. In
the case γ > 1, or faster-than-algebraic decay, we have δ = 1. For γ < 1 we
have δ < 1. Notice that since ~ = (2πN )−1 for quantum maps this implies,
in situations with fast decay of correlations such as perturbed cat maps and
(conjecturally) the Casati-Prosen
map with non-zero α and β, the quantity
√
hψ|fˆ|ψi should be scaled by N to get a non-trivial limiting density. This is

0.5

1.0

1.5 x 2.0
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what one would naı̈vely expect since there are N terms in the inner-product,
each proportional to N −1 (by normalisation). However,√since for β = 0 we
expect that there is no decay of correlations, scaling by N should not lead
to a non-trivial limiting density. Indeed we might expect that the density
distribution becomes wider as the variance increases as N → ∞.
To relate this to nodal domain distribution we can consider taking f to be
the observable e(kp) for k ∈ Z, in which case we get fˆ = T (0, k) = tk2 . So for
real eigenvectors,
N
−1
X
hψ|fˆ|ψi =
ψ(j)ψ(j + k)
(6.5.62)
j=0

which is the correlation between eigenvector components, and the component
k places away. For nodal domains, we are interested in a sum of the form, cf.
(6.5.58),
N
−1
X
sign(ψ(j)ψ(j + 1)).
(6.5.63)
j=0

Note the similarity to (6.5.62) with k = 1. We might expect that correlations
which cause the central limit theorem to fail in (6.5.63) are reflected by the
correlations in (6.5.62). Thus we might expect some coincidence between the
rate of growth of the variances in the sums (6.5.62) and (6.5.63).
As observed in [37] perturbed cat maps have nodal domain distribution
which conforms well to random matrix theory, and by [26], the conjectural
decay of correlations of t−3/2 puts the Casati-Prosen map with α and β nonzero into the same scaling regime, so it would not be so surprising that the
nodal domain distribution converges to the random matrix result. In the case
β = 0 we might expect that the nodal domain distribution becomes wider as
N increases, even after scaling, which agrees with our observations.

˜
I(x)

1.0
0.9
0.8
0.7

N = 1001
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N = 2001
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Fig. 6.5. The scaled integrated density of nodal domains for α = x−1
and β = 0
0
for varying N .
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